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ARTICLE INFO ABSTRACT

MSC: In this article, we examine gradient type Ricci solitons and (m,7)-quasi Einstein solitons in
83C05 generalized Robertson-Walker (G RW) spacetimes. Besides, we demonstrate that in this scenario
53C50 the GRW spacetime presents the Robertson-Walker (RW) spacetime and the perfect fluid (P F)
53205 spacetime presents the phantom era. Consequently, we show that if a GRW spacetime permits a
Keywords: gradient z-Einstein solitons, then it also represents a PF spacetime under certain condition.
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1. Introduction

Suppose M" is a Lorentzian manifold of dimension » and g is a Lorentzian metric of signature (+,+, ..., +, —). In 1995, the notion
of GRW spacetimes was proposed by Alias et al. [1]. A GRW spacetime is a Lorentzian manifold M" (n > 4) which can be presented
as M =—1I x f2M*, in which I C R (Real numbers set), M* indicates the Riemannian manifold of dimension (n-1) and the smooth
function f > 0 is termed as warping function or scale factor. If M* is of dimension three and is of constant sectional curvature,
then the above stated spacetime represents a RW spacetime. A comprehensive investigation of GRW spacetimes are presented in

([2-7D.

Definition 1.1. For a scalar function y and a 1-form w; (non vanishing), let the condition V u, = w,u;, + g, be obeyed, the vector
field u is then referred to as torse-forming.

The foregoing equation can be expressed as V yu = w(X)u+w X, @ being a 1-form. The following theorem has been demonstrated
by Mantica and Molinari [5]:
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Theorem 1.1. ([5]) The Lorentzian manifold M" (n > 3) is a GRW spacetime iff the spacetime permits a unit torse-forming time-like
vector field: V ju, = y(g;, + uiu;), it is also an eigenvector of the Ricci tensor.

The M is termed as a PF spacetime if for the non-vanishing Ricci tensor .S, the spacetime fulfills

S=ag+bn®n, (1.1)

where a|, b, are scalar fields and g(U,, p) = n(U,) for any U, and g(p, p) = —1 in which p stands for a unit time-like vector field of
the PF spacetime and 7 is a 1-form. Each and every RW spacetime presents a PF spacetime [8]. However, in the dimension 4, the
G RW spacetime presents a PF spacetime iff the spacetime is RW [9].

In a PF spacetime the expression of the energy-momentum tensor 7 is described as

T=V+pn®n+pg, (1.2)

v denotes the energy density, p indicates the isotropic pressure [8].
In absence of the cosmological constant in the theory of general relativity, the Einstein’s field equations which is a highly nonlinear
equations, is written as

S - %gzsz, (1.3)

where k = 1/8zG, G indicates Newton’s gravitational constant and the scalar curvature is denoted by r.
Using differential equations (1.2) and (1.3), we reveal the equation (1.1), where

K*(p—v)
2-n

Additionally, for a equation of state (EOS) parameter @, v and p are interconnected by the equation p = wv. The EOS having the
shape p = p(v) is named isentropic. According to [10], if p=0, p= %, and if p + v =0, then the PF-spacetime is represented the dust

by =k*(p+v), a; = 1.4

matter, the radiation and the dark energy era, respectively. Furthermore, it includes the phantom era when w < —1. The physical
implications are discussed in ([11-14]).

A self-reinforcing wave packet named as a soliton, also called a solitary wave, maintains its formation while traveling with a
constant speed. It is created when nonlinear and dispersive effects in the medium are neutralized. Gradient is a common term in
mathematics and physics to describe the direction and magnitude of a force acting on a particle. In other disciplines, such as chemistry
and engineering, the gradient is also used to demonstrate how a substance’s property changes in relation to other variables.

Hamilton [15] develops the novel idea of Ricci flow. It is referred to as a Ricci flow [15] if the partial differential equations
%gi (1) = =25, satisfies the metric of a Lorentzian manifold M. The Ricci solitons (R.S) are produced by the self-similar solutions
to the Ricci flow. If a metric of M obeys the differential equations,

2W1g+2S+2}»1g=0, (1.5)

it is referred to as a RS [16], in which A; indicates a real scalar. Also, QW, stands for the Lie derivative operator and W] is the
potential vector field. Equation (1.5) has the subsequent form

Hess f+S+1,g=0, (1.6)

in which the Hessian is denoted by Hess and D stands for the gradient operator of g if W| = Df, for a smooth function f. A
gradient RS is a metric that fulfills the partial differential equation (1.6). The gradient R.S is said to have the smooth function f as
its potential function.

RS's have a significant impact in both physics and mathematics. In physics, metrics that obey (1.5) are attractive and helpful.
In connection to string theory, theoretical physicists have also been investigating the RS equation. Friedan, who has done study on
various features of R.S's, has made the initial contribution to these studies [17]. In [18], Blaga has considered PF spacetime endowed
with a torse-forming vector field to study #-RSs and #-Einstein solitons (E.S) and deduced a poison equation from the soliton
equation. Chen and Desmukh have characterized RS's with the help of concurrent potential fields and on Euclidean hypersurfaces,
under certain restriction they classify shrinking RS's [19]. Also in [20], the authors investigated compact shrinking gradient RS's.
Karaka and Ozgur have studied RS's of gradient type on multiply warped product manifolds [21] and obtained a necessary and
sufficient condition for these manifolds to be gradient RSs. In [22], Wang established that an almost RS of gradient type on a (k, u)’
almost Kenmotsu manifold is a rigid gradient RS’s.

