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ARTICLE INFO ABSTRACT
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agglomeration model that can evaluate the outcome of a binary collision between wet particles
differing in solid particle properties, liquid layer thicknesses, and initial collision (impact) speeds
is essential for obtaining a comprehensive understanding on the existing processes experiencing
wet particle agglomeration or for a successful development of new processes with high chances of
wet particle agglomeration. This study presents a generalized agglomeration model on the basis of
energy conservation before and after collision when colliding wet particles may differ in solid
particle properties, liquid layer thicknesses, and impact speeds. The model was established based
on the approximate values of energy losses that may happen during the collision. It incorporates
body forces, solid-solid contacting, liquid capillary, and viscous contributions, as well as the
liquid bridge volume effect. Predictions of the new model for collision outcomes of identical wet
particles were like those from an analytical energy balance model developed recently by the
group for identical wet particles. We also validated the new model by experimental data from
literature. The results of a collision direction analysis indicated that the direction often has a
minimal effect on the collision outcome in many practical scenarios. The results of Monte Carlo
uncertainty analyses with the new model revealed that proper estimations of impact speed, under
capillary limiting conditions, and thickness of coating layers and asperity heights, under viscous
limiting conditions, are critical for the realistic prediction of collision outcomes at impact speeds
close to critical impact speed, i.e., the minimum particle speed required for the particles to
rebound.

1. Introduction

Wet granulation, drying, food processing, pharmaceutical manufacturing, and combustion and gasification of fuels in high tem-
perature gas-solid fluidized bed reactors are among processes that commonly experience wet particle agglomeration [1-4]. A small
amount of liquid that is injected or produced throughout these processes may coat the particles and, hence, can serve as an agent for
binding particles [4,5], i.e., their agglomeration. Wet particle agglomerates form owing to an increase in the level of liquid
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bridge-induced cohesive interparticle forces that dominate repulsive forces. Depending on when and where it occurs, particle
agglomeration may be beneficial or deleterious [6]. In certain circumstances, e.g., thermal conversion of fuels (gas-
ification/combustion of low-quality solid fuels and addition of alkali materials to combustors for air pollution control) in high tem-
perature gas-solid fluidized bed reactors, the formation and continuous growth of agglomerates are undesirable as they can yield a
complete blockage of distributor plates and/or bed defluidization and, hence, forced plant shutdowns [7,8]. Downtime, production
loss, a cumbersome cleaning step, and restarting of the plant will accordingly be resulted. Since these macroscopic outcomes are
yielded from microscopic phenomena occurring on the surface of bed particles and the corresponding interactions between particles, a
thorough description of the collision behavior of two particles is an essential building block for an intimate understanding of particle
agglomeration.

Extensive studies on the outcome of a collision between wet solid surfaces, principally a binary collision of identical wet particles or
a wet collision between a particle and a plate, (agglomeration or rebound) are reported in literature through either experiment [9-13]
or modeling. One can classify the latter category in three groups on the basis of adopted assumptions: (i) some assumed that collision
behavior is dominated by capillary effects [6,14-17]; (ii) some postulated that viscous effects are dominant [18-26]; and (iii) others
considered that both the capillary and viscous effects simultaneously govern the collision behavior [2,27-32]. The proposed models in
most of these studies, except the one proposed by Balakin et al. [29], are for a binary collision of identical wet particles or a wet
collision between a particle and a plate. A particle assembly can, however, be made of particles differing in solid particle properties
(including the size, material, and asperity characteristics) and initial collision speeds. In addition, in the case of particles having a
highly wetting liquid coating, i.e., with a contact angle approaching zero degrees, it is possible that the coating is non-uniformly
distributed among the base particles leading to wet particles of different coating thicknesses in the system. An oxygen carrier assis-
ted combustion process [33,34] is a good example where all these dissimilarities between wet particles can be experienced. Through
this process, a bed may be made of particles with, e.g., ilmenite ore, and without, e.g., silica sand, oxygen carrying properties. The two
bed materials typically have different particle size distributions, to show similar hydrodynamic characteristics in the bed, and asperity
sizes. As these particles interact differently with liquid forming substances, e.g., alkali materials from fuel ash, different amounts of
liquids may form on the surfaces of these base particles leading to different liquid thicknesses. In addition, due to the heterogeneous
gas-solid flow structure in a gas-solid fluidized bed, a range of initial collision speeds can be experienced for each bed material.
Although Balakin et al. [29] focused on a binary collision of non-identical wet particles, they did not take the liquid bridge volume
effect into account in the calculations, which is a critical consideration when the liquid bridge volume is small [35,36].

The current study presents a generalized analytical energy balance model that simultaneously considers the effects of body forces,
solid-solid contacting, and liquid bridge volume-corrected capillary and viscous forces in predicting the outcome of a binary wet
particle collision. In addition, it accounts for the collision of wet particles with different liquid layer thicknesses, asperity heights, and
initial collision speeds (Section 2). Comparison between the predictions of the generalized agglomeration model with those from an
analytical energy balance model for identical wet particles developed recently by the group [31] was also completed (Section 3.1). We
validated the generalized agglomeration model by experimental data from literature (Section 3.2). We further investigated the effects
of collision direction together with some particle and liquid properties on collision outcome (Section 3.3). Lastly, Monte Carlo un-
certainty analyses were conducted to highlight the importance of proper estimations of the model’s input parameters (Section 3.4).

2. Model development
2.1. Problem description and assumptions

A two-dimensional schematic representation of a binary collision involving non-identical wet particles is shown in Fig. 1. In this
diagram, the speeds of the target particle i, u;, and colliding neighbor particle j, u;, are based on the laboratory reference frame I. uo;
and uo are respectively the initial (impact) speeds of particles i and j with respect to the reference frame I, d, ; is the diameter of solid
particle i, and r,,; is the radius of solid particle j. ho; and ho; are the thickness of coating layers on the surfaces of particles i and j, hq;
and h,; are the height of asperities on the surfaces of particles i and j, and 7; and 7 are respectively the unit vectors normal to the
surfaces of particles i and j along the axis of collision. d is the separation distance between the centers of the colliding particles and D is
the minimum separation distance between the surfaces (excluding asperities) of these particles. 7 and 7j; can be expressed by the
following [37]:
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where X; and X; are the center position vectors of particles i and j. To simplify the calculations of liquid bridge-induced interparticle
forces acting on the colliding wet particles and corresponding energy losses, the Derjaguin approximation [38,39] was employed in
this study to convert a system of unequally sized particles into a system of identically sized particles with similar magnitudes of
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Fig. 1. Schematic representation of a) two approaching non-identical wet particles, b) their Derjaguin approximation, and c) the formation of the
liquid bridge between them.

corresponding interparticle forces. According to the Derjaguin approximation, the magnitude of a short range interparticle force
between particles of unequal size can be estimated by the expression of the same interparticle force between two identically sized
particles and substituting the particle radius with the harmonic mean particle radius when D is much smaller than the radii of the
particles [38,39]. Hence, r,; in Fig. 1 represents the harmonic mean solid particle radius, which is given by:

2 Tpsi Tpsj 3)

rP-S-ij - rp,y,i + rp,:.j

where r,,; is the radius of solid particle i. Moreover, in Fig. 1, a is the half-filling angle, r,, is the wetting radius (at D = h,; + hg;), and
H(r) is the separation distance between two colliding wet particles for 0 < r <r,, where r is the radial distance relative to the bridge
center. It is worth noting that owing to geometric limitations, r, < r, ;. Assuming a cylindrical liquid bridge between the colliding
particles, following Pitois et al. [40] and Darabi et al. [2], H(r) can be calculated as follows:

r2

H(r)=D+

@
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The general assumptions made in this study to develop a theoretical background for evaluating the outcome of a binary collision
between wet particles are reported in the following list.

i) Colliding solid particles are spherical.
ii) Total mass of a particle is minimally affected by asperities.
iii) Particles are uniformly coated with a liquid layer. Readers are referred to work by Lubarda and Talke [41] for the procedure to
estimate the spreading area of a liquid droplet on a surface.
iv) The liquid bridge has uniform physical properties.
v) The difference in the contact angle, 6, for solid particles of dissimilar materials has a negligible contribution to the collision
outcome in a highly wetting system [31]. Hence, an average value of § will be employed in the calculations.
vi) The liquid bridge connecting the particles forms instantaneously, i.e., we disregard partial gas-film drainage effects that may
impede the coalescence of liquid coatings. Interested readers are referred to Shabanian et al. [31] for further details.
vii) The liquid bridge volume remains unchanged during the collision interval.
viii) The half-filling angle experiences no change with separation distance.
ix) The height of liquid at the wetting radius, upon initial liquid contact, is the summation of the thickness of liquid layers from the
colliding particles, i.e., H(ry) = ho;+ hoj.
x) The tangential component of the viscous force is negligible.
xi) Particles hydrodynamically interact with the same fluid.
xii) The magnitudes of body forces, i.e., buoyant, drag, and gravity, remain constant and equal to their corresponding values at the
time of liquid coating-liquid coating impact, also referred to as the impact condition here, during the collision interval.
xiii) The unit vectors ﬁij and 7 calculated at the impact condition remain unchanged during the collision interval.

xiv) The velocity of the center of mass of the colliding particles with respect to the frame I along 7'y, HCM,TU’ remains constant and

equal to its value at the impact condition ﬁo,CM,TU during the approach stage.
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xv) The slight change in ﬁcm,?ij that may happen due to the net effect of body (external) forces on the colliding particles during the

approach stage is applied at the end of the approach stage.
xvi) The solid-solid contact happens instantaneously.
xvii) Uy, -, Temains constant and equal to its value at the beginning of the separation stage during the separation stage.

xviii) Binary collision between wet particles is an adiabatic process.

Assumptions (iv) and (ix) allow the generalized model to work for a dry particle impacting a wet particle. Assumption (vi) allows to
consider the liquid bridge behaves similarly during the approach and separation stages [2]. If colliding wet particles rebound from
each other, they have to pass through three stages: approach, solid-solid contact, and separation. Considering assumption (vi), in the
approach stage, the minimum separation distance between particles (D) decreases from hg; + hoj to he;+ hgj. In a highly wetting
system, each colliding particle gains energy owing to the liquid bridge capillary effect during the approach stage, while it loses energy
due to the liquid bridge viscous effect. The net of body forces acting on the target particle i along 7’ acts in the opposite direction of the
similar net of forces on the neighbor particle j along 7j;, while their magnitudes could be identical/different (see Fig. 4 for details).
Hence, the kinetic energy of each colliding particle may increase, decrease or remain unvaried due to the net effect of body forces
during the approach stage. The solid-solid contact stage starts from the end of the approach stage (D = hq;+ hq;) and the particles
make either an elastic or inelastic solid-solid collision with a dry restitution coefficient e. The kinetic energy of each colliding particle
remains unchanged for elastic dry-dry particle collision, i.e., e = 1, and decreases owing to an inelastic solid-solid contact with 0 <e <
1. In the separation stage, D may increase from h,; + hy; to a minimum separation distance between two colliding wet particles at the
point of liquid bridge rupture hyy,. The kinetic energy of each colliding particle decreases in the separation stage due either to the
liquid bridge capillary or viscous effect. However, similar to the approach stage, it may increase, decrease or remain unchanged due to
the net effect of body forces during the separation stage. The colliding wet particles may agglomerate during either the approach or
separation stage if the total energy dissipation by them is greater than the relative initial kinetic energy of the particles.

Operating conditions, including the system temperature and pressure, superficial gas velocity, and introduction of specific ma-
terials to the system, can change the gas properties, type of liquid formed and its extent in the system, type and extent of sintering
propensity of particles, and relative velocities between particles and flowing gas and those between colliding particles. These, sub-
sequently, alter hydrodynamic, interparticle, and collision forces acting on particles in a gas-solid fluidized bed, thus the collision
outcomes of (cohesive) particles in the bed. Interested readers are encouraged to refer to Shabanian and Chaouki [42] for detailed
discussions on this matter. When employing unconventional heating approaches, e.g., microwave heating, in a gas-solid system, an
appreciable temperature difference could be experienced between the gas and solid phases [43-45]. Hence, relevant gas and solid
temperatures need to be considered for tracking the magnitudes of hydrodynamic, interparticle, and collision forces acting on the
colliding particles.

