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Realization of exceptional points along a synthetic
orbital angular momentum dimension

Mu Yang'-2¥, Hao-Qing Zhang"?*, Yu-Wei Liao'2*, Zheng-Hao Liu'?, Zheng-Wei Zhou' %3,
Xing-Xiang Zhou'?3, Jin-Shi Xu'-2-3%¥, Yong-Jian Han'-23¥, Chuan-Feng Li"'?>3%*, Guang-Can Guo'-23

Exceptional points (EPs), at which more than one eigenvalue and eigenvector coalesce, are unique spectral fea-
tures of non-Hermiticity (NH) systems. They exist widely in open systems with complex energy spectra. We ex-
perimentally demonstrate the appearance of paired EPs in a periodical-driven degenerate optical cavity along
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the synthetic orbital angular momentum dimension with a tunable parameter. The complex-energy band struc-
tures and the key features of EPs, i.e., their bulk Fermi arcs, parity-time symmetry breaking transition, energy
swapping, and half-integer band windings, are directly observed by detecting the wavefront angle-resolved
transmission spectrum. Our results demonstrate the flexibility of using the photonic synthetic dimensions to
implement NH systems beyond their geometric dimension and EP-based sensing.

INTRODUCTION

The non-Hermiticity (NH) provides rich topology and unique
physics distinct from the Hermitian system (1), among which the
exceptional points (EPs) (2, 3) are prominent spectral features of
NH systems. EPs are branch singularities in the momentum space
of an NH system, where two or more eigenenergies and eigenstates
simultaneously coalesce and become degenerate. They have been
observed in extensive nonconservative systems exchanging energies
with the environment (3—-6). Many notable applications have been
demonstrated for EP singularities, including the marked topological
mode transport (6, 7), fractional topological charge measurement
(8, 9), and ultrasensitive metrology (10, 11).

The EPs have been observed in two-dimensional (2D) or higher-
dimensional geometric parameter spaces including solid single-spin
systems (5, 12), acoustic cavities (4), microwave cavities (13, 14), or
magnon polaritons (15). However, the states living along the para-
metric dimension cannot coexist in the physical system in real
space, which limits the potential for investigating crucial physical
effects and applications.

One of the approaches to studying EPs in real lattice is to explore
NH synthetic dimensions (16). Compared with real NH materials
with EPs, such as photonic crystals (17, 18) and waveguide arrays
(19, 20), NH synthetic dimensions allow direct observation of the
topological phase transitions benefiting from its flexible and
dynamic modulation capability. Some inspiring NH phenomena
in synthetic lattices including windings and braid (21, 22) of the
complex-energy bands in synthetic frequency lattice and NH
parity-time time-multiplexed lattice (23) have been investigated.
Moreover, synthetic dimensions provide ways to study a high-di-
mensional system in the low geometric dimensional real systems,
such as 4D quantum Hall physics (24) and Weyl physics (25, 26).
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In this work, we construct an NH system in a new configuration
along the synthetic orbital angular momentum (OAM) dimension
(27, 28) in a degenerate cavity. We develop a unique method to
explore the band structure along the synthetic OAM dimension,
which is referred to as wavefront angle-resolved band structure
spectroscopy. We can then directly measure the unique complex
spectral features of the EPs, i.e., the existence of bulk Fermi arc,
parity time (PT) symmetry breaking transition, the energy swap-
ping when encircling an EP, and half-integer windings of the
paired bands. Our results demonstrate the degenerate cavity sup-
porting multiple optical modes that can be used to construct
more synthetic dimensions. Moreover, the EPs along the OAM
lattice have unique optical applications, such as EP-based
angle sensing.

