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Abstract
Exploring efficiency approaches to solve the problems of decision making under uncer-
tainty is a mainstream direction. This article explores the rough approximation of the 
uncertainty information with Pythagorean fuzzy information on multi-granularity space 
over two universes combined with grey relational analysis. Based on grey relational anal-
ysis, we present a new approach to calculate the relative degree or the attribute weight 
with Pythagorean fuzzy set and give a new descriptions for membership degree and non-
membership. Then, this paper proposes a multi-granulation rough sets combined with 
Pythagorean fuzzy set, including optimistic multi-granulation Pythagorean fuzzy rough set, 
pessimistic multi-granulation Pythagorean fuzzy rough set and variable precision Pythago-
rean fuzzy rough set. Several basic properties for the established models are investigated in 
detail. Meanwhile, we present an approach to solving the multiple-criteria group decision 
making problems with fuzzy information based on the proposed model. Eventually, a case 
study of psychological evaluation of health care workers in COVID-19 show the princi-
ple of the established model and is utilized to verify the availability. The main contribu-
tions have three aspects. The first contribution of an approach of calculating the attribute 
weight is presented based on Grey Relational Analysis and gives a new perspective for the 
Pythagorean fuzzy set. Then, this paper proposes a mutli-granulation rough set model with 
Pythagorean fuzzy set over two universes. Finally, we apply the proposed model to solving 
the psychological evaluation problems.
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1  Introduction

Decision making is a process that individuals select optimal alternatives from candidates, 
which usually permeates every aspect of life. As the environment we face become more 
complicated and changeable, decision making based on only one person is no longer a good 
response to changing circumstances and group decision making developed. The group 
decision making aim at obtaining optimal alternatives combined with expert opinions from 
various fields. The members from group need to have a wide and adequate discussion with 
respect to decision-making issues and reach a certain consensus through negotiations. In 
recent years, several new methodologies and decision theories for group decision making 
under uncertain circumstances are built by many scholars (Sun et al. 2018; Zhang 2016; 
Faizi et al. 2020; Jiang et al. 2020; Li et al. 2020; Liu and Liu 2020; Ma et al. 2020; Bashir 
et al. 2020; Sun and Ma 2015), including consensus reaching process (Li et al. 2019; Zhang 
et al. 2020, 2021b; Bashir et al. 2020; Sun and Ma 2015), information integration and rank-
ing (Sun et al. 2018; Zhang 2016; Jiang et al. 2020; Li et al. 2020; Liu and Liu 2020; Ma 
et al. 2020), two-sided matching decision making problems(Zhang et al. 2021a) and appli-
cations (Faizi et al. 2020).

In many situations for uncertain decision-making problems, Pythagorean fuzzy sets 
(PFSs), proposed by Yager (2014; 2013), are more powerful to character uncertainty and 
inaccuracy of available information compared to the fuzzy set (Zadeh 1965), intuitionistic 
fuzzy set (Lang et al. 2019), vague set and interval number, and etc. PFS is an extension 
of the interval fuzzy set theory by relaxing the condition of the relation of membership 
and non-membership, where the sum of membership degree and non-membership degree 
may be bigger than 1, but their square sum is less than or equal 1. PFS has many applica-
tions in the researches (Chen 2018; Peng and Dai 2017; Peng and Yang 2015; Garg 2017; 
Yager 2004). Although many researches emerged for various multi-criteria decision-mak-
ing problems from different perspectives, there still exist less research to discuss the man-
agement meaning of correlative degree by the Pythagorean fuzzy set. Accordingly, this 
paper utilizes the correlative degree and non-correlative degree to describe the member-
ship degree and non-membership degree. Therefore, this paper improved the grey relative 
analysis and propose a new GRA model from two opposite directions by considering the 
correlative degree and non-correlative degree.

As a result of the complexity of the environment in decision making, more and more 
attention is paid to the application of mathematics in decision-making process. As new 
emerging mathematical theories develops, the Pawlak rough set theory was proposed to 
study and analyze various of data from different fields (Pawlak 1982), which has been 
applied to studying intelligent decision systems with sufficient and incomplete information. 
The core concepts of rough set theory are equivalent relation and approximation based on 
upper and lower approximate space. Pawlak rough set has two directions, which include 
approximation space and reduction of the number of attributes set. Furthermore, the rough 
set has three conditions (Qian et al. 2010a): (1) The any two criteria need to be satisfied 
with mutual independence; (2) An intersection operation with regards to two attributes 
can be satisfied. (3) The target concept is approximately described by utilizing the subset 
classes which are composed of the combination of two criteria on the universes. Neverthe-
less, the original rough set exists drawbacks which is not satisfied with the decision making 
with regards as management science in uncertainty circumstance. On the one hand, single 
granulation of the universe cannot be contented with the realistic situation. On the other 
hand, the binary relation provides an perspective to solve the decision making problems 
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under uncertain circumstances and refrains from the limitations of the existing models. 
Based on these problems, a lot of studies have been performed abroad. Qian et al. (2010b) 
proposed the multi-granulation rough set model to compensate for the drawbacks in the 
original rough set.

Furthermore, there are many researches in regards as multi-granulation rough set. 
Multi-granulation rough set becomes a hot issue in the field of management science and 
appeals to many scholars having various professional backgrounds, including the exten-
sion of theories (Huang et al. 2020; Liang et al. 2020; Shao et al. 2020), attribute reduction 
(Kong et al. 2019; Sun et al. 2020) and the applications in the decision-making problems 
(Pang et al. 2020; Ali et al. 2018). Accordingly, Qian et al. (2010b) proposed the optimistic 
multi-granulation rough set and pessimistic multi-granulation rough set derived from the 
concepts of multiple binary relations on the universe considering the risk attitudes. Huang 
et al. (2014) conducted intuitionistic fuzzy multi-granulation rough set combing intuition-
istic fuzzy set with multi-granulation rough set. In recent years, many scholars have efforts 
to pay attention to their applications in the fields of management science. Ali et al. (2018) 
proposed a new conflict decision-making model combined with multi-granulation rough 
set. Pang et al. (2020) presented a multi-criteria group decision making model based on 
three-way decision making and multi-granulation rough set. As the uncertainty of deci-
sion-making situation increased, the crisp number is no longer satisfied with the circum-
stance and Pythagorean fuzzy set emerges. In this paper, we investigate a new application 
in multi-criteria group decision making problems of the multi-granulation rough set with 
Pythagorean fuzzy set under the framework of the two universes and give the member-
ship and non-membership a new explanation for Pythagorean fuzzy set. For example, the 
psychological evaluation of health care workers in COVID-19 plays a significant role on 
the epidemic situation. The process of data analysis consists of many aspects, including 
feature selection, information integration and conclusion analysis. There are many emo-
tions to describe the psychological situation for the health workers and these emotions have 
great influence on fighting the epidemic. Sometimes, the information given by the health 
workers is obscure and need to transfer into fuzzy information to handle it. Therefore, it 
is necessary for uncertainty decision-making problem to apply multi-granulation rough 
set over two universes considering the various psychological situations. We describe the 
psychological situation from various perspectives. Nevertheless, many researches consider 
optimistic and pessimistic multi-granulation rough set instead of generalized Pythagorean 
fuzzy multi-granulation rough set and less literatures explored the application to the prob-
lem of psychological evaluation. In this paper, the process of decision making including 
three stages, including weight calculation, information fusion and conclusion analysis for 
the problem of psychological evaluation. In the stage of weight calculation, we extract the 
important criteria by using neighborhood rough set-based attribute reduction and describe 
the relation between the criteria and decision objects combined with grey relational anal-
ysis and Pythagorean fuzzy set. In the second stage, the multi-granulation Pythagorean 
fuzzy set is used to integrate various information. Finally, a case study of psychological 
evaluation is applied to verify the effectiveness and validity compared with other multi-
criteria decision making, such as TOPSIS, VIKOR and PROMETHEE (II).

