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Published online: 30 July 2018 Multi-mode NOON states have been attracting increasing attentions recently for their abilities
of obtaining supersensitive and superresolved measurements for simultaneous multiple-phase
estimation. In this paper, four different methods of generating multi-mode NOON states with a high
photon number were proposed. The first method is a linear optical approach that makes use of the

. Fock state filtration to reduce lower-order Fock state terms from the coherent state inputs, which are

. jointly combined to produce a multi-mode NOON state with the triggering of multi-fold single-photon

. coincidence detections (SPCD) and appropriate postselection. The other three methods (two linear
and one nonlinear) use N-photon Fock states as the inputs and require SPCD triggering only. All of the
four methods can theoretically create a multi-mode NOON state with an arbitrary photon number.
Comparisons among these four methods were made with respect to their feasibility and efficiency. The
first method is experimentally most feasible since it takes considerably fewer photonic operations and,
more importantly, requires neither the use of high-N Fock states nor high-degree of nonlinearity.

NOON states are of great importance in quantum metrology, a field that studies the ultimate precision of the
measurement of unknown physical parameters limited by the laws of quantum physics. It has been proven that
NOON states can approach the Heisenberg limit (HL) for phase estimation, which gives a-/N gain in measure-
ment sensitivity over the standard quantum limit (SQL) of using classical light sources only!, where N is the
number of photons used. This is extremely meaningful for applications such as biological microscopy, where the
imaging target is sensitive to illumination, that one can achieve the enhanced precision using as few photons as
possible. Plenty of studies have been done in the generation of two-mode NOON states, both theoretically>'* and
experimentally’>-'°. Their ability to achieve supersensitivity'®!” and superresolution'*!® in the single parameter
estimation regime has also been experimentally demonstrated.

Recently, there is growing interest in the simultaneous estimation of multiple parameters using multi-mode
quantum probing states'®~?”. The motivations can be summed up in two aspects: On one hand, multi-parameter
estimation is not a trivial generalization of single-parameter estimation, in which the enhanced quantum limit
is always attainable. For the multi-parameter scenario, the saturations of the optimal measurements of different
parameters may not be attained simultaneously in general, since these measurements do not necessarily com-
mute. Hence, multi-parameter estimation is an interesting topic for the study of quantum limit, which gives a
metric on the multi-partite quantum states, and it can benefit many novel studies on quantum information the-
ory, noncommutative geometry, etc. On the other hand, applications of quantum metrology, such as microscopy,
quantum sensing, and quantum tomography, essentially involve multiple parameters that need to be estimated
simultaneously. Specifically, for a phase imaging problem in a discretized multi-parameter model, multi-mode
NOON states have been shown to have the ability of achieving super-resolution and super-sensitivity in simulta-
neous estimation with the potential advantage in estimation efficiency compared with the individual estimation
counterpart!. Although the properties of the multi-mode NOON state were discussed in those previous studies,
as far as the authors know, no known method of generating the NOON state with more than two modes and two
photons has been presented.

In this paper, three linear and one nonlinear methods of generating d-mode N-photon NOON state are dis-
cussed in detail. The quantum state takes the form
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A distinguishing feature among these four methods is the quantum resource used as their inputs. They are
respectively (i) coherent states and single photons, (ii) an evenly-distributed N-photon state and single photons,
(iii) d N-photon Fock states, and (iv) an N-photon Fock state and single photons. It is remarked that all four meth-
ods can theoretically produce NOON state with arbitrary photon number N, provided that the N-photon Fock
states are available for the second, third and fourth methods. Method 4 additionally requires strong cross-Kerr
nonlinearity. Deterministic generation of Fock states with six photons has been experimentally demonstrated
using a superconducting quantum circuit?. Higher photon-number Fock states were shown theoretically to be
achievable with methods such as the recycling strategies®.

