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The scattering of a single photon with sufficiently high energy can cause a recoil of a motional scatterer. We
study its backaction on the photon’s coherent transport in one dimension by modeling the motional
scatterer as a two-level system, which is trapped in a harmonic potential. While the reflection spectrum is of
a single peak in the Lamb-Dicke limit, multi-peaks due to phonon excitations can be observed in the
reflection spectrum as the trap becomes looser or the mass of the two-level system becomes smaller.

o realize all-optical devices at the single photon level for quantum information processing, it is very crucial to

control the coherent transport of a single photon in some artificial quantum architectures. Recent theoretical

studies"” have demonstrated that, in one dimension (1D), a fixed two-level system (TLS) can well serve this
purpose in principle, since the interference between the spontaneously emitted photon and the incident one can
result in a perfect reflection on resonance. Therefore, the TLS can act as a quantum node to function as a quantum
optical switch and a single photon transistor’''. Here, we emphasize that this observation is made only for the
situation, in which the TLS is fixed and thus does not recoil in the scattering process.

However, when the energy of the single photon becomes comparable to the motional energy of the TLS, the
recoil of the TLS caused by the incident photon becomes evident. It is obvious that such a backaction will have
effect on the absorption and emission of photons. For instance, the energy of the gamma-ray photon emitted by a
nucleus at rest is lower than the transition energy of the nucleus, while that absorbed by a nucleus at rest is higher
than the transition energy of the nucleus, because in both emission and absorption processes energy is lost into the
recoil motion of the nucleus'. In an ensemble of free nuclei, the energy shift is so great that the emission and
absorption spectra have no overlap. As a result, the nuclear resonance fluorescence cannot happen in free nuclei.

In contrast, for nuclei bound in a solid crystal, there exist recoil-free emission and absorption, and in con-
sequence the nuclear resonance fluorescence can be observed. This phenomena is called the Mossbauer effect'”.
Here, the inherent mechanism to suppress the recoil lies in the fact that the conservation of momentum is actually
satisfied by the solid crystal as a whole instead of by a single nucleus alone. In a recoil-free scattering process based
on the Mdssbauer mechanism, the novel quantum optical phenomena, such as the collective Lamb shift and the
electromagnetically-induced-transparency (EIT)-like phenomena'*'®, were displayed in an ensemble of nuclei
interacting with the intense coherent photons from the synchrotron radiation light sources.

It is believed that there will emerge more exciting quantum optical effects, as photons of much better coherence
and of much greater beam intensity shall be utilized, which are produced from a novel generation of light sources,
such as the hard X-ray or gamma-ray free-electron laser (FEL). Stimulated by the great progress in the high energy
coherent light source'**', a novel research field, the X-ray quantum optics™ is gaining momentum to be born in
the near future. At that time, when the high energy photons, with perfect coherence, interact with nuclei
(especially for free atoms in the in situ x-ray measurement®***), the recoil effect will become dominant to lead
to new quantum phenomena beyond the Mdossbauer effect. It is worthy to notice that the existing theoretical
studies*>*° only work well for the situation that the nuclei are perfectly fixed by the solid crystal.

We set up a fully quantum model to directly manifest the main characteristics of the recoil effects in the single-
photon scattering by a motional scatterer. In our one-dimensional (1D) model, the motional scatterer is modeled
as a TLS confined by a harmonic potential and assume the 1D photon field has a linear dispersion relation, which
is a good approximation of the usual 3D case. The Lamb-Dicke parameter (LDP)*, which is proportional to both
the wave number of the resonant photon and the spatial spread of the TLS’s ground state wavefunction, quantifies
the coupling strength of the TLS’s internal state to its motional state, and thus controls the recoil strength of the
TLS in the photon scattering process. In the Lamb-Dicke limit when the LDP is very small, the scattering process
is recoil-free, and in the reflection spectrum there is a single peak of complete reflection at the resonance point. As
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Figure 1| (a) Schematic of a single photon with wave number k incident
on the motional two-level system (TLS) with transition frequency Q.