In [23], the authors have obtained exact solution for the fractional differential equations and these are emerging from solitons
theory. In [24], the authors have formulated plans that are useful in solving many different kinds of nonlinear partial differential
equations arising in several areas of applied sciences. In [25], to acquire soliton solutions to the nonlocal integrable equations, the
authors have developed a new formulation of solutions to Riemann-Hilbert problems with the identity jump matrix. Rezazadeh has
found a new soliton solutions of the complex Ginzburg-Landau equation with Kerr law nonlinearity in [26]. Here, we may mention
that zero curvature equations make the link between integrable models and geometry manifest, and the Kronecker product produces
new zero curvature representations from old ones [27].
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If there are A;, r and m (0 < m < o), three real constants which obeys the partial differential equation

V2f+S—%df®df=(/ll+1r)g=ﬁ1g, 1.7

then the semi-Riemannian metric g on the Lorentzian manifold M is known as a gradient (m, 7)-quasi Einstein soliton (Q E.S), where
® denotes tensor product. If the potential function f is constant, the soliton becomes trivial, which suggests that the manifold is
Einstein. Additionally, the aforementioned relation turns into a gradient 7-ES when m = co. This idea was presented in [28], and
Venkatesha et al. examined [29] 7-ES on almost Kenmotsu manifolds. More recently, in this same manifold we studied gradient
(m,7)-QES [30].

Many researchers recently examined various types of solitons in PF spacetimes, including RS ([18], [31]), gradient RSs ([31],
[32]), Yamabe and gradient Yamabe solitons ([32], [33]), gradient m-QESs [32], gradient #-ESs [31], gradient Schouten solitons
[311, Ricci-Yamabe solitons [34], respectively.

According to the information we have, there are many findings in the literature about PF spacetimes with solitons, but there are
just a few results in GRW spacetimes. We want to fill this gap in this article and focus on characterizing the GRW spacetimes that
satisfy gradient RS and gradient (m,7)-QES.

In [5], it is established that a GRW spacetime with divergence free Weyl tensor is a PF spacetime. The foregoing result raises
the question: Is the preceding result still valid if the condition divergence free Weyl tensor is substituted by a gradient Ricci soliton,
or by a gradient (m, 7)-Q E.S? Here, we provide evidence that the answer to this question is, in fact, ‘yes’ in both cases under certain
conditions. Precisely, we prove the subsequent main theorems.

Theorem 1.2. If a GRW spacetime admits a gradient RS with pf = constant, then it becomes a PF spacetime.

Theorem 1.3. If a GRW spacetime permits a gradient (m,7)-QE.S with f; = (n — 1)u =constant and pf = constant, then it becomes a
PF spacetime.

2. Preliminaries

Let M be a GRW spacetime and hence using Theorem 1.1, we acquire

Vy,p=y[U; +nU)p] 2.1

and

SUy,p)=¢nU)), (2.2)

where y is a scalar and ¢ is a non-zero eigenvector.

Lemma 2.1. In a GRW spacetime, we have

R, V)p = uln(VDU —n(UV1] (2.3)

and

SUy,p)=n—Dun(Uy), 2.4

where we choose u = (py + w?).

Proof. Differentiating covariantly equation (2.1), we obtain

Vi, Vy, o=V w)lU; +n(Uy)p] (2.5)
+w[Vy, U+ (Vy,nUD)p +w(V + n(V)pn(U ]
Interchanging U, and V; yields
Vy, Vy, o= UV +n(Vi)el (2.6)
+w[Vy Vi + (Vxn(V))p +w U, +nUDp)n(V)).

Also, we have

Vi, e =wilULViI+a(U, ViDp). 2.7)
Equations (2.1), (2.5), (2.6) and (2.7) together implies
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R, VDp=U IV, +0(V)pl = Viw)lU, +n(U;)pl
+y (VU = nUpW1.
Contracting V; from equation (2.8), we obtain
SWUy,p)=2=nUy)+ (py)nU,)
+(n = Dy *n(Uy).

Combining equations (2.2) and (2.9), we infer

En(U,) =2 = m)(U,y) + (py)n(U,) + (n = Dy n(U)).
Setting U, = p in (2.10) entails that
E=(n- Dy,

where = (py +y?2).
From the last two equations, we acquire

Uy = —(py)nU,).
Using equation (2.12) in equation (2.8), we get
RWU,, V)p = uln(VDU; — UV ].

In view of equations (2.2) and (2.11), we provide

SUy,p) = —DunUy).
This ends the proof.