2.2. Equation of motion and frame of reference

The general equation of motion of a target particle i during a sole binary wet collision with a colliding neighbor particle j can be
described by Newton’s second law of motion as follows:

d?, — — — - = —
’np.i7: Feontij + F aragi + F puoyi + Wi+ Frisi + F capi 5)

where my,; is the mass of the target wet particle i, ; is the velocity of particle i with respect to the reference frame I, and ¢ is time.
750,1&17, ?dm&b ?buoy‘i, ?vis.i and ?wpi are the vector of the solid-solid contact force between the colliding particles i and j, drag force,

buoyant force, viscous force, and capillary force acting on particle i, respectively. Wi is the weight vector of particle i. The general
equations of motion of the target particle i and the colliding neighbor particle j form the basis for development of a generalized

Wiy Ty = Wi " Ty

X 1

Fig. 2. Conversion of colliding particle velocities from the laboratory reference frame I into a frame with respect to the center of mass of the
colliding particles along the normal collision axis.
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analytical energy balance model for evaluating agglomeration from a binary collision involving wet particles.

To evaluate the outcome of a binary collision between wet particles with the help of an analytical energy balance model, one needs
to obtain closed-form expressions for losses of energy resulting from different forces involved in the collision. A closed-form expression
for the solid-solid contact loss, independent of the contact force expression, will be presented in Section 2.3.4. However, information
concerning the distances travelled by the colliding particles during the approach and separation stages is required to be integrated with
the relevant expressions of the drag, buoyant, gravity, viscous, and capillary forces and help estimate the losses of energy due to these
forces during a binary collision between wet particles. In addition, a robust evaluation algorithm for predicting the collision outcome
should handle particles with different speeds. These conditions are present in many processing units, e.g., gas-solid fluidized beds. To
satisfy these requirements, we (i) convert the particle velocities from the reference frame I into a new 1-D reference frame with respect
to the center of mass (CM) of the colliding particles along ﬁij and (ii) define a mobile unit vector e, at the solid-solid contact position
between the colliding particles directed to the center of the target particle i along the normal collision axis, as depicted in Fig. 2. The

origin of ¢, may be identical to, or different from, the CM of the hypothetical system under investigation. Note that, under certain
circumstances, the CM of the colliding particles may be located between the center position and surface of the heavier particle involved
in a binary particle collision. However, the origin of ¢’ is always located at the surface of the (much) heavier particle or between the
surfaces of colliding particles. In Fig. 2, U is the velocity of the colliding neighbor particle j with respect to the reference frame I. U,
and u; o, are the scalar projections of the velocities of particles i and j with respect to the reference frame I along 7. v; and v; are the
speeds of particles i and j with respect to the CM of the colliding particles along 7 during the approach stage. l;, and ;. are respectively

the distances between the surfaces of particles i and j and the origin of ¢, during the approach stage.
Referring to the assumption (xiv) in Section 2.1, one can expect that the CM of the colliding particles remains as an inertial frame of

reference [46] during the approach stage. Since there is no relative movement between the origin of €, and the CM of the colliding
particles, the unit vector ¢ can also be an inertial frame of reference during the approach stage. Therefore, the converted particle
velocities from the reference frame I into the new 1-D reference frame with respect to the CM of the colliding particles along 7'y during
the approach stage can also be reported on the basis of €. Following the assumption (xv) in Section 2.1, an updated ﬁCMT,»,- can be
obtained at the end of the approach stage (?CM‘app.,T‘q)' From the conservation of momentum and instantaneous collision at the
solid-solid contact point, assumption (xvi), H)CM,TU remains constant (and equal to ﬁCM,app,T’g) by the beginning of the separation
stage. E’CM‘?U, will also remain unvaried during the separation stage and prior to the end of this stage according to the assumption
(xvii) in Section 2.1. Consequently, the particle velocities converted from the reference frame I into the new 1-D reference frame with
respect to the CM of the colliding particles along 7; during the separation stage can also be reported on the basis of €.

Based on the above discussion, the position vector of the CM of the colliding particles i and j, X cu, and WCM‘T,,- can be calculated as:

T+ —
— _ mp,,» X m,,J Xj (6)
Xem=\—_—"T"
My +m,,
N My Wy =p + Myl =5\
Wey ;= ni @
' My i + My

where m,,; is the mass of wet particle j. Eq. (7) can be employed to estimate WO_CM_TU and E)CM.app,Tg as follows:
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R my; +my,;
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N Mp,i uc,appi.T” + my j uc,app/.TU — (9)
u — = : o

CM.app,™n” j i u

My + My,

where u, T and u, j, are respectively the scalar projections of the impact velocities of particles i and j with respect to the reference

frame I along 7. u, ; and u, -, are respectively the scalar projections of the velocities of particles i and j with respect to the

Py cappj.
reference frame I along T at the end of the approach stage. The velocities of particles i and j with respect to the CM of the colliding
particles along 7 during the approach stage (V; and v, respectively) are defined as:

m.:
— — — _ p.j —
Vis gy Vg = Wem sy = 0 gy i (10
pi pJ
— — — My i —
VisWop, W= Uy, = — U5, I (11
my i+ my,,

where Uy -, is the scalar projection of the velocity of particle i relative to particle j with respect to the reference frame I along 7 and is

expressed by the following:
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=u — U=, (12)
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Egs. (10) and (11) can also be employed to estimate the velocities of particles i and j with respect to the CM of these colliding
particles along 7’; during the separation stage (7; and 7’;, respectively) when adopting the corresponding 7CMA—">U during the sep-
aration stage. With the help of the framework described above, if the kinetic energies of particles i and j are such that both particles
reach the solid-solid contact point, while both were moving, or simultaneously stop before that, [, and [, during the approach stage can

be estimated as:

Vi

L= D 13

vi + v (13)
Vi

I, =—2 1

L= (14)

Special cases where one particle stops moving prior to the solid-solid contact, while the other particle has some energy left to
approach the stopped particle, will be discussed in Sections 2.3.5 and S-9 of the Supplementary Material. As alluded to earlier, D
typically decreases from hg; + ho; to hq; + h,j during the approach stage. Integrating this information with Egs. (13) and (14) allows us
to estimate the distances travelled by the colliding particles during the approach stage. Similarly, if both particles i and j can pass the
liquid bridge rupture point, while both were moving, or simultaneously stop prior to that condition during the separation stage, the
distances between the surfaces of particles i and j and the origin of €, during the separation stage (/; and /., respectively) can be
obtained as:

. =—
vi o

/i D (15)

“

;
/j(,f
vi + o

D (16)

where /; and /; are the speeds of particles i and j with respect to the CM of the colliding particles along 7 during the separation stage

(vi =

has some energy left to separate from the stopped particle, will be discussed in Sections S-11 and S-12 of the Supplementary Material.
The distances travelled by the colliding particles during the separation stage can typically be estimated by Egs. (15) and (16) since D
often increases from hy; + hgj to hyy, during the separation stage. We need to convert the particle velocities from the reference frame I

7 ). Special cases where one particle stops moving prior to the liquid bridge rupture point, while the other particle

and,; =

2
”j

into a new 1-D reference frame with respect to the CM of the colliding particles along 7 during either the approach or separation stage
to establish a relevant theoretical background for the development of a generalized analytical energy balance agglomeration model.
Eq. (5) can, hence, be reformulated based on the target particle velocity with respect to the CM of the colliding particles during the
approach stage as follows:

d?,’
dt

1

— — — — —
m,; = Fconij + Faragi+ Fpuoyi + Wi+ Frigi + Feapi (17a)

or the CM of the colliding particles during the separation stage as follows:

d7i — — —

— — —
My~ = F contij + Faragi + Fouoyi + Wit Frigi + F cop,i (17b)
The same treatment can be made for the general equation of motion of the colliding neighbor particle j during a sole binary wet
collision with the target particle i (see Section S-2 of the Supplementary Material for details).
The expression proposed by Gidaspow [47] was adopted in this study to estimate the drag forces acting on the colliding particles.
The vector of the drag force acting by the flowing gas on particle i can be calculated as [37,47]:

p (7 .77.) .-,
150 (1 — A
(728);4 Wi — ) +1.75 V,: €<080
— & dpl- 8 d,,_,»
F jragi = ’ (18)
3C — -\ |- — | 1esy, 1
— d-ipg Ugi — U; Ugi— U;|E Vp‘,‘— € > 0.80
4 d,,_,‘

where ¢ is the local bed voidage, d,; and V,; are the diameter and volume of wet particle i, and 7@- is the local gas velocity around
particle i with respect to the reference frame I. u, and p, are the gas viscosity and density, respectively, and Cy; is the drag coefficient
for the isolated target particle i. V,,; and Cy4; can be expressed as follows:

4
Vpi :gﬂ(’”p,s.i + ho,[)3 (19)
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24
~— (1 +0.15Re,"®")  Rei < 1000
Cd,,- = RE,' (20)
0.44 Re; > 1000
where Re; is the Reynolds number of particle i. It is given by:
pgé‘dp,i 7g_,’ — 7,‘
Rej=————— 21)

He

In addition, the superficial gas velocity with respect to the reference frame I, ﬁg, is correlated with the local gas and particle
velocities with respect to the reference frame I (ﬁg and U, respectively) and ¢ as [47]:

U,=¢ <7g - 7) (22)

If u; in Egs. (18) and (21) is substituted by the initial (impact) velocity of particle i with respect to the reference frame I, o, ?dmgi

at the impact condition is obtained. ?bugy,,« and Wi can be calculated as follows:
—
F buoy,i =P Vp.i? (23)

4

[ :?ﬂ (pp,.\,irp,s.i3 +/’1((rp-5-i +ho)’ — r"'S'[3) ) g o0

where g is the gravitational acceleration vector, Pps, is the density of solid particle i, and p, is the liquid density. We can estimate the
vector of the drag and buoyant forces acting on particle j (?dmg jand Fbuoy j» respectively), as well as the weight vector of particle j, VV},
when employing the relevant parameters of this particle instead of those for particle i in Egs. (18)-(21) and (23) and (24) (see Section
S-2 of the Supplementary Material for details). We can calculate ?cap,i and ?vis‘i (refer to the symbols defined in Fig. 1) based on the

expressions proposed by Pitois et al. [36], which include the liquid bridge volume effect, and noting the Derjaguin approximation [38,
39] as follows:

?m],_,» =21y 15Xy cOS 6 i (25)
- 3 1y 2 Vi
FL’[S.[ = - iﬂl’{lrp,:.{/ Xv D (263)
- 3 7
Fv[.x.,i = - i”l’llrp,s.tf/'zxvz Dj (26b)

where y; and y; are the liquid viscosity and surface tension, X, is the correction factor for the volume of the liquid bridge between two
colliding wet particles, and €’y; is the unit vector normal to the surface of particle i along the collision axis. ¥ and 7 are the ve-
locities of particle i relative to particle j with respect to the CM of the colliding particles along 7 during the approach and separation
stages, respectively. They can be defined as:

Vi=Vi- 7, 272)
Pi=T1— 7 (27b)

Note that va— always acts against the direction of the relative movement of the target particle i with respect to the colliding
neighbor particle j along the axis of collision. The role of the negative signs in Egs. (26a) and (26b) are to adjust the direction of ?VM
with respect to v’y and 77;. When the Derjaguin approximation can be adopted, the magnitudes of F.q,; and F ,;; are respectively the

same as the magnitudes of the vector capillary and viscous forces acting on particle j (?Cap j and ?m j» respectively; see Section S-2 of
the Supplementary Material for relevant expressions). However, in the treatment we adopted in this study, the magnitudes of the body
forces acting on particle i are not identical to the magnitudes of the corresponding body forces acting on the colliding neighbor particle
j when the colliding particles differ in size and/or mass. This is one of the main differences between this work and the modeling
strategy adopted in the study by Balakin et al. [29], where they represented a system of unequal size and mass of particles with an
equivalent system of equal size and mass for the sake of simplifying the analysis. While the Derjaguin approximation has been applied
for systems of unequally sized particles having a small liquid bridge volume [39,48,49], it is not appropriate for the calculations of
body forces.