To compare the different NOON state generation methods, it will be useful to clarify the two general types of
measurements commonly utilized in the studies of quantum information processing (QIP), namely preselection
and postselection. QIP schemes based on preselection usually involve the explicit generation of the required
quantum state, while those associated with postselection do not separate the required state from the undesired
components until the final detection stage. Concretely for multiple phase estimation with the NOON state, by
triggering on certain heralded modes, the preselection scheme extracts the NOON components from the photon
sources and uses it to probe the target. That is, the NOON state is formed before interacting with the target. On
the other hand, the postselection approach selects the useful NOON components carrying the phase information
after the probing process, with both the NOON and non-NOON components present in the quantum state when
it interacts with the target. Preselection may be the preferred method for various reasons (e.g., number of photons
actually interacting with the target is exact) if it can be exploited efficiently, while in practice postselection is more
commonly utilized in QIP experiments because of its relative ease of implementation using existing technology.
Both methods are deemed effective when they can accomplish the same QIP task. In the discussion below, we
regard the postselection method as effectively in generating the multi-mode NOON state.

Results

In this section, the experimental setups of the four methods are described in detail. Particular attention is paid on
calculating explicitly, for each method, the probability amplitude of the resulting NOON component compared
with the input quantum state, which determines the intrinsic efficiency (generation probability) of the scheme.

Method 1: Linear generation using coherent states and postselection. The first method we pro-
posed here uses coherent states and single photon states as the photon resources, where the latter can be generated
almost perfectly using quantum dots®. Experimentally, a coherent state |«v) is a mathematical characterization of
the output of an ideal single-mode laser, and it can be represented as a superposition of different Fock state com-
ponents with the photon number following the Poisson distribution, i.e.,|a) = exp(—|a*/2) 32 o |n)/~/n!.
The main idea of this method is to first generate a coherent mixture of d identical coherent states |a, v Q)
and then apply multiple Fock state filters (FSF)*! on each |a), where each FSF unit has the ability of filtering out
any Fock state component |k) from the incident state by choosing the transmissivity of the beam splitter (BS)
inside to be T=k/(k+ 1). For each coherent state |a), after the application of | N/2| FSFs with different BS trans-
missivity, the Fock components |1), |2),...,||[N/2]) can be cancelled out, where | - | is the floor function. Finally,
triggered on the postselection of total N photons terms in all d modes in the final detection stage, the output state
is essentially a d-mode NOON state, since all the N photons could only come from any single mode of the d
coherent input states. Its experimental setup is sketched in Fig. 1(a), composed of M = | N/2 | basic blocks of FSFs
(green boxes).

Before mathematically showing its validity, we first briefly explain the working mechanism of the important
unit-the Fock state filter—for future convenience, as illustrated in Fig. 1(b). It is adopted to filter out any certain
Fock state component from the incident beam taking advantage of quantum multi-photon interference, with
the help of a single photon catalyst, a beam splitter with certain transmissivity, and a single photon detector. The
proof is shown below. Considering an input state in mode 1 as an arbitrary coherent superposition of the Fock
state components

o) o] n
o) =D Clny = c,,—‘} 10),
n=0 n=0

(2)
the output state after combining |¢), with a single photon state |1), in mode 2 on a BS with transmissivity
T = cos’fis

oo
Un(0)[é)|1), = Z Ulz(a)al a;10, 0,
n= 0

= Z (cos@a1 + isinfa;)" (cosfa; + isinfa,)|0, 0),,,
n=0 (3)

where U,(0) = explifi(a, a, + a,a;)]is the unitary operator of the BS with respect to modes 1 and 2 with field
operators a, and a,. When there is one and only one photon detected at the detector D in mode 2, the
un-normalized state in output mode 1 is calculated in its density operator form as
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Figure 1. (a) Experimental setup of Method 1: generation of the d-mode N-photon NOON state using coherent
states as input and postselection detection. In the scheme, d identical coherent states jointly pass through M
basic blocks (shown as dashed boxes) sequentially. The kth basic block removes the k-photon terms in each
mode of the inputs by Fock state filtration (green boxes) using d identical beam splitters with transmissivity

cos? 6, = k/(k + 1), d single photons, and d single photon detectors {D;} (j = 1, ..., d). For each mode,
applying the basic block M times with 6, = arctan(1/ ﬁ )(k =1, 2, ..., M) to the coherent state input results in
a coherent-like state output with missing 1- to M-photon terms, when triggered on M-fold SPCD. A d-mode N-
photon NOON state can then be obtained by choosing M = | N/2]and postselecting a total of N photons in all
of the output modes 1... d triggered on dM-fold SPCD after the quantum state interacts with the phase object.
(b) Schematic of a Fock state filter. It is composed of a beam splitter with transmissivity T = cos”0, a single
photon state |1), in one input mode, and a single photon detector D at one output. It takes an input state |$),
with arbitrary photon statistics and filters out the k-photon component |k), from |$), by choosing BS
transmissivity T=k/(k + 1) and triggering on a single photon detection at D.