The remain introductions are organized as follows. Sect. 2 restates several basic theories 
of the theory of rough set theory, Pawlak rough set and the concept of fuzzy set as well as 
Pythagorean fuuzy set. Section 3 gives the definition of the grey relational analysis based 
on Pythagorean fuzzy set. Section 4 proposes the model of multi-granulation Pythagorean 
fuzzy rough set. Subsequently, we details investigate the properties of the multi-granula-
tion Pythagorean fuzzy rough set lower and upper approximation operators established in 
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this section. Section 5 introduces an approach to multiple attribute group decision making 
based on multi-granulation Pythagorean fuzzy rough set over two universes proposed by 
Sect. 4 and applies it to psychological evaluation for health care workers in COVID-19. 
A case study describes the availability and validity of the proposed methodology com-
pared other multi-criteria decision making method, including TOPSIS, VIKOR and PRO-
METHEE (II). Finally, Sect. 6 concludes the research and put out further study directions.

2 � Preliminaries

In this section, some concepts will be presented, including Pythagorean fuzzy set and their 
measures, rough set and multi-granulation rough set.

2.1 � Fuzzy set and Pythagorean fuzzy set

The concepts of fuzzy set and Pythagorean fuzzy set is described in the following part.

Definition 2.1  (Lang et  al. 2019; Zadeh 1965) Let X be a non-empty universe. A fuzzy 
set A with respect to X is represented by �A ∶ X → [0, 1] , which �A(x) denotes member-
ship function of the element x(x ∈ X) in A. If X is a infinite set, then A ∈ F(X) could be 
described as follows:

Next, we introduce the concept of Pythagorean fuzzy set.

Definition 2.2  A Pythagorean fuzzy set (Yager 2014; Yager and Abbasov 2013) in the 
universe can be defined as:

where �P(x) ∈ [0, 1] denotes the degree of membership and vP(x) ∈ [0, 1] denotes the 
degree of non-membership with condition:

Let P =
[
uP(x), vP(x)

]
 be a Pythagorean fuzzy value. The degree of indeterminacy is repre-

sented by �P(x),where:

Based on the former description, we introduce two score functions to compare the various 
Pythagorean fuzzy set as follows:

Definition 2.3  (Yager and Abbasov 2013) Let P = P
(
�P, vP

)
 be a PFS. Then the similarity 

degree F  for P is defined as follows:

A =
A
(
x1
)

x1
+

A
(
x2
)

x2
+⋯ +

A
(
xn
)

xn
=

n∑

i=1

A
(
xi
)

xi
.

P =
�
⟨x,�P(x), vP(x)⟩�x ∈ X

�
,

0 ≤
(
uP(x)

)2
+
(
vP(x)

)2
≤ 1.

�P(x) =

√
1 −

(
�P(x)

)2
−
(
vP(x)

)2
.
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Definition 2.4  (Sun et al. 2018) Let P = P
(
�P, vP

)
 be a PFS. Then the similarity degree 

A(P) for P is defined as follows:

Based on the previous introductions by Definition  2.3 to 2.6, the comparison law for 
Pythagorean fuzzy sets could be obtained as follows:

Definition 2.5  (Lang et  al. 2019) Let P1 = P
(
�P1

, vP1

)
 and P2 = P

(
�P2

, vP2

)
 be 

Pythaogrean fuzzy numbers, and ∙ = F,A  . Then 

(1)	 If ∙
(
𝛾1
)
> ∙

(
𝛾2
)
 , then P1 is bigger than P2 , denoted by 𝛾1 >∙ 𝛾2;

(2)	 If ∙
(
𝛾1
)
< ∙

(
𝛾2
)
 , then P1 is smaller than P2 , denoted by 𝛾1 <∙ 𝛾2;

(3)	 If ∙
(
�1
)
= ∙

(
�2
)
 , then P1 is equal to P2 , denoted by �1 ∼∙ �2;

2.2 � Rough set and multi‑granulation rough set

In this part, we present the basic concept of rough set model under the framework of two 
universes. The description of this model could be proposed in (Sun et al. 2016; Pei and Xu 
2004).

Definition 2.6  Let U be a infinite universe. R is a relation of equivalence in U. For an arbi-
trary set X ⊆ U , the lower approximation and the upper approximation with regards to X 
are represented by R(X) and R(X) , which are defined as follows:

We define (R(X),R(X)) as a rough set concerning a binary relation R in a set A.
Additionally, decision makers from various fields may be independent of each other and 

need multiple binary relation to illustrate the target concept. Qian et al. (2014; 2010a; b) 
proposed and extended the multi-granulation rough set models.

Definition 2.7  Let K = (U,AT , f ) be a complete information system and P, Q be two rela-
tions of equivalence on the universe U, and X ⊆ U . The lower approximation and the upper 
approximation of X in U are described as follows, specifically:

Besides, the region of uncertainty of X with reference of the equivalence relation between 
P and Q is defined as:

F(P) =
1

2
+

�
�2
P
+ v2

P
∗

⎛
⎜
⎜
⎜
⎜
⎜
⎝

1

2
−

2 arccos
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�P√
�2
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+�2
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�

�
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.

A(P) = �P − vP.

R(X) =
{
x|[x]R ⊆ X

}
, R(X) =

{
x|[x]R ∩ X ≠ ∅

}
.

X
P+Q

=
{
x ∈ U|[x]p ⊆ X ∨ [x]Q ⊆ X

}
, XP+Q =

(
X
c

P+Q

)c

.

BnP+Q = X
P+Q

− X
P+Q

.
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Briefly, we denote X definable as an equivalence relation between P and Q if X
P+Q

= X
P+Q

 . 
Otherwise, X is a rough set concerning K = (U,AT , f ).

3 � Grey relational analysis based on Pythagorean fuzzy set 
and neighborhood rough set

As the development of human society and economic, the characteristic of data is large 
volume and information complexity. The main problems for data analysis consist of three 
aspects, including extracting the key criteria or feature selection, information fusion and 
result analysis. In this section, we will propose an approach of attribute reduction and a 
model to obtain the attribute weights.

3.1 � Neighborhood rough set‑based attribute reduction

Attribute reduction plays an important role on data mining for the problem on uncertain 
circumstance. In recent years, many scholars explored the approaches to study the attribute 
reduction (Zhang 2005; Wang et al. 2021; Li et al. 2017; Fan et al. 2018). Neighborhood 
rough set (Hu et al. 2008a) is proposed based on similarity degree. Compared other rough 
set model, it considers that the objects should be classified in the similar category when 
the conditional attribute of the objects take similar values, otherwise the classification is 
not consistent. The other advantage of neighborhood rough set is to improve the tolerance 
by introducing the parameter � . Therefore, this paper utilizes the neighborhood rough set 
to reduct the attributes by Hu et al. (2008b). The approach improved the original method of 
neighborhood rough set-based attribute reduction by utilizing the forward search strategy 
started from the monotonic relationship between the positive region and attribute set and 
reduces the times of comparison for simples to increase the calculation speed. In the fol-
lowing part, we describe the neighborhood rough set-based attribute reduction.

3.1.1 � Neighborhood rough set

In the following section, the concept of neighborhood rough set is described and lays the 
groundwork for the following.

Definition 3.1  Let ⟨U,M,D⟩ be a heterogeneous information system, where U is a set of 
non-empty finite object U =

{
x1, x2,… , xn,

}
 , and M is denoted as a value set to describe 

the characteristic of the object set U, D as decision attribute. If M could form a neighbor 
relation on the universe U, we call ⟨U,M,D⟩ as a neighbor decision system. For given 
object xi ∈ U and B ∈ M , then the neighborhood information granule �B

(
xi
)
 of xi in the 

condition attribute set B is defined as the distance:

�B
(
xi
)
=
{
xj ∈ U|ΔB(xi, xj) ≤ �

}
,
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where 
{
�
(
xi
)
|i = 1, 2,… , n

}
 is a cover of U. Δ is a measurement function.

Definition 3.2  Given the object set U and a neighborhood relation N over the universe 
U, ⟨U,N⟩ can be represented as a neighborhood approximate space. The lower and upper 
approximate space on an arbitrary X ∈ U could be defined as follows:

3.1.2 � Neighborhood rough set‑based attribute reduction

In this section, we will present the attribute reduction approach based on neighborhood 
rough set and the algorithm of attribute reduction is described.