Eq. (26) was derived on the basis of the lubrication (or thin film) approximation for a liquid bridge with finite volume between
colliding wet particles. Details of this derivation are presented in Section S-3 of the Supplementary Material. X, can be expressed by the
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following:
D
X, =1———= 28
i@ (28)
where a? is a constant for a binary collision of wet particles, which is given by:
at = ﬂ (29)
lp.sij

Vp in Eq. (29) is the volume of the liquid bridge between two wet particles and can be estimated by considering a cylindrical shape
approximation for the liquid bridge connecting two particles as follows [2,40]:

Vy= / 2z7r H(r) dr:%ﬂrp_“»j (Hz(rw) - (h,”- + h,”-)2> (30)
JO

2.3. Generalized agglomeration model

The evaluation of the outcome of a binary collision involving identical wet particles based on the analytical energy balance model
proposed by Darabi et al. [2] was established on estimation of a wet (overall) restitution coefficient e, . In the absence of rotation, e,
along the normal collision axis can be defined as follows:

—
u

= — U ;>
rysep rysepi, T,
o= - (31
Woimy = Wojy
where U, ,— and U, — are the velocities of the target particle i and colliding neighbor particle j with respect to the reference
Sep.i, n’ i rsepyj, n'i

frame I along ﬁij at the end of the separation stage, and ?0 ;- and 70 .— are the impact velocities of particles i and j with respect to
i S i

the reference frame I along 7. By neglecting the contributions of body forces in the evaluation of a binary collision outcome between
identical wet particles, e,, was correlated with the actual total loss of energy during the collision incident and the total initial kinetic
energy of the system. Please refer to Darabi et al. [2] and Shabanian et al. [31] for further details. To estimate the total loss of energy
during the collision interval, Darabi et al. [2] proposed an approximate analytical approach to estimate viscous, capillary, and
solid-solid contact losses and then combine them through the superposition principle. Since the general equation of motion, as
described in Eq. (5), (17), or (S.1), has no analytical solution even when neglecting the body forces, Darabi et al. [2] recommended
neglecting the capillary contribution in the equation of motion to obtain an analytical expression for the particle speed and, hence,
expressions for the viscous and solid-solid contact losses. One can independently obtain an analytical expression for the loss of energy
due to the capillary effect. They showed that the approximate analytical values obtained through the proposed analytical energy
balance model were in good agreement with those attained by solving the equation of motion numerically. According to Darabi et al.’s
model, two colliding identical wet particles agglomerate if e, = 0, i.e., the maximum possible energy dissipation calculated by the
analytical energy balance model is equal to or greater than the total initial kinetic energy of the system. Otherwise, a rebound outcome
can take place and the corresponding e, (0 < e, < e) can be estimated.

We presented an improved version of Darabi et al.’s model [31]. In the improved model, referred to as the non-generalized model
here, we evaluate the collision outcome in three steps based on the values of kinetic energy parameters rather than monitoring e,,. This
allows the non-generalized model to be computationally more effective than Darabi et al.’s model, while a number of other critical
advantages can be achieved by the model (see Shabanian et al. [31] for details). We followed a similar approach in the development of
a generalized analytical energy balance model presented in this study. The new model (i) accounts for the collision of wet particles with
different liquid layer thicknesses and solid particle properties, e.g., size, material, and asperity height, as well as initial/impact speeds
and (ii) considers the effects of body forces, solid-solid contacting, and those of the liquid bridge volume-corrected capillary and
viscous forces in predicting the outcome of a binary wet particle collision. Principal kinetic energy parameters to evaluate a collision
outcome in the generalized model are the kinetic energies of particles i and j based on the converted particle velocities from the
reference frame I to the 1-D reference frame with respect to the CM of the colliding particles along 7'y during the approach stage at the
end of the approach stage (Kqyp; and Kgppj, respectively), as well as the kinetic energies of particles i and j based on the converted
particle velocities from the reference frame I to a new reference frame with respect to the CM of the colliding particles along 7'y during
the separation stage at the beginning of the separation stage (% and .7, respectively) and at the end of the separation stage
(F fini and 7 g, , respectively). We only considered the contribution of the viscous force (Eq. (26a) or (S.92)) in Eq. (17a) or (S.1a) to
obtain analytical expressions for the speeds of particles i and j during the approach stage and, hence, expressions for the viscous losses
by these particles during this stage, as well as expressions for the solid-solid contact losses by these particles when considering the
assumption (xvi) in Section 2.1. Likewise, we obtained analytical expressions for the speeds of particles i and j during the separation
stage and, hence, expressions for their viscous losses during the same stage when solely considering the contribution of the viscous
force (Eq. (26b) or (S.9b)) in Eq. (17b) or (S.1b). Analytical expressions for losses of energy due to the capillary effect by particlesi and j
during the approach and separation stages were obtained independently. The same procedure was followed for losses of energy due to
the net effect of body forces acting on particles i and j during the approach and separation stages when considering the assumption (xii)
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in Section 2.1. These energy loss terms, together with the initial kinetic energies of particles i and j based on the converted particle
velocities from the reference frame I to the 1-D reference frame with respect to the CM of the colliding particles along 7 during the
approach stage (Kini; and Kiy;j, respectively) form the basis for estimations of Koy i, Kappjs 7 sep.is 7 sepjs 7 finj» and 7 gnj, thus the
evaluation of a collision outcome through the generalized analytical energy balance model. Details on the expressions for the speeds of
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the particles and their losses of kinetic energy are provided in the next sections.
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Fig. 3. Flow diagram of the generalized agglomeration model for a binary collision of wet particles. Remarks: (i) the evaluation order is top-to-
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Fig. 3. (continued).

The flowchart of the generalized agglomeration model based on the analytical energy balance model for a binary collision of wet
particles is presented in Fig. 3. According to this model, an agglomeration outcome can take place if one of the following conditions is
satisfied: (i) Kgpp; < 0 and Kgppj < 0, (ii) Hsp; < 0 and 7 sep; < 0 or (iii) 7 fin; < 0and .7 < 0. These conditions respectively mean
that total kinetic energies of colliding wet particles are dissipated during either the approach, solid-solid contact or separation stage.
The calculations are terminated upon satisfying one of these conditions and a value of zero is assigned to e,. If the conditions
mentioned above are not satisfied, the remaining kinetic energies of the particles direct them toward the liquid bridge rupture, the
colliding particles rebound and e,, can be estimated by Eq. (31). Special conditions may be experienced during either the approach or
separation stage of a binary collision of non-identical wet particles, where one particle stops moving, while the other one can still
continue its movement toward the solid-solid contact or liquid bridge rupture. The algorithm presented in Fig. 3 is capable of handling
these situations via some kinetic energy parameters. The collision incident leads to particle agglomeration if the sole moving particle
loses its kinetic energy before finishing the approach or separation stage, where the other particle has already lost its kinetic energy
during that stage. Otherwise, the calculation will proceed toward the next stage of the collision or the end of the algorithm. Details of
how we treat these special conditions will be discussed in Sections 2.3.5 and S-9 and S-11 of the Supplementary Material. Equations to
calculate some parameters that are required for the algorithm presented in Fig. 3 are reported in Table 1.

InFig. 3, dpsj, Ppsjs V> Caj» Rej, and U, are respectively the diameter of the colliding neighbor solid particle j and its solid particle
density, the volume of the wet particle j, the drag coefficient of the isolated particle j and its Reynolds number, as well as the impact
velocity of particle j with respect to the reference frame I. vo; and vy are the impact speeds of particles i and j with respect to the CM of
the colliding particles along 7';j during the approach stage, respectively, while Vo; and V'o; are the impact velocities. A; and A; are
constants, and St,; and St, ; are the Stokes numbers of particles i and j defined based on the corresponding particle speed with respect to
the mentioned frame of reference. v gpyis; and v gpyisj are the speeds of particles i and j with respect to the CM of the colliding

particles along Wg during the approach stage at the end of the approach stage, neglecting the effects of capillary and body forces. Ly o

10
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Table 1
Additional equations to calculate parameters for a binary collision of wet particles
introduced in Fig. 3.

4r
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is the total loss of energy due to the viscous effect during the approach stage of a binary wet particle collision, while Ly qpp,; and Lyis qpp,j
are respectively the corresponding viscous losses for the particles i and j. Lqp qpp is the total loss of energy due to the capillary effect
during the approach stage of a binary wet particle collision, while Lcg qpp,; and Legp qppj are respectively the relevant capillary losses for

particles i and j. My q5p is the unit vector along the velocity of particle i relative to particle j along the normal collision axis during the

approach stage. Likewise, mij; qyp is the unit vector along the velocity of particle j relative to particle i along the normal collision axis

during the approach stage. F

P
net,bdw.i, m”jj app

and F,

net‘bdw\j‘ﬁﬁ a

11

, are the scalar projections of the net of body forces acting on particle i along
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ﬁij_app and on particle j along ﬁ'ﬁ‘app, respectively. Lygw,qpp,; and Lpgw,qppj are respectively the losses of energy due to the net effect of
buoyant, drag, and gravity forces for particles i and j during the approach stage. Lgis qp; and Lgjs qpp; are respectively the maximum
possible energy dissipation calculated by the analytical energy balance model for particles i and j during the approach stage. Dqyp; is the
distance D during the approach stage where the total kinetic energy of particle i is completely lost and Ly mid qpp j—i is the loss of energy
due to the viscous effect for particle j in the distance interval of (ho; + ho) to Dgp,; during the approach stage. Lcgp qppj and Lpgw,qpp; are
the losses of energy due to the capillary effect and the net effect of body forces for particle j during the approach stage when particle i
stops at Dy i. Kmig qpp,j is the kinetic energy of particle j based on the converted particle velocities from the reference frame I to the 1-D
reference frame with respect to the CM of the colliding particles along 7';j during the approach stage at Dgyp, considering all losses of
energy in the distance interval of (ho; + ho ) to Dgpp ;, as well as the losses of energy due to the capillary effect and the net effect of body
forces in the distance interval of Dy ; to (ha; + hqj). Doy is the distance D during the approach stage where the total kinetic energy of
particle j is completely lost and Lyjs miq.qpp,ij iS the loss of energy due to the viscous effect for particle i in the distance interval of (ho; +
ho,) to Dy during the approach stage. L qpp.i and Lpgwqppi are the losses of energy due to the capillary effect and the net effect of
body forces for particle i during the approach stage when particle j stops at Dgpp j. Kmiq qpp,; is the kinetic energy of particle i based on the
converted particle velocities from the reference frame I to the 1-D reference frame with respect to the CM of the colliding particles
along 7' during the approach stage at Dy, considering all losses of energy in the distance interval of (Ao, + o) to Dypj, as well as the
losses of energy due to the capillary effect and the net effect of body forces in the distance interval of Dgypj to (he; + haj). Vimid appj is the
speed of particle j with respect to the CM of the colliding particles along 7' during the approach stage at Dgyp; (based on Kpid ap i)-
Ve appvisj 1S the speed of particle j with respect to the CM of the colliding particles along 7 during the approach stage at the end of the
approach stage (based on Vg qpp ). Vmid.ap,i is the speed of particle i with respect to the CM of the colliding particles along ﬁij during
the approach stage at Dy, (based on Wpig gpp.i)- Ve app.vis.i is the speed of particle i with respect to the CM of the colliding particles along
Ty during the approach stage at the end of the approach stage (based on Vimid ap)- Lyis.app; i the loss of energy due to the viscous effect
for particle j in the distance interval of Dgp; to (he; + hg;) during the approach stage. Ly qpp,; is the loss of energy due to the viscous
effect for particle i in the distance interval of Dgyp; to (he; + he;) during the approach stage.