|8)1(6] o Tr 1), (1/(Upa(8) | 6),11),) (Uia(B) )1 |1),)71, (4)

which is achieved by multiplying the single photon detection measurement |1), (1| by the output state after the
beam splitting, and then tracing off the measurement mode 2 since all measurement is destructive. This is equiv-
alent to its state form

|o), o< (1, Up,(0)|¢) 1), = S C,cos" 10 (1 — ntan®6)|n),, -
n=0

which is used in this paper to calculate the resulting NOON components explicitly. If the transmissivity of the BS
is chosen to be T=k/(k+ 1) (i.e., = arctan1/-/k), the probability of the k-photon component |k}, appearing in
the output state | ), is zero. In other words, the k-photon Fock component is filtered out after the FSF, and the
amplitudes of the other components |n), (n= k) are modulated by cos"10(1 — ntan®h).

More explicitly, the multi-mode NOON state is determined as follows. For the kth block, the state after adding
d single photons using d beam splitters can be written as

d
k
|'®1 Ujagjflas o @pglls oo gy g
P

(SN

k
= 1[Uj,d+j|a>j|1>d+j]

d | _lal* 2 o oo T on,
= ®|e 2 ), ——(costa + isinfay, ;)"
j=1 n;=0 nj!
X (cos@ka;H + isin@ka;)|0)j,d+j], 6)
where Ujk, dtj = €Xp [iﬁk(a;ud 4t aja‘:{ 4)1is the unitary operator of BS; with transmissivity cos*6,. A d-fold SPCD

at {Dj} is then applied, projecting the state into
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Note that the right hand side of Eq. (7) is not normalized so as to show the probability amplitude relative to the
input state explicitly, which enables the intrinsic efficiency of the method to be calculated later. Repeatedly apply-
ing this basic block M times with different 6, (k = 1, ..., M), the output state becomes

a ”f|o>j}.
®)

If 6 is chosen to be §, = arctan (1/-/k) (i.e., cos’ 6 = k/(k + 1)), any term in|))\") ; with n;=k for any mode
j is canceled out. In other words, the 1- to M-photon terms in any of the d modes disappear after the M basic
blocks, leaving the output state as
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Finally, after the output state (9) is used to probe a target for multiple phase estimation, a postselection on
exactly a total of N photons in all the output modes1---d is performed as sketched in the right half of Fig. 1(a).
Then only the NOON state components having all the N photons in one mode |N) and no photons in any other
mode |0) can contribute to the final detection. Therefore, we can write down the d-mode N-photon NOON state
effectively generated upon the postselection and triggering as

(n; — DI(—1M
(n — M — 1)IM! In);

|80 4 o< ¢(INO-+-0) + [ONO-+-0) + -+ + [0---0N)); (10)
where
o= CDYa'v - b .
JM T INT(N = M — 1) (11)

For the discussion on the efficiency of each method, we assume that all the detectors have unity efficiency
and the beam splitters are lossless for simplicity. In this way, the intrinsic generation probability of the d-mode
N-photon NOON state using the first method is

s de 1P| PN (N — 1)1
| - N+d 2202
M+ DNTINN — M — 1)PM! (12)

pl = d‘cl

which is a function of |&|% N, and d. The generation probability p, is maximized at |o¢\ipt = N/d such that the
mean total photon number of the input state is N:

oo — e NNV
! AV M+ DNYYN — M — DPEMP? (13)

As an example, for the 4-mode 4-photon NOON state generation with M =2, the generation probability is
approximately 4.2 x 1075,

Method 2: Linear generation using an evenly-distributed N-photon input. In this section, we
presented a method of creating the d-mode N-photon NOON state using a d-mode evenly-distributed N-photon
state and single photons, where the evenly-distributed N-photon state contains both NOON components with all
N photons being in one mode, and non-NOON components with N photons distributed in multiple modes.
Different from Method 1, this method does not require postselection, since its input has a deterministic number
of photons. The main idea here is similar to that in Method 1, where the same Fock state filters are used to cancel
out the non-NOON components from the system. Since the photon number of the input is fixed to be N, when-
ever the 1-photon term |1) is filtered out, the (N — 1)-photon term |N — 1) is discarded at the same time.
Therefore, the non-NOON components with 1 to (N — 1) photons in any mode of the input are discarded as they
pass through the same M = | N/2|basic blocks of FSFs, and only the NOON components survive eventually. This
method was inspired from Zou et al.’, where the two-mode NOON state was created in a similar way.

