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Abstract

The AIDS is a chronic disease and the researchers still exert their high efforts to reach the

cure of HIV infection. The most common treatment is the antiretroviral therapy (cART) and

the virus can be more effected if the patients stop using cART. The other problem is that the

CD8+ T cells might be exhausted by persistent immune activation by cART. This paper

introduces fractional-order into a mathematical model of HIV infection combining with stem

cell therapy and control the infection by the immune system cells (CD8+ T cells). The paper

introduced the numerical solutions for the mathematical model. The results show that the

stem cell therapy with the activation of immune system cells might causes the cure for a HIV

patient. This results are consistent with medical studies. Also, we proposed the effect of the

fractional order (α) on the figures of the components.

Introduction

Human Immunodeficiency Virus (HIV) is one of the most dangerous viruses in the world. Up

to now, the infection by HIV virus is very hard to cure. The virus has killed over 25 million

people since 1980 [1]. Since then researches and scientists put high efforts to analyze the mech-

anism of the virus to reach the optimal treatments such as antiretroviral therapy [2] or chemo-

therapy [3]. The initial stage of the infection starts by increasing the viral replication highly up

to six weeks. Next stage is actually asymptomatic stage and has highly immune response and

continue for several years. If the patients are not treated in this stage, the virus might convert

to AIDS disease. However, the HIV virus attacks the CD4+ T-cells because these cells have pro-

tein on their surface whose ability to bind to foreign substances such viruses. Thus, the CD4+

T-cell (T) is converted to DNA once it is effected by the virus. Then, the virus multiplies inside

the cells rapidly. The thymus is triggered to produce more CD4+ T-cells and then more viruses.

Consequently, the CD4+ T lymphocytes are destructed, the immune system loss its power and

the helper of the cells that help to build a robust immune response is damaged [4].

The most common treatment for AIDS is the combined antiretroviral therapy (cART)

which improve the immune reconstitution. It is used as pre-exposure or post-exposure pro-

phylaxis and as vaccine to prevent the transmission. The cART makes the HIV infection as

chronic disease and under control clinically. Even though, the cART alone can not end the
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epidemic because the virus transmission is increase rapidly when the individual stops using it

due to rebound from viral reservoirs during cART usage [5]. However, some researches indi-

cate that the infected individuals are able to control the disease progresses by effective HIV-

specific CD8+ T cells and without using the cART. There is CD8+ T cell-mediated mechanism

of durable HIV control. Thus, the CD8+ T cells are able to limit the transmission of viruses.

The other treatment is stem cell but it does not used widely yet because of its cost and limita-

tion of suitable donors [6].

Therefore, the mathematical model is one of the initial study to predict the results of avail-

able treatments before starting clinical experiments [7]. The HIV infection has been described

by mathematical model [8] including three components in individuals’ blood: (i) concentra-

tion of unaffected CD4+ T-cells, (ii) concentration of affected CD4+ T-cells and (iii) concentra-

tion of virus [9, 10]. Some researchers studied the treatment of HIV infection by stem cell [11]

or by investigating the effect of the CD8+ T cells on the HIV-1 virus [12].

However, the novelty on this paper is investigating the effect of both CD8+ T cells as well as

stem cell transplants on HIV-1 virus by study the dynamic of the numerical solutions. The

associated HIV-1 model is investigated computationally and numerically with the aid of frac-

tional derivative equations of order α, where 0< α< 1, is a memory index order of fractional

differential equations (FDE). It is a promising approach due its ability for describing memory

phenomena [13]. Types of FDE involving Riemann-Liouville sequential fractional derivative,

Caputo’s definition [14].

This paper is organized as follow: in section (2), the fractional mathematical model of HIV

infection account to CD8+ T cells, cART and stem cells (SCs), in section (3), the numerical

simulation of the considered model using Caputo’s definition of fractional derivative of order

α, section (4), is summarized the results.

The HIV model equations

Ordinary derivative case

The HIV model provides a good example for understanding the dynamics of in-vivo interac-

tion of HIV and the immune system cells. The HIV model in reference [15] is modified by

Table 1. The definition of the variables in system (4).

variable meaning

KT rate of infection T-cells

λT rate of producing T-cell in bone marrow and thymus

λZ rate of producing Z-cell

μT rate of decaying for susceptible T
rT rate of T mitosis

μS natural death rate of S
μI natural death rate of I
μV the death rate of V
μZ the death rate of Z
mZA

rate of decaying for ZA
γ rate of eliminating the I cells by ZA
N the number of virus particle produced by each I-cell

β rate of activation of Z due to the attendance I-cells.

