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Introduction: Fractional nonlinear models have been widely used in the research of nonlinear science. A
fractional nonlinear Schrödinger equation with distributed coefficients is considered to describe the
propagation of pi-second pulses in inhomogeneous fiber systems. However, soliton molecules based on
the fractional nonlinear Schrödinger equation are hardly reported although many fractional soliton struc-
tures have been studied.
Objectives: This paper discusses the propagation and interaction between special fractional soliton and
soliton molecules based on analytical solutions of a fractional nonlinear Schrödinger equation.
Methods: Two analytical methods, including the variable-coefficient fractional mapping method and
Hirota method with the modified Riemann–Liouville fractional derivative rule, are used to obtain analyt-
ical non-travelling wave solutions and multi-soliton approximate solutions.
Results: Analytical non-travelling wave solutions and multi-soliton approximate solutions are derived.
The form conditions of soliton molecules are given, and the dynamical characteristics and interactions
between special fractional solitons, multi-solitons and soliton molecules are discussed in the periodic
inhomogeneous fiber and the exponential dispersion decreasing fiber.
Conclusion: Analytical chirp-free and chirped non-traveling wave solutions and multi-soliton approxi-
mate solutions including soliton molecules are obtained. Based on these solutions, dynamical character-
istics and interactions between special fractional solitons, multi-solitons and soliton molecules are
discussed. These theoretical studies are of great help to understand the propagation of optical pulses
in fibers.
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Introduction

A soliton is known as a self-reinforcing wave packet that keeps
its shape and propagating velocity. Soliton exhibits its rich struc-
tures including optical soliton [1], plane soliton [2], soliton mole-
cules [3], rogue waves [4], etc., and helps develop some
breakthrough branches of physical sciences [5-7] such as optics,
condense physics, fluid and plasma [8-11].

Soliton molecules mean robust multi-soliton bound states [12],
and their dynamics have become hot topics in several contexts,
including optical systems [13,14] and Bose–Einstein condensates
[15]. The formation of optical soliton molecules originates from
the existence of attractors of a nonlinear dynamical system. Once
formed, soliton molecules will stably travel around a mode-
locked laser cavity [14]. For a soliton molecule, temporal separa-
tions among solitons are the most relevant degrees of freedom
[13]. The real-time internal dynamics of two-soliton and three-
soliton molecules were experimentally studied [14,16]. Optical
soliton molecular complexes have been experimentally observed
in a passively mode-locked fiber laser [17]. The breathing soliton
molecules were also experimentally found in a mode-locked fiber
laser [18].

These studies above focused on experimental observations [12-
18]. However, theoretical investigation on soliton molecules was
less carried out. Until fairly recently, the formation mechanism of
soliton molecules was theoretically proposed [3,19-21]. Soliton
molecules based on fractional nonlinear models(FNMs) are hardly
reported although many fractional soliton structures have been
studied [22,23].

In recent years, FNMs have been widely used in the research of
nonlinear science [24-26]. At the same time, FNMs with distributed
coefficients have certain representative significance. Many phe-
nomena can be described successfully by using FNMs such as
plasma, nonlinear optics and chaotic oscillations [24]. Many
researchers have already succeeded in the study of fractional mod-
els [27,29]. Effective methods for solving fractional nonlinear
Schrödinger (FNLS) equation have been achieved [30], such as
the fractional F-expansion method [28], fractional Riccati method
[26] and fractional bi-function method [31]. At the same time,
some numerical methods have also been successfully used to solve
the fractional nonlinear Schrodinger equation [32], and numerical
solutions were derived by using Riesz-Feller Derivative and non-
standard discretization [33,34]. These numerical methods have
been validated by the researchers [35].

The novelty of this paper lies in presenting a new strategy to get
analytical fractional non-travelling wave solution and multi-
soliton solutions of a FNLS equation by altogether utilizing frac-
tional mapping method and Hirota method with the modified Rie-
mann–Liouville(RL) fractional derivative rule. Another novelty is to
study the dynamics of special fractional soliton and soliton mole-
cules, and discuss the formation mechanism of soliton molecules.
The stability of the special fractional soliton and soliton molecule
is analyzed through a series of numerical studies. These conclu-
sions possess theoretical guidance for the related experimental
study in all-optical switches, optical amplifier and mode-locked
lasers.
Material and methods

To our knowledge, most practical nonlinear physical models
have distributed coefficients. For example, modern communication
systems use variable dispersion fiber. The NLS equation with dis-
tributed coefficients can describe the propagation of pi-second
pulses in inhomogeneous fiber systems [38,39]. Recently, many
scholars believe that the evolution of the development function
64
can be well described by FNMs. When describing practical prob-
lems, compared with the integer model, FNMs are more satisfac-
tory [36]. The FNLS equation with distributed coefficients was
introduced as [37]

iDk
xQ þ 1

2
aðxÞD2l

t Q þ bðxÞQ Qj j2 � iqðxÞQ ¼ 0;0 < k;l 6 1; x

> 0; ð1Þ
where the complex envelope Q ¼ Qðx; tÞand its derivatives

Dk
xQ ¼ @kQ=@xk;D2l

t Q ¼ @2lQ=@t2l

with the fractional orders kand l, the delay time t and longitu-
dinal propagation distance x. FunctionsbðxÞandaðxÞare coefficients
of the Kerr nonlinearity and dispersion, and function qðxÞis adia-
batic amplification (loss) for qðxÞ < 0 or gain for qðxÞ > 0. If
k ¼ l ¼ 1, Eq. (1) is the variable-coefficient NLS equation [38].
When functionsbðxÞandaðxÞare constant and qðxÞ ¼ 0, Eq. (1)
describe solitons in the homogeneous fiber [39]. Here the modified
RL fractional derivative is defined as [40]