The required d-mode evenly-distributed N-photon state can be created by splitting an N-photon Fock state
using (d — 1) beam splitters as shown in the green box in Fig. 2, where the jth BS (U)) has transmissivity T;=1/
(d+1—-j),(j=1,2,...,d — 1). Since a beam splitter introduces 7/2 phase shift to the reflected beam, a phase
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Figure 2. Experimental setup of Method 2: generation of the d-mode N-photon NOON state using a d-mode
evenly-distributed N-photon state. The green box shows the creation of the required input, which is generated
by splitting a Fock state |N) into d beams using beam splitters BS; with transmissivity T;=1/(d+1 —j). The
phase shifters PS; are chosen properly to cancel out the relative phase difference among the d modes for the
NOON state components. Then the state passes through M = | N/2]basic blocks (shown as dashed boxes)
sequentially, each of which is identical to that in Method 1. A d-mode N- photon NOON state is resulted at the
end of the M basic blocks with the corresponding 6, = arctan(1/ JOk=1,2, ..., M).

shifter (PS)) is applied to each mode to cancel out this effect. The unitary operation of the d phase shifters is given
by Upg = Hil exp[fl a(j — 1)] Then the output after this process is an evenly-distributed N-photon state

[0 = UnsUp_rUIN),
1
N Jﬁlez(“lhf“zTJr e+ ap)Vo),
1
= N2 +Z \/ Npseros nd|”1»- S M Mg
nythy ety =
= [Ynoa + [¥iTs NOON, (14)

which contains both the NOON component (un-normalized)

NOON
[ g = dN/2(|N0 0) 4+ --- 4 ]0---0N)); 4> (15)
and the non-NOON component (un-normalized)
~NOON 1
[N =7 \[ ,,,,, ng |11 oo M1 Mg)yg-
d n1+n2+ ~tng=
ny =N, nd¢N (16)

The coefficient CN = N!/(ny!n,!... n;!) denotes the multinomial distribution. This state is then fed into
= |N/2]basic blocks (the black dashed boxes), each of which is exactly the same as that in Method 1. The state
after adding d single photons in the kth block evolves into a 2d-mode state

d
[_®1U d+,|¢>1 b Dagn2d
=

1 JN!
N Z _ H (coseka + 131n9kad+J) i (cosHkad+] + 1s1n9ka )0);...24
a7 ntngteng=n mlnyl o mgll =

(17)
Then the d-fold SPCD at {D;} projects the state into
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When this state |1)) 52) 4 Passes through each block from k=1tok = M = |N/2|with §, = arctan(1/ k), the
kth block cancels out all the non-NOON components with k or (N — k) photons in any mode, since the total pho-
ton number in the system is fixed to be N. Eventually only the terms with N photons in one mode and vacuum in
all the other modes survive, which is essentially a -mode N-photon NOON state:

|0)1%.4 ¢ x(INO---0) + [ONO---0) + - + [0-+-0N));...q» (19)
where
1~ N+d P M-t
c, = dN—/z kl;[l [(cosB,) (1 — Ntan“6,)] = P s 20)

The intrinsic generation probability of the d-mode N-photon NOON state using this method is then

(N— 1P
AN M+ DNN — M- DPEME (21)

pz = d|CZ|2 =

When d = N=4, the generation probability using Method 2 is 2.1 x 1073, which is 5 times more efficient than
method 1.

Method 3: Linear generation using d N-photon Fock states. Based on the work of Kok et al.%, a cas-
cading method was proposed in this section, which uses d N-photon Fock states to generate a d-mode N-photon
NOON state with d=2" (n = 1, 2, ...). The reason it can only generate NOON states with certain mode number
d is that one needs to balance the amplitude for each NOON component, which also applies to Method 4 in the
next section. The experimental setup consists of (d — 1) basic blocks, called the entanglement generators in this
paper, aligned in a cascading configuration such that the output of the previous generator is injected into the next
generator. Each generator creates a two-mode N-photon entangled state by repeatedly reducing one or two pho-
tons (depending on the parity of N) from either of the two N-photon Fock state inputs |N, N) without the knowl-
edge of their originating modes, such that N photons will be reduced either all from mode 1 or all from mode 2
after each generator. This method works differently for even-N and odd-N, which is discussed in detail as
follows.