A Amplification factor

B Amplification factor

https://doi.org/10.1371/journal.pone.0265627.t001
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adding the effect of stem cell therapy. Therefore, the modified model is constructed into six

components. These variables are: S(t) is the concentration of SCs. The healthy (uninfected)

and the infected CD4+ T cells are denoted by T(t), I(t), respectively. V(t) is the concentration

of HIV virus. Z(t) is the immune system cells (CD8+ T cells). Za(t) is the activated immune sys-

tem cells. The interaction variables and parameters are summarized in Table 1. In addition,

SCs are divided by the rate k. The probability of the type of SCs’ division are: (i) division

into two undifferentiated cells at rate αs, (ii) division into undifferentiated cell and differenti-

ated cell at rate αD and (iii) division into two differentiated cells at rate αT such that αA + αs +

αD = 1 [13, 16]. Since the system in fractional calculus is more accurate, we will consider the

fractional system where all the parameters are depended on α [17–19]. The fractional mathe-

matical nonlinear HIV model is given by,

daSðtÞ
dta

¼ ðkaðaas � a
a
DÞ � m

a
SÞSðtÞ ¼ F1ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ

daTðtÞ
dta

¼ l
a

T þ ð2a
a
D þ a

a
AÞk

aAaSðtÞ � maTTðtÞ � Ka
TTðtÞVðtÞ

¼ F2ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ
daIðtÞ
dta

¼ Ka
TTðtÞVðtÞ � m

a
I IðtÞ � g

aIðtÞZAðtÞ ¼ F3ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ

daVðtÞ
dta

¼ NmaI IðtÞ � m
a
VVðtÞ ¼ F4ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ

daZðtÞ
dta

¼ l
a

Z þ ð2a
a
D þ a

a
AÞk

aBaSðtÞ � maZZðtÞ � b
aZðtÞIðtÞ

¼ F5ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ
daZAðtÞ
dta

¼ b
aZðtÞIðtÞ � maZAZAðtÞ ¼ F6ðt; SðtÞ;TðtÞ; IðtÞ;VðtÞ;ZðtÞ;ZaðtÞÞ:

ð1Þ

The theoretical study for the model is similar to the model in reference [15]. The importance

of our study is finding the solutions for the modified system with connecting the study with

the biological respective. The basic reproduction number is R0 ¼ ðNKa
Tl

a

TÞ=ðm
a
Tm

a
VÞ which

indicates to the secondary infection by single virus in T–cell and it measures the virus spread

in patient body. Therefore, the free virus equilibrium point is local stable if R0 < 1, and is

unstable if R0� 1. However, if R0 > 1 indicates the large disease epidemic. Consequently, it is

important to let 0< R0 < 1 to control virus spread.

Fractional derivative approach

In this approach, we adopt the Caputo’s nth order fractional derivative [20],

da

dra
f ðnÞðtÞ ¼

1

Gðn � aÞ

Z t

0

1

ðt � t0Þð1� nþaÞ
f ðnÞðt0Þ dt0; n ¼ 1; 2; . . . : ð2Þ

where Γ(x) is the Gamma function.

The 1st order derivative Q0ðtÞ ¼ fS0ðtÞ;T 0ðtÞ; I0ðtÞ;V 0ðtÞ;Z0ðtÞ;Z0aðtÞg term in Eq (1)

becomes,

Q0ðtÞ !
1

Gð1 � aÞ

Z t

0

1

ðt � t0ÞðaÞ
Q0ðt0Þ dt0; ð3Þ

so, within the Caputo’s fractional derivatives approach, the original ODE, Eq (1), with the use
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of Eq (3), transforms to integro-differential equation,

daQðtÞ
dta

¼
1

Gð1 � aÞ

Z t

0

1

ðt � t0Þa
Q0ðt0Þdt0 ¼ F; ð4Þ

where, F = Fi(t, S(t), T(t), I(t), V(t), Z(t), Za(t)), i = 1, 2, 3, 4, 5, 6. The equation of stem cell is

only in S(t), thus, we able to find the exact solution for the stem cell function.

Numerical simulation and discussion

In literature, there are many powerful methods to solve the ODE numerically such as Adomian

decomposition method [21, 22], Multistage differential transformation method [23, 24], the

modified G0/G2 expansion method [25, 26], Tanh-expansion method [27], exponential time

differencing method [28, 29], the generalized auxiliary equation Method [30], the 4th order

Runge Kutta (RK4) method [31] or novel analytical methods [32]. Most of these methods are

modified to work for fractional equations. In this paper, we will use the numerical technique

of the Euler’s method to solve Eq (4) with the same ICs. as in Table 1 [33]. The system of

Eq (4) subjects to the following initial conditions

Sð0Þ ¼ So; Tð0Þ ¼ To; Tið0Þ ¼ Io; Vð0Þ ¼ Vo: Zð0Þ ¼ Zo; ;Zað0Þ ¼ Zao

The iterative numerical scheme can be described as follows,

(i). The initial values t(0) = to = 0, S(0) = 18, T(0) = 1000, I(0) = 10, V(0) = 1, Z(0) = 500 and

Zao
ð0Þ ¼ 0 and the interaction parameters are set (see Table 2).

(ii). The integro-diferential equations are obtained from the transformation of Caputo’s

Eq (4) over the interval t(days) 2 [0, a].

