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Spin and orbital degrees of freedom are crucial in not only fundamental particles
but also classical waves such as optical systems, wherein the spin—orbit interaction
(SOI) of light provides new perspectives for manipulating electromagnetic waves.
Elastic waves possess similar spin angular momentum (SAM) and orbital angular
momentum (OAM). However, the elastic counterpart of SOI remains unexplored,
even for ubiquitous elastic waveguides (WG). Here, we demonstrate the existence
of elastic SOI in helical WG. We prove that the torsion and curvature of helical
WG induces synthetic gauge potentials in describing the elastic vibrations. Through
analytical theory and simulations, we unveil the interplay among elastic SAM, intrinsic
OAM, and extrinsic OAM, impacted by the elastic SOI. Importantly, results show
that elastic SOI can introduce the Chirality-Induced Phonon Spin Selectivity. These
findings advance our understanding of angular momentum physics in elastic waves and
enable practical strategies for wave manipulation.

spin-orbit interaction | elastic spin | phonon spin

Spin and orbital degrees of freedom are two fundamental properties in describing
vector wave fields such as light (1). The interaction between these two, termed spin—
orbit interaction (SOI) (2), is crucial in elucidating the characteristics of vector wave
fields. In systems exhibiting SOI, the wave spin can significantly influence and even
govern the propagation behavior in space (i.e., spin-controlled orbit), and vice versa.
Therefore, SOI-related phenomena present numerous opportunities for precise wave
manipulation. A well-known and significant example of this is SOI in optics (3). For
instance, the spin-Hall effect of light (4-6), stemming from optical SOI, induces spin-
momentum locking (7), facilitating the robust manipulation of surface modes (8-12).
When incorporated with thin film systems, SOI of light also introduces pioneering
techniques in precision metrology (13, 14). Notably, within waveguides (WG) systems,
SOI of light engenders spin-controlled unidirectional excitation (15), chiral coupling
with nano-particles (16), spin-dependent directional scattering (17), and vortex beam
generation (18). These studies demonstrate that delving into SOI opens avenues for
innovative wave manipulation techniques.

Elastic waves, similar to electromagnetic waves, are vector wave fields that carry both
spin and orbital degrees of freedom, enabling them to transport both spin angular
momentum (SAM) and orbital angular momentum (OAM) (19-22). Elastic waves can
be considered as acoustic phonons (22). In on-chip phononic circuits (23, 24), elastic
WG act as essential components, wherein the spin and orbit degrees of freedom allow for
direct manipulation of phonons. Notably, elastic spin offers more flexibility than spin
in electromagnetic wave. For instance, in one-dimensional WG, where electromagnetic
waves form a divergence-free field, the wave spin typically aligns parallel to the wave
direction, known as longitudinal spin. On the other hand, the elastic displacement
field consists of two components (19, 25, 26): a divergence-free component similar to
electromagnetic waves and a curl-free component resembling acoustic waves. Thus,
even within a one-dimensional elastic WG, elastic spin includes both longitudinal
and transverse components. Therefore, SOI in elastic WG can introduce spin-related
phenomena distinct from other WG systems, providing methods for exploring wave
manipulation techniques.

Mounting the system on a rotating stage is a straightforward approach for observing
phononic SOI in elastic WG (23). In this scenario, a frequency shift comparable to
the working frequency (MHz) of the phononic WG requires an ultrafast rotation,
posing significant challenges on the present sub-Hz rotating platform. This prompts
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an intriguing question: Is there any intrinsic elastic SOI by
leveraging the rich structure of the elastic wave field, without
resorting to temporal spinning of the system?

In this study, we demonstrate the elastic SOI in helical WG,
as well as its impact on the angular momentum (AM) structures
and transport properties of elastic waves. With the help of the
Timoshenko beam theory (27-30), we demonstrate the nontriv-
ial elastic SOI as the gauge potential arising from the helical
rotation of the local frame along the WG. We illustrate that a
helical elastic WG can selectively convey phonon spin carried
by elastic wave according to the chirality of WG, i.e., Chirality-
Induced Phonon Spin Selectivity (CIPSS). These results advance
the understanding of SOI in elastic waves, offering an approach
for manipulating AM and transport in elastic systems.

The rest of the paper is organized as follows: 1) We begin
by introducing the fundamental concept of AM and establishing
the correlation between the displacement field and the AM. 2)
Next, we showcase the SOI and the AM induced by SOI in
a helical WG. 3) Finally, we demonstrate the CIPSS-induced
phenomena, which encompasses the chirality-dependent output
spin and spin-dependent transmission.