Definition 3.3  Let ⟨U,C,D⟩ be a neighborhood decision system. D divides U into N 
equivalence classes: X1,X2,… ,XN . B ⊆ C produces a neighbor relation NB on the universe 
U. The lower and upper approximation with regard as B on the decision D is defined as 
follows:

where:

Definition 3.4  Let ⟨U,C,D⟩ be a neighborhood decision system. The dependency degree 
of decision attribute D on conditional attributes B ⊆ C is defined as:

where Card(∙) is denoted as the cardinality of a set.

Definition 3.5  Let ⟨U,C,D⟩ be a neighborhood decision system. The importance degree 
for the attribute a ∈ C is defined as follows, respectively:

The reduction algorithm of fast forward attribute selection based on neighborhood rough 
sets is described as Algorithm 1 proposed by Hu et al. (2008b).

NX =
{
xi|𝛿

(
xi
)
⊆ X, xi ∈ U

}
, NX =

{
𝛿
(
xi
)
∩ X ≠ ∅, xi ∈ U

}
.

NBD =

{
NBX1,NBX2,… ,NBXN

}
,NBD =

{
NBX1,NBX2,… ,NBXN

}
,

NBX =
{
xi|𝛿B

(
xi
)
⊆ X, xi ∈ U

}
,NBX =

{
𝛿B
(
xi
)
∩ X ≠ ∅, xi ∈ U

}
.

�B(D) =
Card(NBD)

Card(U)
.

sig(a,B,D) = �B∪a(D) − �B(D).
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3.2 � Grey relational analysis based on Pythagorean fuzzy set

Grey relation analysis proposed by Deng (1989) is used to describe the relation between the 
two variables. Many scholars applied the grey relational analysis to multi-criteria decision 
making. Khan and Abdullah (2018) proposed a new multi-criteria decision making based 
on interval-valued Pythagorean fuzzy grey relational analysis and Choquet integral average 
operator. However, less literatures consider the relational degree from the opposite perspec-
tive. The intuitionistic fuzzy set and Pythagorean fuzzy set describe the object by membership 
degree and non-membership degree. In this paper, we give a new explanation for member-
ship and non-membership degree by combing with relative degree and non-relative degree. 
In order to describe the fuzzy information on the uncertain circumstance, a new approach to 
define the membership relation based on the Pythagorean fuzzy set and grey relational analy-
sis is proposed in the following section.

Definition 3.1  Let X0 =
{
x0(1), x0(2),… , x0(n)

}
 and Xi =

{
xi(1), xi(2), … , xi(n)

}
 be 

two vectors, where i = 1, 2,… ,m . The relational degree 
[
�
(
x0(k), xi(k)), �

(
x0(k), xi(k)

)]
 

between X0 and Xi could be defined as follows, respectively:
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where � ∈ [0, 1] . The management meaning of �
(
x0(k), xi(k)

)
 is correlative degree and 

�
(
x0(k), xi(k)

)
 is non-correlative degree of two objects.

Property 3.1  The relational degree �
(
x0(k), xi(k)

)
 and non-relational degree �

(
x0(k), xi(k)

)
 

between X0 and Xi satisfies the following properties. 

(1)	 0 ≤ �
(
x0(k), xi(k)

)
≤ 1, 0 ≤ �

(
x0(k), xi(k)

)
≤ 1;

(2)	 min
i

min
k

||x0(k) − xi(k)
|| ≤ ||x0(k) − xi(k)

|| ≤ max
i

max
k

||x0(k) − xi(k)
||.

Theorem 3.1  The relational degree �
(
x0(k), xi(k)

)
 and non-relational degree �

(
x0(k), xi(k)

)
 

between X0 and Xi satisfies the property of Pythagorean fuzzy set.

By the Definition  3.1, we give a new perspective to describe the Pythagorean fuzzy set 
considering the correlative degree and non-correlative degree. The correlative degree is 
denoted as the membership degree and the non-correlative degree is denoted as the non-
membership degree. Then, Theorem  3.1 explores the relation between the correlative 
degree and non-correlative degree and the proof process is shown as follows, respectively.

Proof  Let a = min
i

min
k

||x0(k) − xi(k)
||, b = max

i
max
k

||x0(k) − xi(k)
|| and c = ||x0(k) − xi(k)

|| . 
The equations � =

a+�b

c+�b
 and � =

c−�a

c+�b
 hold. There are:

Therefore, The pair set 
(
�
(
x0(k), xi(k)

)
, �
(
x0(k), xi(k)

))
 is satisfied with the condition 

of Pythagorean fuzzy set. where �
(
x0(k), xi(k)

)
 is denoted as membership degree and 

�
(
x0(k), xi(k)

)
 is denoted as non-membership degree. 	�  ◻

(1)

�
(
x0(k), xi(k)

)
=

min
i

min
k

||x0(k) − xi(k)
|| + �max

i
max
k

||x0(k) − xi(k)
||

||x0(k) − xi(k)
|| + �max

i
max
k

||x0(k) − xi(k)
||

,

�
(
x0(k), xi(k)

)
=

||x0(k) − xi(k)
|| − �min

i
min
k

||x0(k) − xi(k)
||

||x0(k) − xi(k)
|| + �max

i
max
k

||x0(k) − xi(k)
||
,

0 ≤
(
�
(
x0(k), xi(k)

))2
+
(
�
(
x0(k), xi(k)

))2
≤ 1.

𝜏2 + 𝜌2 =

(
a + 𝛿b

c + 𝛿b

)2

+

(
c − 𝛿a

c + 𝛿b

)2

=
a2 + 2ab𝛿 + 𝛿2b + c2 − 2ac𝛿 + 𝛿2a2

(c + 𝛿b)2
=

B

A
,

Let Γ = B − A = a2 − 2ab𝛿 − 2ac𝛿 + 𝛿2a2 − 2bc𝛿 =
(
1 + 𝛿2

)
a2 + 2a𝛿(b − c) − 2bc𝛿,

Δ = (2𝛿(b − c))2 + 8bc𝛿
(
1 + 𝛿2

)
≥ 0, when Γ = 0, there are ∶

a1 =
−2𝛿(b − c) −

√
8bc𝛿

(
1 + 𝛿2

)
+ [2𝛿(b − c)]2

2
(
1 + 𝛿2

) < 0, and

a2 =
−2𝛿(b − c) +

√
8bc𝛿

(
1 + 𝛿2

)
+ [2𝛿(b − c)]2

2
(
1 + 𝛿2

) ,

2𝛿(b − c) ≤

√
8bc𝛿

(
1 + 𝛿2

)
+ [2𝛿(b − c)]2 ≤

√
8bc𝛿

(
1 + 𝛿2

)
+ 2𝛿(b − c), 0 < a2 ≤ 1,

When a1 < 0 ≤ a ≤ a2, the value of Γ ≤ 0, the equation 𝜏2 + 𝜌2 ≤ 1.
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4 � Multi‑granulation Pythagorean fuzzy rough set over two universes

As the uncertainty and complexity for our life increase, the crisp number is no longer 
satisfied with the real world. Furthermore, individuals are usually bounded rationality 
and have different attitudes facing the risks, including optimistic, pessimistic and neu-
tral. Accordingly, we will propose multi-granulation Pythagorean fuzzy rough set com-
bined with the risk attitudes of various individuals under the framework of multiple 
granular fuzzy approximate space on two universes considering the risk attitudes.

In this section, rough approximation concept of the Pythagorean fuzzy set will be 
discussed in regards as multiple granularity fuzzy approximate space. We will present 
three various multi-granulation Pythagorean fuzzy rough set models under the frame-
work of two universes according to the corresponding decision making model.

The rough approximate concept of a Pythagorean fuzzy set on the multiple granular-
ity fuzzy approximate space under the framework of two universes is determined by a 
family of binary compatibility mapping between U and V. Nevertheless, there may be 
a family of binary fuzzy relations under the framework of two universes as a result of 
the increasing complexity of the socioeconomic environment. Furthermore, the multiple 
granularity fuzzy approximate space under the framework of two universes is proposed. 
This subsection will focus on the multiple granularity rough approximate concept of a 
Pythagorean fuzzy set under the framework of two universes, and optimistic multi-gran-
ulation Pythagorean fuzzy rough set, pessimistic multi-granulation Pythagorean fuzzy 
rough set and variable precision multi-granulation Pythagorean fuzzy rough set on the 
multiple granularity fuzzy approximate space under the framework of two universes.

