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ABSTRACT: Liquid−liquid mixings in stirred tanks are commonly found in many industries.
In this study, we performed computational fluid dynamics (CFD) modeling and simulation to
investigate the liquid−liquid mixing behavior. Furthermore, the population balance model
(PBM) was used to characterize the droplet size distribution. The PBM model parameters
were calibrated using the experimental data of droplet sizes at different agitation speeds.
Additionally, we employed the steady-state Sauter mean droplet size to validate the developed
CFD−PBM coupled model at different dispersion phase holdups. Then, the validated CFD−
PBM coupled model was employed to evaluate the role of impeller structural parameters on
the liquid−liquid mixing efficiency based on a user-defined mixing index. It was found that the
position of impellers significantly affects the mixing efficiency, and an increase in stirring speed
and the number of impellers improved the mixing efficiency.

1. INTRODUCTION
Liquid−liquid mixing and dispersion phenomena are com-
monly found in many industrial processes, such as extraction,
emulsification, polymerization, and wastewater treatment.1−5

In these processes, high liquid−liquid mixing rate and narrow
droplet size distribution are required for excellent heat and
mass transfer rates, which have remained challenging to obtain.
Therefore, comprehensive knowledge of the hydrodynamic
characteristics and droplet dispersion behavior of the liquid−
liquid system has become necessary.

Liquid−liquid mixing and dispersion are performed in
stirred tank reactors, where various internal structures make
the process more complex. Many experiments have been
performed to explore the characteristics of droplet size
distribution in stirred tanks.6−9 Equally, many valuable
correlations for droplet size have been proposed.10−12 It was
found that the Sauter mean diameter and droplet size
distribution shape highly depend on the impeller speed and
continuous phase.13,14 Moreover, with the increase in impeller
speed, the bimodal distribution profile in the aqueous
continuous phase changed to unimodal distribution.14 Addi-
tionally, the dispersed phase holdup, dispersed phase viscosity,
and continuous phase viscosity significantly affect the droplet
size and size distribution.15−18 These attempts and efforts
provide a systematic research method for liquid−liquid mixing
and dispersion. However, it is expensive, time-consuming, and
almost impossible to solely examine all key influencing factors
via experiments.

As a supplementary approach, recently, computational fluid
dynamics (CFD) coupled with population balance models

(PBMs) has been widely used to characterize the liquid−liquid
dispersion behavior.19−22 Several effective methods, such as the
discrete method, quadrature method of moments (QMOM),
and DQMOM, have been proposed to solve PBM. The
discrete method directly computes the particle size distribution
since the population is discretized into small size intervals.
Thus, it is widely applied in modeling particle size distributions
of gas−liquid and liquid−liquid systems. Rathore et al.
investigated the gas dispersion characteristics and mass transfer
coefficient in a gas−liquid stirred tank bioreactor.23 In their
study, they employed the discrete method with 13 bins.
Azargoshasb et al. proposed a CFD−PBM coupled model to
investigate the bubbles’ Sauter mean diameter in a
bioreactor.24 Eleven bin classes of arbitrary size were used to
characterize the size distribution of the bubbles. Recently,
Agahzamin and Pakzad developed an Eulerian−Eulerian model
to evaluate the effect of the internals on gas holdup in a bubble
column.25 Here, they employed the discrete method with 20
bins. Schütz et al. simulated the droplet size distribution in the
water−diesel separation process in hydrocyclones for the
liquid−liquid system.26 The droplet size was discretized into
19 bins. The calculated droplet size distributions showed good
accordance with the experimental data. Vonka and Soos
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combined CFD and PBE to simulate droplet coalescence and
breakup phenomena in a liquid−liquid stirred tank.27 They
used QMOM to solve PBEs and predicted the dependency of
the mean droplet size on impeller tip speed. Naeeni and
Pakzad investigated the water-in-crude oil dispersions in a
stirred tank.8 They solved the population balance equations
using the discrete method with 20 bins. Their results show that
an increase in agitation speed decreases the Sauter mean
diameter. Furthermore, higher oil volume fractions result in a
wider droplet size distribution, while increasing oil phase
viscosity leads to a narrower droplet size distribution.
Nonetheless, further investigations on mixing hydrodynamics
for the liquid−liquid system are still required, particularly for
considering the influence of complex impeller structural
parameters.