Elastic Field and AM in Curved Timoshenko
Beam

The elastic WG can be defined by a parametric curve along the
central of cross-sections (CS). For each CS, a local orthogonal
coordinate system 123 is established (Fig. 14), where the origin
of coordinates is the geometric center of CS and 3-axis is
perpendicular to the CS, denoted as 7. We will focus on
circular CS with a radius of 9. The CS are indeformable in
the Timoshenko beam model. Therefore, the state of a CS
can be described by two vectors: translation # = uje; and
rotation 0 = Oiej, j = 1,2,3. As such, the elastic waves
propagating along WG can be expressed as |y) = |u) @ |0) =
N pw[2{u1, uy, uz, 61, 62, 03}Texp(i/e,711 — iwt), which contains
both the translation |«) = +/pw/2{u;, uy, ug,}Texp(i y — ior)
and rotation |0) = /pw/2{01, 63, 03}  exp(ikyn — iwt) infor-
mation. Here, 4, is the wavenumber, # is the arc length along 3-
axis, @ is the angular frequency, p is the mass density, and # is time.
In the following text, we will omit /pw/2 and exp(ik,n — iwt)
for brevity.
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Fig. 1. lllustration of AM in rod-like elastic WG. (A) The elastic WG can be defined by a parametric curve along the central of CS (centerline). The local coordinate
system 123 is shown by black arrows. Polar coordinate r and ¢ are defined in 1 to 2 plane. (B and C) Displacement fields over CS, where |u) # 0, |§) = 0
and |u) = 0, |6) # 0 are translation and rotation modes, respectively. |u) = {1,0,0}7 and |u) = {0,1,0}7 are shear modes, |u) = {0,0, 1} is extensional mode,
18) = {1,0,0}" and |6) = {0, 1, 0}7 are flexural modes, and |6) = {0, 0, 1} is torsion mode. Blue arrows show the displacement field. (D) The transverse elastic spin
S, (red solid arrow) arises from the circular polarization of the displacement field (solid blue arrows) in 1 to 3 plane. (£) The longitudinal elastic spin S3 arises
from the circular polarization of the displacement field in 1 to 2 plane. (F) The Spiral phase front inside WG results nonzero intrinsic OAM Li3nt along 3-axis. (G)

Demonstration of extrinsic OAM L&, Here, P is the momentum of wave, r’ is the distance vector point from O to field point. (H) Polarization of displacement
field and elastic spin of states |u) = {j, 0, 117 and 16) = {;,0,1}T. The displacement field (solid blue arrows) is displayed on five position: the central, Top, Bottom,
Left, and Right of WG. The linear or circularly polarization is highlight by the straight or circularly dashed blue arrows, respectively. Red solid arrows show the
transverse elastic spin S. (/) Polarization of displacement field and elastic spin of states |u) = {1,}, O]T. This state results in an anticlockwise polarization in 1
to 2 plane, and possesses nonzero longitudinal elastic spin $3. (/) State |9) = {0, 1,17 leads to the circular phase gradient and the spiral phase front inside
WG, associating with nonzero IOAM Li_{‘t along 3-axis. (K) Spiral trace of elastic wave in helical WG results in circular phase gradient (Top view), associating with
nontrivial EOAM along the helical symmetry axis.
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Fig. 1 B and C shows the displacement field for six typical
states: three pure translation states with the homogeneous
displacement field across the CS, and three pure rotation states
where the displacement field is zero at the axis of rotation. The
circular polarization of displacement fields results in nonzero
elastic spin (19), which can either perpendicular to the wave
direction (87 and S5, Fig. 1D demonstrate 8§, as an example)
or parallel to the wave direction (87, as shown in Fig. 1E).
In Timoshenko beam, both rotation and translation states can
results in circularly polarized displacement field and nonzero spin,
as shown in Fig. 1 H and 1.

The SAM of |8) = {1,7,0}7 is zero. This is because the
displacements are all linear polarized in this state. In fact, |0) =

{1, 7,0} contains nonzero OAM. The difference between SAM
and OAM lies in the types of rotation of displacement field (22):
SAM pertains to the local rotation of displacement vectors,
whereas OAM relates to the global rotation of the displacement
field around a given reference point. As depicted in Fig. 1C, after
an anticlockwise rotation of 90 degrees, |6) = {1, 0, 0} is same
with |8) = {0,1,0}7. Consequently, |0) = {1, 4, 0}” represents
16) = {1,0,0}" rotating anticlockwise around the center of the
CS. This global rotational evolution gives rise to spiral phase front
inside WG and results in a nonzero intrinsic OAM (IOAM), as
shown in Fig. 1/.