(iii). S(tj), T(tj), I(tj), V(tj) Z(tj) and Za(tj) are generated with fractional Euler’s method

approximation scheme,

QðtjÞ ¼ Qðtj� 1Þ þ d
ha

Gðaþ 1Þ
Fiðtj� 1Þ; ð5Þ

where, 0� j� n, tj = to + jh and h = (a − to)/η is the step size, η is the iteration number.

Table 2. The value of the parameters based on a realistic analysis [34].

Parameter Value Parameter Value

λT 0.17 cells/ul.day rT 3

λZ 20 cell/mm3/day αS 0.24/day

μT 0.01 day−1 KT 0.03/day

μI 0.5 day−1 N 100 vir. cell−1 day−1

μV 3 day−1 μS 0.17 cells/ul.day

μZ 0.06 day−1 γ 0.02 day−1

mZA
0.004 day−1 β 0.004 day−1

To 100 cells/ul Zo 500

Io 10 cells/ul ZAo
0

Vo 1 virus/ul S0 18 cells/ul

So 18 αD 0.16/day

μS 0.03/day A 0.5

αA 0.6 cells/ul.day B 0.25

https://doi.org/10.1371/journal.pone.0265627.t002
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(iv). A set of points, (tj, Q(tj)), is produced for different values of α.

(v). According to (iv), Figs 1–4 are obtained.

The plots of the six components Q(t) = {S(t), T(t), I(t), V(t), Z(t), Za(t)} against t (days) for

different values of FDE order (α) are displayed. The numerical solutions of the system predict

the dynamic of the model components as follows:

Fig 1. Number of the concentration of stem cells, S(t), against days (t) for different values of α.

https://doi.org/10.1371/journal.pone.0265627.g001
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• In Fig 1, the number of the stem cells in the blood decreases dramatically. Clinically speak-

ing, stem cells enhance the growth of healthy cells and differentiation. Therefore, the trans-

planted stem cell differentiate into body cells or another stem cells.

• In Fig 2, the concentration of uninfected CD4+ T-cells, T(t) increase due to the effect of stem

cells which generate healthy body cells.

• In Fig 3, the concentration of infected CD4+ T-cells, T(t) decrease due to the effect the

treatments

Fig 2. Same as Fig 1 but for the number of concentration of uninfected CD4+ T-cells, T(t).

https://doi.org/10.1371/journal.pone.0265627.g002
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• In Fig 4, the HIV virus decrease rapidly specially for the case of smaller α, this is due to the

effect of immune system cells and the treatments.

• In Fig 5, huge number of CD8+ T cells are produced due to the present of virus, then the con-

centration of CD8+ T cells decrease after the virus and infected cell fade away in the body.

• In Fig 6, activated CD8+ T cells increase highly on the beginning of infection to attack the

virus and infected cell, after that the concentration of Za return to normal level.

Fig 3. Same as Fig 1 but for the number of concentration of infected CD4+ T-cells, I(t).

https://doi.org/10.1371/journal.pone.0265627.g003
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• The small order of fractional derivative (α) indicates more effect on components of the

system.

The novelty of this study, that the numerical solutions predict that the cure of HIV-1 infec-

tion might be reach by control the disease progresses by effective HIV-specific CD8+ T cells

combining with the stem cell therapy. In literature, there are two medical cases showed the

cure of HIV infection. First one is the Berlin Patient who got cure after stem cell transplant

from a homozygous donor. Second case is the London patient who got stem-cell

Fig 4. Same as Fig 1 but for the number of HIV virus in the blood, V(t).

https://doi.org/10.1371/journal.pone.0265627.g004
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transplantation [35]. However, we realized from our previous numerical study [13] for the

fractional mathematical model of HIV-1 with only stem cell treatment that the treatment with

only stem cell therapy might increase the quality of patient’s life for short time, but does not

reach the cure. This result is agree with two medical cases in references [5, 11].

Conclusion

In this study, we suggested a new model of interaction of an in-vivo HIV in the presence of

CD8+ T cells and stem cells. The studied mathematical model predicts that after the stem cell

Fig 5. Same as Fig 1 but for the number of immune system cells (CD8+ T cells), Z(t).

https://doi.org/10.1371/journal.pone.0265627.g005
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transplants and control the disease progresses by effective HIV-specific CD8+ T cells the

patient might can be cured. The numerical solutions showed the increasing of the T- cells,

decreasing V and I cells and enhancing the Z and Za cells. In general the numerical solutions

are consistent with the medical cases in literature which showed the cure of HIV infection in

two patients while two case studies showed that the stem cell therapy alone can only improve

the quality life of patients for short period [5, 11].

Finally, we use the definition of the fractional derivatives which is more convenient by

using Caputo’s definition. It might be useful as well by adopting Riemann-Liouville definition.

Fig 6. Same as Fig 1 but for the number of activated immune system cells, Za(t).

https://doi.org/10.1371/journal.pone.0265627.g006
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This will be presented as a future work. In addition, we aim to study in the future the effect of

diffusion of virus on the blood where the system of ordinary differential equations will transfer

to a system of partial differential equations.
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