First, we explore the optimistic multi-granulation Pythagorean fuzzy rough set on the 
multiple granularity fuzzy approximate space under the framework of two universes.

4.1 � Optimistic multi‑granulation Pythagorean fuzzy rough set over two universes

For the optimists, they usually consider the positive side and believe that the candidates 
are optimal as long as an individual is satisfied finds it appropriate or an attribute for an 
individual is in line with forecast. From the perspective, this section presents an opti-
mistic multi-granulation Pythagorean fuzzy rough set over two universes. Firstly, we 
give the definition of the optimistic multi-granulation Pythagorean fuzzy rough set.

Definition 4.1  Let (U,V ,�) be the multiple granularity fuzzy approximate space under the 
framework of two universes. For a Pythagorean fuzzy set P of the universe V, 
P = [�P(y), �P(y)], y ∈ V , x ∈ U . The optimistic lower approximate set �O∑m

i=1
Ri

(P) and 

upper approximate set �
O
∑m

i=1
Ri
(P) of a Pythagorean fuzzy set on the space (U,V ,�) are 

defined as follows, respectively:

where:

�
O∑m

k=1
Ri

(P)(x) = [�
�

O∑m
i=1

Ri
(P), v�O∑m

i=1
Ri
(P)], x ∈ U,

�
O
∑m

i=1
Ri
(P)(x) = [�

�
O
∑m
i=1

Ri
(P)
, v

�
O
∑m
i=1

Ri
(P)
], x ∈ U,
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Particularly, when universes U and V are infinite sets, the operators 
⋁

 and 
⋀

 will become 
inf and sup.

Theorem 4.1  Let P be a Pythagorean fuzzy set of U and R be a binary fuzzy relation on 
U × V  . � and � are the lower and upper approximation of P in regards as (U,V ,�) . For 
any x ∈ U , the membership degree and non-membership degree of the approximation 
operators satisfy the following relationship. 

(1)	 0 ≤ (�
�

O∑m
i=1

Ri
(P))

2 + (v
�

O∑m
i=1

Ri
(P))

2 ≤ 1;

(2)	 0 ≤ (�
�

O
∑m
i=1

Ri
(P)
)2 + (v

�
O
∑m
i=1

Ri
(P)
)2 ≤ 1.

Proof  (1) By definition 4.1, for any x ∈ U, y ∈ V  , we have:

This is the process of proof.
(2) is similar to (1).
It is easy to know that �O∑m

i=1
Ri

(P) and �
O
∑m

i=1
Ri
(P) are two Pythagorean fuzzy sets on the 

universe U. Furthermore, P is called as a definable Pythagorean fuzzy set on the multiple 
granularity fuzzy approximate space under the framework of two universes (U,V ,�) when 
�

O∑m

i=1
Ri

(P) = �
O
∑m

i=1
Ri
(P),i.e.,�

�
O∑m
i=1

Ri
(P) = �

�
O
∑m
i=1

Ri
(P)

 and v
�

O∑m
i=1

Ri
(P) = v

�
O
∑m
i=1

Ri
(P)

 for any 

x ∈ U . Otherwise, we denote the set-pair (�O∑m

i=1
Ri

(P),�
O
∑m

i=1
Ri
(P)) as the optimistic multi-

granulation Pythagorean fuzzy rough set under the framework of two universes. 	�  ◻

Remark 4.1  Let (U,V ,�) be the multiple granularity fuzzy approximate space under the 
framework of two universes. For a Pythagorean fuzzy set P of the universe V, 

�
�

O∑m
i=1

Ri
(P) =

m�

i=1

�

y∈V

[1 − Ri(x, y) ∨ �P(y)],

v
�

O∑m
i=1

Ri
(P) =

m�

i=1

�

y∈V

[Ri(x, y) ∨ �P(y)],

�
�

O
∑m
i=1

Ri
(P)

=

m�

i=1

�

y∈V

[Ri(x, y) ∨ �P(y)],

v
�

O
∑m
i=1

Ri
(P)

=

m�

i=1

�

y∈V

[1 − Ri(x, y) ∨ �P(y)].

(2)

1 − (v
�

O∑m
i=1

Ri
(P))

2 = 1 −

m�

i=1

�

y∈V

[Ri(x, y) ∨ (�P(y))
2]

=

m�

i=1

�
�

y∈V

(1 − Ri(x, y)) ∨ (1 − �2
P
(y))

�

≥

m�

i=1

�

y∈V

[1 − Ri(x, y)) ∨ �2
P
(y)] = (�

�
O∑m
i=1

Ri
(P))

2,



1898	 B. Sun et al.

1 3

P = [�P(y), �P(y)], y ∈ V , x ∈ U . The relation �O∑m

k=1
Ri

(P)(x) ⊆ �
O
∑m

k=1
Ri
(P)(x) are not satis-

fied based on the above definitions.
Above all, the relation �O∑m

k=1
Ri

(P)(x) ⊆ �
O
∑m

k=1
Ri
(P)(x) will be satisfied when U = V  . 

Additionally, we could get the following these conclusion.

Proposition 4.1  Let (U,V ,�) be the multiple granularity fuzzy approximate space under 
the framework of two universes. For a Pythagorean fuzzy set P of the universe V, 
P = [�P(y), �P(y)], y ∈ V , x ∈ U . If Ri ∈ �(i = 1, 2,… ,m) are fuzzy binary relationships 
from U to V, then �O∑m

k=1
Ri

(P)(x) ⊆ �
O
∑m

k=1
Ri
(P)(x).

Remark 4.2  Let (U,V ,�) be the multiple granularity fuzzy approximate space under 
the framework of two universes. For a Pythagorean fuzzy set P of the universe V, 
P = [�P(y), �P(y)], y ∈ V , x ∈ U . Some conclusions could be obtained: 

(1)	 If Ri ∈ � is a binary compatibility relationship derived from binary mapping Fi from 
universe U to V, then Ri(x, y) ⇔ Fi(x) = {y ∈ V|(x, y) ∈ Ri} . Therefore, �O∑m

k=1
Ri

(P)(x) 

and the degeneration from �
O
∑m

k=1
Ri
(P)(x) into ℜO∑m

i=1
Ri

(P) and ℜ
O
∑m

i=1
Ri
(P) could be 

obtained.
(2)	 If R1 = R2 = ⋯ = Rm , for any x ∈ U and y ∈ V  , 

(3)	 Supposed that P is a fuzzy set on the universe V, then optimistic multi-granulation 
Pythagorean fuzzy rough set degenerates into multi-granulation fuzzy rough set under 
the framework of two universes. Besides, the optimistic multi-granulation Pythagorean 
fuzzy rough set will degenerate into the fuzzy rough set under the framework of two 
universes by Wu et al. (2003) when R1 = R2 = ⋯ = Rm and the classical fuzzy rough 
set when U = V .

Proposition 4.2  Let (U,V ,�) be the multiple granularity fuzzy approximate space 
under the framework of two universes. For a Pythagorean fuzzy set P of the universe V, 
P = [�P(y), �P(y)], y ∈ V  . Then, some results could be attained: 

(1)	 �
O∑m

k=1
Ri

(P) =
⋃m

i=1
�i(A);

(2)	 �
O
∑m

k=1
Ri
(P) =

⋂m

i=1
�i(A).

Theorem  4.2  Let (U,V ,�) be the multiple granularity fuzzy approximate space 
under the framework of two universes. For a Pythagorean fuzzy set P of universe V, 
P = [�P(y), �P(y)], y ∈ V  . Then, some results could be attained: 

(1)	 �
O∑m

i=1
Ri

(PC) = (�
O
∑m

i=1
Ri
(P))C, �

O
∑m

i=1
Ri
(PC) = (�

O∑m

i=1
Ri

(P))C;

�
�

O
Ri
(P) =

⋀

y∈V

[1 − Ri(x, y) ∨ �P(y)], v
�

O
Ri
(P) =

⋁

y∈V

[Ri(x, y) ∨ �P(y)],

�
�

O

Ri
(P)

=
⋁

y∈V

[Ri(x, y) ∨ �P(y)], v
�

O

Ri
(P)

=
⋀

y∈V

[1 − Ri(x, y) ∨ �P(y)].
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(2)	 �
O∑m

i=1
R
i

(P1 ∪ P2) ⊇ �
O∑m

i=1
R
i

(P1) ∪ �
O∑m

i=1
R
i

(P2), �
O

∑m

i=1
R
i

(P1 ∩ P2) ⊆ �
O

∑m

i=1
R
i

(P1) ∩ �
O

∑m

i=1
R
i

(P2);
(3)	 �

O
∑m

i=1
Ri
(P1 ∪ P2) = �

O
∑m

i=1
Ri
(P1) ∪ �

O
∑m

i=1
Ri
(P2), �

O∑m

i=1
Ri

(P1 ∩ P2) = �
O∑m

i=1
Ri

(P1) ∩ �
O∑m

i=1
Ri

(P2).;

(4)	 If P1 ⊆ P2 , then �O∑m

i=1
Ri

(P1) ⊆ �
O∑m

i=1
Ri

(P2),�
O
∑m

i=1
Ri
(P1) ⊆ �

O
∑m

i=1
Ri
(P2).