Besides IOAM, there also exists another OAM from the
perspective in global coordinate system (Fig. 1G). Considering
a helical WG as an example (Fig. 1K), where elastic wave is
restricted into a spiral profile. The helical propagation route also
results in the rotational evolution, with the center of rotation
situated at the helical symmetry axis. Unlike IOAM, where the
rotation center is within the CS, the helical symmetry axis lies
outside the CS. Thus, this type of OAM is termed extrinsic OAM
(EOAM). The detailed calculation of displacement field #/ (7, ),

total SAM (S), [OAM (Ziam), and EOAM (1) over the CS can
be found in Materials and Methods (Calculation of AM).

Spin-Orbit Interactions and AM Structure in
Helical WG

Given a helical WG with infinite length and a radius 7y of CS
(Fig. 24). To capture the dynamic state along a continuously
differentiable curve, a natural choice is to establish the Frenet—
Serret frame, which comprises tangent (e3 = dZ/(97)), normal
(ey = de3/(x91)), and binormal (e; = e3 X e]) unit vectors
of local coordinate system. The local basis obey the frame rate

equation as : d,e1 = Tey — Ke3, dpey = —7e; and Oye3 =
key, where 7 and k are the torsion 7 = osin(®) cos(®)/R
and curvature k = o cos?(®)/R of centerline, respectively.

Here, 6 = 1 or —1 represents the right or left-handed helix,
respectively. According to the frame rate equation, the differential
of a vector state of CS » (Here, » can denote both # and 6)
with respect to # can be decomposed into two parts: derivation
of individual components ;0yv; and overall rotations vioye;.

Therefore, d,v can be represented as ip, |v) — i(ng + 133) |v),
where p, = —id, is the momentum operator and S}(] =1273)
are spin-1 operators. After some algebra based on the kinematics
of spatial rods (27, 29), synthetic gauge potential terms such as
S;pn will arise in the dynamic equation (Dynamic Equations of
Timoshenko Theory in Helical WG), finally expressed as

Corly) = (Mo + A& $2py + B& 83y +K) ly),  [1]
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Fig. 2. SOl in helical WG. (A) lllustration of straight and Right-handed helical
WG. The origin of local coordinate system is located on the centerline. In
helical WG, axis 1, 2, and 3 are normal, binormal, and tangent axis of Frenet-
Serret basis, respectively. In helical WG, the rotation of local coordinate
system results in extra term in 9,v, which eventually leads to the synthetic
gauge potential in dynamic equation. (B-E) The dispersion relations of a
straight WG (dashed lines) and Right-handed helical WG (solid lines), where cs
denotes the speed of shear waves. AM in helical WG is depicted using red-blue
colors. Modes of helical WG are labeled as m1 to mé. Results are calculated
based on properties of copper and R = D = 10rg = 0.001m. All data of AM

in figures have been divided by |[u/|2, where /|2 = fgo 1'02” |u'|2rdpdr relates
to the total intensity of vibration. §; is always zero and is not depicted here.
(B and C) Dispersion distribution of S3 and S,, respectively. Modes m5 and
m6 possess zero spin and are not depicted here. (D) IOAM LNt of m5 and mé6.
Modes m1 to m4 possess zero IOAM and are not depicted here. (E) EOAM
X of all modes. EOAM mainly depending on k, and the chirality of the WG,
and the [$¥t of all modes are similar.

where ® means the Kronecker product, C contains the mass
and moment of inertia of CS, H) is the dynamic matrix of the
corresponding straight rod, }C contains constant potential terms
associated with the torsion and curvature of the helix rod, which
is independent of 4,;. The emerged second and third terms on
the right side of Eq. 1 are the helix-induced gauge potentials that
introduce elastic SOI, wherein

_ o + o 0 n_ 20 0
4= ( 0 ﬁt+ﬂf>’B ( 0 2ﬂf>'

a;, ap, P, and P, represent the shear, extensional, flexural, and
torsional rigidity, respectively. Clearly, reversing the helicity o
will reverse the sign of k and 7, as well as the sign of elastic SOI
terms.