In this study, we employed a CFD−PBM coupled model to
evaluate the liquid−liquid mixing efficiency in stirred tanks.
The simulation results were validated with the experimental
data using Sauter’s mean size. Based on the validated model,
the effects of stirring speed and the position and number of
impellers on liquid−liquid mixing efficiency were investigated
by a user-defined mixing index. This study gave a
comprehensive understanding of the role of impeller structural
parameters on liquid−liquid mixing characteristics in the
stirred tank.

2. CFD−PBM COUPLED MODEL DEVELOPMENT
The CFD−PBM coupled model was developed and solved to
obtain comprehensive flow field information on the liquid−
liquid dispersion in stirred tanks. The CFD model includes a
continuity equation, momentum equation, drag model, and
turbulent model. The PBM model considers the breakage and
coalescence effects of the droplets. The detailed model
equations are given in the following.
2.1. CFD Model. The continuity and momentum equations

are given as
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t
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In eq 2, q is the stress tensor, including the viscous and
turbulent tensors.
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where μeff,q denotes the effective viscosity, including molecular
and eddy viscosities, which are obtained by solving the RNG
k−ε turbulent model.
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In eq 2, F is the combination of drag, buoyancy, gravity, lift,
and virtual mass forces. The Schiller and Naumann drag model
was used in this study and is given by28
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For the gravity and buoyancy forces, they can be combined
and defined as

=+F d g
6

( )G B p
3

a d (8)

Besides, the lift and virtual mass forces were neglected in this
study. This simplification is reasonable because the density
ratio of the dispersion and continuous phases is close to one
and the droplet size is small.29

2.2. PBM Model. For the liquid−liquid dispersion system,
the droplet size distribution is fundamentally determined by
the droplet coalescence and breakage phenomena. When the
nucleation and growth rates are ignored, the population
balance equation is written as a volume fraction of particle size
i

+ · = +
t

B D B Dv( ) ( ) ( )i i i iq B B C C (9)

where ρ is the density of the secondary phase and αi is the
volume fraction of particle size i. BB and BC denote droplet
birth, while DB and DC denote droplet death due to breakage
and coalescence, respectively. In this study, we used the
discrete method proposed by Hounslow et al. and Ramkrishna
to model the droplet size distribution.30,31 Each droplet size
interval is assumed as an independent Eulerian phase.26 Thus,
it can be tracked to obtain the droplet size distribution. The
droplet birth and death rates are defined as
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where the term ΩB(υi, υK) is the breakage rate of a droplet
from size υi to size υK and the term Ωag(υi, υj) is the
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coalescence rate of a drop with sizes of υi and υj. To solve eq 9,
breakage and coalescence source terms are required before-
hand. Various models of breakage and coalescence phenomena
have been reported in the literature.32−36 Here, breakage and
coalescences of droplets were modeled using the Coulaloglou
and Tavlarides model,37 which is widely employed to describe
drop breakage and coalescence in turbulently agitated liquid−
liquid dispersion. The equations for breakage and coalescence
functions are defined as eqs 14 and 15, respectively
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Additionally, the daughter droplet distribution function is
also required for calculating the droplet size distribution. A
detailed discussion about the daughter distribution functions
can be found in ref 38. In this study, we used the parabolic
probability density function of droplets as follows
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The volume fraction of each droplet size interval was solved
by the discrete method. Therefore, the droplet size distribution
function can be defined as follows
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where α(i) is the volume fraction of bin i. Then, the mean
droplet size can be defined as follows
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The variance can be estimated as follows
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A lower variance value indicates a narrow droplet size
distribution.
2.3. Simulation Method. This study investigates the

dispersion of methyl methacrylate into the water in stirred tank
reactors, which have stationary and rotating zones involving
impeller blades. The detailed reactor structures can be seen in

Figure 1. Mesh independence analysis: the effect of grid resolution on the velocity and droplet size distribution. (A, C) z = 0.05 m; (B, D) z =
0.036 m. (Simulation conditions: the dispersion phase holdup is 0.2 and impeller speed is 120 rad/s).
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Roudsari et al.’s work.39 The volume fraction of methyl
methacrylate was varied from 20 to 50% (i.e., 20, 30, 40, and
50%). Four levels of impeller speed 30, 60, 90, and 120 rad/s
were modeled.