RESULTS

In our system, the even-order OAM, labeled by discrete even-num-
bered topological charges m (m € 2Z), is served as a synthetic lattice.
The photons with left-hand () and right-hand (O) circular polar-
izations carry corresponding spin angular momenta. The coupling
between the OAM:s and polarizations is introduced by an anisotrop-
ic and inhomogeneous medium named Q-plate (29), which has
translational symmetry along OAM:s because it plays the same op-
eration on all m. The colored doughnut-shaped rings in Fig. 1A rep-
resent the corresponding polarized OAM modes. To create a large
lattice based on OAM modes, a degenerate optical cavity (30-32), as
shown in Fig. 1B, resonantly supporting multiple optical modes, is
used to trap the polarized photons carrying OAMs. The operation
of Q-plate in terms of spin-orbit coupling in “momentum” space
can be expressed as

~( cos(8/2)  isin(8/2)e
Jalk8) = (isin(5/2)eik cos(8/2) ) (1)

where k represents the quasi-momentum of the synthetic OAM
lattice and § is the optical retardation controlled by the applied elec-
tric field (see Materials and Methods for more details). § € [ — 7, 7]
determines the coupling strength between optical modes, which can
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Fig. 1. The synthetic lattice and experimental setup. (A) Schematic of synthetic
OAM lattice. The OAM modes with topological charge m are marked as the arrays
of doughnut-shaped rings. The left (J) and right (O) circular polarizations are
shown in red and blue, respectively. Arrows represent the interaction (straight)
and loss (wavy) of optical modes. The coupling strength between different OAM
modes is controlled by the parameter §, which serves as another synthetic dimen-
sion in momentum space. (B) The degenerate cavity accommodates multiple OAM
modes with different polarizations. The spin-orbital coupling is achieved by re-
peatedly passing a wave plate (WP), an anisotropic and inhomogeneous
medium (Q-plate), which is controlled by electrical fields. A PPBS is used to intro-
duce the non-Hermitian term. (C) An example of the average photon transverse
distribution from the cavity, which consists of many different polarized OAM
modes. The output intensity along quasi-momentum k is obtained by scanning
the wavefront angle of ¢ = k/2, which is referred to as the wavefront angle-re-
solved band structure spectroscopy. a.u., arbitrary units.

be regarded as an additional pseudomomentum in momen-
tum space.

Generally, the EPs can be obtained by an NH-type perturbation
around a Hermitian Dirac point. As shown in Fig. 1B, a quarter-
wave plate with the operation J,,4 = ™/, on polarizations is intro-
duced into the cavity to construct the Dirac point in the Hermitian
realm. A represents the wavelength of the input photons. Therefore,
the evolution of the photon in one period is
U(k,8) = Jq(k, 8)1n/alrjaJq(k,8). Because of the periodicity of
the evolution, the effective Hamiltonian of the system can be ob-
tained by Heg(k,8) = —ilnU(k, 8), which can be simplified as a
linear function of the Pauli operators o, and o, on the parameter
space close to (k, §) = (0, — m/2). The corresponding theoretical
band structure is shown in Fig. 2A, in which (0, — m/2) is the
Dirac point.

The non-Hermitian perturbation around the Dirac point is in-
troduced by a nonunitary operator J; = e¥° /,, which introduces un-
balanced operations on the eigenvectors of o, with eigenvalues of +1
and —1. y represents the loss control parameter. Experimentally, the
operator ], is achieved via a partially polarized beam splitter (PPBS)
(33) as shown in Fig. 1B. It has a high permeability for horizontally
polarized ((| ©)+ | O))/v/2) photons. In contrast, only e~ of the
photons can be transmitted, and the rest will be reflected out of the
cavity (lost) for the vertically polarized ((| O)— | O))/v2)
photons. The loss effects in the lattice model are denoted as wavy
colors in Fig. 1B.
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With the non-Hermitian perturbation Jj;, the whole evolution of
one round trip in the degenerate cavity is updated to

Unn(k,8) = Jq(k, 8)InjalmImlnalq(k,8).  Similarly, we
obtain the effective Hamiltonian Hyy(k,8) = —ilnUxy(k, 8)
around the Dirac point (0, — n/2). The detailed expression of

can

Hyy(k, 8) can be found in section SI of the Supplementary Materi-
als, which has complex eigenvalues. Moreover, a pair of EPs with the
coalescence of eigenenergies and eigenvectors appear in the quasi-
momentum space at (k, 8) = [ + cos™(coshy)™*, — n/2]. The theo-
retical simulation result is shown in Fig. 2B. By tuning the param-
eter y, the paired EPs would continuously move in the momentum
space and can never vanish, except that they meet, indicating the
stability of the non-Hermitian phase (1). The complex-energy
bands of Hyyy(k, 8) are subdivided into the real part (Fig. 2C) and
imaginary part (Fig. 2D), respectively, in which the bulk Fermi arc
and imaginary bulk Fermi (i-Fermi) arc connecting the EPs are also
denoted (see section SII for more details).