Eq. 1 results in six eigenmodes. In a straight WG, modes m1
and m2 are transversely polarized and always degenerate. In the

helical WG, the S; Dy term separates m1l and m2, creating a
nonzero longitudinal SAM, leading to different phase velocities
for clockwise and anticlockwise circular polarizations. This causes
the phase difference to vary with transmission distances. Research
has shown that in a helical WG, the geometric phase can alter the

https://doi.org/10.1073/pnas.2411427121

3of 8



polarization angle of linear oscillation (31). Linear polarization is
a mix of clockwise and anticlockwise circular polarizations, where
the linear polarization angle is tied to the phase difference between
these two polarizations. Therefore, the splitting of m1 and m2
indicates changes in the linear polarization angle, associating
with the geometric phase in helical WG. In the low-frequency
range, the spectra of modes m1 and m2 exhibit a local maximum
followed by a local minimum as 4, increases, reminiscent of the
“roton-like” behavior demonstrated in metamaterials (32) and
micropolar crystal (33). Related mode shape of m1 and m2 at
low frequency can be found in S7 Appendix.

The SOl in elastic WG not only influence the longitudinal spin
butalso separate the transverse spin states of extension mode (m4)
and shear modes (m1 and m2) near 4, = 0. In a straight WG,
the extensional mode (m4) and the shear modes (m1, m2) are
degenerate at £, = 0. Consequently, near k4, = 0 in helical WG,

8,y term can mix the extensional and shear modes, giving rise

to nonzero transverse SAM S,, as illustrated in Fig. 2C. Below
the cut-off frequency of m3, only m1 and m2 exist, displaying a
spin-momentum locking feature: Within the frequency range
highlighted by a purple background in Fig. 2C, the sign of
S, is locked with the sign of group velocity. This implies a
spin-dependent unidirectional excitation in elastic helical WG
(SI Appendix, Fig. S4).

Besides SAM, the elastic SOI 3’3]3,1 in Eq. 1 will also result in
nonzero IOAM. The originally degenerate modes m5 and m6
are separated by the helical-induced SOI into two modes with
opposite IOAM, as shown in Fig. 2D. This mode’s splitting is
due to the geometric phase resulting from the synthetic gauge
potential, akin to the splitting of modes with opposite ;.
Research has been conducted on the splitting of OAM-related
modes in helical acoustic WG (34), known as the “acoustic spin-
redirection phase.” Similar phenomena also discussed in optics
as “orbit—orbit interaction” (3, 35, 36). The geometric phase
phenomenon related to IOAM in helical elastic WG is analogous
to those observed in air acoustics and optics (S Appendix, Fig. S5).

The EOAM along z-axis L& of right-handed WG is shown in
Fig. 2E. L of all modes are dependent on k. The magnitude
of EOAM will increase along with 4,, and the sign of EOAM
is locked with the sign of 4. In conjunction with SAM and
IOAM, we can calculate the total AM carried by elastic waves in
a helical WG, with its component in the z-direction denoted as
Jo = Sy cos(®) + (S5 + Zism) sin(®) + L. As such, by taking
account the conservation of total AM, one could analyze the AM
related phenomena in composite WG.

Chirality-Induced Phonon Spin Selectivity in
Composite Elastic WG

Consider a straight WG extending along the z-direction. In
this WG, the z-directional EOAM is zero due to the straight
propagation path of elastic waves. Additionally, within the low-
frequency range (modes m1-m4), the IOAM is zero. As such,
the total AM along the z-direction equals to S,. Waves with
anticlockwise polarization in x-y plane have positive S,, while
waves with clockwise polarization have negative .

For a helical WG, in the absence of m5 and m6, the total AM
encompasses SAM and EOAM. In pure helical WG, the group
velocity locked with J, (SI Appendix, section 5). Consequently, a
right-handed helical WG can only propagate waves with positive
AM in the forward direction. Conversely, a left-handed helical
WG can only propagate waves with negative AM. Therefore,
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embedding a section of a helical WG within a straight WG yields
the CIPSS phenomena: 1) creating linearly polarized oscillation
in the straight WG segment results in an input signal with zero

S, 2) Since the right-handed helical WG can only transmit waves
with positive AM, elastic waves output from the helical section to

the straight WG will also possess a positive AM; 3) As such, the

transmitted signal in straight WG will possess positive S, implies
anticlockwise polarization in x-y plane. Here, we illustrate an
example of a composite WG with a gradually changing R, as
depicted in Fig. 34.

Fig. 3 B and C provides an example of CIPSS about chirality-
dependent output spin at @ry/¢; = 0.3. The excitation point is
situated at z = —10D, employing a pulse-like signal proportional
to sin(2xfyt)gp(¢). Here, ¢ denotes time, fy is the central
frequency of the input, related to the angular frequency as
® = 2xfy, and gp(¢) represents the Gaussian pulse located at 4 /f
with a SD of 1/f. The utilization of this pulse-like signal helps
avoid the effects of boundary reflections, aiding in distinguishing
between the original signal and reflections.