Dk
xf ðxÞ ¼

1
Cð�kÞ

Rx
0
ðx� wÞ�k�1½f ðwÞ � f ð0Þ�dwk < 0

1
Cð1�kÞ

d
dx

Rx
0
ðx� wÞ�k½f ðwÞ � f ð0Þ�dw0 < k < 1

½f ðk�aÞðxÞ�ðaÞ a P 1; a 6 k < aþ 1

8>>>>>><
>>>>>>:

ð2Þ

they has the following properties [41,42]

Dk
xx

c ¼ Cðcþ1Þ
Cðcþ1�kÞ x

c�k; c > 0;

Dk
xðcaðxÞÞ ¼ cDk

xaðxÞ;with c ¼ const;

Dk
xðaðxÞbðxÞÞ ¼ rxfaðxÞDk

xbðxÞ þ bðxÞDk
xaðxÞg;

Dk
xa½bðxÞ� ¼ rxa0b½bðxÞ�Dk

xbðxÞ;

Dk
xa½bðxÞ� ¼ rxD

k
ba½bðxÞ�ðb0

xÞk;

ð3Þ

with the following inequality [42]

Dk
xaðxÞ ffi Cðkþ 1ÞDxaðxÞ ð4Þ
In Eq. (3), the fractal index rx is usually calculated from a

gamma function. Abdel-Salam et al. found that for the Mittag-
Leffler function as VkðxÞ ¼

P1
l¼0x

l=Cð1þ lkÞ; k > 0, the value of the
fractal index is equal to one [42].

Analytical non-travelling wave solutions of FNLS equation (1)

We suppose that Eq.(1) has the form of the following solution

Q ¼ qVkði/kÞ;/ ¼ kðxÞt2 þmðxÞt þ nðxÞ; ð5Þ
where the amplitude q ¼ qðx; tÞ, chirped phasekðxÞ;linear phasemðxÞ
and phase shift nðxÞ are functions of � , making k ¼ l, separating
the imaginary and real parts, thus

aðxÞkqVkði/kÞ þ aðxÞð2kt þmÞkVkði/kÞDk
t q� qðxÞqV kði/kÞ

þ Vkði/kÞDk
xq

¼ 0; ð6Þ

�ðkxt2 þmxt þ nxÞkqVkði/kÞ � 1
2aðxÞð2kt þmÞ2kqVkði/kÞ þ 1

2aðxÞD2k
t qVkði/kÞ

þbðxÞq3Vkði/kÞVkð�i/kÞVkði/kÞ ¼ 0
ð7Þ

We suppose that Eqs. (6) and (7) have following solution

qðx; tÞ ¼ g0 þ
Xl

e¼1

½geY
eðwÞ þ f eY

�eðwÞ�; ð8Þ
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where g0 ¼ g0ðxÞ; ge ¼ geðxÞ; f e ¼ f eðxÞ; ðe ¼ 1; :::; lÞare functions
of � , w ¼ wðx; tÞis a function of � and t,w ¼ rðxÞt þ sðxÞwith group
velocity sðxÞand pulse width rðxÞare functions of � , by the leading
term analysis in Eq. (7) can get l ¼ 1. Here YðwÞsatisfies the frac-
tional mapping equation [28]

Dk
WY ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 þ a2Y

2 þ a4Y
4

q
; ð9Þ

with arbitrary constants a0; a2; a4. Eq. (9) has different forms of solu-
tions listed in Table 1.

In table 1, the extended hyperbolic and trigonometric functions
satisfy the following definitions

sinhðw; kÞ ¼ 1
2ðVkðwkÞ � Vkð�wkÞÞ; coshðw; kÞ ¼ 1

2ðVkðwkÞ þ Vkð�wkÞÞ;
cosðw; kÞ ¼ 1

2ðVkðiwkÞ þ Vkð�iwkÞÞ; sinðw; kÞ ¼ 1
2iðVkðiwkÞ � Vkð�iwkÞÞ;

tanhðw; kÞ ¼ sinhðw;kÞ
coshðw;kÞ ; sechðw; kÞ ¼ 1

coshðw;kÞ ; tanðw; kÞ ¼ sinðw;kÞ
cosðw;kÞ ; secðw; kÞ ¼ 1

cosðw;kÞ :

ð10Þ
Substituting ansatz (8) with l ¼ 1and (9) into Eqs. (6) and (7),

considering the approximation of the generalized binomial theo-
rem, and making the coefficients of

tcYdðc ¼ 0;1;2; d ¼ 0;1;2;3Þand
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a0 þ a2Y