The multiple reference frame method was used to model
impeller motion under steady-state conditions,23,40−43 and the
sliding mesh method was adopted under transient conditions
for more accurate simulation results.44,45 The enhanced wall
functions were employed to model the near-wall regions. The
developed three-dimensional (3D) CFD−PBM coupled model
was solved in ANSYS FLUENT with double-precision mode.
Pressure and velocity were coupled using a SIMPLE algorithm.
Furthermore, the volume fraction was discretized using a
QUICK scheme, and the rest of the equations were discretized
using the second-order upwind method. The PBM equations
were solved using the discrete method that discretizes the
droplet population into 15 bins. For the steady-state
simulation, we checked the residual of continuity, momentum,
volume fraction, turbulent kinetic energy, turbulent dissipation
rate, and bin fraction equations. The converged solution was
obtained when the residuals were below 1 × 10−4. For the
unsteady state simulation, the time step was 0.001 s. All CFD
simulations were executed on a 3.3 GHz Intel 1 CPU (10
cores) with 128 GB of RAM.

3. RESULTS AND DISCUSSION
3.1. Mesh Independence Study. Grid resolution plays a

significant role in determining the simulation results for the
stirred tank reactor because of the large gradient of flow
variables. In this study, we focused on refining the grid in the
rotation area and close to the wall. Thus, we obtained the
stirred tank reactor models with different grid resolutions: N =
1,052,968, N = 1,789,814, N = 2,664,451, and N = 3,265,367.

In this section, we performed CFD simulations to investigate
the influence of grid resolution on the velocity and droplet size
distribution when the dispersion phase holdup was 0.2 and
impeller speed was 120 rad/s. Generally, we observed a
significant spatial distribution of velocity in the stirred tank
with high impeller speed. Therefore, two typical cross sections,
one was the plane including the impeller (z = 0.05 m) and the
other was below the impeller (z = 0.036 m), were selected and
used to evaluate the variation trend of the velocity with the
increase in the grid resolution. In Figure 1A,B, the velocity
distribution is almost symmetric. Results show that the
predicted velocity was insensitive to grid resolution when the
number of cells exceeded one million. Additionally, there was a
large velocity gradient near the wall, indicating that the grid
resolution was enough to capture the detailed flow structures.
Furthermore, the turbulence characteristics significantly
influenced the droplet size distribution. Also, the effect of
grid resolution on the droplet size distribution was investigated
(see Figure 1C,D). Although significant differences were
observed in the droplet size distribution at different locations
of the stirred tank reactor, the droplet size distributions were
relatively the same when the number of cells exceeded one
million. From eqs 14 and 15, the same droplet size distribution
at different grid resolutions means that the predicted turbulent
dissipation rate is independent of the grid resolution.

As discussed above, sufficient grid resolution did not change
the velocity and droplet size distribution. In this study, we used
the grid accuracy of N = 2664451 for the CFD simulation in
the following.

3.2. CFD−PBM Model Validation. Before the CFD−
PBM coupled model was applied to investigate the mixing and
droplet size distribution characteristics in liquid−liquid stirred
tanks, the model calibration and validation were inherently
required. Here, the model parameters that required calibration
mainly came from breakage and coalescence functions.
Coulaloglou and Tavlarides found that the estimated break-
age/coalescence frequency parameters were different when
fitting different experimental data.37 This is because these
parameters depend on the reactor structures, which signifi-
cantly affect the turbulent dissipation rate. Many researchers
have found different model parameters for various liquid−
liquid systems.46−49

Previously, Jahanzad et al. studied the droplet size of a
methyl methacrylate−water dispersion system.50 To determine
the mechanisms affecting the droplet size, they investigated the
dispersion of methyl methacrylate into water under two
extreme stabilizer concentrations at different impeller speeds.
They confirmed that the drops are sufficiently stable against
coalescence at high stabilizer concentration, and the droplet
size is determined only using the breakage effect. However, the
detailed stirred tank reactor structures are unclear for us.
Therefore, their experimental data were first employed to
calibrate the developed CFD−PBM coupled model, which was
then employed to investigate the mixing and dispersion
characteristics in a given liquid−liquid stirred tank reactor.