According to the input-output relationship of the cavity, the
complex-energy band can be directly measured through the trans-
mission intensities of the degenerate cavity, from which the unique
features of the EPs would be shown. In the experiment, a continu-
ous-wave laser is used to pump the cavity, and the transmission in-
tensities are recorded by scanning the cavity length AL. Since the
scanning frequency of the cavity length is much smaller than the
free spectral range, the system reaches its steady state for each detun-
ing (see section SIII for more details). As discussed in detail in
section SIV, the normalized transmission intensity I of the system
containing all complex energy information is given by

I
- Z [T — Im(E(k, 8))]” + [BAL — Re(E;(k, 8))]° =

I' =Ty + v, and T represents the parameter that characterizes the
loss of the cavity without the PPBS. s = £ 1 corresponds to the
two bands of complex energy E((k, §), and we use s = £ in the
rest of the description for simplicity. B = 2n/X represents the wave
number. According to Eq. 2, when the real part of complex energy
(Re[E.(k, §)]) is equal to the cavity detuning BAL, the output trans-
mission intensity would reach its local maximum I,,,. At the same
time, the imaginary part of complex energy {Im[E.(k, §)]} can be
approximatively obtained as I — Iy/+/I,. The complex energy
can then conveniently estimate without any prior information of
the energy form. Therefore, the complex band structure can be di-
rectly obtained through detecting the transmission intensity spec-
trum of the cavity.

To obtain the value of E.(k, 8) along k, we develop a method
referred to as the wavefront angle-resolved band structure spectro-
scopy. Figure 1C displays a representative average photon transverse
distribution from the cavity. ¢ represents the azimuth angle param-
eter of the OAM wavefront in the cylindrical coordinate. The quasi-
momentum k in the corresponding reciprocal space of the OAM
lattice is physically equal to ¢/2, and 0 < ¢ < 7 can be regarded as
a Brillouin zone. The transmission intensity along the quasi-mo-
mentum k can be obtained by choosing the photons along angle
2¢, from which E.(k, 8) can then be deduced (see Materials and
Methods and section SV for more details).

The experimental and numerical transmission spectra I with § =
— /2 and y = 0.35 as a function of BAL and k are shown in Fig. 3 (A
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Fig. 2. Theoretical exceptional topological bands by perturbing a Dirac point
for y=0.35. (A) The band structure near Hermitian Dirac point. (B) A pair of EPs (EP,
and EP,) appear by introducing a non-Hermitian loss. The EPs are labeled as cyan
points. The real (C) and imaginary (D) parts of the non-Hermitian bands with the
EPs are connected by the bulk Fermi arc and bulk i-Fermi arcs, respectively. The
bands of s = + and s = — are labeled in red and blue, respectively.

and B, respectively). The experimental results agree with the theo-
retical predictions. We find that the maximum transmission inten-
sity appears when k locates around zero (k € [ — 0.1087,0.1087]). At
the same time, the value of AL is equal to zero, which implies that
the real part of the complex energy E.(k, — 1/2) degenerates and
becomes zero, denoted as a bulk Fermi arc. We further show the
transmission signals summing all k in section SVI. The energy
band structures can be conveniently engineered by slightly adjusting
the cavity (see section SVII for more details).