2 þ a4Y
4

q
zero get

giðak2k þ 2ðkxÞkÞ ¼ 0; gið4amkkk þ 2ðmxÞkÞ ¼ 0;
2ar2a4g2 þ 2Mg3

2b ¼ 0;6Mg1g
2
j ¼ 0;

gjam2k � gjar2a2 � 6Mg2
1gjb� 6Mg2

2g3bþ 2gjn
k
x ¼ 0;

2Mg3
1bþ 12Mg1g2g3 � g1am2k � 2g1ðnxÞk ¼ 0;

gjðarkk þ Dk
xrÞ ¼ 0;2Dk

xgi � 2qgi þ akgi ¼ 0;

2ar2a0g3 þ 2Mg3
3b ¼ 0; gjðarmk þ Dk

xsÞ ¼ 0:

ð11Þ

where M ¼ V kð�i/kÞVkði/kÞ with ði ¼ 1;2;3; j ¼ 2;3Þ.
Solving Eqs. (11), using Eqs. (5) and (8) with solutions in Table 1,

we can get several families of solutions of Eq. (1). Due to the limit
of length, we only list part of solutions.

Family 1. when a0 ¼ 1;a2 ¼ �2; a4 ¼ 1;

(I) Fractional chirp-free dark soliton solution

Q11 ¼ C3Vk ½
Z x

0
qðnÞðdnÞk�tanhðw; kÞVkfi½C1t þ

Z x

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ð�2C2

2 � C2k
1 ÞaðnÞk

r
dnþ C5 �

k

g; ð12Þ

where

w ¼ C2t � C1
kC2C

�1ðkÞ R x
0 ðx� nÞk�1aðnÞdnþ C4; b ¼ � aC2

2fVk ½
R x

0
qðnÞðdnÞk �g

�2

MC2
3

:qðxÞa-
ndaðxÞare functions of xand C1~C5 are arbitrary constants.

(II) Fractional chirp-free combined soliton solution

Q12 ¼ C3Vk½
Z x

0
qðnÞðdnÞk�½tanhðw; kÞ

� cothðw; kÞ�Vkfi½C1t þ nðxÞ�kg; ð13Þ
Table 1
Some solutions of Eq. (9).

Case a0 a2 a4

1 1 �2 1
2 0 1 �1
3 1/4 �1/2 1/4

4 0 1 1
5 1 1 0
6 �1 1 0
7 1 �1 0
8 0 �1 1
9 1 2 1
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where

w ¼ C2t � C1
kC2C

�1ðkÞ R x
0 ðx� nÞk�1aðnÞdnþ C4;b ¼ � aC2

2fVk ½
R x

0
qðnÞðdnÞk �g

�2

MC2
3

;

n ¼ R x
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½12 ð�2C2

2 � C2k
1 Þ � 3C2

2�aðnÞk

q
dnþ C5;

qðxÞ and aðxÞare functions of xand C1~C5 are arbitrary constants.

(III) Fractional chirped dark soliton solution

Q13 ¼ C3Vkf
Z x

0
½qðnÞ

þ ðknÞkðnÞ
2k2k�1ðnÞ

�ðdnÞkgtanhðw; kÞVkði½kt2 þ C1kt þ n�kÞ; ð14Þ

where

a ¼ � kxð Þk
2k2k

;w ¼ C2V k½
R x
0

knð Þk ðnÞ
kk ðnÞ ðdnÞk�t þ C1

kC�1ðkÞ R x
0 ðx� nÞk�1 knð Þk ðnÞ

2kk ðnÞ rðnÞdnþ C4;

b ¼ �
aC2

2 Vk ½
R x

0

ðkn Þk ðnÞ
kk ðnÞ

dnð Þk �
n o2

MC2
3 Vk ½

R x

0
ðqðnÞþ ðkn Þk ðnÞ

2k2k�1 ðnÞ
Þ dnð Þk �

n o2 ;n ¼ R x
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 ð�2r2 � C2k

1 k2kÞaðnÞk

q
dnþ C5:

qðxÞ and kðxÞare functions of xand C1~C5 are arbitrary constants.

(IV) Fractional chirped combined soliton solution

Q14 ¼ C3Vk

Z x

0
qðnÞ þ ðknÞkðnÞ

2k2k�1ðnÞ

" #
dnð Þk

( )
tanh w; kð Þ � coth w; kð Þf gVk i kt2 þ C1kt þ n

� �k� �
ð15Þ

where
a ¼ � ðkx Þk

2k2k
;w ¼ C2Vk

R x
0

ðkn Þk ðnÞ
kk ðnÞ dnð Þk

h i
t þ C1

kC�1ðkÞ R x
0 ðx� nÞk�1 ðkn Þk ðnÞ

2kk ðnÞ rðnÞdnþ C4 ;

n ¼ R x
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 ð�2r2 � C2k

1 k2kÞ � 3r2
h i

aðnÞk

r
dnþ C5; b ¼ �

aC2
2 Vk

R x

0

ðkn Þk ðnÞ
kk ðnÞ

ðdnÞk
h in o2

MC2
3 Vk

R x

0
ðqðnÞþ ðkn Þk ðnÞ

2k2k�1 ðnÞ
ÞðdnÞk

h in o2 :

qðxÞ and kðxÞ are functions of xand C1~C5 are arbitrary constants.