4.2 � Pessimistic multi‑granulation Pythagorean fuzzy rough set over two universes

For the pessimists, they hope that the optimal alternatives are satisfied with all the decision 
makers or an attribute is in line with the expectation of individuals. In this subsection, we 
will present the pessimistic multi-granulation Pythagorean fuzzy rough set on the multiple 
granularity fuzzy approximate space under the framework of two universes.

Definition 4.2  Let (U,V ,�) be the multiple granularity fuzzy approximate space under the 
framework of two universes. For a Pythagorean fuzzy set P of universe V, 
P = [�P(y), �P(y)], y ∈ V , x ∈ U . The pessimistic lower approximate set �P∑m

i=1
Ri

(P) and 

upper approximate set �
P
∑m

i=1
Ri
(P) of a Pythagorean fuzzy set on the approximate space 

(U,V ,�) are defined as follows, respectively:

where

Proposition 4.3  Let (U,V ,�) be the multiple granularity fuzzy approximate space 
under the framework of two universes. For a Pythagorean fuzzy set P of the universe V, 
P = [�P(y), �P(y)], y ∈ V  . Then, some interesting conclusions could be obtained: 

(1)	 �
P∑m

k=1
Ri

(P) =
⋂m

i=1
Ri(A);

(2)	 �
P
∑m

k=1
Ri
(P) =

⋃m

i=1
Ri(A).

�
P∑m

k=1
Ri

(P)(x) = [�
�

P∑m
i=1

Ri
(P), v�P∑m

i=1
Ri
(P)], x ∈ U,

�
P
∑m

i=1
Ri
(P)(x) = [�

�
P
∑m
i=1

Ri
(P)
, v

�
P
∑m
i=1

Ri
(P)
], x ∈ U,

�
�

P∑m
i=1

Ri
(P) =

m�

i=1

�

y∈V

[1 − Ri(x, y) ∨ �P(y)],

v
�

P∑m
i=1

Ri
(P) =

m�

i=1

�

y∈V

[Ri(x, y) ∨ �P(y)],

�
�

P
∑m
i=1

Ri
(P)

=

m�

i=1

�

y∈V

[Ri(x, y) ∨ �P(y)],

v
�

P
∑m
i=1

Ri
(P)

=

m�

i=1

�

y∈V

[1 − Ri(x, y) ∨ �P(y)].
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Theorem 4.3  Let a triple set (U,V ,�) be the multiple granularity approximate space under 
the framework of two universes for any Pythagorean fuzzy sets P1 and P2 in the universe V. 
Then, some interesting results could be obtained: 

(1)	 �
P∑m

i=1
Ri

(P) ⊆ U,⊆ �
P
∑m

i=1
Ri
(P) ⊆ U,

(2)	 �
P∑m

i=1
Ri

(PC) = (�
P
∑m

i=1
Ri
(P))C,�

P
∑m

i=1
Ri
(PC) = (�

P∑m

i=1
Ri

(P))C;
(3)	 �

P∑m

i=1
R
i

(P1 ∪ P2) ⊇ �
P∑m

i=1
R
i

(P1) ∪ �
P∑m

i=1
R
i

(P2),�
P

∑m

i=1
R
i

(P1 ∩ P2) ⊆ �
P

∑m

i=1
R
i

(P1) ∩ �
P

∑m

i=1
R
i

(P2);
(4)	 �

P

∑m

i=1
R
i

(P1 ∪ P2) = �
P

∑m

i=1
R
i

(P1) ∪ �
P

∑m

i=1
R
i

(P2), �
P∑m

i=1
R
i

(P1 ∩ P2) = �
P∑m

i=1
R
i

(P1) ∩ �
P∑m

i=1
R
i

(P2);

(5)	 If P1 ⊆ P2 , then �P∑m

i=1
Ri

(P1) ⊆ �
P∑m

i=1
Ri

(P2),�
P
∑m

i=1
Ri
(P1) ⊆ �

P
∑m

i=1
Ri
(P2).

4.3 � Variable precision multi‑granulation Pythagorean fuzzy rough set over two 
universes

For the optimistic and pessimistic multi-granulation Pythagorean fuzzy rough set over 
two universes, two perspectives only consider two extreme situations. However, the 
absolute optimism and pessimism are hardly satisfied with the actual situation and the 
optimal candidates requires only a majority of individuals to agree. To ease conditions, 
we propose two variable precision multi-granulation Pythagorean fuzzy rough sets 
according to the optimistic and pessimistic multi-granulation Pythagorean fuzzy rough 
set, in regards as the multiple granularity fuzzy approximate space under the framework 
of two universes.

Definition 4.3  (Type − I Variable precision multi-granulation Pythagorean fuzzy rough 
set) Let (U,V ,�) be the multiple granularity fuzzy approximate space under the framework 
of two universes. For a Pythagorean fuzzy set P of universe V, P = [�P(y), �P(y)], y ∈ V  
and � ∈ [0, 1] . The variable precision lower approximate set (I)��∑m

i=1
Ri

(P) and upper 
approximate set (I)�

�
∑m

i=1
Ri
(P) of a Pythagorean fuzzy set on the space (U,V ,�) are defined 

as follows, respectively:

where x ∈ U, y ∈ V  and:

(I)��∑m

k=1
Ri

(P)(x) = [�
�

P∑m
i=1

Ri
(P), v�P∑m

i=1
Ri
(P)], x ∈ U,

(I)�
�
∑m

i=1
Ri
(P)(x) = [�

�
�
∑m
i=1

Ri
(P)
, v

�
�
∑m
i=1

Ri
(P)
], x ∈ U,
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Respectively, when universes U and V are infinite sets, the operators 
⋁

 and 
⋀

 will become 
inf and sup.

It is easy to obtain that (I)��∑m

i=1
Ri

(P) and (I)�
�
∑m

i=1
Ri
(P) are two PFSs on the universes U. 

Additionally, P is called a definable PFS on the multiple granularity fuzzy approximate 
space under the framework of two universes (U,V ,�) with parameter � when 
(I)��∑m

i=1
Ri

(P) = (I)�
�
∑m

i=1
Ri
(P) . i.e., �

�
�∑m
i=1

Ri
(P) = �

�
�
∑m
i=1

Ri
(P)

 and v
�

�∑m
i=1

Ri
(P) = v

�
�
∑m
i=1

Ri
(P)

 for 

any x ∈ U . If not, we call the set pair (I)��∑m

i=1
Ri

(P), (I)�
�
∑m

i=1
Ri
(P)) the I variable precision 

multi-granulation Pythagorean fuzzy rough set under the framework of two universes.