Ve.appi and Ve qpp; are the speeds of particles i and j with respect to the CM of the colliding particles along 7 during the approach

stage at the end of the approach stage. ﬂ:uppyi_?ij and U, appj,, are the velocities of particles i and j with respect to the reference frame

Ialong 7 at the end of the approach stage. 7 qpp; and 7¢ qpp; are respectively the velocities of particles i and particle j with respect to
the CM of the colliding particles along 7y at the end of the approach stage. 7 qpp; and .7 g, are the kinetic energies of particles i and j
based on the converted particle velocities from the reference frame I to a new reference frame with respect to the CM of the colliding
particles along ﬁij at the end of the approach stage. /s and < s are the speeds of particles i and j with respect to the CM of the
colliding particles along 7' during the separation stage at the beginning of the separation stage and 7 sep; and 7 sep; are the cor-
responding velocities. L.; and L. are the contributions of particlesiand j in the solid-solid contact loss between two wet particles. /re s
is the relative speed between the colliding particles i and j with respect to the CM of the colliding particles along 7y during the
separation stage at the beginning of the separation stage. Ca is the capillary number and ./; and .«/; are constants. .7,; and .77, are
the Stokes numbers of particles i and j defined based on the corresponding particle speed with respect to the CM of the colliding
particles along ﬁij during the separation stage. ¢y sepyisi and orsepvisj are the speeds of particles i and j with respect to the CM of the
colliding particles along 7'; during the separation stage at the end of the separation stage, neglecting the effects of capillary and body
forces during the separation stage.

Lyis sep,i and Lyjs s¢pj are respectively the losses of energy due to the viscous effect for particles i and j during the separation stage and
Lyis sep is the corresponding total loss of energy. Legp sep,i and Legp sep,j are the losses of energy due to the capillary effect for particles i and j
during the separation stage, respectively, and Legpsep is the relevant total loss of energy. ;s is the unit vector along the velocity of
particle i relative to particle j along the normal collision axis during the separation stage. Tij;s is the unit vector along the velocity of

particle j relative to particle i along the normal collision axis during the separation stage. Fypa i w,., 209 Frotpaw v, 2T€ respec-

tively the scalar projections of the net of body forces acting on particle i along ﬁij‘sep and on particle j along ﬁﬁ_sep. Lw.sep,i and Lpgy sep j
are the losses of energy due to the net effect of buoyant, drag, and gravity forces for particles i and j during the separation stage,
respectively. Ly sep; and Lgis sep; are the maximum possible energy dissipation calculated by the analytical energy balance model for
particles i and j during the separation stage. Dy, is the distance D during the separation stage where the total kinetic energy of particle i
is completely lost and Ly midsepj—i is the loss of energy due to the viscous effect for particle j in the distance interval of (hq; + hgj) to
Dqep; during the separation stage. Lcgp sepj and Lpgw sepj are the losses of energy due to the capillary effect and the net effect of body forces
for particle j during the separation stage when particle i stops at Dy ;. Kmigsepj is the kinetic energy of particle j based on the converted
particle velocities from the reference frame I to the 1-D reference frame with respect to the CM of the colliding particles along 7
during the separation stage at Dy ;, considering all losses of energy in the distance interval of (hg; + ha;) to Dy i, as well as the losses of
energy due to the capillary effect and the net effect of body forces in the distance interval of Dy ; t0 hryps. Dsepj is the distance D during
the separation stage where the total kinetic energy of particle j is completely lost and Ly miq sep,i—j is the loss of energy due to the viscous
effect for particle i in the distance interval of (hq; + ha;) to Dy j during the separation stage. Legp sep,i and Lpgw sep,; are the losses of energy
due to the capillary effect and the net effect of body forces for particle i during the separation stage when particle j stops at Dgpj.

12
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Kmidsep,; is the kinetic energy of particle i based on the converted particle velocities from the reference frame I to the 1-D reference
frame with respect to CM of the colliding particles along ﬁij during the separation stage at D j, considering all losses of energy in the
distance interval of (hg; + hqj) to Dy, as well as the losses of energy due to the capillary effect and the net effect of body forces in the
distance interval of Dgepj t0 Rrypt. Vmidsep is the speed of particle j with respect to the CM of the colliding particles along ﬁg during the
separation stage at Dy ; (based on Kpig sepj)- Vr.sep.vis,j is the speed of particle j with respect to the CM of the colliding particles along Wij
during the separation stage at the end of the separation stage (based on Vg sep;)- Vmid.sep,i is the speed of particle i with respect to the CM
of the colliding particles along Wij during the separation stage at D, j (based on Kpig sep,i)- Vr.sepvis,i is the speed of particle i with respect
to the CM of the colliding particles along ' during the separation stage at the end of the separation stage (based on Vinidsep.i)- Lyissep.i 18
the loss of energy due to the viscous effect for particle i in the distance interval of Dy to hyy during the separation stage. Ly sep; is the
loss of energy due to the viscous effect for particle j in the distance interval of Dy, ; to hyy during the separation stage. -; and «¢; are the
speeds of particles i and j with respect to the CM of the colliding particles along 7y during the separation stage at the end of the
separation stage. Lgis max iS the maximum possible energy dissipation calculated by the analytical energy balance model for a binary
collision of wet particles.

2.3.1. Loss of energy due to the viscous effect

To obtain analytical expressions for the total and individual losses of energy due to the viscous effect for the target particle i and
colliding neighbor particle j during the approach and separation stages, we need to integrate the corresponding viscous force ex-
pressions over the hypothetically travelled distances during these stages. To reach this, we need to first obtain the relevant particle
speed expressions during the approach and separation stages as, according to Egs. (26) and (S-9), the viscous force varies with the
particle velocity. These expressions will also be adopted to determine v, qpp; and V¢ qppj, Which will be required for estimation of the
solid-solid contact loss. Substituting Eq. (26a) into Eq. (17a), and converting the resulting equation from the vector form into the scalar
form results in the expressions for the approach speed of particle i with respect to the CM of the colliding particles during the approach
stage, neglecting the effects of capillary and body forces (Vapp vis; and Ve gpp.vis,i)- Following the same procedure, when substituting Eq.
(26b) into Eq. (17b), we can obtain the separation speed of particle i with respect to the CM of the colliding particles during the
separation stage, neglecting the effects of capillary and body forces during the separation stage (¢sep yis; and +r sep is,i))- These speeds can
be expressed as follows (see Section S-4 of the Supplementary Material for details):

Vo, (1 - S%iln (’W)) , Sty >1n (W)

Vappvisi = (72)

" St,; <ln (M)

f(D)
1 f(ho; + hoy) o )
VOJ<IStv.fln<J‘(fta.i+m)>>* i >ln<f( |
v“ﬂpp.vis,i = (73)
( ))
(has =+ hai)

0, St,; <In Sfhoi + hoy
S hai + ha/
B L | B2 (L
: S, f(huj + ha.j) f(ha.i + hu.j)
Osepisi = (74)

0, s < TP)
S (hai + hay)

) _; M 7, M
(1 70" (f(ha.f n m)) e (fom i)

ho,i + hoj
hai + haj

rsep,vis,i = (75)
> (Tyup
0, Sy <in( L)
f(ha.i + ha.j)
where f(D) is a distance function for a binary collision of wet particles, which is defined as:
X Dv/D? + a?
D)= (76)
(p+vDTa)
In addition, St,; and .7’7,; are given by:
2 Vo i
Sty = 20 77)
37U T i
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@ _ zmp‘[//c.sep.[

S, (78)

RTINS

We can obtain the analogous expressions for the approach speed of particle j with respect to the CM of the colliding particles during
the approach stage, neglecting the effects of capillary and body forces (Vapp yis; and ve qp.vis5) by repeating the same procedure described
above and substituting Eq. (S.9a) into Eq. (S.1a). Similarly, we can obtain the expressions for the separation speed of particle j with
respect to the CM of the colliding particles during the separation stage, neglecting the effects of capillary and body forces during the
separation stage (vsepyisj and s sepyisj), Dy substituting Eq. (S.9b) into Eq. (S.1b). The expressions for these speeds can be reported as
follows (see Section S-4 ofthe Supplementary Material for details):

1 F(ho; + hoy) f (ho,i + hoy)
(-5 s n(Mg
Vapp visj = f(h h ) (79)
J (o + hojj
o St = h’( 7(D) )
vy (1= 1 In f(hoi + hoj) . Sty >Tn f(ho; + hoy)
St f(ha.i + hu:f) f(ha.i + ha._/')
Ve,appovisj = (80)
0, St,; < 1In f(h(),i + ho/)
f(haJ + ha/)
1 f(D) o /(D)
vesepj| 1 ———In| ———| |, S7,;>In|————
i ( Sl (f(huj + ha.j))) ! (f(ha.i + hay)
sep,visj — (81)
0, S, <in[ SO
' f(huj + ha.j)
1 f (hmpl) o f (hmpl)
vesepj| | ———In| ————11], S7,;,>Ih| "
o ( Tl (f(ha.f thay) 797 N\ Flhas + )
Or sepisi = i (82)
0, //J <In M
f(hn.i + ha.j)
where St,; and .77, ; are estimated by:
_ 2myv
Sty = —3”ﬂlrn,.‘.qf2 (83)
fy/(j _ ZmpJ”c.scp.j (84)

3ﬂﬂ1rll.x.r_/'2

Since we adopted the Derjaguin approximation in this study to describe the liquid bridge-induced interparticle forces between the

colliding wet particles, the magnitudes of ?m_i and ?m ;j are the same in this treatment. Hence, we can employ either of these vector
forces with the corresponding particle speed expression, Eq. (26a) with Eq. (72) or Eq. (S.9a) with Eq. (79), to calculate the total work
done by the liquid bridge on the colliding wet particles due to the viscous force during the approach stage of the binary wet particle
collision Wy gy, as follows (see Section S-4 of the Supplementary Material for details):

hait+ha, h, i ho ; A; A
ins.app = / j ?vi:,i A (?) dD> = - (At +A/)ll’l (f(o-"_OJ)> - <2Sl - + Q,Stj ) |:ln2 (f(ho,i + hO,/')) - an (f(ha.i + ha,/'))
i v

ho,i+ho; f(ha.i + hu,j)
. f(hOi + hOj)
—2In(f(ho; +ho;))In| ————"% 85
(f( 0, OJ)) (f(ha,i + hn.j) (85)
where constants A; and A; are given by:
3
A= E”ﬂlr/z.s,i/2vﬂ,i (86)
3
Aj= Eﬂﬂzrp.s.ziz"o.j 87)

Referring to the assumption (xviii) in Section 2.1, if we describe the collision incident by the first law of thermodynamics while
considering the control surface around the penetrating wet particles into the liquid bridge, the total work done by the colliding wet
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particles on their surrounding liquid bridge is — Wy . Therefore, L 4y, can be expressed as follows:

- - f(h(),: + ho,,‘) A; A; 2/, 2/,
Liisamp = — Waisamp = (Ai +4;)In (m + m+2 i, 1 (f (hog + hoj) ) — i (f (hai + hay))

£ (hos + hoy)
—2In (f(ho.i + hOJ))ln <m) .

If both particles i and j have enough kinetic energy to reach the solid-solid contact point, since ?v,-s_yi based on the

N
= | Fysj

Derjaguin approximation, Ly gy and Ly qyp; can be estimated based on L, 4y, and the distance portion travelled by particles i and j
during the approach stage. The distance portion travelled by particles i and j during the approach stage can be related to v; and v; based
on Egs. (13) and (14) under conditions of interest here. According to the assumption (xiv) in Section 2.1, the particle speed ratios
appeared in Egs. (13) and (14) can also be reported based on v,; and v,; to obtain the distance portion travelled by particles i and j
during the approach stage. Thus, Ly ap; and Ly qp; can be calculated as:

L=y = (14 <%> + (23 +2?;‘w_) {lnz(f'(ho_,- hoy)) — 1 (F (hag + o))

= 21n(f (ho; + hos) ) In (%) (89)
Luisappj = vO.iVij o Lo = VOJVJ": o (Ai+4;)In <M> + < 2;‘;‘“_ + ng) {lnz (f (hoi +Poj)) = 10 (f (hai + hay))

— 210 (f (o, + o)) In (%) (90)

If particles i and j simultaneously stop prior to the solid-solid contact point, we can calculate Ly qpp; and Ly qpp; With Egs. (89) and
(90), respectively, when replacing (h,; + h,;) by a relevant D in these equations. It is shown in Section S-5 of the Supplementary
Material that the initial kinetic energies of the colliding particles are totally dissipated by the corresponding viscous losses of energy for
these particles during the approach stage if V. gp.visi < 0 and/or Ve gppis; < 0. With a similar approach to what was explained for Wy g,

we can employ either of ?Vm or Fm ;j with the corresponding particle speed expression during the separation stage, Eq. (26b) with Eq.
(74) or Eq. (S.9b) with Eq. (81), to estimate the total work done by the liquid bridge on the colliding wet particles due to the viscous
force during the separation stage of the binary wet particle collision W, as follows (see Section S-4 of the Supplementary Material
for details):

bt ] F (B A A
i = F i —>x D)= — (i + )] v = . = .