Family 2. when a0 ¼ 0;a2 ¼ 1; a4 ¼ �1;

(I) Fractional chirp-free bright soliton solution

Q21 ¼ C3Vk½
Z x

0
qðnÞðdnÞk�sechðw; kÞVkfi½C1t þ

Z x

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ðC2

2 � C2k
1 ÞaðnÞk

r
dnþ C5�

k

g;
ð16Þ

where

w ¼ C2t � C1
kC2C

�1ðkÞ R x
0 ðx� nÞk�1aðnÞdnþ C4;b ¼ aC2

2fVk ½
R x

0
qðnÞðdnÞk �g

�2

MC2
3

:

(II) Fractional chirped bright soliton solution

Q22 ¼ C3Vkf
Z x

0
½qðnÞ

þ ðknÞkðnÞ
2k2k�1ðnÞ

�ðdnÞkgsechðw; kÞVkði½kt2 þ C1kt þ n�kÞ; ð17Þ

where
Y

Y ¼ tanhðw; kÞ
Y ¼ sechðw; kÞ
Y ¼ tanhðw;kÞ

1�sechðw;kÞ ;Y ¼ cothðw; kÞ þ cschðw; kÞ;Y ¼ tanhðw; kÞ þ isechðw; kÞ
Y ¼ cschðw; kÞ
Y ¼ sinhðw; kÞ
Y ¼ coshðw; kÞ
Y ¼ sinðw; kÞ;Y ¼ cosðw; kÞ
Y ¼ cscðw; kÞ;Y ¼ secðw; kÞ
Y ¼ cotðw; kÞ;Y ¼ tanðw; kÞ
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a ¼ � ðkxÞk
2k2k

;w ¼ C2V k

R x
0

ðkn Þk ðnÞ
kkðnÞ ðdnÞk

h i
t þ C1

kC�1ðkÞ R x
0 ðx� nÞk�1 ðkn Þk ðnÞ

2kk ðnÞ rðnÞdnþ C4;

b ¼
aC2

2 Vk

R x

0

ðkn Þk ðnÞ
kk ðnÞ

ðdnÞk
h in o2

MC2
3 Vk

R x

0
ðqðnÞþ ðkn Þk ðnÞ

2k2k�1 ðnÞ
ðdnÞk

h in o2 ;n ¼ R x
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2 ðr2 � C2k

1 k2kÞaðnÞk

q
dnþ C5:
Multi-soliton approximate solutions of FNLS equation (1)

In order to study the dynamics of multi-soliton solutions, we
use the inequality (4) in Eq.(1), thus Eq.(1) is converted into

iCðkþ 1ÞDxQ þ 1
2
aðxÞCðkþ 1Þ2DttQ þ bðxÞQ Qj j2 � iqðxÞQ

¼ 0; x > 0;0 < k 6 1: ð18Þ
Because the approximate expression (4) is used here, thus we

call these solutions derived in the following as approximate solu-
tions. Similar to the solving procedure in Section 3, we can also
derive fractional bright and dark soliton approximate solution with
and without chirped phase by using the fractional mapping
method. For the limit of length, we do not list them.

Using the Hirota method, we can get a chirp-free bright soliton
approximate solution like that derived from the fractional mapping
method. However, we can not get chirped bright soliton approxi-
mate solution.

Next, we will get chirp-free multi-soliton approximate solution.

From the Hirota method [43], we assume that Q ¼ e
1

Cðkþ1ÞR
qðxÞdxhðx; tÞ=f ðx; tÞ;where hðx; tÞis complex function, and f ðx; tÞis

real function. We get the bilinear equation of Eq. (18) as follows

2iDxh 	 f þ Cðkþ 1Þ2aðxÞD2
t h 	 f ¼ 0; ð19Þ

2bðxÞe 2
Cðkþ1Þ

R
qðxÞdxh 	 h
 � Cðkþ 1Þ2aðxÞD2

t f 	 f ¼ 0; ð20Þ
where * denotes the complex conjugate, Dx and Dt are Hirota
bilinear operator. In order to solve Eqs. (19), (20), we can write
hðx; tÞ and f ðx; tÞ as power series expansions [43,44]

hðx; tÞ ¼ eh1ðx; tÞ þ e3h3ðx; tÞ þ e5h5ðx; tÞ þ 	 	 	 ;
f ðx; tÞ ¼ 1þ e2f 2ðx; tÞ þ e4f 4ðx; tÞ þ e6f 6ðx; tÞ þ 	 	 	 : ð21Þ
Two soliton solutions via the Hirota method

In order to get the two soliton solution, we suppose that Eq. (18)
has a solution as

hðx; tÞ ¼ h1ðx; tÞ þ h3ðx; tÞ;
f ðx; tÞ ¼ 1þ f 2ðx; tÞ þ f 4ðx; tÞ;