We first describe the even-N NOON state generation. The experimental setup is sketched in Fig. 3(a), where
(d— 1) entanglement generators shown as black dashed boxes are arranged in a cascading setup (essentially a
binary tree). Every entanglement generator is in turn composed of N/2 sub-blocks (the green boxes), each of
which contains two identical beam splitters BS, and BS,, a 50:50 beam splitter BS;, two single photon detectors D,
and D,, and one phase shifter PS. The transmissivities of both BS, and BS, for the kth sub-block (k = 1, 2, ..., N/2)
are Ty = (N —k)/(N — k+ 1), which are optimally chosen in order to split two photons off from the dual-Fock state
input |N, N),, with the highest probability. Then the output modes b’ and ¢’ are recombined using the 50:50 beam
splitter BS;, whose output are measured by D, and D,. Whenever a two-fold SPCD is measured at D, and D,
(denoted as j(11]), two photons are reduced either from mode b’ or mode ¢’ due to the two-photon quantum
interference. Similarly, when N/2 sub-blocks with the corresponding T} and phase shift 1, = 27k/N at mode ¢’ are
applied, the N photons can be reduced either from mode a or mode d, which can be explained using the mathe-
matical formula ]'[,I(v Vi 2 (@® + eYd?) = gV + d" with abuse of notations. This state after the first entanglement
generator can be expressed as:

05 | M, N
12 o1 a (22)
where
PRVA V] i ;
M, = (11 U = — (,1.(20] + €Y%, {02
k bc( | k /\/5<bc< | bc< |) k (23)

is the measurement operation performed by the kth sub-block, and U, = exp[if(a’b + ab’ + c¢'d + cd")]is the

(3,even) -
1

unitary operator for BS, and BS,. Using mathematical induction, one can prove that the output state|¢);>"" is
_iNVeNe .
\¢>§32’EVE") x [7] H sin” 6, cosz(I\Fk)Hk(a2 + e2Vig?) IN, N),4
k=1
= ¢3,(|ON) £ [N0)),,, (29)

where
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Figure 3. Experimental setup of Method 3: generation of the d-mode N-photon NOON state using d Fock
states as input. (a) Full setup with even N. A basic entanglement generator (black dashed box) creates two-mode
entanglement when a Fock state |N),, is fed into the system. The generator is composed of another Fock state
input |[N), and N/2 sub-blocks (green boxes), each of which reduces two photons from either of the two input
modes without the knowledge of which mode they come from. This is achieved by splitting the two Fock states
using two identical beam splitters BS, and BS, with transmissivity T, = (N — k)/(N — k+ 1) for the kth sub-block
(k =1, 2, ..., N/2), then recombining mode b’ and ¢’ using a 50:50 beam splitter BS; with a phase shifter PS

1y =27k/N, and projecting out two photons using detectors D, and D,. Applying the entanglement generator
(d— 1) times with each input of the following generator aligning with one of the output modes of the previous
one gives a d-mode N-photon NOON state. (b) The sub-block inside the entanglement generator for the case of
odd N. To handle odd N, the photon polarization is exploited in the system, where two Fock states with
horizontal and vertical polarizations are used. The transmissivities of BS; and BS, are chosen to be

T,i = (2N — k)/(2N — k + 1) for the kth sub-block (k = 1, 2, ..., N), BS; is replaced by a polarizing beam
splitter PBS and a single photon detector D, is adopted in order to reduce one photon from either of the two
input modes with a phase shifter ¢, = 27k/N.

B (—iyN2./NT
Go T NN (25)

The upper (lower) sign in Eq. (24) applies to N=2+4g (N=4+4q) withq =0, 1, 2, ....