= 21n(f (ha; + hag) ) In (]%) } :

102 (f (i) ) — 102 (F (B + Bay) )

where constants .2/; and .«/; are given by:

3
g/l = zﬂﬂ]rp.x,ijz”czwp.i (92)

3
'Wj = 5 ”ﬂ["/},x,[jzl’asep._/' (93)
We employ the correlation proposed by Pitois et al. [36] to estimate h,,, under both static and dynamic conditions. It is given by:
0 3 %)
how = (143 (1+Ca )vh (94)
Ideally, we need to utilize the relative speed between the colliding particles at the liquid bridge rupture point to estimate hy, by Eq.
(94). This requires an iterative calculation. However, as done by Balakin et al. [29] and in our earlier study [31], we employ /resep,

which yields a slight overestimation of hy,,. Adopting the above-mentioned thermodynamic analogy, L., can be calculated as
follows:
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_ (s f (hrupt) :M,‘ .,C//f 2 2
Lv[.x,sep - = Wv[s,sep - («//i + 99//-)11’1 (f (hu_i T haJ) - 2'7/(’7[ + 2(7/// . In (f(hmp,)) —In (f(ha,[ =+ ha,/'))

= 21n(f (ha; + hag) ) In (]%)

If both colliding wet particles i and j can reach the liquid bridge rupture point, considering the remarks mentioned above for the
calculations of Ly app; and Ly g, Egs. (15) and (16), and the assumption (xvii) in Section 2.1, Ly sepi and Ly p; can be defined as

(95)

follows:
esepi Ve sepi ) oA A
L”‘v i = Zc,sep,i L“‘Y = c,sep,i W, 7 )In f( rupt ( i | ’ J )
e Cesepi T Ccsep e esepi T lc.sep ( " ]) f(ha i +ha\/) 2 7/""'T2=9(//"‘/‘
{lnz (F (hyupn)) =10 (F (hai+aj) ) =210 (f (Rai+Pag) ) In ( +'h )] (96)
a i llj
) _ c.sep.j _ ¢ sep.j , oF. f(hrupr) _ *«r/i © 'j 2 2 .
Lyissepj = i+ (‘{IMNLW-S,W R (.ﬁf i+ j)ln <f (ha,i n ha,/) 7 + 27, In (f ( rupl)) In (f (ha.!
(T
+h45)) = 2 In(f (e +hyj))In (f(i(ifh),ﬂ (97)

If particles i and j simultaneously stop prior to the liquid bridge rupture point during the separation stage, Ly sep; and Ly s can be
respectively calculated by Egs. (96) and (97), while replacing hy,, by a relevant D in these equations. It is demonstrated in Section S-6
of the Supplementary Material that the energy losses by the viscous effect for the colliding particles during the separation stage could
dissipate the kinetic energy that they possessed at the beginning of the separation stage if /. sepisi < 0 and/or /e yisj < O.

2.3.2. Loss of energy due to the capillary effect

Since

Fcap,i = ‘?cap j| according to the Derjaguin approximation, the total work done by the liquid bridge on the colliding wet

particles due to the capillary force during the approach and separation stages of a binary wet particle collision (Weap qpp and Wegp sep,
respectively) can be estimated based either on Eq. (25) or (S.8) as follows (see Section S-7 of the Supplementary Material for details):

ha,itha j hg i+haj
Weapapp = /, ?mmi . <?x dD) = /, ?MN- . (—?X)dD =27y, €OS 0 { ((ho,,- + h‘)J) - (ho,,- + h(,_j)z +a? )

0.i+ho 0,i+ho,j

- ((h,,‘,- Fhay) = (hai + hay)’ + @ )} (98)

hrapt . e . 3 X
W(‘ap.scp = f F(‘ap.i ® | €x dD | = Fmp.j o | —¢€x dD = — 2”}/1rp.s.l'j cos 0 hrupl Y, hru[)r +a - (ha.i + ha.j)
h,

ha,it+haj 0,itha
(hai + hay)’ + @ )} (99)

If we adopt the same thermodynamic analogy as that explained in the previous section, L g gy and Lcg s, can be represented by:

Leapapp = — Weapapp = — 270y 1 57 COS 9{((%.;’ +hoj) — A/ (ho; + h(].j)z + uz) - ((ha.i +haj) = A/ (hai + ha,/)z +a? )] (100)

Lcap,.sep = - Wrzymep = 27[7[’,;,.&.;‘,‘ cos 6|:(hrupt -V hmptz +a? ) - ((ha,i + ha,j) - (ha,i + hn,j)z +a? >:| (101)

These equations indicate that for a highly wetting system, the kinetic energies of colliding particles increase during the approach
stage and decrease during the separation stage if solely considering the liquid bridge capillary effect. If the kinetic energies of colliding
particles are such that both particles reach the solid-solid contact point, Lgp qppi 80d Legp ppj can be defined as follows when considering
the remarks mentioned in the previous section for the calculations of Ly g ; and Ly gpp i

Vo.i Vo.i 2
Lz‘np.app.i = Vou j_ vOJ‘-lcap,app = Vou _?_ Vo; |: - 277"]/]’”p5.ij cos 0 |:<(h01 + hOj) - (hOAi + hOJ) +a? ) - ((ha.i + ha.j)
(hai + hay)’ + @ )” (102)
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Vo,i Vo,i 2
Leap.appj = vor +j VO:/.LL’ap,upp = Vou +]V0=/_ { — 21y ¥ s j cOS O |:<(h0.i + ho.j) - (l’lo.i + ho,f) +a? ) - ((ha.i + haj)

—/ (hai + hay)’ + @ )” (103)

If particles i and j simultaneously stop prior to the solid-solid contact point, L q qp; and Leq qppj can be respectively calculated by
Egs. (102) and (103), while replacing (h,; + hq;) by a relevant D in these equations. Considering the remarks mentioned in Section
2.3.1 for the calculations of Ly and Ly, if both colliding wet particles can reach the liquid bridge rupture point, L and
Leapsepj can be given by:

me.sep,i = %Lvap,sep = & {277)/1",;,:.:7 cos 0 |: <hrupr - \/ hruptz + aZ ) - ((ha.i + ha.j) - (ha.i + ha\/)2 + aZ ):|:|

Cesepi t Cesep vcsepi T Ccsep
(104)
”l‘,. J 2, S J 2
Leap,sepi = . _‘:tﬁ _me,sep = P _C_tp; - {277)/,}’,,,:.,7 cos 0 |: <hrupr -/ hmp,Z +a? ) — <(ha.i + ha_j) - (ha.i + ha\/) + a? >:|:|
Ve sep,i T Cc,sep Ve sep,i T Ve sep
(105)

If particles i and j simultaneously stop prior to the liquid bridge rupture point during the separation stage, we can calculate L g, sep i
and Lg sp; With Egs. (104) and (105), respectively, when replacing h,,, by a relevant D in these equations.

2.3.3. Loss of energy due to the net effect of body forces

As noted in Section 2.2, the magnitudes of the body forces acting on colliding particles i and j could be different from each other
when the particles differ in size and/or mass. The difference in the net of body forces acting on the colliding particles along the normal
collision axis causes them to have different contributions on the outcome of the collision. In addition, the net effect of body forces on
each colliding wet particle contributes differently on the collision outcome during the approach and separation stages. These points
need to be properly taken into account in the calculations of losses of energy due to the net effect of body forces on the colliding
particles and, hence, on the development of the generalized model. Accordingly, we consider the vector projections of the net of body
forces acting on particles i and j along the corresponding unit vector Mg OF Mjiqp during the approach stage, or M sep OF Mjisep
during the separation stage. These unit vectors are defined based on the unit vector along the velocity of the target particle i relative to
the colliding neighbor particle j along the normal collision axis 71i; and the unit vector along the velocity of particle j relative to particle
i along the normal collision axis m;, which are expressed as follows:

—

mﬁ _ M (106)
-
tﬁT)(_,
—
— U ji
m = (107)
—
i
where 717_70, is the velocity of particle i relative to particle j with respect to the reference frame I along 7. H)ji.T’,i is the velocity of

particle j relative to particle i with respect to the reference frame I along 7. U, >0 during the approach stage and is equal to or less
than zero during the separation stage. The same trends exist for the scalar projection of the velocity of particle j relative to particle i
with respect to the reference frame I along ﬁﬁ (uﬁ‘ﬂ) during the approach and separation stages. Hence, ﬁij_app, ﬁji_@p, ﬁ'ij_sep, and

Tijisep are defined as follows:

My = 10 (108)
Mjiapp = 10 (109)
Mijep = — 1y (110)
W_/-,,W == 7/[ (111)

Schematic representations of forces acting on colliding wet particles during the approach and separation stages are illustrated in
Fig. 4. In this figure, ¢ is the angle between a force and corresponding unit vector along the relative velocity between the colliding
particles along the normal collision axis.
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a b

u; Fvis . cont,ji contji
7y . .
drag,j drag,j
Fbuoy,iT L Pw mij;
Fdrag,iT ‘/I:Cdp,]' Fcap,]'

e

. lWi
cont,ij

Fig. 4. Schematic representations of unit vectors along the normal collision axis and force distribution on colliding wet particles during the a)
approach and b) separation stages.

Considering the assumption (xii) in Section 2.1, the fact that D decreases from hg; + ho; to hq; + hej in the approach stage if both
colliding wet particles have enough energy to reach the solid-solid contact point, and the remarks provided in Section 2.3.1 for the
distance portion travelled by particles i and j during the approach stage, the total work done by the net effect of buoyant, drag, and
gravity forces for particles i and j during the approach stage (Wpqw qpp; and Wiy, qpp j, respectively) can be estimated as follows:

V0.0
V0 0; (h”’"Jrh”'f ) — Vo.i
Wodwapp.i = ; E et b 5y ® ¢, dD; | =F, netbdw,i. - [(hO,i + hOJ) - (hai + haJ)] (112)
Y0,i (ho tho ) & ij.app o miapp o - 4 Vo,
70,70, i . »
O (hgithag)
Vo vy \ledithad) Vo,
Whawappj = ’ F net bdw.j, o *?x dDj =F, net,bdw.j, ", : [(hﬂ,i + hOJ) - (ha,[ + haJ)} (113
0 (1) arp vy s+ Vog
Y0, 1V0; i .
- =4 . . . . .
where F o pii w0 A4 F recpaws 7., are the vector projections of the net of body forces acting on particle i along TMijapp and on
. . . . . . . . =4
particle j along i qyp, respectively. D; and Dj are the distances travelled by particles i and j, respectively. F B, T g and
T

net.bdwj, 7y €20 D€ calculated as follows:

= —
N F net,bdw,i ® 1 ij,app
F - = L Wi (114

net.bdw,i,"m” i app 2

—
M ijapp

N .
F retpawj ® Mjiapp

3 i app (115)

Fnel.bdwj,?,,-,[,p,, -

—
mji.,upp

—

where F pepaw; and ?net,bdw ;j are respectively the net vectors of body forces acting on particles i and j, which can be estimated as:
— — — —
Fnel.bdwj = Fbuuy,i + deg,i + W; (1 16)
— — — —
Fnet.hdw:f = Fhuoy,j + deg‘j + Wf (117)
F

netbdwi gy A Freepaws .y CAN D expressed as follows:

— N
_ Fnel,bdw,[ ° mi/'.upp

F,

P
net.bdw,i,"m”ij app

(118)

—
M ij.app
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N -
F et pawj ® Mjiapp

= nethdwi 7 TCjbapp (119)

F R
net,bdw.j, " m”j;,
s jiapp N
M ji.app

We can calculate the total work done by the net effect of buoyant, drag, and gravity forces for particles i and j during the separation
stage (Whaw,sep; and Wiaw sepj, TE€Spectively) as follows:

“e.sepii

= hpupt
“csep.iTre.sep — s e sep,i
Wodw,sepi = . Fnzt,bdw.iAT), o O\ €x dD; | = Fncr,bdw.i.T"-,w {hml” - (hﬂ-i + h”-j)] (120)
cepi (h j.sep iser A .
—Tesepi aH”M,) c.sep.i c.sepj
Csep,iticsep]
“c.sepj
e sepyi e sep] hrupi — — V¢ sep,i 121
Wodw,sepj = oo F netbdwj, iy ® \ T €% dD;=F, netbdw.j, 7 jisep Tt - [hmr't - (hai +hw’)] (121)
T () Yesepi T Vesep

“e.sepitre,sep.j

Egs. (120) and (121) are obtained noting the assumption (xii) in Section 2.1, the fact that D increases from h,;+ hg;j t0 hny in the
separation stage if both colliding wet particles have enough energy to reach the liquid bridge rupture point, and the remarks provided

in Section 2.3.1 for the distance portion travelled by colliding particles i and j during the separation stage. In these equations,
—

F — and F

netbdwi, Wy are respectively the vector projections of the net of body forces acting on particle i along s, and on

net,bdw j, Tj;ﬂp

icle j along Mjisq. F. F d be estimated as foll
partlc e Jj along mji~35P' Fnet.bdw.i,?ijsep’ Fnet.bdw.j,?ﬁ_xep’ Fnet.bdw.i,Tijsgp an Fnet,bdw\j,Tﬁ‘sep can be estimated as follows:
- —
- (F netbdw,i ® mij.sep)
—
nehbdw.i.?u sep = 2 mij.sep (122)
—
M j.sep
- —
_ (Fnel,bdw,j L4 mji.:ep)
_ —
netbdw, Wjiap 2 M ji,sep (123)
—
mji.xep

- —
F _ Fnel.bdw.i i mij.sep 124
ner.bdw,i,?,,»_m,, - ( )
N
M ij sep
= —
F _ Fnel.hdwj L4 m/’[.sep 125
nel,bdw,j,T’_,', sep ( )
—
mji,sep
Adopting the thermodynamic analogy explained in Section 2.3.1, Lyaw.app,i> Lbdw,app,j> Lbdwsep.i> a0d Lpaw.sepj can be given by:
Vo,i
Loawappi = = Wodwappi = = Foper patei [(ho-i + hO-J') - (hﬂ-" + ha-j)} (126)
DA ey v
Vo,i
Loawappj = — Woawappj = — Fnet,hdwj‘?,a,, [(ho-i + hO-j) - (hﬂ-i + hdd’)} (127)
T yo i 4 Vo
Zc,sep,i
Loavsepi = = Woawsepi = = Freppawi vy 1 [hrupt — (ha.i +hu:f)} (128)
" lesepii + e sepj
e,sep,i
Loy sepi = — Woawsepj = = Freppan P [hrupt - (ha.i + ha:f)} (129)
PP e sep,i

+ v sep

2.3.4. Solid-solid contact loss
According to Gidaspow [47], the following correlation can be employed to calculate the total contact loss for a dry inelastic
collision between two particles L ;:

1 mym,; 2
Low=5—"2(1—€)( W0 Wepe 130
Jtot 2m})y[+mp‘/_( e) N ® Ucpel ( )

where U, is the relative contact velocity between the colliding particles with respect to the reference frame I. Since in the algorithm
presented in Fig. 3 for the generalized model we monitor the kinetic energy of each particle during the collision interval, we need to
have an estimate of the contribution of each particle in the solid-solid contact loss. This cannot easily be obtained with Eq. (130). Based
on the assumption (xvi) in Section 2.1, the net of external forces can be neglected at the solid-solid contact point. Thus, the
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conservation of momentum, as presented below, can be applied under that condition.
mp,i7z.app,i + mp;f7L'.dﬁpj = p,i7c.sep,i + mp,/'7£..\'epj (131)

Consequently, the following formula that represents the kinetic energy change during a collision, becomes a formula for the loss of
kinetic energy when no external forces are acting on the colliding particles at the solid-solid contact point:

1

1
Lc.zm = Empj (/’L‘,z/pp,[2 - /’c.st'p,iz) + Emp,/ (”c,appjz - ”r,se/?jz) (1 32)

L.; and L can hence be calculated as follows:

1

Lc.i = Emp.i (”t‘.zlppjz - /’L‘.:ep,[z) (1 33)
— 1 2 2 1
L(».j = E’np.j (/‘(:.appj — Ccsep ) (134)

e sepi ANd s spj can be estimated with the help of Egs. (52) and (53), which themselves were obtained based on Eq. (131), and the
following formula for e:

i i — i
' csep.j 7' c,sep,i
o= (135)

eappi = ¢ cappj

2.3.5. Special cases during the approach and separation stages

During either the approach or separation stage of a binary collision of wet particles, some special conditions may be experienced,
where one particle stops moving while the other one can still continue its movement. We handled these cases in the proposed
generalized model with the help of some kinetic energy parameters (refer to Fig. 3). For instance, if the target particle i loses all its
initial kinetic energy during the approach stage before reaching the solid-solid contact point, while the colliding neighbor particle j has
some energy to approach particle i, we need to first determine Dy, ;. This can be achieved by solving (or finding the global minimum of)
the following nonlinear function of D:

1- (Lcup.mid.app.i + Lyis mid.app,i +Lbdw.mid.app.i) / Kinii =0 (136)

where Lcgp mid app.i> Lvis,mid.app.i> @0 Lodw mid.app,i ar€ respectively the losses of energy due to the capillary and viscous effects, as well as the
net effect of body forces for particle i in the distance interval of (hg; + ho) to Doy during the approach stage. Ki; is estimated by Eq.
(34), while Leap mid.app,i> Lvis mid.app.i> @0d Lpdw mid.app,i are calculated as follows:

Vo.i

Dappi } Vo,i

{L“""’W Toto; ] yo 1 Vo,

Lz‘ap.midﬂpp.i =

— { — 27y 1 s COS 9{((?10,,- + hOJ) - (ho,,- + hOJ‘)z + a? > — (Dappj
Vo,i + Vo,

- \/Dapp.iz +a2>:|:| (137)

o __ Vo v Dapp.i } __ Vo _ ) f(hO,i + ho;) A; A;
Lw:.lmd,app.l Vor T VT)J |:Lv1s,app ho+hoj Vgii,- T Vo, (A1 +Aj)ln <f(D“pp=i) + 2Stw- + ZSIW-
ho; + ho,
) =700 - 2 (G0 | ase)
app.i
Lidwmidami = — W |ﬁ0”’ = F o, M [(ho; + 10;) = D] (139)
bdw,mid,app,i bdw.app,i VO»::‘):‘O‘J (ho.,+]10.1) netbdw.i, i app Vou ¥ Vos 0,i 04 app,i

We, subsequently, estimate Kpqqpp,; based on Eq. (39). For this estimation, Leapapp,j> Lyismidapp,j—i> aNd Lpdw,qpp; are given by:

Vo) haithay __ V05 {7 27y 1y s.ijCOSO { < (h().i +ho,/) - (ho,x +ho, )2 +a? >

Dapp,i
LL'H ap | o ] +LL'(J app
Vo,i +Vo, [ PP Lo i+-ho PP 1Dy Vo,i + Vo,

- (D,.p,,.,»— \/D,,,,,,_i2+a2)” + {—2ny1rp_.\,,»,-cosa{(Da,,,,_i - \/Da,,p,,-2+a2) - ((ha_i+ha_j) - (h,,_,»+ha_,»)2+a2>H (140)
Vo

U A yin (£ U0 £ ho,) A 4
—— (AL+A,)1n< Ton )+ Gt

{lnz (f (hoi +hoy)) — In* (f (Dapp,)) — 2 In(f (o, + hoy) ) In (’W) } } (141)
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w0 g
oo Dappi haithag Vo
Lowanpi = | = Wodwanpi| o) +<—th, | e T [(ho; +1o;) = Dappi]
w.app.j w.appj 7‘_0’(:\"0_] (]10"+hg_,) w.appi | D, net,bdw.j, i jiapp Vo, T Vo, i i appsi
- Fnel.bdwj. m jiapp [Da[)[),i - (h‘“ + ha,j)] (142)

To calculate Lcqp qppj and Lpay qppj> We considered that both colliding particles move by Dgy,;, while particle j may solely continue the
approach stage in the distance interval of Dy, ; to (ha; + he;). Including the losses of energy in the distance interval of Dyyp; to (he; + haj)
during the approach stage in Egs. (140) and (142) avoids repetition of collision outcome verification steps. This is owing to the facts
that (i) in a highly wetting system, the capillary effect increases the kinetic energy of a colliding particle during the approach stage, (ii)
the viscous effect always dissipates the kinetic energy of the particle, (iii) the net effect of body forces during the approach stage may
increase, decrease or have no influence on the kinetic energy of the particle, and (iv) we employ the superposition principle in the
analytical energy balance model to estimate the total loss of energy by the particle. The colliding wet particles agglomerate if
Kmidappj < 0 since the net of all losses of energy in the distance interval of (ho; + ho;) to Dy, and losses of energy due to the capillary
effect and the net effect of body forces in the distance interval of D ; to (hq; + he;) yield an insufficient kinetic energy for particle j to
further approach to the target particle, while the viscous effect in the distance interval of Dgyp; to (hq; + h,;) can additionally prevent its
movement. Otherwise, we need to check whether the viscous loss of energy for particle j can completely dissipate Kpigqp; in the
distance interval of Dy,,; to (hg; + hg;) during the approach stage. This can be verified by monitoring v gy isj. As demonstrated in
Section S-9 of the Supplementary Material, particles will form an agglomerate if v, g5 .is; < 0, while calculations for the evaluation of
the collision outcome will otherwise be continued. We can obtain expressions for the approach speed of particle j with respect to the
CM of the colliding particles during the approach stage (based on Vg qpp;) fOT Vepp yisj and v gppisj Dy repeating the same procedure as
what was described in Section 2.3.1 when substituting Eq. (S.9a) into Eq. (S.1a) and noting the initial particle speed of Vg qp; at Dayp.i-
Hence, Vgypisj and Ve gp.is; can be expressed as follows (see Section S-8 of the Supplementary Material for details):

& (\/m[d‘app,/'Stv.j —1In (f(Dupp.i) )) St > VO.j In (f(Dupp,i)>
) v Y=o

St Vo, f(D Vinid app.j f(D
Vappvisj = ! % ( ) hand ( ) (1 43)
. o (0
Vinid.app.j f(D)
ﬂ Wmid.app,jStvj “n f(Dapp‘i) St > Vo,i In f(D“pp‘i)
St Vo,j f(ha.i + haJ) ' " Vimid,appj f(ha-i + haJ) (144)
Ve app.visj =
0, Sty < i1y f(DuW‘i)
" Vaidapp,j f(ha.i + haJ)

With a similar approach to what was explained in Section 2.3.1, we can estimate L qy,; as follows when employing Eq. (S.9a) with
Eq. (143) (see Section S-8 of the Supplementary Material for details):

Vo,j (ha,i + hyj

Dapp.i

haitha RV < ,
Ly oy = 7/ Foy o (7?;) dD:AJWymd.HFPJ In (f f(DaPPJ) )) 4 2?; : |:ln2 (f(Dapp.i)) —? (f(ha.i +ha,/'))
Vi
f(Dapp,[)
= 2I(f (Dapp) ) In | 7" 145
l'l(f( ipr )) n(f(ha_i +haj) ( )

We followed the same procedure as what was described in this section for other special cases, i.e., when particle j loses all its initial
kinetic energy during the approach stage before reaching the solid-solid contact point, while particle i has some energy to approach the
colliding neighbor particle, or when one of the colliding particles stops during the separation stage, while the other particle can
continue toward the liquid bridge rupture point. Please refer to Sections S-10 and S-12 of the Supplementary Material for details.