ð22Þ

where

h1ðx; tÞ ¼ eh1 þ eh2 ; ð23Þ
withhj ¼ ajðxÞ þ sjt þ kj ¼ aj1ðxÞ þ iaj2ðxÞ þ ðsj1 þ isj2Þt þ kj1 þ ikj2:
Heresj1;sj2;kj1 andkj2are real numbers related to the group velocity,
phase velocity, soliton position and phase of the j-th soliton respec-
tively, aj1ðxÞand aj2ðxÞare pending functions. Substituting h1ðx; tÞinto
Eq. (19), collect the coefficient of e, we get aj1ðxÞandaj2ðxÞ:

Substituting h1ðx; tÞinto Eq. (19), collect the coefficient of e2, we
get

f 2 ¼ G1eh1þh1
 þ G2eh2þh1
 þ G3eh1þh2
 þ G4eh2þh2
 ð24Þ
where G1 ¼ A1; G2 ¼ A4, G3 ¼ A2, G4 ¼ A5, Kis an arbitrary constant.

Substituting h1ðx; tÞand f 2ðx; tÞinto Eq.(19), collect the coeffi-
cient of e3 , we get

h3 ¼ G5eh1þh2þh
1 þ G6eh1þh2þh
2 ð25Þ
66
where G5 ¼ B1;G6 ¼ B2

Substituting h1ðx; tÞ,f 2ðx; tÞand h3ðx; tÞ into Eq.(20), collect the
coefficient of e4, we get

f 4 ¼ G7eh1þh2þh
1þh
2 ; ð26Þ
where G7 ¼ M1

We assume that e ¼ 1; we get the two soliton solution

Q ¼ hðx; tÞ
f ðx; tÞ ¼

h1ðx; tÞ þ h3ðx; tÞ
1þ f 2ðx; tÞ þ f 4ðx; tÞ

; ð27Þ

where h1ðx; tÞ, h3ðx; tÞ, f 2ðx; tÞand f 4ðx; tÞ are given in Eqs.(23), (24)-
(26). We list coefficients A1;A2;A4;A5;B1; B2;M1of Eq.(27) in Appen-
dix A.

Three soliton solutions via the Hirota method

In order to get the three soliton solution, we assume that
Eq. (18) has a solution as [43]

hðx; tÞ ¼ h1ðx; tÞ þ h3ðx; tÞ þ h5ðx; tÞ;
f ðx; tÞ ¼ 1þ f 2ðx; tÞ þ f 4ðx; tÞ þ f 6ðx; tÞ;

ð28Þ

using the similar steps in Section 4.1, we can define e ¼ 1, we
can get the three soliton solution of Eq. (18)

Q ¼ hðx; tÞ
f ðx; tÞ ¼

h1ðx; tÞ þ h3ðx; tÞ þ h5ðx; tÞ
1þ f 2ðx; tÞ þ f 4ðx; tÞ þ f 6ðx; tÞ

e
1

Cðkþ1Þ
R
qðxÞdx

; ð29Þ

where parameters h1ðx; tÞ;h3ðx; tÞ;h5ðx; tÞ; f 2ðx; tÞ; f 4ðx; tÞ; f 6ðx; tÞare
listed in Appendix A.
Results & discussion

Based on analytical solutions (12)-(17) (27) and (29), some spe-
cial fractional soliton, multi-soliton and soliton molecules can be
constructed. When the order of the fractional soliton equals one,
the fractional soliton becomes a traditional integer soliton, espe-
cially two soliton and three soliton solutions are similar to those
solutions in Refs. [40,41].

In order to facilitate the study of the dynamic characteristics of
the soliton, we select the exponential distributed control system
[45]

aðxÞ ¼ a0expð�rxÞðY0 þ Y1sinðdxÞÞ; ð30Þ
where parameters a0 > 0;r andY1describe the group velocity dis-
persion. Particularly, if Y1 ¼ 0, system (30) depicts the exponen-
tially dispersion decreasing fiber [46]. If r ¼ 0, system (30)
depicts the periodic inhomogeneous fiber [47].

Special fractional soliton

The evolution of fractional chirp-free bright-type soliton solu-
tion (16) with different values of fractional orders versus � and t
is shown in the periodic inhomogeneous fiber system in Figs. 1
and 2.The amplitude and the velocity of the bright soliton depend

on C3Vk½
R x
0 qðnÞðdnÞ

k� and Ck
1aðxÞrespectively, the phase shift is

determined byðC2
2 � C2k

1 ÞaðnÞ=2, and the time shift is related

toCk
1

R x
0 ðx� nÞk�1aðnÞdn. We find that the dynamic characteristics

of soliton are affected by different values of the fractional orderk.
When the value of fractional orderkis closer to 1, solution (16)
describes the classic bright soliton in Fig. 1(a), where the ampli-
tude gradually decreases due to qðxÞ < 0. Whenk ¼ 0:5, the ampli-
tude of the soliton decreases rapidly and then tends to be fixed
magnitude in Fig. 1(b). By comparing Fig. 2(a) with Fig. 2(b), we
can find that the position of the soliton on the t-axis changes,
which means that the soliton has a phase shift. When the value



Fig. 1. Chirp-free bright soliton (16) with the intensity Qj j2. Parameters are C1 ¼ 0:8;C2 ¼ C3 ¼ 1:5; C4 ¼ C5 ¼ 0;aðxÞ ¼ expð�0:05xÞsinðxÞ;qðxÞ ¼ �0:025with (a) k ¼ 1and (b)
k ¼ 0:5

Fig. 2. Density map of chirp-free bright soliton Q21j j2. Parameters are same as Fig. 1.