Definition 4.4  (Type − II Variable precision multi-granulation Pythagorean fuzzy rough 
set) Let (U,V ,�) be the multiple granularity fuzzy approximate space under the framework 
of two universes. For a Pythagorean fuzzy set P of universe V, P = [�P(y), �P(y)], y ∈ V  
and � ∈ [0, 1] . The variable precision lower approximate set (II)��∑m

i=1
Ri

(P) and upper 
approximate set (II)�

�
∑m

i=1
Ri
(P) of a Pythagorean fuzzy set in (U,V ,�) are defined as fol-

lows, respectively:

where x ∈ U, y ∈ V  and:

𝜇
�

𝛼∑m
i=1

Ri
(P) =

m�

i=1

�
�

𝜏P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
�

𝜏P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜏P(y))

�
,

v
�

𝛼∑m
i=1

Ri
(P) =

m�

i=1

�
�

𝜌P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
�

𝜌P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜌P(y))

�
,

𝜇
�

𝛼
∑m
i=1

Ri
(P)

=

m�

i=1

�
�

𝜏P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
�

𝜏P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜏P(y))

�
,

v
�

𝛼
∑m
i=1

Ri
(P)

=

m�

i=1

�
�

𝜌P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
�

𝜌P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜌P(y))

�
,

(II)��∑m

k=1
Ri

(P)(x) = [�
�

P∑m
i=1

Ri
(P), v�P∑m

i=1
Ri
(P)], x ∈ U,

(II)�
�
∑m

i=1
Ri
(P)(x) = [�

�
�
∑m
i=1

Ri
(P)
, v

�
�
∑m
i=1

Ri
(P)
], x ∈ U,

𝜇
�

𝛼∑m
i=1

Ri
(P) =

m�

i=1

�
�

𝜏P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
�

𝜏P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜏P(y))

�
,

v
�

𝛼∑m
i=1

Ri
(P) =

m�

i=1

�
�

𝜌P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
�

𝜌P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜌P(y))

�
,

𝜇
�

𝛼
∑m
i=1

Ri
(P)

=

m�

i=1

�
�

𝜏P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
�

𝜏P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜏P(y))

�
,

v
�

𝛼
∑m
i=1

Ri
(P)

=

m�

i=1

�
�

𝜌P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
�

𝜌P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜌P(y))

�
.
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Respectively, when universes U and V are infinite sets, the operators 
⋁

 and 
⋀

 will become 
inf and sup.

It is easy to obtain that (II)��∑m

i=1
Ri

(P) and (II)�
�
∑m

i=1
Ri
(P) are two Pythagorean fuzzy 

rough sets on the universe U. Additionally, P is called as a definable Pythagorean fuzzy set 
on multiple granularity fuzzy approximate space under the framework of two universes 
(U,V ,�) with parameter � when (II)��∑m

i=1
Ri

(P) = (II)�
�
∑m

i=1
Ri
(P) . i.e., �

�
�∑m
i=1

Ri
(P) = �

�
�
∑m
i=1

Ri
(P)

 

and v
�

�∑m
i=1

Ri
(P) = v

�
�
∑m
i=1

Ri
(P)

 for any x ∈ U . If not, we call the set pair 

(II)��∑m

i=1
Ri

(P), (II)�
�
∑m

i=1
Ri
(P)) the Type − II variable precision multi-granulation Pythago-

rean fuzzy rough set under the framework of two universes.
Similar to optimistic and pessimistic multi-granulation Pythagorean fuzzy rough set 

under the framework of two universes, we could obtain that both relations 
(I)�𝛼∑m

i=1
Ri

(P) ⊆ (I)�
𝛼
∑m

i=1
Ri
(P) and (II)�𝛼∑m

i=1
Ri

(P) ⊆ (II)�
𝛼
∑m

i=1
Ri
(P) hold if and only if 

Ri ∈ �(i = 1, 2,… ,m) is a serial binary fuzzy relation between U and V.
Based on these conceptions, we could clearly get the following results. We give some 

remarks that the Type − (I) and Type − (II) variable precision multi-granulation Pythago-
rean fuzzy rough set are generalizations of optimistic and pessimistic multi-granulation 
Pythagorean fuzzy rough set under the framework of two universes, respectively.

Remark 4.3  Let (U,V ,�) be the multiple granularity fuzzy approximate space under the 
framework of two universes. For a PFS P of the universe V, P = [�P(y), �P(y)], y ∈ V  and 
� ∈ [0, 1] . If � = 0 , some results are obtained:

The conclusion of Remark 4.3 reflects on the process of attitude change for an individual, 
from risk preferring to risk averse, showing a continuous process for a given decision-mak-
ing problem under the uncertain circumstance. Besides, the decision-makers can deal with 
various decisions problems by the proposed models. Furthermore, all the decision conclu-
sions with the parameter � are limited to the results given by decision makers who have the 
attitudes of risk preferring or risk averse. Therefore, the multi-granulation rough Pythago-
rean fuzzy set models proposed in the proceeding part provide an effective tool to solve the 
decision problems under the uncertain circumstance.

Furthermore, we could prove that the optimistic and pessimistic multi-granulation 
rough Pythagorean fuzzy sets are special cases of Type − (I) and Type − (II) variable 
precision multi-granulation rough Pythagorean fuzzy set under the framework of two 
universes.

According to the above definitions proposed in the previous introductions, some con-
crete models could be obtained.

Remark 4.4  Let (U,V ,�) be the multiple granularity fuzzy approximate space 
under the framework of two universes. For a Pythagorean fuzzy set P of universe V, 

(3)(1) (I)��∑m

i=1
Ri

(P) = �
O∑m

i=1
Ri

(P), (I)�
�
∑m

i=1
Ri
(P) = �

O
∑m

i=1
Ri
(P);

(4)(2) (II)��∑m

i=1
Ri

(P) = �
P∑m

i=1
Ri

(P), (II)�
�
∑m

i=1
Ri
(P) = �

P
∑m

i=1
Ri
(P).
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P = [�P(y), �P(y)], y ∈ V  and � ∈ [0, 1] . If R1 = R2 = ⋯ = Rm , for any x ∈ U and y ∈ V  , 
then there are some interesting results as follows:

That is, Ri(P)� = [��

Ri(P)
(x), v�

Ri(P)
(x)] and Ri(P)� = [��

Ri(P)
(x), v�

Ri(P)
(x)].

This is the variable precision multi-granulation rough Pythagorean fuzzy set model 
under the framework of two universes.

Next, we will discuss that both Type − (I) and Type − (II) variable precision multi-gran-
ulation rough Pythagorean fuzzy set models under the framework of two universes when 
there exist only a single granularity among the universes.

Remark 4.5  Let (U,V ,�) be the multiple granularity fuzzy approximate space 
under the framework of two universes. For a Pythagorean fuzzy set P of universe V, 
P = [�P(y), �P(y)], y ∈ V  and � ∈ [0, 1] . If R1 = R2 = ⋯ = Rm and (�P(y))2 = 1 − (�P(y))

2 , 
for any x ∈ U and y ∈ V  , some results could be obtained:

This is Ri(P)� = ��

Ri(P)
(x) and Ri(P)� = ��

Ri(P)
(x).

Besides, the two variable precision multi-granulation rough Pythagorean fuzzy set will 
change into the existing variable precision fuzzy rough set.

𝜇𝛼

Ri(P)
(x) =

m⋀

i=1

[
⋀

𝜏P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
⋀

𝜏P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜏P(y))

]
,

v𝛼
Ri(P)

(x) =

m⋁

i=1

[
⋁

𝜌P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
⋁

𝜌P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜌P(y))

]
,

𝜇𝛼

Ri(P)
(x) =

m⋁

i=1

[
⋁

𝜏P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
⋁

𝜏P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜏P(y))

]
,

v𝛼
Ri(P)

(x) =

m⋀

i=1

[
⋀

𝜌P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
⋀

𝜌P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜌P(y))

]
.

(5)

𝜇𝛼

Ri(P)
(x) = v𝛼

Ri(P)
(x)

=

m⋀

i=1

[
⋀

𝜏P(y)≤𝛼

(1 − Ri(x, y) ∨ 𝛼) ∧
⋀

𝜏P(y)>𝛼

((1 − Ri(x, y)) ∨ 𝜏P(y))

]
;

(6)

𝜇𝛼

Ri(P)
(x) = v𝛼

Ri(P)
(x)

=

m⋁

i=1

[
⋁

𝜏P(y)≥(1−𝛼)

(Ri(x, y) ∧ (1 − 𝛼)) ∨
⋁

𝜏P(y)<(1−𝛼)

(Ri(x, y) ∧ 𝜏P(y))

]
.
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5 � An approach to multiple attribute group decision making based 
on multi‑granulation rough Pythagorean fuzzy set over two 
universes

In the following part, a general framework of this model is proposed by the group decision 
making based on multi-granulation Pythagorean fuzzy rough set under the framework of 
two universes. Firstly, we give a reliable description of a MCGDM model on the multiple 
granularity approximate space under the framework of two universes. Besides, a general 
method to deal with the problem of MCGDM is established by the model of multi-granula-
tion Pythagorean fuzzy rough set under the framework of two universes.