The experimental result of Re[E..(k, — 11/2)] is shown in Fig. 3C.
Two local maximal of Re[E..(k, — 11/2)] are found at the region k ¢ [
— 0.108m, 0.1087], which correspond to the two band structures of
the spectrum. Blue and red circles represent the experimental results
of E,(k, — m/2) and E_(k, — n/2), with the blue and red solid lines
representing the corresponding theoretical predictions, respective-
ly. Two EPs (EP; and EP,) denoted as cyan points appear at k = +
0.108m and are connected by the bulk Fermi arc.

The unique feature can be seen in the imaginary part of the
energy bands Im[E.(k, §)]. The experimental and theoretical
results are shown in Fig. 3D. At the region k ¢ [ — 0.108m,
0.108n], Im[E.(k, — m/2)] degenerates and becomes zero, which
means that there exists a path connecting two EPs with pure real
energy and is denoted as the bulk i-Fermi arc. For the gray region
k € [ — 0.108m, 0.1087], because of the overlap of the transmission
peaks I, (the degeneracy of the two real bands), we can only get the
imaginary energy of the larger peak from Fig. 3A, which corre-
sponds to the s = + band. When Re[E.(k, — 1/2)] is zero, the cor-
responding imaginary parts are nonzero except at EPs, which
contribute to the local maximal transmission. The experimental
imaginary energy Im[E,(k, — n/2)] gaps at EPs are caused by
errors in the estimation of imaginary energy according to local
maximum intensities (see section SIV for more details).
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With the experimentally measured real and imaginary parts of
energy for s = +, the results of total absolute value,
|E; |= \/Re[E+(k, —1/2))* + Im[E, (k, —1t/2)]?, are shown in
Fig. 3E. The green circles and solid green lines represent the exper-
imental and theoretical results, respectively. The two EPs are di-
rectly determined by |E, | = 0.

By scanning k, the pure real energy (white region) transmits to
the pure imaginary energy (gray region), which corresponds to the
phase transition from PT symmetry to PT symmetry breaking
regime. The PT breaking transition points are EPs. The eigenvalues
[A=e" i _ )] of the PT-symmetric Uyy locate on a unit circle,

while for the Uy with PT symmetry breaking, the eigenvalues will
locate inside or outside the unit circle. The theoretical prediction of
A is represented by the yellow ring with a line crossing at the EPs.
The experimental results given by the yellow circles in Fig. 3F agree
well with the theoretical results.

It is worthy to note the variation of energy |E.(k, — 1/2)] re-
sponding nonlinearly with the shift of azimuth angle A¢ (corre-
sponding to the shift momentum Ak/2) near the EPs. The
relationship is denoted as | E | oc\/A¢, which can be used to
sense the smaller angle shift and refers to EP-based sensing (see
section SVIII for details) (34).

The complex energy of a two-band NH system lies on a two-
sheeted Riemann surface. As a result, the corresponding eigene-
nergy will swap as the tuned momenta encircling an EP. The eigen-
vector, starting in the upper band, will evolve to the lower band after
the winding. To demonstrate this feature, we start/end the eigenvec-
tor of the system with the energy located on the bulk i-Fermi arc
when (k, §) = ( — 0.6m, — 0.57m) (yellow point). The momenta (k,
§) are adiabatically tuned to encircle the EP, with (k, §) = ( —
0.108m, — 0.5m) (cyan point). The evolution loops are denoted as
the white lines in Fig. 4 (A and B) for Im[E.(k, §)] and Re[E.(k,
)], respectively. The energy bands of s = + and s = — are labeled
in red and blue, respectively. We can find that the projected evolu-
tion loops on the (k, §) space encircle the EP,.

For each transmission spectrum of (k, §), there are two peaks
corresponding to the two energy bands with s = + (see section
SIX). They are distinguishable excepted EPs because of the existence
of the energy gap. The typical normalized transmission spectra cor-
responding to the colored points [start/end (yellow), I (red), II
(green), III (purple), and IV (blue)] on the evolution loops are
shown in the inset of Fig. 4C. For clarity, we only continuously
trace one of the transmission peaks (corresponding to s = +) to de-
termine the variation of the complex energy here. The experimental
imaginary and real energy are denoted as circles, which are shown in
Fig. 4 (C and D, respectively). The arrow lines represent the theo-
retical loops.