Fig. 3. The dynamical interaction of the two-soliton solution: (a) density plot, (b) intensity plot and (c) numerical rerun with 5% white random noise. Parameters
ares11 ¼ s21 ¼ 1; s12 ¼ 0:3;s22 ¼ 0:1; k11 ¼ �5;k12 ¼ 2; k21 ¼ 3; k22 ¼ �2; k ¼ 0:5;P ¼ 2;qðxÞ ¼ 0;aðxÞ ¼ 0:8expð�0:01xÞ:
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of fractional order kis closer to 0.5, the periodicity of the soliton is
significantly weakened. It can be clearly seen that the propagation
speed of the soliton along the fiber has changed due to the pres-
ence of the parameter C1. This shows that the soliton keeps its -
sech-function shape even if the velocity is changed. This is an
important property of solitons.
67
Multi-soliton and soliton molecules

The interaction of the two-soliton solution (27) in the exponen-
tial system is shown in Fig. 3. The two solitons continue to move
after elastic collision, and their shape remain unchanged. By
changing the parameters of phase velocity s12ands22, we can con-



Fig. 4. A soliton molecule consisting of two solitons: (a) density plot and (b) intensity plot. Parameters
ares11 ¼ 1:5; s12 ¼ �0:3; s21 ¼ 2; s22 ¼ �0:3;k11 ¼ �2;k12 ¼ �2; k21 ¼ 2; k22 ¼ �2; k ¼ 0:5;P ¼ 2;qðxÞ ¼ 0;aðxÞ ¼ 0:0034expð�0:076xÞ:

Fig. 5. The numerical rerun of the soliton molecule in Fig. 4 with 5% white random noise: (a) intensity plot and (b) density plot. Parameters are
s11 ¼ 1:5; s12 ¼ �0:3; s21 ¼ 2; s22 ¼ �0:3;k11 ¼ �2;k12 ¼ �2; k21 ¼ 2; k22 ¼ �2; k ¼ 0:5; P ¼ 2;qðxÞ ¼ 0;aðxÞ ¼ 0:0034expð�0:076xÞ

Fig. 6. A soliton molecule consisting of three solitons: (a) density plot and (b) intensity plot. Parameters are
s11 ¼ 1:5; s12 ¼ �0:3; s21 ¼ 2; s22 ¼ �0:3; s31 ¼ 2:5; s32 ¼ - 0:3; k11 ¼ 0:1; k12 ¼ �2;k21 ¼ 2; k22 ¼ 2; k31 ¼ 4; k32 ¼ �2; P ¼ 2;qðxÞ ¼ 0; k ¼ 0:5; aðxÞ ¼ 0:0034expð�0:076xÞ:
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trol the phase shift of the soliton. By changing the parameters of
soliton position kj1andkj2, we can change the interval between soli-
tons, but the amplitude of solitons has not changed. In addition,
when we change the value of integral constant K , we can only
change the amplitude of solitons. When the values of group veloc-
68
ity parameters s11and s21 change, the amplitude and phase of soli-
ton will also vary.

Besides the interactions between two soliton, we can also dis-
cuss the two-soliton bounded state, currently termed ‘‘soliton
molecules” [11,12]. Fig. 4 shows a soliton molecule consisting of



Fig. 7. The interaction of soliton molecules and a bright solitons: (a) density plot and (b) intensity plot. Parameters
ares11 ¼ 2; s12 ¼ �2; s21 ¼ �3; s22 ¼ 2; s31 ¼ 3; s32 ¼ �2; k11 ¼ �1; k12 ¼ �2;k21 ¼ 2; k22 ¼ 4; k31 ¼ 4; k32 ¼ �2; P ¼ 2;qðxÞ ¼ 0; k ¼ 0:5;aðxÞ ¼ 0:6:

Fig. 8. The numerical rerun of the three-soliton molecule in Fig. 6 with 5% white random noise: (a) intensity plot and (b) density plot. Parameters are
s11 ¼ 1:5; s12 ¼ s22 ¼ s32 ¼ �0:3; s21 ¼ 2; s31 ¼ 2:5; k11 ¼ 0:1; k12 ¼ k32 ¼ �2; k21 ¼ k22 ¼ 2; k31 ¼ 4; P ¼ 2;qðxÞ ¼ 0; k ¼ 0:5; aðxÞ ¼ 0:0034expð�0:076xÞ:
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two solitons. Recently, Lou et al. gave the velocity resonance con-
ditions of soliton molecules consisting of integer-order solitons
in fluid [3,20]. Analyzing two-soliton solution (27), we give the
condition of velocity resonance for soliton molecules as
a11ðxÞ=s11 ¼ a21ðxÞ=s21; which meansImðs1Þ ¼ Imðs2Þ. By using the
condition of velocity resonance, we can obtain two-soliton mole-
cule. The amplitudes of two soliton in the molecule are different,
due tos11–s21, although their speeds are the same. The distance
between the two solitons of the molecule depends on the parame-
ters k1and k2. If two solitons of the molecule are close enough, the
soliton molecule will become an asymmetric soliton, which similar
to that in Ref. [48].