To extend this method to the multi-mode case, one can simply apply more entanglement generators whose
input is aligned with one of the outputs of the previous block, as shown in Fig. 3(a). As an example, we align the
output mode 2 of the first generator with the input of the next generator. In this case, together with another Fock
state |N); from the second generator, the input then becomes a superposition of |[ONN),,; and [NON),,5. Since the
second generator only works on the state in modes 2 and 3, the state in mode 1 stays unchanged. Term |ONN),,3
then creates another entanglement between modes 2 and 3 and evolves into ¢;,(|JONO),,; + |00N),,5), while term
|NON),,; evolves into c;,| N0O),,; after N photons are measured out from mode 3, with the coefficient

o [71. ]N/Z N
o) N (26)
The three-mode state we obtain here is similar to a NOON state but with unbalanced amplitudes among dif-
ferent NOON components. In order to create balanced NOON states, the mode number has to be chosen as
d=2"(n =1, 2, ...). When this entanglement generating process is repeated (d — 1) times, the d-mode NOON
state is finally obtained:

|g)Peen) o o108 d 18T (IND.0) 4 [ONO-+-0) £ - £ [0---0N)),. 4 27)

whose generation probability is

d—1
even _ g log,d d—log,d—1 21 N!
P =dles ey, | = N-I1| NN | -
d 2NN (28)

This gives p;=3.1 x 10~ whend=4 and N=4.
For odd-N, we need to introduce a new degree of freedom, polarization, into the experiment in order to avoid
the triggering of non-detection. The input state is now instead a dual-Fock states with orthogonal polarizations

(e.g., horizontal and vertical). The main structure is still the same, except for some changes in the entanglement
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Figure 4. Experimental setup of Method 4: generation of the d-mode N-photon NOON state using cross-

Kerr nonlinearity. The dashed box is the basic entanglement generator, which creates two-mode N-photon
entanglement from a Fock state input and is made up of a cross-Kerr nonlinear medium, a single photon input,
four 50:50 beam splitters BS]- (j=1,2, 3, 4), a phase shifter PS with ¢)=—Nm/2, and a single photon detector D,.
Applying the basic block (d — 1) times with each input of the following generator aligning with one of the output
modes of the previous generator gives a d-mode N-photon NOON state.

generator sub-block as shown in Fig. 3(b). Instead of reducing two photons, the kth sub-block (k = 1, 2, ..., N)
only reduces one photon each time, where the transmissivities of BS, and BS, are chosen to be
T,i = (2N — k)/(2N — k + 1). BS;is replaced by a polarizing beam splitter PBS, which transmits horizontal pho-
tons and reflects vertical photons. A single photon detector is used to project one photon coming from either
mode b’ or mode ¢’. Then with the same phase shift 1), =27k/N (k = 1, ..., N), the output state after the first
entanglement generator is a two-mode NOON state:

N
|¢>§§’°“d) x (=N H sin@kcos(ZN_k)Ok(a + e”p"d) IN, N),,
k=1

= c3,(|ON) + [NO)),,, (29)

with c;a = (=D)NJNI/2YNN'?), where the upper (lower) sign applies to N=3+4q (N=5+4q), with
q =0, 1, 2, .... The remaining steps of the extension into multi-mode scenario are the same as those for even-N,
and hence the odd-N scenario has the same intrinsic efficiency as in Eq. (28).

Method 4: Nonlinear generation using a cross-Kerr medium.  The last method presented here takes
advantages of cross-Kerr nonlinearity suggested by Gerry et al.’, where a cross-Kerr medium with nonlinearity
degree xy = is embedded into a Mach-Zehnder interferometer in order to act as an entanglement generator
using an N-photon Fock state and a single photon state, and this process is shown in the dashed boxes in Fig. 4. In
this paper, we extend this method to generate multi-mode NOON states with the mode number d=2"
(n =1, 2, ...) by repeating this process (d — 1) times in the same cascading configuration as that adopted in
Method 3.

As shown in Fig. 4, the setup is composed of (d — 1) entanglement generators (dashed boxes) applied in
a cascading way, where the input of the next generator is aligned with one output of the previous generator.
Mathematically, the cross-Kerr nonlinear effect in each generator can be represented by the unitary operator

Uy = et (30)

where x =7 is the degree of nonlinearity required. The nonlinear medium is placed in an interferometer com-
posed of a single photon state, four 50:50 beam splitters BS; (j=1, 2, 3, 4), a phase shifter PS, and a single photon
detector D,. The parameters for the four beam splitters are chosen to be 0, =0, = —0;= —0,=w/4. Then the
output state after the four beam splitters and the cross-Kerr medium is given by