The output is measured at Z = 5D. The time-domain
displacement plot in Fig. 3C illustrates that %, has a phase delay
relative to #, in right-handed WG and a phase lead relative to u,
in left-handed WG. The polarization profile for a single period
is shown besides the time-domain plots. It shows anticlockwise
polarization for right-handed WG and clockwise polarization for
left-handed WG. Thus, the output S, is positive and negative in
right-handed and left-handed composite WG, respectively.

Fig.3D illustrates the relationship between the output spin
and the frequency. We perform a Fourier transform on the
time-domain signal obtained at z = 5D to extract the complex
amplitudes of displacement along the x and y directions. From
this, we calculate the value of the normalized S,. When S,
approaches 0, it indicates that the signal tends toward linear
polarization, i.e., the weaker the CIPSS effect; as S, approaches
1, it suggests that the output signal tends toward circular
polarization, indicating a stronger CIPSS effect. The CIPSS
effect becomes more pronounced as the frequencies increase.
This is because /, in the helical WG increases with frequency
(81 Appendix, section 5).

In addition to the chirality-dependent spin of output, CIPSS
can also determine the transmission rate based on the spin of the
input. Illustrated in Fig. 4, we demonstrate this effect using
a right-handed composite WG as an example. Excitation of
nonzero spin signals can be achieved by simultaneously applying
excitation in the x and y directions, as shown in Fig 44. Fig. 4
Band C show the snapshots of simulations. In the right-handed
WG, the positive group velocity relates to positive AM. Thus,
input signals with negative S, cannot smoothly pass through the
right-handed section in composite WG. Therefore, the output

magnitude of signal with positive S, is higher than that of signal

with negative S,. Fig. 4D shows the output recording at z = 5D.
The polarization direction of outputs is same with the inputs,

as well as the sign of EZ. Meanwhile, magnitude of output with
S, < 0 is lower than that of output with S, > 0, which shows
the spin-dependent transportation.

The transmission rate with different frequency is shown in
Fig. 4E. As the frequency approaches zero, transmission rate
of both positive and negative S, are approaching 1, and the
CIPSS effect is not significant at low frequencies. With increasing
frequency, the transmission rate of negative S, decreases, while
signals with positive S, maintain a higher transmission rate.
This indicates that the CIPSS effect strengthens with increasing
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Fig. 3. Demonstration of CIPSS about chirality-dependent output spin. (A) lllustration of straight-helical-straight WG. The simulation parameters include:
R =D =10 ry = 0.001 m; material properties are p = 8,960 kg/m3, F = 110 GPa and v = 0.35, corresponding to the parameters of copper. See S/ Appendix,
section 5 for the parametric equations about position of centerline. (B) Demonstration of CIPSS through a composite WG at wrg/cs = 0.3. Simulation results are
presented as snapshots and time-domain displacement plots. The black, red, and blue curves in snapshots illustrate the displacement profiles of the signals.
The linear excitation is applied at z = —10D. A pulse-like input is selected to avoid the impact of boundary reflections, facilitating the difference between the
original signal and reflections. The center frequency of excitation is fo = 2zw. (C) Snapshots and time-domain displacement plots of outputs. The time-domain
signal is recorded at z = 5D. Displacement plots indicate the nonzero Spin. For example, in the output signal of Right-handed composite WG, the phase of uy is
delayed by approximately /2 compared to uy, indicating the anticlockwise polarization and positive S;. (D) Normalized S; at z = 5D for Right and Left-handed
composite WG. Insertions shows the polarization at wrg/cs = 0.02, 0.12, 0.35, and 0.5, respectively. As the frequency increases, the output signal transitions
from linear polarization to circular polarization, signifying that the efficiency of CIPSS increases with higher frequencies.

frequency, consistent with the results in Fig. 3D. However, as the

frequency continues to rise, the transmission rate of S, signals
shows an upward trend again. This is due to the involvement
of the torsional mode. As the input signal frequency gradually
increase, the circularly polarized input will apply torque along
z-axis on helical section, which induce the torsional waves on
output side. Therefore, the transmission rate of signals with

negative S, shows a trend of initially decreasing and then
increasing as frequency increases (See SI Appendix, section 5 for
magnitude of torsion mode on output side). This will not affect
the chirality-dependent spin of output in Fig. 3 because the pure
torsion mode carries zero spin.