The end point separates from the start point with the energy
swapping from |E,( — 0.6m, — 0.57)| to —|E,( — 0.6m, — 0.57)]| as
encircling the EP,. The observed phenomenon directly demon-
strates the unique characteristics of the Riemann surface of the to-
pological energy band.

Moreover, the singularity of Riemann energy surface permits the
half-integer windings of the paired bands in the complex-energy
plane. The loops shown in Fig. 4 (A and B) can be parametrized
by an angle 6 € [0,2n] around the EP,. The corresponding results
of 0 in the complex-energy plane are shown in Fig. 4E. The circles
are experimental results for the paired bands of s = + (red) and s = —
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Fig. 3. Observation of EPs and bulk Fermi arcs. (A) The experimentally normalized transmission spectrum / when § = — n/2 and y = 0.35. (B) The theoretical transmission
spectrum. (C) The real part of complex-energy band Re[E..(k, — n1/2)] extracted from the cavity detuning BAL corresponding to the local maximum transmission. The EPs
are labeled as cyan points. The blue and red circles represent the experimental results of Re[E, (k, — 1/2)] and Re[E_(k, — 1t/2)], with the solid blue and red lines representing
the theoretical predictions, respectively. The bands of s = + and s = — are labeled in red and blue, respectively. (D) The imaginary part of complex-energy band Im[E..(k, —
11/2)] extracted from the transmission intensities. The blue and red circles represent the experimental results of Im[E,.(k, — 7/2)] and Im[E_(k, — 1/2)], with the solid blue and
red lines representing the theoretical predictions, respectively. At the gray region of k € [ — 0.1087,0.1087], only the results of Im[E, (k, — 71/2)] are shown. (E) The absolute

value of energy | E, |= \/Re[E+(k, —11/2)]? + Im[E..(k, —11/2)]”. The green circles and lines represent the experimental and theoretical results, respectively. (F) The ei-

genvalues of the evolution operators Uny in the complex plane. The yellow circle and the line crossing the EPs represent the corresponding theoretical predictions,

respectively. The yellow circles represent the experimental results. The deviation away from the unit circle indicates the breaking of the PT symmetry.

(blue). The solid and dashed arrow curves represent the theoretical
loop and projection energy trajectories, respectively. It is seen that
the winding number of each band is 1/2, which defines a topological
invariant associated with the NH band structures (35).

DISCUSSION

In summary, we experimentally realize an NH system based on po-
larized twisted photons in a degenerate cavity and directly obtain
the spectral features with respect to EPs. The wavefront angle—re-
solved band structure spectroscopy for the synthetic OAM lattice
is used to directly detect the complex energy and momenta with
EPs, which could also be applied in EP-based angle sensing.

Moreover, many more distinguished NH spectra can be investi-
gated along the synthetic OAM dimension, such as the spectra of
edge state (27, 36) and the spectra with gauge fields (28). In addi-
tion, signatures connected with the accumulation of OAM modes
would be interesting to investigate as two EPs naturally form a
point gap exhibiting the non-Hermitian skin effect (37). The degen-
erate cavity supporting multiple photon degrees of freedom pro-
vides the potential to construct multiple synthetic dimensions. In
section SX, we preliminarily illustrate this advantage in experiment
by introducing an additional independent synthetic frequency and
detecting its energy bands in the degenerate cavity.

Our work connects topological photonics, singular optics, and
non-Hermitian physics, opening exciting opportunities to explore
the topological properties of NH systems. In addition, the cavities
with EPs may contribute to new-fashioned multimode laser cavities
(38, 39) and to develop a highly sensitive sensor (10, 40). In the
future, with the introduction of interphoton interactions, we
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believe that synthetic dimensions will have an advantage in simulat-
ing numerically difficult large non-Hermitian systems compared
with classical computers.