3. Results and discussion
3.1. Model verification

In this section, predictions with the generalized agglomeration model are compared with those from the non-generalized
agglomeration model developed recently by the same authors for collisions involving identical wet particles [31]. As the contribu-
tions of body forces were neglected in the development of the non-generalized agglomeration model, the effect of collision direction on
the outcome of a binary collision of wet particles could not be studied by this model. For this comparison, we assume that wet particles
are identical and colliding with a collision angle = 0° (refer to Fig. 5). In addition, for the comparison conducted in this section and
analyses accomplished in the next sections, we postulate that colliding particles have identical impact speeds with respect to the
reference frame I, the center of the target particle i is located at the origin of the frame I at the impact condition, and the collision
happens at most in two dimensions, i.e., Y-Z plane as depicted in Fig. 5. These assumptions help more conveniently define the particle
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Fig. 5. Schematic representation of a two-dimensional collision of two non-identical wet particles. Remark: gravity acts in the Z direction.

positions at the impact condition based on their dimension, coating layer thickness, and collision angle information, and analyze the
results based on the critical impact speed v, defined here as the minimum Up; -, required for the particles to rebound. For simplicity,
unless otherwise specified, we represent Uy, by uy in the results and discussions to be presented in this study.

We conducted the comparison for two liquid coatings: the first being water at ambient conditions representing a low viscosity
liquid, and the second being a high viscosity liquid with typical slag properties. These cases may be applicable to granulation [22,50]
and fluidized bed gasification or combustion [5,51] processes, respectively. For these reference cases, it has been assumed that coarse
silica sand forms the base particle, particles are colliding in the emulsion phase of a gas-solid fluidized bed, and air is the fluidizing
agent. In a gas-solid fluidized bed, the interstitial gas flow rate can be in excess of the minimum fluidization condition and the emulsion
phase voidage can be greater than the minimum fluidization voidage [52-56]. Hence, for the calculations performed in this work, we
assume that the superficial gas velocity of the emulsion phase ﬁe is 1.1 times the minimum fluidization velocity ﬁmf, when dealing

with identical wet particles, or 1.1 times the larger ﬁmf, when non-identical wet particles are colliding. In this study, we adopted the
correlation by Wen and Yu [57] to estimate the minimum fluidization speed Uy of particles. The input parameters for the reference

Table 2
Input parameters to evaluate the performances of the non-generalized and generalized agglomeration models for two reference cases.
Case I: water Case II: hypothetical slag

Diameter of the target solid particle i, dy; (um) 1000 1000
Diameter of the colliding neighbor solid particle j, d,s; (um) 1000 1000
Density of the target solid particle i, p, ;; (kg/m>) 2650 2650
Density of the colliding neighbor solid particle j, p,,; (kg/m®) 2650 2650
Dry restitution coefficient, e (-) 0.90 [58] 0.90 [58]
Height of asperity on the surface of the target particle i, hq; (pm) 0.10 0.10
Height of asperity on the surface of the colliding neighbor particle j, hq; (pm) 0.10 0.10
Thickness of the coating layer on the surface of the target particle i, ho; (pm) 5.00 0.15
Thickness of the coating layer on the surface of the colliding neighbor particle j, ho; (jm) 5.00 0.15
Collision angle, $ (deg) 0 0
Liquid viscosity, y; (Pa.s) 8.9x10°* 10.0
Surface tension, y; (N/m) 0.073 0.400
Contact angle, 6 (deg) 10 10
Liquid density, p; (kg/m®) 997 2500
Fluidizing agent (-) Air Air
Operating temperature, T (°C) 25 800
Operating pressure, P (bar) 1 1
Gas viscosity, u, (Pa.s) 18.48 x 107° 45.48 x 107°
Gas density, p, (kg/m°) 1.168 0.324
Superficial gas velocity of emulsion phase, ffe (m/s) 1.1 [0, 0, Uny] 1.1 [0, 0, Uny]
Local bed voidage, € (-) 0.55 0.55
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Fig. 6. Comparison of performances of the non-generalized and generalized agglomeration models for two reference cases. a) non-generalized
model for water, b) generalized model for water, c¢) non-generalized model for slag, and d) generalized model for slag. Conditions are presented
in Table 2.

cases are presented in Table 2.

The results of the non-generalized and generalized agglomeration models are illustrated in Fig. 6. In Figs. 6b and d, we included the
results of collision angles other than zero, which will be discussed in Section 3.3. When water, a low viscosity liquid, acts as the liquid
binder between particles, both non-generalized and generalized agglomeration models demonstrate identical and reasonable outcomes
when g = 0° (Figs. 6a and b). In other words, e,, = 0 at up < ug, it increases with the impact speed at uy > ug, and reaches a plateau at
ew = e = 0.90 when uy > 0.30 m/s. Likewise, Figs. 6¢ and d shows that both the non-generalized and generalized agglomeration
models exhibit identical trends when the liquid coating is a high viscosity slag and g = 0°. The results presented in Figs. 6¢c and d are
also in broad agreement with the expectations. In particular, e,, = 0 at ug < u,, and it gradually grows with the impact speed atuo > u,
toward the dry restitution coefficient. Pairwise comparisons between Figs. 6a and c (results of the non-generalized agglomeration
model), and Figs. 6b and d (results of the generalized agglomeration model), indicate that the presence of a coating layer of a high
viscosity liquid on the surfaces of colliding particles can appreciably increase u, compared to when wet particles are coated with a
considerably thicker layer of a low viscosity liquid, 0.638 m/s vs. 0.034 m/s, respectively. Evaluating the capillary number for the
reference cases, i.e., water and hypothetical slag as the liquid layer, at the corresponding 1" (8.3e-4 and 31.9, respectively) indicates
that the system operates under capillary and viscous limiting conditions, respectively [59]. Therefore, for a binary collision of identical
wet particles with # = 0°, the generalized agglomeration model can provide reasonable outcomes that are identical to those obtained
from the non-generalized agglomeration model under both capillary and viscous limiting conditions with highly wetting systems. This
can be regarded as the verification of the generalized model. It is also worth mentioning that all the viscous energy loss equations
adopted in the evaluation algorithm of the generalized agglomeration model (Fig. 3) provide positive values, which are in accordance
with the expectations as the viscous effect is always dissipative. Correcting the viscous energy loss equations of the original energy
balance agglomeration model proposed by Darabi et al. [2] was one of the achievements that we made in our earlier study [31] and the
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same mathematical treatment was implemented in the development of the generalized model in this study. This helps the generalized
model provide reliable outcomes under both capillary and viscous limiting conditions with highly wetting systems.

3.2. Model validation

It would be ideal to validate the generalized model with experimental data for collision outcomes of non-identical wet particles
covering both capillary and viscous limiting conditions. However, this is rare in literature. We, hence, adopted experimental data for
wet collisions between a 1.74 mm glass particle and a plate at different layer thicknesses of water reported in the study by Buck et al.
[12] for this purpose. Readers are referred to the work by Buck et al. [12] for experimental details. Results of comparison of predictions
obtained by the generalized model and the corresponding experimental data are presented in Fig. 7. The model could successfully
predict the experimental results, in particular, for thinner liquid layers. Like experimental results, the model predicts e, =
0 (agglomeration conditions) at up < u, and the e, features a rapid increase at u > u, to reach a plateau near e at high impact speeds.
This can be interpreted as the validation of the generalized model. Note that the adopted liquid thicknesses in the experiments are
considerably higher than what can be experienced in practice for particle agglomeration. The slight discrepancy between the model
predictions and experimental data can be attributed to the adopted empirical correlations for estimations of viscous and capillary
forces, as well as liquid bridge volume, and the potential deviation from the mentioned assumptions in Section 2.1 for the thick liquid
layer scenarios experienced in experiment.

3.3. Effects of collision direction and some particle and liquid properties on collision outcome

Since the contributions of body forces on the outcome of a binary collision of wet particles were taken into account in the
development of the generalized agglomeration model, we can delineate the influence of collision direction (f = 0° as the reference
scenario in Fig. 5) on the collision outcome with this model. Since studying the collision angles between 0 and 90° clarifies all cor-
responding scenarios that may happen at collision angles between 0 and 360°, we focused on the first quarter range here. The results
presented in Figs. 6b and d indicate that, for both reference cases studied here, the collision outcome and value of e,, can vary with the
collision angle solely in a short range of impact speeds around u,. In addition, we can have the following observations: (i) the greatest
difference exists between e, vs. u profiles of # = 0° and 90°, corresponding to the horizontal and vertical collision scenarios with the
minimum and maximum contributions of the body forces on the collision outcome, respectively, (ii) for collision angles other than zero
(45° and 90°, here), e,, does not initially increase monotonously with uy at up > ug, which mainly reflects the special operational
ranges, where one particle stops during either the approach or separation stage, while the other one continues to move, (iii) the relative
effect of collision angle on e, was more pronounced for the reference case I with water as the liquid layer.

Scrutinizing the estimated parameters during the calculation procedure reveals that at impact speeds close to u, the magnitude of
net body forces approaches the magnitudes of liquid bridge-induced interparticle forces. Accordingly, at impact speeds close to ug, the
body forces could have an impact on the collision outcome and/or value of e,, which is highlighted by the effect of collision angle on
these items. Upon increasing the impact speed at ug > u, and deviating enough from uy, the magnitude of the viscous force increases
(the magnitude of the capillary force is insensitive to impact speed), leading to a decrease of the relative importance of body forces to
interparticle forces. Hence, no sensible effect of body forces or collision direction on the collision outcome or e, can be observed.
Owing to a higher liquid viscosity and a greater relative speed between the colliding particles at ug > ug of the reference case II in
comparison with the reference case I, the magnitude of viscous force for the reference case Il is higher and increases more rapidly with
uo. These lead the contributions of body forces on the collision outcome to be less highlighted when particles are coated with a high
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Fig. 7. Validation of the generalized agglomeration model with experimental data from Buck et al. [12] for wet collisions between a 1.74 mm glass
particle and a plate at different layer thicknesses of water.
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viscosity liquid. Hence, varying the collision angle for the reference case Il has a limited relative influence on e,, observed at very small
values of e, near u,. The results discussed here indicate that if a processing unit operates with wet particles that are colliding at impact
speeds close to the corresponding uy, it is critical to include the contributions of body forces for the evaluation of collision outcomes.
However, if impact speeds of colliding wet particles deviate enough from the corresponding uy, the net of body forces has a minimal
effect on the collision outcome.

In the next step, for the reference cases specified in Table 2, we simultaneously altered the collision angle and either the solid
particle size or density, asperity heights or the thickness of liquid coating layers to investigate the effects of these parameters on the
outcome of a binary collision of wet particles. For this analysis, a list of changes in some input parameters of the reference cases are
reported in Table 3. The results of this analysis for water and slag coatings are presented in Figs. 8 and 9, respectively. In all scenarios
investigated here, the collision angle can affect the collision outcome and value of e,, in a short range of impact speeds around u;, as
discussed above for Figs. 6b and d. Comparing Figs. 6b and 8a indicates that decreasing the size of one of the colliding particles slightly
increases the span of uy over which the collision angle influences the collision outcome. It also increases uy, which is analogous to an
increase in the agglomeration tendency, for all collision angles. This trend can be attributed to the lower inertia of a smaller particle.
This result suggests that a fluidized bed made of particles with a narrow size distribution can exhibit a lower agglomeration tendency
than a bed having a wide particle size distribution, which is in broad agreement with experimental observations reported in literature
[60]. Similar observations that are more pronounced than those observed in Figs. 6b and 8a can be obtained by comparing Figs. 6d and
9a when wet particles are coated with slag as the liquid layer.

Comparing Figs. 6b and 8b reveals that increasing the solid particle density of one of the colliding particles, from a typical density of
silica sand to the density of an ilmenite ore particle, decreases u; for all collision angles. We can have a similar observation when
comparing Figs. 6d and 9b, although the effect is more pronounced. This dependency can be attributed to the higher inertia of a denser
particle that increases the net inertia of colliding particles. This result recommends that a fluidized bed of mixed silica sand and
ilmenite particles, which has been employed for the oxygen carrier aided combustion process [33,341, can show a lower agglomeration
tendency than a bed merely comprised of silica sand particles at similar operating conditions and when both beds are adequately
fluidized. Structural and chemical changes that ilmenite particles can experience during combustion of problematic fuels [61], e.g.,
biomass with a high potassium content, substantially decreases the formation of high viscosity liquid on the surface of particles.
Integrating this feature with the findings obtained from Figs. 6d and 9b indicate that the simultaneous application of ilmenite and silica
sand particles in a fluidized bed combustor can help improve the bed material agglomeration resistance. Experimental findings
indicated that considerably lower and smaller agglomerates were observed in a bubbling fluidized bed combustor of coal blended with
wheat straw pellets when ilmenite was adopted as the bed material compared to silica sand [62].