Correspondingly, two simulation cases were performed: one
considers both breakage and coalescence effects and the other
only the breakage effect. Notably, only the steady-state Sauter
mean diameters were calculated in this section because the
unsteady state simulations were time-consuming. Generally,
breakage/coalescence efficiency and frequency parameters
needed to be calibrated. As discussed by Coulaloglou and
Tavlarides, the roles of breakage/coalescence frequency
parameters were more prominent, and therefore, the breakage
frequency parameter and coalescence frequency parameter
were calibrated in turn according to the reported experimental
data. The model calibrations were performed to minimize the
objective function, which is defined as

=
=N

d dOF
1

( )
i

N

i i
1

mod, exp,
2

(20)

where dmod,i and dexp,i are the model and experimental
predictions, respectively. The calibration values of the breakage
and coalescence frequency were 1.2 and 0.0008, respectively.
The used breakage and coalescence efficiency parameters were
0.08 and 2 × 1013, respectively.

In Figure 2, the Sauter mean diameter is plotted against the
agitation speed. Here, the Sauter mean diameter first decreased
rapidly with the increasing agitation speed, meaning that the
breakage effect was dominant at this stage. However, when the
agitation speed exceeded a certain critical value (about 80 rad/
s), a decreasing trend of the droplet size with respect to the
increase of agitation speed was obtained. According to eq 14,
the breakup resistance of small droplets was large and tends to
coalesce. In this study, when only the breakage effect was
considered, the droplet size decreased to 20 μm at an agitation
speed of 120 rad/s. When both breakage and coalescence
effects were considered, the steady-state Sauter mean droplet
size showed a significant increase. However, the changing trend
of the droplet size with agitation speed remained consistent.
For the CFD simulation, the steady-state Sauter mean droplet
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size was obtained at different agitation speeds ranging from
20−120 rad/s.

Generally, a good similarity between the CFD simulation
and experimental data was observed in the calibration step.
With different agitation speeds, the root-mean-square error was
obtained as 8.0 and 6.5 μm, indicating it was a good fit. Further
validations will be performed by investigating the effect of
dispersion phase holdup on droplet size.

Figure 3 displays a comparison of CFD simulation results
and experimental data for the steady-state Sauter mean droplet

size at different dispersion phase holdups. Here, the
experimental data were reported by Jahanzad et al., who
investigated the dispersions of methyl methacrylate at different
volume fractions at an agitation speed of 300 rpm.50 We
observed a linear relationship between the Sauter mean droplet
size and dispersed phase holdup. An increase in the volume
fraction dampens the turbulence intensity and increases the
collision frequency. Therefore, the mean drop size experiences
an increase. The following general form has been employed to
predict the effect of dispersed phase holdup51−53

= +
d
D

a b We(1 )
I

32
d

0.6

(21)

where d32, DI, ϕd, and We are the Sauter mean droplet size,
impeller diameter, dispersed phase holdup, and Weber
number, respectively. Here, the calibrated CFD−PBM coupled
model shows good prediction performance. Therefore, further

investigation of the dispersion characteristics of droplets can be
expected based on the proposed CFD−PBM coupled model.

In addition to the Sauter mean droplet size, the droplet size
distribution is also one of the most important evaluation
indexes for the liquid−liquid dispersion system. Figure 4

displays the droplet size distribution at different impeller
speeds. As discussed above, the mean droplet size decreases
with increased impeller speed. Equations 14 and 15 show that
higher breakage and coalescence rates were observed at higher
impeller speed. However, the breakage rate was more sensitive
than the coalescence rate when the impeller speed increased,
thereby decreasing the droplet size. Additionally, the variance
also decreased from 1.27 × 10−8 to 1.44 × 10−9 with an
increase in the impeller speed from 60−120 rad/s. This
indicated that a wider droplet size distribution profile could be
achieved at a lower impeller speed.
3.3. Liquid−Liquid Mixing Behavior. We characterized

the liquid−liquid mixing and separation behavior quantitatively
by a user-defined mixing index defined as

=
=

M
N
1

1
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1
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k
jjj y
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zzz

(22)

where N is the total number of grids, α is the local phase
holdup, and α̅ is the average phase holdup. At the beginning
time, the dispersed phase was patched at the top of the stirred
tank; then, the mixing index was calculated and recorded with
flow time. Since the continuous phase and the dispersed phase
were completely separated at the initial time, the mixing index
was equal to 1.