MATERIALS AND METHODS
Operation of Q-plate
In the real space, the operation of Q-plate is described as

Jo(8) = cos(8/2)(aly,, agm+ aly ,, aom)

+ isin(8/2) (agmq aly, +hec) (3)

where (O (0) represents the left (right) circular polarized modes, m
is the topological charge number of OAM mode with corresponding
twisted wavefront, “To(o).m [a¢5( o ), m] denotes the corresponding
creation (annihilation) operator, § is the relative optical retardation
between (O and O modes in the Q-plate, which can be tuned by the
applied electric field. Note that § can be regarded as an additional
pseudomomentum, which introduces another synthetic dimension
in momentum space. q is the topological charge number of the Q-
plate and g = 1 in our experiment. As a result, the OAM transition
occurs among even-order modes. It is worth mentioning that the
long-range coupling can be controlled by increasing the parameter
q.

Because Q-plate has the same operation on different optical
modes, the operation Jq has translational symmetry operation on
m. As a result, we can introduce the Bloch mode |k) = Y,
e~ "k|n) (n = m/2) in momentum space. The operation can be
recast in the “quasi-momentum” space as Jo(8) = [*_Jo(k, 8)dk,
where Jo(k, 8) has the form of Eq. 1.
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Fig. 4. The swapping of energy when winding around an EP. (A) The winding loop on imaginary energy bands. (B) The corresponding winding loop on real energy
bands. The winding directions in (k, §) space around EP; are as follows: ( — 0.6m, — 0.51)— ( — 0.67, — 0.76m)— (0, — 0.7671)— (0, — 0.331)— (— 0.67, — 0.331)— (— 0.67, —
0.57). The bands of s = + and s = — are labeled in red and blue, respectively. (C) The experimental imaginary part of energy along the loop. Inset: The transmission intensity
spectra when (k, ) are as follows: (—0.6m, — 0.57) (start and end point, yellow), (I) (—0.25w, — 0.76m, red), (1) (0, — 0.57, green), (lll) (0, — 0.33x, purple), and (IV) (—0.375m, —
0.33m, blue), which correspond to the colored circles in the evolution loops. The observed peaks correspond to s = +. (D) The experimental real part of energy along the
loop. (E) Windings of the paired bands in the complex-energy plane. The angle 6 around EP, parametrizes the loop, and the bands of s = + and s = — are labeled in red and
blue, respectively. The circles represent the experimental results, and the solid arrow curves represent the theoretical energy trajectories. The dashed arrow curves are the

projection of the energy trajectories.

Wavefront angle-resolved band structure spectroscopy

The wavefront angle-resolved band structure spectroscopy is an ef-
ficient method to probe the complex-energy band along the syn-
thetic OAM dimension, which is inspired by the angle-resolved
photoemission spectroscopy used in condensed matter physics.
Within the paraxial approximation, the photon wave function |m)
carrying even-order OAM with the topological charge of m can be
approximately expressed as

| m) = Eo(r, ¢)e™ (4)
in cylindrical coordinate (r, ¢). Eo(r, ¢) represents the amplitude.
For the lattice consisted by OAMs, the reciprocal Bloch state
| k) = >"1=%_ e ™| n), where n = m/2 represents the number of
lattice sites. Hence, the wave function corresponding to |k) can be
written as

CEDI
e E e O

n=—0o

= Eo(r, $)d(k, 2¢)
which means that we can postselect the output state on the basis of
|k)(k| by detecting output photons at the angle ¢ = k/2 through a
diaphragm.
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Compared with the 2D Fourier transform for the split-step co-
herent walk to reconstruct the band structure (41, 42), the wavefront
angle-resolved band structure spectroscopy is an all-optical direct
detection method that does not need the tomography process. In
the synthetic frequency dimension, the quasi-momentum k is
mapped to the time ¢ (43). The used time-resolved band structure
spectroscopy needs a high-bandwidth photoelectric detector to
isolate the momentum k because the first Brillouin zone lived in a
very short time interval [0, TR]. Tk is the round-trip time of photons
in the cavity, while in our method, the resolution of detected mo-
mentum k only relies on the minimal vertex angle of a fan-shaped
diaphragm. With the increase of angle resolution, the transmitted
light signal will reduce.

Supplementary Materials
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Figs. S1to S8
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