(b) The TLS is trapped by a harmonic potential. Here, the upper green
(lower blue) harmonic oscillator represents the energy levels of the TLS in
the internal excited (ground) state.

the LDP becomes larger, the recoil effect in the scattering process
becomes more evident. A main characteristic of the recoil effect is the
phonon induced multi-peaks in the reflection spectrum; moreover,
the scattered photon splits into a mixed state due to its entanglement
with the TLS’s motional state, and each component of the mixed state
has a separate frequency shift.

Results

Model setup. As schematically shown in Fig. 1, what we consider is a
1D system, consisting of a TLS, whose mass is M and the internal
energy level spacing between the excited state |e) and the ground state
|g) is Q. The spatial confinement of the TLS is modeled by a harmonic
potential of the oscillator frequency w, and therefore the motional
state of the TLS is denoted by a Fock state |n). Let a' (a) be the
creation (annihilation) operator of the vibrational quanta (pho-
nons). Then the TLS’s position (momentum) operator reads as

x=oc(a1'+a),

p=-(a"—a),

T2

with o=1 / V2Mw. Therefore, the Hamiltonian involving the

motional TLS alone reads as
I:Ia=Q\e)<e|+(aTa+l/2)w, (1)

and the corresponding energy level diagram is shown in Fig. 2. While
the fixed TLS has two levels, the motional TLS has two sidebands
made up of many sublevels. The state of the motional TLS is denoted
by |g, n) or |e, n), which means the internal state is |g) or |e) and the
motional state is |n).

The Hamiltonian of the 1D photon field is

A +d; E
H,= J dkoyey ek, (2)

with @ = v,|k|, where k is the photon wavevector and v, is the
velocity of the confined photon?.
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Figure 2| (a) The energy level structure of the fixed TLS. (b) The energy
level configuration of the motional TLS, including motional sidebands.

+ o )
V=1J dk(c;a,e-"“k(“‘ +a) +h.c.). (3)

Here, ] is the frequency-independent coupling between the photon
field and the TLS; cZ(ck) is the creation (annihilation) operator of
the photon field, obeying the bosonic commutation relations

[ck,cH =0kx; 04+ (o) is the internal transition operator, i.e. o

= |e) (g], o— = |g) (e|; exp [Fiak(a" + a)] is known as the displace-
ment operator, which can creat a coherent state acting on vacuum. In
this model, the displacement operator causes transitions between
different motional Fock states. Thus, we name it the transition oper-
ator here. The LDP, denoted as &, p, is given by

ELD = OCkC, (4)
where k. is the resonant wave number, i.e., k. = Q/v,.

Single-photon scattering equation. A photon propagating in 1D
will inevitably encounter the TLS. The virtual absorption and
emission of the photon by the TLS dramatically affect the coherent
transport of the incident photon, which could be described as a
single-photon scattering process by the TLS.

A single photon, incident from the left side and with wave number
k, propagates in 1D, until it is scattered by the TLS, which is initially
in the lowest energy state. The input state for scattering is
}¢k,0> =c;£|vac)®\ g, 0), where |vac) represents the vacuum of the
photon field and |g, 0) is the lowest energy state of the TLS. In the
scattering process, the TLS may virtually absorb and spontaneously
emit a photon, which transfers the single-excitation from the photon
field to the internal state of the TLS or vice versa. Additionally, the
vibrational motion of the TLS is disturbed, and thus the number of
phononic excitations may be changed.

In the single-excitation subspace spanned by the basis |g, m) and
\e, n) (m and n are the phonon numbers), the scattering state can be
written as

0 +

o) =2 o g
0 o0

n=

(5)

o0

+ Z u.(n)|vac)®le, n).

n=0

The wavefunctions u,(p, n) and u.(n) obey the Lippmann Schwinger
equation

In the rotating wave approximation, the dipole coupling of the TLS ) ¢ }(( E) > _ | dro)+ Al 4 li 45) >’ (6)
to the 1D photon field is described as ’ ’ Exo—Ho+i0t ’
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where Hy=H, +H,, and Exo = o + w/2. It follows from equa-
tions(5)(6) that
0 n|e—io¢p(a*+a)|m>
On00(p—k)+ yo——————— (7
ug(p’ ) 0 (p Z:: Eko_wpn+10+ ( )
1
— Wem+i0TF

ue(m)

e x {](mei“k(“u“)m) + ;)F(m’ n)ue(n) |,(8)

+ (n + 12)w, e, = Q + (m + 1/2)w and
.