For the next scenarios, we investigated the effects of distribution and sum of asperity heights on the collision outcomes. No change
is observed in e, vs. ug profiles of water and slag coatings when we vary the values of asperity heights adopted for the reference cases,
while keeping the sum of asperity heights constant (compare Figs. 6b and S.2a and Figs. 6d and S.3a for the water and slag cases,
respectively). However, when h,; and h,; are simultaneously decreased from 0.10 ym to 0.08 ym, no change is observed for the e, vs.
uo profile of water coatings (Fig. 6b vs. Fig. 8c), while u; considerably increases for all collision angles when particles are coated with
slag (Fig. 6d vs. Fig. 9¢). As addressed in Section 3.1, the reference cases with water and slag coatings operate under capillary and
viscous limiting conditions, respectively. The observations made here reveals that the sum of asperity heights has a minimal influence
on the collision outcome under capillary limiting conditions, while it has a considerable impact under viscous limiting conditions. This
is in accordance with the expectations and results reported by Shabanian et al. [31], as the magnitude of the capillary force is in-
dependent of the asperity height and the loss of energy due to the capillary effect can be minimally affected by the sum of asperity
heights. However, it has a significant influence on the magnitude of viscous force and the corresponding loss of kinetic energy. Two
phenomena can mainly explain the increase in uy with a decrease in the sum of asperity heights for a binary collision of particles coated
with high viscosity slag: (i) decreasing D at very small separation distances between the colliding particles near the surface asperity size
significantly increases the magnitude of viscous force and (ii) at constant thickness of liquid layers, decreasing the sum of asperity

Table 3
List of changes in some input parameters of the reference cases, presented in Table 2, to study the combined effects of collision angle and some particle
and liquid properties on collision outcomes.

Change in Solid particle size Solid particle density Height of a surface asperity Thickness of coating layer

Cases I & II Cases I & II Cases I & II Case I Case II

A B A B A B

dpsi (pm) 1000
dpsj (um) 600
Ppsi (kg/m®) 2650
Ppsj (kg/m®) 4330
ha; (pm) 0.08 0.08
hqj (pm) 0.12 0.08
ho; (pm) 3.00 7.50 0.12 0.20
hoj (um) 7.00 7.50 0.18 0.20
P (deg) 0, 90, 270 0, 90, 270 0, 45, 90 0, 45, 90
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Fig. 8. Effects of collision angle and a) solid particle diameter, b) solid particle density, c) surface asperity heights and d) thickness of liquid coating
layers on the outcome of a binary collision of particles coated with water. Reference case conditions are listed in Table 2, while varied parameters
are listed in Table 3.

heights causes the colliding particles to travel longer distances during the approach and separation stages, thus resulting in greater
energy losses. This result highlights that a proper measurement of the surface asperity size has a critical role for the prediction of
collision outcomes under viscous limiting conditions. LaMarche et al. [63] has recently introduced a measurement method to quantify
surface roughness for accurate cohesive force predictions.

The effects of distribution and sum of the thickness of liquid coatings on the collision outcomes were investigated next. We first
changed the distribution of coating thicknesses, while keeping their sum constant. As a result, only negligible changes, which can
hardly be distinguished in the presented results, due to slight changes in mass of colliding particles, were obtained in e, vs. uy profiles
of water and slag coatings (compare Figs. 6b and S.2b and Figs. 6d and S.3b for the water and slag cases, respectively). Nonetheless,
simultaneous increase of ho; and hgj, according to the values reported in Table 3 for cases with water and slag coatings, increase uf) for
all collision angles (Fig. 6b vs. Fig. 8d for water and Fig. 6d vs. Fig. 9d for slag). This observation is in a broad agreement with results
presented in Shabanian et al. [31]. The effect is significantly more pronounced with slag. The greater losses of kinetic energy that take
place for an extended particle collision distance with thicker coatings explains this observation. It is worth highlighting that we reach
the same conclusion as what was achieved by results presented in Figs. 6b and d for the effect of collision angle on the collision
outcomes when scrutinizing Figs. 8 and 9, S-2 and S-3.

3.4. Monte Carlo uncertainty analyses

This section of the study aims at investigating the variability in e, in the presence of uncertainty in some important input pa-
rameters of the generalized agglomeration model. We adopted Monte Carlo sampling as the uncertainty propagation method. Ac-
cording to this method, a large number of sample points are randomly selected from the distribution of uncertain parameters and fed
into a primary model to propagate uncertainty and, hence, quantify output variability, which is typically represented as a probability
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Fig. 9. Effects of collision angle and a) solid particle diameter, b) solid particle density, c) surface asperity heights and d) thickness of liquid coating
layers on the outcome of a binary collision of particles coated with slag. Reference case conditions are listed in Table 2, while varied parameters are
listed in Table 3.

Table 4
Mean and standard deviations of uncertain parameters for two sets of Monte Carlo uncertainty analyses.
Uncertain Case I: water Case II: hypothetical slag
parameters ] L .
mean reference standard alternative standard deviations mean reference standard alternative standard
deviation deviation deviations

dpsi (pm) 1000 10 3.33, 33.33 1000 10 3.33,33.33

dpsj (um) 1000 10 3.33, 33.33 1000 10 3.33, 33.33

hqi (pm) 0.10 0.005 0.0025, 0.010 0.10 0.005 0.0025, 0.010

haj (pm) 0.10 0.005 0.0025, 0.010 0.10 0.005 0.0025, 0.010

ho; (pm) 5.00 0.10 0.05, 0.15 0.15 0.01 0.005, 0.015

ho;j (um) 5.00 0.10 0.05, 0.15 0.15 0.01 0.005, 0.015

u; (Pa.s) 8.9 x 7.42 x 107° (25% 2.97 x 107° (10% error), 1.48 x 10.0 0.833 (25% error) 0.333 (10% error), 1.670

1074 error) 10~* (50% error) (50% error)

y; (N/m) 0.073 0.00608 (25% 0.00243 (10% error) 0.400 0.033 (25% error) 0.0133 (10% error)
error)

uy (m/s) 0.0425 0.00425 (30% 0.00142 (10% error), 0.00708 (50% 1.50 0.15 (30% error) 0.05 (10% error), 0.25
error) error) (50% error)

0.0347 0.00347 (30% 0.00116 (10% error), 0.00578 (50% 0.81 0.081 (30% error) 0.027 (10% error), 0.135

error) error) (50% error)
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Fig. 10. Probability density of e, when changing uncertainties of a) solid particle diameters, b) surface asperity heights, c) thickness of liquid
coating layers, d) liquid viscosity, e) surface tension, and f) u for a binary collision of wet particles coated with water; e, = 0.52 with mean values
of input parameters. Conditions are presented in Table 4.
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density function [64-66]. In the present study, we employed the generalized agglomeration model as the primary model, with e,, being
the output variable, and considered normal distributions in the uncertain parameters. The mean values of nearly all input parameters
are the same as the reference cases described in Table 2. For the first input set, we selected a mean uy such that the e,, with the mean
input parameters is about 0.52 for both water and slag cases. In the second set, the mean uy was adjusted to yield e, = 0.20 for both
cases when employing mean values of input parameters. While we discuss the results with the first set in this section, the results with
the second set, which are in broad agreement with those of the first, are presented in Section S-14 of the Supplementary Material. The
mean and standard deviations of uncertain parameters selected here are reported in Table 4. For each uncertain parameter, a reference
and one or two alternative standard deviations, inspired by practical applications, were considered. When performing the uncertainly
analysis employing an alternative standard deviation for an uncertain parameter, the reference values for standard deviations of other
uncertain parameters were applied. The results of each uncertainty analysis presented in this study are based on 1,000,000 Monte
Carlo samples that were randomly generated for uncertain parameters. Varying the number of Monte Carlo samples between 500,000
and 5,000,000 had a minimal influence on the probability density of e, for both water and slag reference cases (Fig. S.4). Hence, we
conducted the analyses based on 1,000,000 samples to balance the accuracy in the output probability density and computational
expenses.

The results of uncertainty analyses for water and slag coatings, when e, at mean values of input parameters for these cases was
about 0.52, are presented in Figs. 10 and 11, respectively. For all uncertainty analysis scenarios studied here, e, shows a distribution
around its mean that can span in the range of 0 < e,, < e. This observation indicates that if a system of wet particles operates near u;, an
uncertainty analysis is required to provide a more comprehensive evaluation of the agglomeration tendency of the system. The results
presented in Fig. 10 reveal that, under capillary limiting conditions, (i) uncertainties in the solid particle size, asperity heights, and
thickness of liquid coating layers have negligible effects on the variability of e, (ii) the probability density of e, slightly varies around
its mean owing to uncertainties in the liquid viscosity and surface tension, and (iii) the uncertainty in uy has the greatest influence on
the variability of e,,. Therefore, among various uncertain parameters that can affect the variability of e,,, an accurate estimation of uy is
crucial for the reliable prediction of collision outcomes under capillary limiting conditions and at impact speeds near u,. We can reach
the same conclusion by analyzing the results presented in Fig. S.5 when e, =~ 0.20 with mean values of input parameters for particles
coated with water.

According to the results presented in Fig. 11, under viscous limiting conditions, (i) uncertainties in the surface tension and solid
particle size have relatively negligible effects on the variability of e, (ii) the liquid viscosity and 1y can slightly change the probability
density of e, and (iii) the probability density of e, is significantly influenced by uncertainties in asperity heights and thickness of
liquid coating layers. Similar observations, which are less pronounced than those observed in Fig. 11, can be obtained by analyzing
Fig. S.6 when e,, = 0.20 with mean values of input parameters for particles coated with slag. The considerable effects of uncertainties in
asperity heights and thickness of liquid coating layers in the variability of e, can be attributed to the substantial roles of these pa-
rameters in the magnitude of the viscous force and the resulting loss of kinetic energy, which governs the collision outcome under
viscous limiting conditions. These observations suggest that for the realistic prediction of collision outcomes under viscous limiting
conditions, we need to accurately measure/estimate asperity heights and thickness of liquid coating layers. For example, if alkali
material from fuel ash in a fluidized bed combustor reacts with bed particles to form a viscous coating, the accuracy of thermodynamic
calculations to estimate the amount of produced liquid and, hence, the thickness of the coating, may be critical in the prediction of
collision outcomes.

4. Conclusion

This work presents a generalized analytical energy balance model for evaluating agglomeration from binary collisions of wet
particles. The model simultaneously considers the effects of body forces, solid-solid contacting, and liquid bridge volume-corrected
capillary and viscous forces. Hence, it can handle collisions of wet particles differing in particle properties, coating thicknesses, and
impact speeds. We verified the model by comparing its predictions with those from the non-generalized analytical energy balance
model [31] for binary collisions of identical wet particles under both capillary and viscous limiting conditions. We validated the model
by comparing its predictions with experimental data from Buck et al. [12]. Investigating the effect of collision direction on the outcome
of a binary collision of wet particles indicated that it can only influence the collision outcome and/or value of e,, at impact speeds close
to the critical impact speed, where the magnitude of net body forces along the collision axis approaches the magnitudes of governing
interparticle forces. The effect is relatively negligible if impact speeds of colliding wet particles deviate sufficiently from the critical
impact speed. Analyzing the results of Monte Carlo uncertainty analyses with the generalized agglomeration model indicated that for
the realistic prediction of collision outcomes, we need to accurately measure/estimate the impact speed, under capillary limiting
conditions, and thickness of coating layers and asperity heights, under viscous limiting conditions. The proposed model can be
incorporated with a mathematical basis that monitors particle agglomerates, which can proceed with growth or breakage in a pro-
cessing unit, i.e., in detailed computational fluid dynamics codes that track particle collisions. It can, hence, help describe the complex
particle-particle interactions that occur during the processing of wet particles and clarify the mechanism of particle agglomeration.

Nomenclature

See Section S-1 of the Supplementary Material.
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