UitV UxUpUndl N> 0,1,0)4

C
L dtdata+bTp) Lyvdtdab’ —at
_ U:d(efxd d(a'a+b b)efxd d(ab’'—a b)) Ucd|N’ 0,1, 0>ab£d

i

1
= E[(|N0>ab + e"2NON),,)[1,0)

+i(e2V|ON ), — [N0))[0, 1)yl G1)
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Method 1 2 3 (even-N) 4

Major strength coherent state input preselection preselection high efficiency

Major weakness postselection Fock state input low efficiency strong nonlinearity
) o a~ (=D NyN-2y, a~ W=Dy —1)? ~(N=1)yd—1

Generation Probability (ng N I)NM([% 2 ng 2 (L% Nt éi] _ 1)) 2 lgj 2 d (42NNN%’:1 iz_

# of beam splitters d|N/2] dIN/2] +d—1 3N(d—1)/2 4(d—1)

# of phase shifters 0 d N(d—-1)/2 d—1

# of SPCD d|N/2] d|N/2] N(d—-1) d—1

# of Fock states |N) 0 1 d 1

# of single photons |1) d|N/2| d|N/2| 0 d—1

Table 1. Comparisons between the four multi-mode NOON state generation methods.

After applying a phase shift of —N7/2 to the output mode b, whenever a photon is detected at D, one can
obtain a two-mode NOON state in modes 1 and 2:

1

6012 o Z(INO)z + [0N)yy). 32)

Essentially, either the triggering of single photon detection in mode ¢ or mode d can result in a two-mode
NOON state. However, in order to extend this method to the multi-mode scenario, only one detector in mode ¢
is used in each entanglement generator as the preselection, since the single photon input can only trigger a detec-
tion in mode ¢ instead of mode d when |0), component in|¢){% (Eq. (32)) is injected into the next generator. The
scheme of adding more entanglement modes into the system is the same as that in Method 3. The final d-mode
N-photon NOON state is then

1
64 o ZINO--0) + [ONO--0) + -+ + 00N

(33)
triggered on a d-fold SPCD. The generation probability for this method is
1
h=g (39

For the 4-mode 4-photon NOON state, p, =0.25, which is much higher than the previous three methods.
Nevertheless, the required high-degree of nonlinearity is extremely hard to achieve using current technologies.

Discussion

After describing the four methods of generating multi-mode NOON states in detail, we now make comparisons
among them with respect to their feasibility and efficiency. In general, Methods 1 and 2 take advantage of the
Fock state filtration, to reduce the unexpected components from the d-mode coherent states input and d-mode
evenly-distributed N-photon state input, respectively. On the other hand, Methods 3 and 4 make use of multiple
entanglement generators, each of which adds one mode entanglement into the system. The detail comparisons
are shown in Table 1. Note that only the even-N scenario for Method 3 is shown in the table, since the odd-N and
even-N scenarios have the same efficiency and the only main difference between them is that the former requires
twice the numbers of BSs and PSs.

Compared with Methods 2, 3 and 4 which require N-photon Fock state as inputs, Method 1 only uses coherent
states as the input in addition to single photons. As high photon-number Fock states are relatively hard to obtain,
Method 1 is thus most feasible among the four approaches. In addition, the number of optical components (such
as BS and detectors) required in Method 1 are all in the degree of O(dN/2), which is comparable with method 2,
but much lower compared with Method 3. This is significant when the imperfect efficiency of the optical compo-
nents is taken into account in practice. Due to the use of nondeterministic-photon-number input in Method 1, it
requires postselection detection to discard all terms with photon number different from the intended one. Since
current measurement methods are all destructive to photons, the postselection process would not be applied until
the experiment using the NOON state finishes. On the contrary, the other three methods require preselection
only.

Compared with Methods 1 and 2, both Methods 3 and 4 can only create the balanced NOON state with mode
number d=2"(n = 1, 2, ...), while the first two have no limitation on d. The last two methods use a similar cas-
cading structure, making uses of (d — 1) entanglement generators, each of which creates a two-mode N-photon
entangled state from separable input states. The difference between them lies in the entanglement creation
method, where the former takes advantages of the 2-photon quantum interference, while the latter uses the non-
linear cross-Kerr medium. It appears that Method 4 requires much fewer optical components compared with the
third one, however, the requirement of high nonlinearity degree still makes it the least feasible method to imple-
ment experimentally.