— — Wy +10T
X <m|eiap(u +a) |ﬁ1> <m‘efixp(a++u) ‘i’l)

where w, , = @,
+ o0

dp
B ©)

—

Note that for motional TLS, the effective coupling to the photon field is
indeed the coupling constant J times the vibrational transition amplitude

m +wp(u +u) _ i |m—n| (min[m, }’l])'
e Iy =(£9) (max[m, n])! (10)
x e P R ap)" L (0292),

minjm.»| 1S the generalized Laguerre polynomial®. Note that due
to the decay factor exp(—o’p®/2) in Eq.(10), the effective coupling
strength decays as the photon momentum increases. It follows from
Eq.(8) that different phononic states of the TLS are coupled via the
photon field. The matrix F(m, n) gives the self-energy of the TLS due
to resonant coupling with the photon field.
Now we calculate the single-photon scattering probability, accord-
ing to the scattering state obtained. To this end, we first reform the
scattering state in the coordinate representation as

whereL‘m ”‘

)= | o i @vac) @l )
n:OL*% (11)
+Zuz n)vac)®le, n),
where
cf(x)z‘[ : dgnckef’f’ x, (12)
wien = | Lo pm, (13)

From equation(7) and equation(13), we can obtain the photon
wavefunction uy(x, n). Actually, to study the scattering problem,
we only need to know the wavefunction in the limit |x| — o,

ik -x
ra(k)

¢ e—ik,,-x

75}1 4+ —
var " an

ik, -x
(k)

, X— —00
= (14)

ug(x, n)
xX— + 00

s

= k — nw/vg and t, (r,) is the transmission (reflection)

where k,
amplitude®,

n|e—w<kn(u*+a) |m>, (15)

o0

D el

ta(k) =0u0+0(ky) (—i21] /vg) x

ru(k) = 0(ky) (— 27 /) m)(nle™ () |1m). (16)

Note that the photon is scattered into a mixed state, due to the
contribution of the phononic states with n # 0. Each pure state com-
ponent corresponds to a phononic Fock state. Thus, we can label the
pure state components by the corresponding phonon numbers.
Namely, the photon wavefunction of the nth pure state component
with #n phonons is denoted by ¢,,(x). It follows from Eq.(11) that ¢,,(x)
= ug(x, n). For the nth pure state component, the reflectance is |r,,(k)|*
and the transmittance is |t,(k)|*. The total reflectance (transmittance)
Ry (Ty) is a statistical sum of each pure state component,

Ri= i ra(K) [, (17)
n=0
ri= 3" (0P (18)

According to equations(8)(15)(16)(17)(18), we numerically obtain
the total reflectance (transmittance), from which the probability cur-
rent conservation, i.e. Ty + Ry = 1, is confirmed.

The Lamb-Dicke limit. The recoil effects in the single-photon
scattering arise from the vibrational transition operator exp
[*iok(a® + a)] and the recoil strength depends on the LDP. In the
Lamb-Dicke limit, k. — 0, the vibrational transition operator can
be expanded to the lowest order, ie. exp [iiock(a*—i—a)]:l.
Consequently, the recoil vanishes and the model reduces to the
ideal case'. The reflectance (transmittance) is given by

(0 —Q)

(wk—Q)z—}—Fz’ (19)

e

I—‘Z

— (20)
((Dk — Q) +T

with I = 271J*/v,. The probability current conservation Ty + R = 1
holds. Therefore, we are only concerned with the reflectance Ry. We
plot the reflection spectrum Ry in Fig. 3. It is observed that complete
reflection occurs at the resonant point w;/Q = 1, and I'/Q is the
width of the reflection peak. When the coupling strength J is very
weak, a sharp reflection peak is obtained. In the scattering process the
motional state of the TLS remains in the Fock state |0) and thus the

scattered photon is in a pure state.