In order to analyze the stability of the interaction between two
solitons and soliton molecules, we conduct direct numerical rerun
for equation (1) using the split-step pulse propagation method.
Here the initial field comes from solution (27) with initial 5% white
noise. By numerical estimation in Fig. 3(c), we see that two solitons
stably propagate a long distance after their interactions. For soliton
molecules withs12 ¼ s22in Fig. 5, two solitons stably form the
bounded state a long-distance against the initial 5% white noise.
In both evolutionary processes, two solitons have maintained a
steady movement.

Furthermore, we can also study the three-soliton molecule,
which has the similar velocity resonance condition to the two-
soliton molecule. It is easy to know that if the solution (29) satisfies
the following resonance conditions as Imðs1Þ ¼ Imðs2Þ ¼ Imðs3Þ;
69
namelys12 ¼ s22 ¼ s32; then we can obtain three-solitons molecule.
Similarly, we can deduce that if N-solitons satisfies the following
resonance conditions Imðs1Þ ¼ Imðs2Þ ¼ :::ImðsnÞ; we can obtain N-
solitons molecule. In Fig. 6, we can find that the amplitudes of
three solitons in the molecule are different owing tos11–s21–s31,
although their velocities are the same.

By adjusting the parameterss12; s22; s32, we can study the inter-
action of two-soliton molecules and a single bright soliton. Fig. 7
exhibits the elastic collision between a molecule consisting of
two solitons and a single bright soliton. Due tos11–s31, the ampli-
tudes of two solitons in the soliton molecule are different, although
they have the same speed. Along the propagation distance � , the
single bright soliton interacts with the big soliton of the molecule
and produces a phase shift, and then interacts with the small soli-
ton of molecule and also appear a phase shift. After the collision,
the soliton molecule and the single bright soliton maintain their
amplitudes, shapes and widths, which is the elastic interaction. It
is known that the collision between the soliton and the soliton in
the NLSE is elastic, so the soliton molecule has similar properties
as the soliton.

By the numerical rerun in Fig. 8, we see that the three-
soliton molecule also stably forms the bounded state a long dis-
tance, and maintains good stability. The numerical calculation
indicates no collapse, that is, its velocity, shape, amplitude
and width are nearly unchanged against the initial 5% white
noise.
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Conclusions

In conclusion, we consider a fractional NLS equation with dis-
tributed coefficients, which describes the propagation of pi-
second pulses in inhomogeneous fiber systems. We get analytical
chirp-free and chirped non-travelling wave solutions and multi-
soliton approximate solutions by two analytical methods, namely,
the variable-coefficient fractional mapping method and Hirota
method. We give the form conditions of soliton molecules, and
study the dynamical characteristics of special fractional solitons,
multi-solitons and soliton molecules in the periodic inhomoge-
neous fiber and the exponentially dispersion decreasing fiber. In
the fractional order, the soliton still maintains good stability and
forms the bound state of the soliton molecule. An elastic collision
occurs between the soliton molecule and the single bright soliton,
and their amplitudes, shapes and widths are maintained, and thus
soliton molecules have the similar properties as the soliton.

In Figs. 1 and 2, when k ¼ 1with the integer case and k ¼ 0:5
with the fractional case, the motion effect of soliton is similar,
however, the periodicity of the fractional soliton is significantly
weakened. In Fig. 3, after the two fractional solitons collide, they
keep their original shapes and continue to move. This shows that
the fractional order does not affect the properties of integer soli-
tons. Thus the fractional order has a certain effect on the move-
ment of the soliton, but does not change the nature of the
soliton. These results have theoretical guidance for the related
experimental study in all-optical switches, optical amplifier and
mode-locked lasers.