Discussions

By applying the Timoshenko model, we have analytically ob-
tained elastic SAM and OAM according to the dynamic equation
of helical WG. Within the frequency range presented in the main
text, the Finite Element Method results show good agreement
with the analytical theory (S7 Appendix, section 6). However, the
Timoshenko model assumes a nondeformable CS, thus limiting
its scope to consider higher-order states. Through simulation, we
can obtain information on vibration modes at higher frequencies
(81 Appendix, section 7). It has been demonstrated that at higher
frequencies, the presence of inhomogeneous properties in a
straight rod leads to unidirectional routing, as shown in ref. 37. In
future studies, one can explore the SOI of high-frequency modes
in helical rods, which also exhibit richer angular momentum
structures.

It is evident from our work, acoustics system (34) and
optics system (3) that equivalent rotation resulting from the
PNAS 2024 Vol. 121

No. 47 e2411427121

chirality is closely associated with SOI of waves. Hence, it is
natural to anticipate that SOI in elastic waves are widespread
in chiral systems. For example, in the examination of elastic
metamaterials, chiral metamaterials have the capability to display
circular dichroism (38, 39), indicating that chiral metamate-
rials can also serve as arenas for investigating SOI in elastic
waves.

In addition to the nonzero spin in the rod-like WG studied
in this work, surface guided modes like Rayleigh-Lamb modes
also show spin-momentum locking and spin-controlled unidi-
rectional excitation (40—42). The difference between Rayleigh-
Lamb modes and SOI in a helical waveguide lies in: 1) Rayleigh-
Lamb modes, the spin is perpendicular to the wave direction.
In contrast, in a helical waveguide, the spin can point in any
direction. 2) The SOI in a helical waveguide are introduced by
the synthetic gauge potential. This potential splits degenerate
modes, resulting in nonzero spin. In Rayleigh-Lamb modes, the
spin is not related to the “mode splitting.” Another contrast
exists between elastic spin in continuous solids and pseudospin
in topological WG. Topological WG exhibit pseudo-spin-
dependent chiral modes and topological protection (43-45).
However, when considering elastic spin, the eigen modes within
topological WG often display multiple spin directions (46, 47),
making it challenging to efficiently transport “pure” elastic spin
through topological WG.

In future research, existing experimental techniques can be
referenced to experimentally verify phenomena such as uni-
directional excitation and CIPSS. A spin source required for
achieving unidirectional excitation can be implemented using a
chiral source composed of a pair of piezoelectric patches (37).
Measurements of elastic wave spins can be conducted using a laser
vibrometer (25) or a pair of accelerometers (31). Additionally,
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Fig. 4. Demonstration of CIPSS about spin-dependent transportation. (A-D) Demonstration of CIPSS with nonzero-spin-input at wrg/cs = 0.3 for Right-handed
composite WG. Simulation results are presented as snapshots and time-domain displacement plots. (A) Upper and Lower panels show the displacement of
input at excitation point z = —10D with positive and negative S, respectively. The circularly polarized input can realized by a pair of force along x and y axes.
Here, the phase of uy differ from ux with —z/2 and z/2, associating with positive and negative Sz, respectively. (B) Snapshots of inputs at t = 8/fy. The red and
blue curves in snapshots illustrate the displacement profiles with positive and negative S;, respectively. (C) Snapshots of outputs at t = 23/fy. The magnitude
of output with negative S; is weaker than that of positive Sz, which highlight the CIPSS effect. (D) The time-domain signal recording at z = 5D. The spin of output
signals are same with input ones. (£) transmission rate of signal with positive and negative spin. The transmission rate is defined as (/¢ 12/(|u¢r 12 + [W're|2),
where |U/¢|2 and |t/ re|? represent the magnitudes of the displacement field of the transmitted and reflected pulse, respectively.

for on-chip devices, excitation and measurement can be achieved
with optomechanics (48, 49) or magnetoelasticity (50-52).

In conclusion, our study has illustrated the presence of elastic
SOI in helical WG. We have demonstrated that the synthetic
gauge potential within helical WG introduces elastic SOI
and nontrivial elastic AM profiles, significantly influencing the
propagation of elastic waves. Through both theoretical analysis
and simulations, we have elucidated the interplay between elastic
SAM, IOAM, and EOAM induced by elastic SOI. Results show
that the AM structure within helical elastic WG can induce the
CIPSS, enhancing our comprehension of SOI in elastic WG
and presenting strategies for manipulating elastic waves based on
angular momentum.