To compare the efficiency of the methods more explicitly, we plot the generation probabilities respectively
for 4-photon NOON state with respect to mode number d in Fig. 5(a) and 4-mode NOON state with respect
to photon number N in Fig. 5(b). In general, the generation probability decreases with increasing d when N is
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Figure 5. (a) Plots of the generation probabilities of 4-photon NOON state using the four methods with respect
to the mode number d. Note that for the last two methods, only the points with d=2" (n=1, 2, 3) are plotted.
(b) Plots of the generation probabilities of 4-mode NOON state with respect to the photon number N. The
discrete points are connected for better visualization.

fixed, and vice versa. It is noticeable that the generation probability using Method 4 is much higher than that of
the other three methods. It should however be noted that the comparison is made assuming the Fock states and
strong cross-Kerr nonlinearity are available; the generation probability only reflects the proportion of the photons
that are utilized in reference to all the photons that are used in the NOON state generation process. Method 2
has the higher generation probability among the three linear methods when d > 3, followed by Methods 1 and 3.
Both Methods 1 and 2 are exponentially more efficient than Method 3 with either fixed-d (d > 3) or fixed-N. The
asymptotic ratio between the generation probabilities of Method 2 and Method 1 when N approaches infinity is

N
lim % —im XD N
N—oo pl N—oo N ( 3 5)

This means Method 2 is /27N times more efficient than Method 1 when N is large.

The efficiency comparisons above are made under the assumptions that all the optical devices have no losses.
However, in practice, losses always exist and need to be taken into consideration. For the first two methods, the
main experimental challenge comes from the imperfection of the FSFs. The studies on FSF imperfection involve
multiple variables, such as the input photon distributions, the single photon generation rate, the FSF sensitivity k
(used to filter out |k}), and the photon detection sensitivity, where its efficiency cannot be simply characterized.
In 2015, an experimental model of an imperfect FSF was proposed and studied from three aspects®: the use of
photon detectors that cannot distinguish events between one photon detection and higher-photon-number detec-
tion, the imperfect single photon catalyst that is actually a superposition of a single photon state and a vacuum
state, and mode mismatch between the input state and the single photon catalyst; and they calculated the success
probability of an imperfect FSF that can filter out |1) from a coherent state using Eq. (14) in that paper®. This
structure can be utilized to study the FSF efficiency pgge(k) with other photon number sensitivity k, which is one
of the next research directions based on the theoretical work here. The realistic efficiency of the third or fourth
method also depends on the sensitivity of photon detectors 7, and the generation efficiency of single photon
states 7);,. Loosely speaking, the efficiency of each method considering the above two imperfections can be calcu-
lated by multiplying the corresponding theoretical efficiency p by 77];‘77‘ 1y>, where x and y are the numbers of photon

detectors and single photon states. The single photon generation has always been an active research field, for both
quantum communication and quantum metrology, and this has been widely studied using quantum dots***, in
order to reach high levels of purity, indistinguishability, and efficiency. For realistic photon detectors that do not
have photon number resolving capability, such as on-off detectors, if the events of more than 1 photons arriving
at the detectors are far less possible than those of only 1 photon, on-off detectors can be used as single photon
detectors without introducing much problem. This is true for Method 4, since there are only two possibilities at
the detector in each entanglement generator: either no photons detected, or a single photon detected. However,
for Method 3, there is a relatively high probability that 2 photons arrive at one single detector since BS, and BS,
are optimized chosen to reduce 2 photons off from the system. In this case, there is always a trade-off problem,
where one can increase the BS transmissivity to reduce the probability of more than 1 photon appearing at detec-
tors, with the cost of decreased generation efficiency of NOON states. Recently, photon-number-resolving detec-
tors have been reported to be experimentally achievable with high efficiency®. With these developments, the
experimental demonstration of the proposed theoretical work would be promising.

In conclusion, Method 4 has the highest efficiency under the condition that strong nonlinearity is achievable.
Among the three linear methods, Methods 1 and 2 have higher generation probability compared with Method
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3, where the latter is relatively more efficient. However, the Fock state input required for Method 2 makes it less
feasible than Method 1 which uses coherent states.

Data availability. No datasets were generated or analysed during the current study.
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