First, we investigated the effect of stirring speed on liquid−
liquid mixing efficiency. Figure 5 shows the time evolution of
the mixing index at different stirring speeds. From eq 22, the
mixing index will experience a decrease when the liquid−liquid
mixing is improved. For ideal mixing, the mixing index equals
zero. In this study, two mixing stages were observed, as shown
in Figure 5. In the first stage, the mixing index was sensitive to
the mixing time (t < 1.5 s). The rotation of the impeller
generated negative pressure, causing the dispersed phase to
sink along the stirring shaft. When the dispersed phase reached
the impeller zone, intense two-phase mixing occurred.
Therefore, the mixing index decreased significantly in this
stage. In the second stage, the liquid−liquid dispersion and
mixing achieved an equilibrium, and the mixing index
remained nearly constant.

Figure 2. Steady-state Sauter mean droplet size vs agitation speed:
experimental data and CFD simulation results.

Figure 3. Comparison of the experimental data and CFD simulation
results according to the steady-state Sauter mean droplet size at
different dispersed phase holdups.

Figure 4. Effect of impeller speed on droplet size distribution.
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The higher agitation speed is responsible for the better
mixing effect, and therefore, a small mixing index will be
obtained. When the agitation speed was 30 rad/s, the
equilibrium mixing index was 0.67, which deviated from the
perfect mixing case. This is because there are some stagnant
zones in the stirred tank. When the agitation speed increased
to 120 rad/s, however, the mixing index could be as low as
0.27, which is very close to the perfect mixing. From Figure 5,
it could be also concluded that when the agitation speed was
higher than 90 rad/s, the mixing index became independent on
agitation speed.

More details about liquid−liquid mixing can be also seen in
the time evolution of the contour of dispersed phase holdup at
different agitation speeds. As shown in Figure 6, the dispersion

phase tended to adhere to the wall of the stirring shaft.
Although the agitation speed was as high as 120 rad/s, this
adhesion effect also existed. For the continuous phase,
however, it tended to accumulate at the bottom of the
impeller. This phenomenon was determined by the impeller
structure. The fluid velocity almost equals zero at the bottom
of the impeller. The density of the continuous phase is greater

than that of the dispersed phase, leading to the accumulation of
the continuous phase at the bottom of the impeller.

From Figure 6, there were four main vortices in the stirred
tank under low agitation speed (i.e., 30 and 60 rad/s). When
the agitation speed was higher than 90 rad/s, as could be seen,
there were only two vortices in the stirred tank. This implied
that the position of the impeller significantly affected the
liquid−liquid mixing effect. Generally, promoting communica-
tion between the fluids located at different vortices can
significantly improve the mixing efficiency.

As already discussed above, the position of the impeller
significantly affected the liquid−liquid mixing effect because
the fluid velocity almost equaled to zero at a position away
from the impeller. For the stirred tank reactor, the number of
impellers also plays an important role in determining the
mixing effect. Figure 7 displays the detailed impeller structures
in the stirred tank reactor. Taking the standard stirred tank
reactor as reference, the effects of the position and number of
impellers on liquid−liquid mixing efficiency were investigated
when the agitation speed was 60 rad/s. In this work, a low
stirring speed was used as already observed above that the
liquid−liquid mixing was poor.