Ry =

1.0 T < T
—ra=-005 7t N
084 ----I/Q=01 , ," 4
-=-I/Q=05 "7/ '
o4 / H
2 ’ )
3 0.64 ; L
Q h
(] '
5 044 / N -
o4 /7 ;! N
7 ] N
7 ~N
024~ b
Y — : = o
0.0 0.5 1.0 1.5 2.0
./ Q

Figure 3 | The reflection spectra with I'/Q = 0.05, 0.1 and 0.5 are
compared in the Lamb-Dicke limit.
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The recoil effects. As stated above, the recoil strength is fixed by
LDP. In the limit ak, — 0, the recoil vanishes; as ok, increases, the
recoil becomes more important. In the Lamb-Dicke regime ak <1,
let us expand the vibrational transition operator in o as

eiok(a'+a) —q _ iock(a't +a)
. o (21)
+5(7iock) (a" +a)"+0(c?).

If we keep only the zeroth order, exp [i iok (aT + a)] ~1, the
TLS may absorb the photon by internal transition, but its
vibrational motion is not affected. Therefore, there is only one
resonance at wp = Q. If we keep up to the first order,
exp [jiock(aT +a)]~1 iiock(aT +a), the TLS may absorb the
incident photon and meanwhile, its vibrational motion gains a
phonon or remains in the lowest sublevel. As a result, the outgoing
photon is in a mixed state, of which a component has the resonance
energy o = £, leaving the TLS in the lowest sublevel, and the other
component has the resonance energy w; = Q + ®, leaving the TLS in
the second lowest sublevel. As o increases, higher-order phonon
processes take effect. In consequence the scattered photon splits
into a mixed state, of which each pure state component is
entangled with a phononic state of the recoiled TLS and has a
separate resonance energy.

To manifest the recoil effects, in Fig. 4 we compare the reflection
spectra as LDP varies. When ¢;p is very small, the reflection spec-
trum coincides with the Lamb-Dicke limit. As ¢;p increases, the
reflection peak at w;/Q = 1 is lowered and more peaks emerge in
the vicinity of the points wy = Q + nw, with n=1,2,3---.

The emergent multi-peaks in the reflection spectrum can also be
well understood in an intuitive way. As shown in Fig. 2, the phononic
excitations in the vibrational motion of the TLS bring side-bands to
the energy level structure of the motional TLS. As a result, instead of
the single transition between two levels for fixed TLS, there are dif-
ferent transitions between the side-bands and thus multi-peaks arise.
For TLS initially in the lowest sublevel, the transitions are shown by
the dashed lines in Fig. 2 and the corresponding resonance energies
are Q, Q + o, Q + 2. If the TLS is initially in a high sublevel, the
transitions are shown by the dotted lines in Fig. 2, with the resonance
energy Q — 0, Q — 20, Q — 3w.

The locations of the resonance peaks are illustrated in Fig. 5, which
compares the reflection spectra as /€ varies. Note that the locations
of the reflection peaks are shifted from the transition frequencies Q +
now (with the integer #) of the transition channels depicted in Fig. 2.

1.0

0.8

0.6

0.4+

Reflectance

0.2

0.04 - ; .
0.0 0.5 1.0 1.5

w,/ Q

Figure 4 \ The reflection spectra with ¢;p = 0.2, 0.4, 0.8 and 1.6 are
compared. The other two parameters are w/Q = 0.2 and I'/Q = 0.05.
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Figure 5 | The reflection spectra with /Q = 0.1, 0.2 and 0.4 are
compared. The other two parameters are I'/Q = 0.05 and ¢;, = 0.8. The
reflection spectra are peaked near the points w; = Q + nw, with
n=0,1,2---.

The transition channels depicted in Fig. 2 are coupled with each
other, due to their interaction with the common photon field.
Thus, the locations of the reflection peaks, which are actually defined
by the transition frequencies of the diagonalized channels, are shifted
from the transition frequencies Q + nw by an amount increasing
with the coupling strength. This phenomenon can also be interpreted
by the Lamb shift of the TLS’s energy level.