Via the simialr analysis and calculation, we can extend our
methods in this paper to two-dimensional FNLS equations and cou-
pled FNLS equations. This will be the direction and focus of our
next research.
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Appendix A. Coefficients in solution (29)

h1 ¼ eh1 þ eh2 þ eh3 ;

f 2 ¼ A1eh1þh
1 þ A2eh1þh
2 þ A3eh1þh
3 þ A4eh2þh
1 þ A5eh2þh
2 þ A6eh2þh
3 þ A7eh3þh
1

þA8eh3þh
2 þ A9eh3þh
3 ;

h3 ¼ B1eh1þh
1þh2 þ B2eh1þh
2þh2 þ B3eh1þh
3þh2 þ B4eh1þh
1þh3 þ B5eh1þh
2þh3 þ B6eh1þh
3þh3

þB7eh2þh
1þh3 þ B8eh2þh
2þh3 þ B9eh2þh
3þh3 ;
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f 4 ¼M1eh1þh
1þh2þh
2 þM2eh1þh
1þh2þh
3 þM3eh1þh
3þh2þh
2 þM4eh1þh
1þh3þh
2 þM5eh1þh
1þh3þh
3

þM6eh1þh
2þh3þh
3 þM7eh3þh
1þh2þh
2 þM8eh3þh
1þh2þh
3 þM9eh3þh
3þh2þh
2 ;

h5 ¼ N1eh1þh
1þh2þh
2þh3 þ N2eh1þh
1þh2þh
3þh3 þ N3eh1þh
3þh2þh
2þh3 ;

f 6 ¼ Eeh1þh
1þh2þh
2þh3þh
3 ;

hj ¼ ajðxÞ þ sjt þ kj ¼ aj1ðxÞ þ iaj2ðxÞ þ ðsj1 þ isj2Þt þ kj1 þ ikj2;

ði ¼ 1;2;3Þ;

aj1ðxÞ ¼ �Cðkþ 1Þ
Z

sj1sj2aðxÞdx; aj2ðxÞ

¼ Cðkþ 1Þ
2

Z
ðs2j1 � s2j2ÞaðxÞdx;

A1 ¼ K
4s211

;A2 ¼ K

d2
31

;A3 ¼ K

d2
32

;A4 ¼ K

d2
21

;A5 ¼ K
4s221

;A6 ¼ K

d2
33

;A7

¼ K

d2
22

;A8 ¼ K

d2
23

;

A9 ¼ K
4s231

; bðxÞe 2
Cðkþ1Þ

R
qðxÞdx ¼ KCðkþ 1Þ2aðxÞ;with an arbitrary

integration constant K ,

B1 ¼ Kd211
4s211d

2
21
;B2 ¼ Kd211

4s221d
2
31
;B3 ¼ Kd211

d232d
2
33
;B4 ¼ Kd212

4s211d
2
22
;B5 ¼ Kd212

d231d
2
23
;B6 ¼ Kd212

4s231d
2
32

B7 ¼ Kd213
d221d

2
22
;B8 ¼ Kd213

4s2
21
d223

;B9 ¼ Kd212
4s2

31
d233

;

M1 ¼ K2L211
16s211s

2
21L

2
12
;M2 ¼ K2d211d

2
42

4s211d
2
21d

2
32d

2
33
;M3 ¼ K2d211d

2
43

4s221d
2
21d

2
32d

2
33
;M4 ¼ K2d212d

2
41

4s211d
2
21d

2
22d

2
23
;

M5 ¼ K2L221
16s2

11
s2
31
L222

;M6 ¼ K2d212d
2
43

4s2
31
d231d

2
32d

2
23
;M7 ¼ K2d213d

2
41

4s2
21
d221d

2
22d

2
23
;M8 ¼ K2d213d

2
42

4s2
31
d221d

2
22d

2
33
;

M9 ¼ K2L231
16s221s

2
31L

2
32
;

N1 ¼ K2L211d
2
12d

2
13

16s211s
2
21d

2
21d

2
22d

2
23d

2
31

;N2 ¼ K2L221d
2
11d

2
13

16s211s
2
31d

2
21d

2
22d

2
32d

2
33

;N1

¼ K2L231d
2
11d

2
12

16s221s
2
31d

2
31d

2
32d

2
33d

2
23

;

E ¼ K2L211L
2
21L

2
31

64s211s
2
21s

2
31d

2
21d

2
31d

2
32d

2
33d

2
22d

2
23

d11 ¼ s11 þ is12 � s21 � is22;d12 ¼ s11 þ is12 � s31 � is32;d13

¼ s21 þ is22 � s31 � is32;

d21 ¼ s11 � is12 þ s21 þ is22;d22 ¼ s11 � is12 þ s31 þ is32;d23

¼ s21 � is22 þ s31 þ is32;

d31 ¼ s11 þ is12 þ s21 � is22;d32 ¼ s11 þ is12 þ s31 � is32;d33

¼ s21 þ is22 þ s31 � is32;

d41 ¼ s11 � is12 � s21 þ is22;d42 ¼ s11 � is12 � s31 þ is32;d43

¼ s21 � is22 � s31 þ is32;

L11 ¼ ðs11 � s21Þ2 þ ðs12 � s22Þ2; L12 ¼ ðs11 þ s21Þ2 þ ðs12 � s22Þ2;



Gang-Zhou Wu, Chao-Qing Dai, Yue-Yue Wang et al. Journal of Advanced Research 36 (2022) 63–71
L21 ¼ ðs11 � s31Þ2 þ ðs12 � s32Þ2; L22 ¼ ðs11 þ s31Þ2 þ ðs12 � s32Þ2;
L31 ¼ ðs21 � s31Þ2 þ ðs22 � s32Þ2; L32 ¼ ðs21 þ s31Þ2 þ ðs22 � s32Þ2:
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