Figure 8 displays the effect of the position and number of
impellers on the time evolution of the contour of dispersed
phase holdup. As already discussed above, there was a stagnant
region at the bottom of the impeller. From Figure 8A, when
the impeller was far away from the vessel bottom, the area of
the stagnation region increased, indicating poor liquid−liquid
mixing efficiency. We tried to decrease the distance from the
impeller to the vessel bottom to explore its effect on liquid−
liquid mixing. As can be seen in Figure 8C, although the
stagnation region at the bottom of the impeller decreased, the
stagnation region at the top of the stirred tank increased, and
thus, the liquid−liquid mixing was still poor. Therefore, this
study further investigated the effect of a double impeller on
liquid−liquid mixing. From Figure 8B, not surprisingly, the
liquid−liquid mixing effect had been significantly improved.
When compared with the situation of a single impeller, the
advantage of the double impeller was that it could weaken the
internal circulation of a continuous phase, and thus promoting
the mixing between the continuous phase and dispersed phase.
Figure 9 displays time evolution of the mixing index at different
structures of the impeller. The variation trend of the mixing
index was consistent with the distribution of dispersed phase
holdup, which was already discussed above. Therefore, we only
discussed the effect of the single impeller and double impeller
on liquid−liquid mixing. By comparing Figures 6B and 8B, it
seemed that the mixing efficiency of the single impeller was
better than that of the double impeller. Due to the complexity
of the structure of a double impeller, many dispersed phases
adhered to the wall, which was the main reason for its low
mixing efficiency when compared with that of a single impeller
at the same stirring speed. However, this may be not true for
all situations. For a small stirred speed (i.e., 30 rad/s), the
single impeller could not mix the liquid−liquid two phase well.
Therefore, the structure of the double impeller may have its
advantages at low stirring speed.

4. CONCLUSIONS
In this study, we investigated the liquid−liquid mixing and
dispersion behavior using the proposed CFD−PBM coupled
modeling and simulation method. The experimental data of
droplet sizes at different agitation speeds were employed to

Figure 5. Time evolution of the mixing index at different agitation
speeds.

Figure 6. Time evolution of the contour of dispersed phase holdup at
different agitation speeds. (A: 30 rad/s; B: 60 rad/s; C: 90 rad/s; D:
120 rad/s).
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calibrate PBM model parameters. Then, we validated the
proposed CFD−PBM coupled model using the steady-state
Sauter mean droplet size at different dispersed phase holdups.

From the validated CFD−PBM coupled model, the spatial
and temporal distribution characteristics of the droplet size
were analyzed. The results showed that the variance decreased
from 1.27 × 10−8 to 1.44 × 10−9 when the impeller speed
increased from 60−120 rad/s. Furthermore, wider droplet size
distribution profiles were achieved at a lower impeller speed.
Moreover, the efficiency of the liquid−liquid mixing was
quantitatively characterized using a user-defined mixing index.
Generally, two mixing stages were observed. When the
agitation speed increased from 30 to 120 rad/s, the mixing
index decreased from 0.67 to 0.27. Then, the role of four
impeller structural parameters on liquid−liquid mixing
characteristics was investigated. For a single impeller, the
poor liquid−liquid mixing efficiency was observed at positions
away from the impeller, such as the top and bottom of the
stirred tank. It was found that the double impeller could solve
this problem, especially at a low stirring speed.
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Figure 7. Detailed impeller structures in the stirred tank reactor: (a) single impeller located at the top of the reactor; (b) double impeller; (c) single
impeller located at the bottom of the reactor; (d) reference impeller; (e, f) structure of the impeller.

Figure 8. Effect of the position and number of impellers on the time
evolution of the contour of dispersed phase holdup when the stirring
speed is 60 rad/s. (A: single impeller located at the top of the reactor;
B: double impeller; C: single impeller located at the bottom of the
reactor).

Figure 9. Time evolution of the mixing index at different structures of
the impeller (structure A: single impeller located at the top of the
reactor; structure B: double impeller; structure C: single impeller
located at the bottom of the reactor).
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■ ABBREVIATIONS
BBbirth rate of drops for breakage (1/(m3·s))
BCbirth rate of drops for coalescence (1/(m3·s))
CDdrag coefficient
C1ε,C2εcoefficients in turbulence model
d:diameter of the drop (m)
d32diameter of the drop (m)
DBdeath rate of drops for breakage (1/(m3·s))
Dcdeath rate of drops for coalescence (1/(m3·s))
ggravitational acceleration (m·s−2)
κturbulence kinetic energy, (m2·s−2)
Ppressure (Pa)
ReReynolds number

■ GREEK LETTERS
ρdensity (kg·m−3)
μviscosity (Pa·s)
αvolume fraction
ΩBbreakage rate of a droplet
Ωagcoalescence rate of a drop
τstress tensor (Pa)
εturbulence dissipation rate (s−1)
σvariance (s)
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