Besides multi-peaks in the reflection spectrum, which is a typical
effect due to the recoil of the TLS, the coupling strength is also
modified by the vibrational motion of the TLS. In the Lamb-Dicke
limit, the coupling strength is ], whereas for motional TLS, the effec-
tive coupling is rescaled by the vibrational transition amplitude,
which varies with LDP, as written in equation(10). In the limit «
— oo, the rescaling factor approaches zero, which means the coupling
between the photon and the TLS is negligible. As demonstrated in
Fig. 4, the reflection diminishes with &;, increasing and in the limit
e.p — o, the reflection vanishes.

The coupling strength between the photon field and the TLS is
indicated by the dimensionless parameter I'/Q. As shown in Fig. 6,
when I'/Q increases, the reflection increases and also, the width of

1.0 v T v T T T

0.8+ ----T/Q=0.05 « 4
0.6

0.4+

Reflectance

0.2

@,/ Q

Figure 6 | The reflection spectra with I'/Q = 0.05, 0.1 and 0.2 are
compared. The other two parameters are ¢;p, = 0.8 and w/Q = 0.2.
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the peaks increases. The peaks merge into a single peak, when the
width of the peaks is large enough to fill out the spacing between
them. In addition, the location shift of the reflection peaks also
increases with I'/Q increasing.

Apart from the reflection spectrum, the recoil also shifts the fre-
quency of the outgoing photon. In the Lamb-Dicke limit, the con-
tribution of the phononic states with n # 0 vanishes, so that the
scattering state is simplified as

)= | e e lg0

— 0

(22)
+u.|vac) ®|e,0).

Note that the scattered photon is in a pure state described by the
wavefunction ug(x), which in the limit |x| — o takes the form

eik-x —irC e—ik~x
——t——————— | x>—
V2n o —Q+il" \/2n
Uy (x) = . (23)
4 Q ikex
B N
o —Q+il" /21 ’

It is observed from Eq.(23) that the frequency of the outgoing photon
is still wy. In contrast, considering recoil effects, the scattered photon
is in a mixed state, of which the nth pure state component is
described by the wavefunction ¢,,(x) = u,(x, n), which in the limit
|| — oo takes the form

eik-x e*ik,, X
On0 + ra(k) , x—>—o0
T V/2m 27
h={ YTV (24)
tu(k) , x>+

with k, = k — nw/v,. It is observed that the frequency of the outgoing
photon is w; — nw, with nw lost to excite n phonons in the vibra-
tional motion of the TLS.

Discussion

We have studied the 1D single-photon scattering with a motional
TLS confined by a harmonic potential. In the Lamb-Dicke limit when
the trap frequency is very high or the mass of the TLS is very large, we
recover the results of previous studies'?, which assume the TLS is
perfectly fixed and get a reflection spectrum with only a single peak of
complete reflection at the resonance point w; = Q. As the trap
becomes looser or the mass of the TLS becomes smaller, the recoil
of the motional TLS brings about new features to the single-photon
transport. The original single peak of complete reflection is lowered
and its location has a small shift from the resonance point w; = Q.
Besides, multi-peaks induced by phonon excitations are observed in
the neighborhood of the points wy =Q+nw(n=0, +1, +2---) in
the reflection spectrum. Besides, the properties of the scattered
photon are also changed. To be specific, it splits into a mixed state
due to its entanglement with the TLS’s motional state, and each
component of the mixed state has a separate red shift with respect
to the incident photon, due to energy exchange with phonon
excitations.

In the quantum devices such as a quantum switch or a single-
photon transistor, the recoil should be avoided. However, the TLS
cannot be absolutely fixed in practice, namely, the Lamb-Dicke para-
meter cannot equal zero. Note that the real incident light is always a
wave packet. Since it is a linear mapping from the incoming wave to
the outgoing wave, the scattering property of a wave packet can be
directly obtained based on the single photon reflection spectrum.
Although the recoil cannot be totally avoided, its effects can be sup-
pressed under certain conditions. If the characteristic frequency of
the harmonic potential is much larger than the energy width of the

wave packet, the small multi-peaks will not take effect. Otherwise, the
wavepacket of light shall be broadened and deformed after scattering.