5.1 � The problem statement

Let U = {y1, y2,… , yn} be the decision set and V = {x1, x2,… , xm} be the criteria set, 
which xi (i = 1, 2,… ,m) denotes evaluation criteria (i.e. style, price, location) and 
yi (i = 1, 2,… ,m) denotes decision objects (i.e. disease). R1,R2,… ,Rk are k decision mak-
ers in the group. Similar to the traditional group decision problem, individuals provide their 
evaluation value for all criteria xi (xi ∈ V) in regards as decision set elements yi (yi ∈ U) . 
There are R1,R2,… ,Rk ∈ F (U × V) , which is the evaluations of the alternative yi with 
the criteria xi given by the expert k based on his or her experience and knowledge. P is 
the evaluation value who has some criteria on the universe V for the alternative U. That is, 
P = [�P(y), �P(y)] for any y ∈ V  is a Pythagorean fuzzy set of the universe V. For a decision 
maker, the problem is how to make a reasonable decision on what kind of the alternative 
yi (yj ∈ V) for the individuals should be chosen.

Therefore, an approach for MCGDM is given by using the theory of multi-granulation 
Pythagorean fuzzy rough set under the framework of two universes. The main method is to 
obtain the ranking function for the pressure of six groups in regards as the Pythagorean 
fuzzy set P on the universe V based on the multi-granulation lower approximate set 
�

O∑m

i=1
Ri

(P) and multi-granulation upper approximate set �
O
∑m

i=1
Ri
(P) . Then, we assess the 

pressure based on the ranking function of six groups considered.
In fact, three types of Pythagorean fuzzy rough set could be used to discuss the decision 

problem. In the following, we discuss the group decision making problems by using the 
model of optimistic multi-granulation rough Pythagorean fuzzy set under the framework of 
two universes.

5.2 � The model and methodology

In the following part, we propose a methodology based on optimistic multi-granulation 
Pythagorean fuzzy rough set under the framework of two universes to solve the decision 
problems with two stages, including solving the weights of attributes and the process of 
information fusion.

In the first stage, firstly, the previous data should be generalized and the key attributes 
could be obtained by the attribute reduction based on neighbor rough set. The grey rela-
tional analysis is utilized to find the relation between the attributes and objects and consid-
ers the non-correlation degree based on the classical grey relational analysis. We utilize the 
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correlation degree and non-correlation degree as the membership degree and non-member-
ship degree of the Pythagorean fuzzy set.

In the second stage, the main goal is obtaining the final score for various groups by 
the multi-granulation fuzzy decision information systems under the framework of two 
universes established with regard to the group decision-making problem described in 
Sect. 5.1.

Derived from the introduction of the GDM problems in Sect. 5.1, the judgment of every 
individual provides a binary fuzzy relationship between the alternative set and criteria set. 
Besides, there is a family of binary fuzzy relations � between U and V given by deci-
sion makers, i.e.,Rl ∈ �, l = 1, 2,… , k . As a result, we could get the multi-granulation 
fuzzy decision information systems under the framework of two universes (U,V ,�) for the 
MCGDM model given in Sect. 5.1.

Then, the optimistic multi-granulation rough lower approximate set �O∑m

i=1
Ri

(P) and opti-

mistic multi-granulation rough upper approximate set �
O
∑m

i=1
Ri
(P) for any given decision 

object P is calculated in regards as multiple granular fuzzy decision information systems 
under the framework of two universes (U,V ,�) . We utilize the score function to calculate 
the results as is shown in Sect. 2 by Definition 2.4.

Definition 5.1  Both �O∑m

i=1
Ri

(P) and �
O
∑m

i=1
Ri
(P) are Pythagorean fuzzy sets of decision set 

U. Then, the ranking function could be obtained in regards as decision set. Denote

as the comparison law with a right weight � and let � be the optimistic parameter.
Finally, we give the ranking function according to the partial order among all decision 

objects determined by the priority relation ⪰ to select the optimal alternatives.
Practically, the parameter � reflects on the risk attitudes of decision makers during the 

process of decision making. The risk attitude of decision maker becomes risk-preferring 
as the parameter � increase, and the risk attitude of decision maker becomes risk-averse as 
the parameter � decrease. As a result, the value of � is given by the decision maker or the 
empirical studies before we prepare to make decisions.

Therefore, we conduct a model to MCGDM by using the theory of multi-granulation 
Pythagorean fuzzy rough set under the framework of two universes. In the following, we 
give an example to verify the effectiveness of the proposed method.

5.3 � The algorithm

In this subsection, we propose the algorithm of the established approach as Fig.  1. The 
algorithm of Process 2 is shown in the Algorithm 2.

(7)
k�

l=1

Rl(A) = �RO∑m

i=1
Ri

(P) + (1 − �)R
O
∑m

i=1
Ri
(P) � ∈ [0, 1]



1906	 B. Sun et al.

1 3

Fig. 1   The flow of the decision-making

5.4 � A case study

By the pre-questionnaire research, we could obtain the previous data. In order to analysis 
the mental state of health care workers, the workers are divided into six groups, including 
nurses without exposure to COVID-19 as y1 , nurses in indirect contact with COVID-19 
as y2 , nurses in direct contact with COVID-19 patients as y3 , physicians without exposure 
to COVID-19 as y4 , physicians in indirect contact with COVID-19 as y5 and physicians 
in direct contact with COVID-19 patients (such as respiratory physicians) as y6 . Let 
U = {y1, y2,… , y6} be the six groups and V = {x1, x2,… , x19} be the criteria set. For the 
problem of psychological assessment of health care of workers in COVID-19, we choose 
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19 actions which could be influenced for the psychological state of health care workers as 
follows.

x1 : Estimation of the epidemic status of the region in which it is located;
x2 : Daily attention to COVID-19;
x3 : The degree of risk to one’s health from the epidemic;
x4 : The degree of negative impact for the epidemic on life;
x5 : The degree of negative impact for the epidemic on work and study;
x6 : The possibility of being infected by the COVID-19;
x7 : Normality of epidemic prevention measures in the region;
x8 : When you have symptoms similar to those of COVID-19, you worry about the 

possibility of developing the disease;
x9 : Refresh the latest information on the COVID-19;
x10 : Indifferent to anything other than the COVID-19;
x11 : Fear of the development and prevention and control for the COVID-19;
x12 : Organize the work and study normally;
x13 : Repeated hand washing;
x14 : Often believe the gossip;
x15 : Fear of meeting people who do not wear masks;
x16 : There are always scenarios in your mind where you are infected or the COVID-

19 is uncontrollable;
x17 : When someone around you doesn’t care about outbreak prevention and control, 

you are angry and go to persuade;
x18 : If the prevention and control work needs, willing to do some voluntary work in 

the vicinity of the local government and the community under the unified organization 
of what can be done;

x19 : Know the symptoms of COVID-19 and measures to prevent virus infection.
We study 1054 questionnaires for the health worker, including doctors and nurses. 

By the attribute reduction based on the neighborhood rough set, many actions have 
influenced three emotions, including complaining, anxiety and confidence in over-
coming the epidemic. The emotion of complaining is influenced by the actions 
X1 =

{
x1, x3, x6, x8, x9, x11, x13, x17, x19

}
 . The emotion of anxiety is influenced by the 

actions X2 =
{
x1, x2, x3, x7, x8, x11, x13, x17, x19

}
 . The emotion of confidence is influenced 

Table 1   The correlation degree and non-correlation degree of complaining emotion

x1 x3 x6 x8 x9 x11 x13 x17 x19

� 0.7165 0.6095 0.6492 0.5540 0.6951 0.6805 0.7439 0.5778 0.4783
� 0.2835 0.3905 0.3508 0.4460 0.3049 0.3195 0.2561 0.4222 0.5217

Table 2   The correlation degree and non-correlation degree of anxiety emotion

x1 x2 x3 x7 x8 x11 x13 x17 x19

� 0.7164 0.7737 0.6658 0.5540 0.7297 0.7860 0.7180 0.7356 0.6140
� 0.2836 0.3514 0.2263 0.3342 0.2703 0.2140 0.2820 0.2644 0.3860
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by the actions X3 = {x6, x7, x10, x11, x12, x13, x15, x17, x19} . Based on the grey relational 
analysis, the weight of attributes could be obtained as follows (Tables 1, 2, 3):

Then, we utilize the arithmetic mean value to obtain the characteristic of the six groups. 
The matrix for fuzzy relation of three types of emotions could be obtained as follows:

According to the multi-granulation Pythagorean fuzzy rough set proposed in Sect. 4, we 
utilize the optimistic multi-granulation Pythagorean fuzzy rough set to solve and analysis 
the problems by the fuzzy binary relation and fuzzy evaluation matrix. After the informa-
tion fusion, the final results could be obtained based on the score functions for � = 0.4 and 
the other three approaches calculate the weight information utilizing the score function, 
which could transfer the Pythagorean information into the crisp number to obtain the final 
results by Definition 2.3 as is shown in Tables 4, 5 and 6.