Materials and Methods

Calculation of AM. Calculating AM needs the displacementfield of the CS. The
displacement field at the center point of a CS equals the translation u. However,
the displacements of other points on the CS are notonly influenced by translation
butalso by rotation. We use ' (r, @) = u (1, )1 +u (1, @)ey +u5 (1, @)e3
to denote the displacementat point (r, ¢). Here, (, @) are the polar coordinates
in 1to 2 plane. For small vibrations, the displacement vector field over CS is
u'(r, @) = ujeq + uye; + uje, which relates to translation and rotation as

uy = uq — 63rsin(e),
Uy = Uy + 631 cos(e),
Uy = u3 + 61rsin(@) — O7r cos(), [2]

where r and ¢ are polar coordinates in the plane perpendicular to 3-axis.

https://doi.org/10.1073/pnas.2411427121

Given a 3-dimension state |v) = {vy, vy, V3}T, (v|§j|v) results in
circular polarization strength of |v) in j direction. For instance, state vector
Iv) = {1, &, 0}7, which means v, has 47 /2 phase different from v4, leads to

(v] S5 |v) = =1. The physical meaning of this “circular polarization” depends
on the meaning of v. Spin-1 operators are :

A 0 0 0\ 0 0 -1
S9=—i{0 0 1);8%=-i{0 0 0|,
0 -1 0 1T 0 0
A 0 1 0
53 =—i| -1 0 0 [3]
0 0 0
Based on u’, we can derive the elastic SAM density S = @Im[u/* X

u'](19,21,22), where * denotes the complex conjugate and Im[-] is imaginary

part. The total SAM carried by a CS can be integrated as§j = fO'O foz” Sjrdedr,
so that:

~ ) g

$1= aty (Wl S lu) + == (615110),

i - g

S2.= g (Ul 2 10 + = (015 10),

$3 = a2 (u$31u) . [4]

Here, (ul §/ |uy and (6] §j |0) results in circular polarization intensity of state
|u) and |@) in j direction, respectively. Noting thatin Eq. 4, (8] §3 |@) does not
contribute to the SAM. This is because total SAM of states like |8) = {1, 7,0}
are zero.
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Elastic OAM density is given as (19-22): L = r x P, where r is the relative
position vector from the reference point to the field point, P = ?Im[u’* .

(V)u'] is the linear momentum of elastic wave. For IOAM, the reference point
is chosen as the center of CS. If u = 0, u), = 0, and v # 0, the I0AM
density can be represented as Li3nt = ? |u’3 |28¢¢ (22), where ¢ is the phase

of u/3 with gradient along polar angle ¢. From this form, one can clearly see
the relation between phase and I0AM. Specifically, if we replace 61 and 6,
with 04 = —0) — i;91 and 0— = —0, + 0, the displacement can be
represented as u5 = 5(9+e"1’ + 6_e~'?). Assuch, it is clear that 0 and
60— referto the amplitude of positive and negative I0AM. Accordingly, the I0AM
N i r pwr

densitywillbe [t = 225 (19, 2—jo_12) = P21
Z'YW' 24(|+| 10—19) 77

% (6] 53 16). Consequently, the I0AM of CS is given by

|m[9f|k92 —0;01] =

. Iy 2n . r4 N
Tint — /0 /0 LM rdgpdr = %<9|$3 16) . [5]

The formula for EOAM is dependent on geometric parameters, lacking a
concise form. Therefore, only the calculation method will be provided here. The
EOAM in respect to a reference axis is [®Y — ¢ x P. Here, r’ is the relative
position vector from the reference point O to the field point. In the discussion
of helical WG, we set O on the helical symmetry axis and, which is parallel to

. ext
zaxis, and let ' Le,. As such, L™ = foro foh L*'1depdr can be decomposed
into [&te,, which is parallel to the z-axis, and Zeﬁtel perpendicular to the z-axis.

Given the helical symmetry of WG, integration oni’_‘teldz overa period of helix

should equal zero, and only 1€ survives.

The I0AM of elastic wave is L = r x P, r is the distance vector point from
center of CSto the field point, range from 0 to ry. Similarly, EOAMisL = r’ x P,
but with a different distance vector r’ range from R — ry to R + ry. Thus, r’

is much larger than r. According to the definition P = %Im[u’* - (VU],

w
the momentum component P3e3 = % Z/(u’fanuj/.)e3 o ky. Since P3e3

aligns parallel to the 3-axis, it does not contribute to the 10AM L, which is
also along the 3-axis. In contrast, for the EOAM, r’ x Pse3 is nonzero and
significantly influences the EOAM along z-axis. Therefore, at higher values of
ky., both the momentum and the distance vector associated with EOAM exceed
those of IOAM, leading to a greater magnitude of EOAM compared to I0AM.