On the other hand, the recoil may be useful, in preparing a phonon
Fock state in the harmonic potential. Note that the characteristic
frequency of the harmonic potential can be measured by exploring
the reflection spectrum using monochromatic light. A phonon Fock
state in the harmonic potential can be prepared by scattering of light
with a particular frequency.

The atomic recoil in 3D light scattering also brings fasinating
effects, which are out of the scope of this paper, and here we cite
some references® > for interested readers.

Methods

Numerical calculations of the reflectance. Using the formula
1/(x+i0")="P(1/x) —ind(x) with P denoting the principal value, F(m, n) can be
decomposed as the principal-value integral and the imaginary part, both of which can
then be numerically calculated.

o+ 1
ReF(m,n) = Z J dpP <m>
=04 — 0 | i

m=

X]2<m|eixp(a*+a) ‘m><ﬂl‘e—11p(nf+a) ‘Yl>7

i oo
F(m,n) =ReF(m,n)— 3 r mgo 0(ksn)
x [(m‘eiakm(al’ +a) \Fn)(rh\eii“k"‘ (a*+a) |n)
+ <m|eii1k"’ (a'+a) i) <ﬁl|ei1k'” (a"+a) ],
where we have introduced the notations

k,—,,Ek—fnw/vg. (25)

I=2n*/v, (26)

Note that the principal-value integral is convergent, because the effective coupling
strength decays with the photon momentum increasing. The real part ReF(m, n)
contributes to the Lamb shift of the TLS in different motional states, while the
imaginary part of F(m, n) determines the decay rate of the excited TLS. Note that in
the imaginary part, the phononic space is truncated by /1 < vgk /@ (the total energy of
phonons is no more than the incident photon), whereas in the principal-value
integral, there is not a natural truncation of the phononic space. Let us assume the
dimension of the phononic space is vk/@ + Nipore- In the numerical calculation of the
principal-value integral, one can start with the truncation Ny,ore = 0 and then
gradually extend the truncation until the reflectance is convergent upon increasing
Nmore- In this paper, the data in the figures is obtained by setting Nyore = 10. By
increasing Nyore> the numerical value of the Lamb shift will become more precise, but
no qualitative changes will happen.

Derivation of equations (19) and (20). The result in the Lamb-Dicke limit can be
obtained by setting o = 0. In the limit « — 0, equations(8)(9) become

F(m,n)= —il'0,,,0(kn), (27)

1
O k= Qi

Ue(m) =0 (28)

It follows from Eq.(28) that the TLS remains in the lowest motional state (no
phononic excitation), and thus the self-energy matrix is diagonalized. In the Lamb-
Dicke limit the principal-value integral has an ultraviolet divergence, which is caused
by the high momentum photons coupled to the TLS with equal strength. In order to
obtain the Lamb shift, a renormalization procedure should be performed to eliminate
the divergence. Since the Lamb shift is in general a very small correction to the energy
level of the TLS, we have it neglected in Eq.(27) (see Refs. 1, 28). Actually, Eq.(28) is
exact when Q is identified with the renormalized level spacing.

With Eq.(28), the scattering wavefunction ug(x, n) in Eq.(14) is simplified as

—irC e—ikx
- - —w
o —Q+il’ \/2n> -

e[k-x

eikex
On0 <\/—2—n +
w—Q
™ o —Q+iC van ’

ug(x,n) = (29)

X— + 00

which demonstrates that the motional state of the TLS remains in the Fock state|0)
and thus the scattered photon is in a pure state. From equation(29), we read the
reflection (transmission) amplitude as
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_ wp—Q
t(k>_7wk—9+il"’ (30)

—ill
r(k)iwka—HF’ (1)

and then the reflectance (transmittance) is obtained, Ty = |t(k)|?, Ry = |r(k)|
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