D1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢⎣

0.0349 0.8889 0.7308 0.9615 0.1298 0.5714 0.2681 0.9432 0.0047

0.1667 0.5000 0.5000 0.5000 0.2500 0.6667 0.5714 0.5000 0.2000

0.4444 0.8000 0.8889 0.9000 0.1053 0.1250 0.1333 0.7778 0.2368

0.0328 0.5000 0.6667 0.8182 0.0917 0.1250 0.0426 0.7273 0.0100

0.2857 0.6000 0.4000 0.6000 0.2727 0.2500 0.1111 0.8000 0.0625

0.7500 0.8333 0.2857 0.7500 0.1667 0.5000 0.1111 0.8000 0.2800

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎦

D2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢⎣

0.0349 0.9718 0.8889 0.9846 0.9615 0.5714 0.2681 0.9432 0.0047

0.1667 0.8889 0.5000 0.5000 0.5000 0.6667 0.5714 0.5000 0.2000

0.4444 0.9630 0.8000 0.4167 0.9000 0.1250 0.1333 0.7778 0.2368

0.0328 0.9897 0.5000 0.9615 0.8182 0.1250 0.0426 0.7273 0.0100

0.2857 0.7368 0.6000 0.4000 0.6000 0.2500 0.1111 0.8000 0.0625

0.7500 0.9474 0.8333 0.5000 0.7500 0.5000 0.1111 0.8000 0.2800

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎦

D3 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢⎣

0.7308 0.9846 0.0787 0.5714 0.0612 0.2681 0.8214 0.9432 0.0046

0.5000 0.5000 0.5000 0.6667 0.1667 0.5714 0.5000 0.5000 0.1250

0.8889 0.4167 0.1176 0.1250 0.0769 0.1333 0.7500 0.7778 0.0345

0.6667 0.9615 0.0093 0.1250 0.0256 0.0426 0.3846 0.7273 0.0455

0.4000 0.4000 0.0833 0.2500 0.2857 0.1111 0.3333 0.8000 0.1250

0.2857 0.5000 0.1250 0.5000 0.2000 0.1111 0.8000 0.8000 0.0833

⎤
⎥
⎥
⎥
⎥
⎥
⎥⎦

Table 3   The correlation degree and non-correlation degree of confidence emotion

x6 x7 x10 x11 x12 x13 x15 x17 x18

� 0.6018 0.7887 0.4864 0.6043 0.4907 0.5381 0.6379 0.7055 0.8324
� 0.3982 0.2113 0.5136 0.3957 0.5093 0.4619 0.3621 0.2945 0.1676

Table 4   The comparison results 
of complain emotion using four 
approaches

The ranking results

The original information y2 ≻ y6 ≻ y5 ≻ y3 ≻ y1 ≻ y4

The proposed method y5 ≻ y1 ≻ y3 ≻ y2 ≻ y4 ≻ y6

TOPSIS y4 ≻ y5 ≻ y2 ≻ y3 ≻ y1 ≻ y6

VIKOR y4 ≻ y6 ≻ y3 ≻ y5 ≻ y2 ≻ y1

PROMETHEE y4 ≻ y5 ≻ y2 ≻ y3 ≻ y6 ≻ y1
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Table 5   The comparison results 
of anxiety emotion using four 
approaches

The ranking results

The original information y3 ≻ y2 ≻ y5 ≻ y1 ≻ y6 ≻ y4

The proposed method y2 ≻ y4 ≻ y3 ≻ y1 ≻ y5 ≻ y6

TOPSIS y4 ≻ y5 ≻ y2 ≻ y3 ≻ y1 ≻ y6

VIKOR y4 ≻ y3 ≻ y2 ≻ y6 ≻ y5 ≻ y1

PROMETHEE y4 ≻ y5 ≻ y2 ≻ y3 ≻ y6 ≻ y1

Table 6   The comparison results 
of confident emotion using four 
approaches

The ranking results

The original information y5 ≻ y2 ≻ y6 ≻ y3 ≻ y4 ≻ y1

The proposed method y6 ≻ y3 ≻ y5 ≻ y2 ≻ y4 ≻ y1

TOPSIS y4 ≻ y5 ≻ y3 ≻ y6 ≻ y2 ≻ y1

VIKOR y5 ≻ y3 ≻ y6 ≻ y1 ≻ y4 ≻ y2

PROMETHEE y4 ≻ y5 ≻ y3 ≻ y6 ≻ y1 ≻ y2

Fig. 2   The results of correlation 
between the MCDM method and 
the original evaluation based on 
the Euclidean distance formula

For the proposed method in this paper, we utilize the score function to 
solve the final score and obtain the final results. The ranking for the com-
plain emotion is y5 ≻ y1 ≻ y3 ≻ y2 ≻ y4 ≻ y6 . The ranking for anxiety emotion is 
y2 ≻ y4 ≻ y3 ≻ y1 ≻ y5 ≻ y6 . The confident emotion is y6 ≻ y3 ≻ y5 ≻ y2 ≻ y4 ≻ y1 . From 
the result of three emotions, the doctors without exposure to virus have the most pres-
sure and anxiety emotion compared with other groups. The nurses in indirect contact with 
COVID-19 have the confident for overcoming the virus of COVID-19. Then, we compare 
the proposed model with other multi-criteria decision making, including TOPSIS, VIKOR 
and PROMETHEE (II) and the results have great differences. In order to bring the thinking 
patterns of machines closer to human brain perception, we compare the four approaches 
with the original evaluations by their own perceptions for three emotions as is shown in 
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Fig. 2 by utilizing the Euclidean distance formula. From the results, the results of the pro-
posed method have the minimum distance and are more consistent with three emotions 
for themselves compared with other approaches. Therefore, it shows that the results of our 
proposed method are more in line with individuals’ own feelings and verify the validity 
and effectiveness.

6 � Conclusions

Rough set theory over two universes is a generalization of Pawlak rough set. This paper 
studies multi-granulation rough set over tow universes combined with Pythagorean fuzzy 
set and application in psychological evaluation of health care workers in COVID-19. 
Firstly, we proposed a grey relational analysis from the perspective of relational degree and 
the opposite direction. Then, we presented multi-granulation Pythagorean fuzzy rough set 
and discussed the properties. Finally, a multi-criteria decision making is presented based 
on big data and applied it to psychological evaluation. A case study in COVID-19 was 
discussed and compared with other approaches to verify the proposed model validity and 
availability by comparing other multi-criteria decision making.

Compared with the existing literatures, the new contribution of this paper could be 
described as follows: (1) An new model solving the weight of attribute was proposed based 
on grey relational analysis and Pythagorean fuzzy set. (2) We generalized the multi-gran-
ulation Pythagorean fuzzy rough set over two universes and proposed multi-granulation 
rough Pythagorean fuzzy set over two universes. (3) The proposed method applied to the 
psychological evaluation of health care workers in COVID-19 could be described as the 
process of decision making and.

For the further study, the previous theory and traits of MGPFRS under the framework 
of two universes should be discussed from the perspective of management meaning and 
the theory models could be extended. Furthermore, this paper only considers the problem 
of determine the weight information and information integration and there are many direc-
tions for the multi-criteria group decision making problems, such as consensus reaching 
process, two sided matching decision making problem, other approaches for information 
integration and ranking and etc. Finally, the approach established in this paper can be 
applied to other practical problems in real-life.
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