Dynamic Equations of Timoshenko Theory in Helical WG. The parametric
equation for central line in the global coordinate system xyz is given as &(y) =
Rcos(2o7n/ng)ex + Rsin(2ozn/ng)ey + (Dn/ng)ez. Here,o = 1or—1
represents the right or left-handed helix, respectively. R is the outer radius of
the helix, D is the helical pitch and 5y = +/472R2 + D2 is the arc length of
each period. Let u, 6, @and M be vectors representing the translation, rotation,
internal force, and internal moment, respectively. The strain vectorand moment-
strain vector are (30) € = d,u + e3 x O and g9 = 9,0, respectively. Strain
and moment-strain can also be represented in operator form:

le) = i(py — xSy — 53) lu) — i%3 16),
leg) = i(Py — K5y — 753) 16) . [6]

The relation between |&), |eg) and internal force |Q), internal moment |M)

are
@ 0 0 g 0 0
Q=10 a 0 ])le);IM=|0 B 0]leg), [7]
0 0 (Xp 0 0 ﬂt
h 3Em§ i Eﬂ'l’é 4 Eﬂ.’fé |
where as = m, as = ”rorﬂf - T an ﬂt = m n

thiswork, we setry = 1 mm p = 8,960 kg/m3,E = 110 GPaand v = 0.35,
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which are mass density, Young's modulus, and Poisson coefficient of copper,
respectively. Accelerations of translation and rotation are related with |Q) and
M) as

—?Cy u) = i(py — kS5 — £53) |Q),

—w?Cy 10) = i(py — kS — 753) IM) — i3 |Q), (8]

where C; and C, contains the mass and moment of inertia of CS as

(100 purt (100
G=pmg (0 1 0)5G="210 1 0] o]
0 0 1 0 0 2

As such, by combining |u) and |0) into |w), Eqs. 6-9 results in

Colly) = (Ho +A®S)py + B S3py + IC) lw), 10l

where:
_(G 0
€= (o c2>'
plas 0 0 0 iPyas 0
0 plas O —ipyas 0 0
52
oo | 00 Fw 0 0 o |
0 IPyas 0 ﬂfprl + as 0 0
—ipyas 0 0 0 pip2+as 0
0 0 0 0 0 p2pt
Ky Kip )
K= ,
( Ko Ky
Kzap + rzas 0 0
ICH = 0 Tzas —KTas ’
0 —KTas K2a5
Kzﬁt + Tzﬁ,' 0 0
Ky = 0 Tzﬁf —Kktff |,
0 —KTff Kzﬂf
Tds 0 0
K== 0 za 0 ]. [11]
0 —xas O

The dynamic equation Eq. 10 shows the relation between acceleration (left
side) and the force (right side) with 6 x 1 vector |y) and 6 x 6 matrices.
The off-diagonal element in matrix indicates the nonzero interactions between
different degree of freedoms. For instance, in the matrix H, the element
Hy[1, 5] = ipyas implies that the force acting on the first degree of freedom
(uq) includes a component related to the fifth degree of freedom (9;) as
Hy[1,5]0; = ipyasty, showing a nonzero interaction between uq and
0,. These interactions between |u) and |@) results in the absence of modes
with purely translation (|#) = 0) or purely rotation (ju) = 0). When the
dispersion curves of the rotation and translation modes do not intersect, we
can determine the mode category by examining the ratio of contributions
from translation and rotation to the overall amplitude of the displacement
field.

Both Aand B are diagonal, indicating that SOI terms do not include interac-
tions between |u) and |8). Thus, we can consider these terms as effective forces
and moments that act on translation and rotation, respectively. For instance,

B® 3'3;3,, ly) contains the equivalent force and moment acting on |u) and

https://doi.org/10.1073/pnas.2411427121
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16), which are |F)s, = —2rasS3py |u) and [M)s, = —274:S3py 16),
respectively. Taking |F)s, as an example, its vector form in the local coordinate

system can be represented as —2izasky, (uye1 —uqey) = —%83 x 0tu,
which is perpendicular to both axis e3 and velocity du = —icouje;.
Consequently, the synthetic gauge potential can be considered as the "Coriolis”
term resulting from rotation around the e3-axis, with its sign depends on k.
Similar understanding can be applied to other terms that involve the products

of §j and ky. These terms will result into circular polarized modes with k-
dependent chirality.

Data, Materials, and Software Availability. The data supporting the
conclusions of this study are included within the paper text, figures, and
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