Lemma 2.2. In a GRW spacetime, we obtain
u{U; + pn(Up)} =0.
Proof. From equation (2.3), we get
RWU,,V))p=puln(VDU, —nU )V ].
Now,
(VWl R)U,,Vp= VWl RWU,, V)p - R(VWl U, Ve
—R(U,.Vy,V1)p = RW. V)V, p.
Using equations (2.1) and (2.3) in equation (2.14) entails that

(V, U, Ve = (W In(V)DU, = n(UVy]

+yulg(Vi, W)U, —gU;, WV 1 =y RWU,, V))W;.

The well-known second Bianchi identity is given by

(Vi UL V)p + (Vg RV, Wi + (Vy, RYW,, U p =0,

From the foregoing two equations, we infer

UW utn(V) — (Viuln(WDIU,

+H{U (W) = (W uin(UDIV;

+{Viu}nUy) = {U utn(VDIW,

—y[RWU,,V))W; + RV, W)U, + RW,,U)V|]1=0.

Putting W) = p in the previous equation gives

Hpu}n(V) + {Viu}lU,
—[{Uu} + {pu}nUHIVy

Heliyon 10 (2024) e25702

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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+{ViuinU,) = {Uutn(VDlp
~y[RU,.V))p + RV} p)U; + R(p, U V1 =0.

From equation (2.3), we get

R(p, UV, = ulgU,V)p —n(VU,] (2.16)

and

RWU, p)V) = uln(V)DU, — g}, V)pl. (2.17)
Using equations (2.3), (2.16) and (2.17) in equation (2.15) entails that
{pu} (VDU —n(U V] (2.18)
+HViuHU, +nU))p]
—{UuVy +n(V)pl =0.

Contracting V| from the equation (2.18), we infer

u{U; +pn(U)} =0.

Hence the proof is completed.

Lemma 2.3. In a GRW spacetime, we have

g(V, 00U, - (Vy,0)p.p) =0, 2.19)
in which the Ricci operator Q is described by g(QU,,V;) = SU,, V).

Proof. From equation (2.4), we get

Qp=(n—)up. (2.20)
Differentiating equation (2.20), we acquire
(Vg,Qp=(n=D{U,u}p (2.21)
+(n = Dy ulU; +n(U)p]

—yQU, — (n— Dy unU,)p.

Using equation (2.21) and Lemma 2.2, we easily acquire the desired result.
3. Proof of the prime theorems

Proof of the Theorem 1.2. Let us suppose that a GRW spacetime admit a gradient R.S. Then the equation (1.6) may be written as
Vy,Df =-QU, - 1,U;.
The foregoing equation and the following relation
RU,,V))Df =Ny Vy, Df =Vy. Ny Df =Viy 4. Df
give
R, VDS =(Vy, QU = (Vy, Q).

Taking inner product of the previous equation with p and making use of Lemma 2.3, we acquire

Again, from equation (2.3) we infer

gRUL V)P, Df) = uln(V)W, f) =nUV1 /)] (3.2)

Combining equations (3.1) and (3.2), we get

—uln(V)W ) —nU V)] =0. (3.3)
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Replacing V] by p in equation (3.3), we obtain

ulU ) +nUDpH=0.
This entails that either y =0, or u #0.

Heliyon 10 (2024) e25702

3.4

Case (i): If 4 =0, then from equation (2.4) we have S(U,, p) = 0. This reflects that the eigenvector ¢ is zero, which contradicts

the Theorem 1.1.
Case (ii): If u # 0, then from equation (3.4), we reveal

[ULH) + (U] =0,

which implies

Df=—=(pf)p.

Differentiating the equation (3.5), we acquire

Vu, Df =={U (0 N}p —w(p /H)U, +n(U)p}.

If we take pf = c; = constant, then either ¢; #0, or ¢; =0.
Case (i): If ¢; # 0, then equation (3.6) implies

Vu, Df =—=cpw{U; +n(U)p}.
Using equation (3.7) in equation (3.1) yields

oU | =cyy{U, +nU))p} — 11Uy,

which implies

S V) ={ciw — 4, }gU,, V) + cpynUpn(Vy).

Therefore, the spacetime under consideration is a PF spacetime.

Case (ii): If ¢; =0, then equation (3.5) gives D f =0. Using this in equation (3.1) yields

S, V) =-48U., V).
We know that

(divC) U, VW) = 22 [((Vy, Y04, W) = (Vy, XU W)

n—2

L e Wdr(U)) - g(U, W ARV,

2n—1)

(3.5)

(3.6)

3.7

(3.8)

3.9

in which C stands for the Weyl conformal curvature tensor. Therefore using equation (3.8), from equation (3.9) we acquire

(divC)(U,, V)W, =0.

Thus, the spacetime is a G RW spacetime with divC =0 and hence, it is a PF spacetime [5].

Hence the proof is finished.

Since, in 4—dimension, a G RW spacetime is a P F spacetime iff the spacetime is a RW spacetime [9]. Therefore, from the above

theorem, we arrive:

Corollary 3.1. In 4—dimension, for p f = constant, a GRW spacetime admitting a gradient RS turns into a RW spacetime.

Remark 1. For n =4, comparing the equations (1.1) and (3.8), we have

a;g(U, V) +binUpn(Vy) = {eyy — A1 1gUL, V) + cunU)n(V)).

Making use of equation (1.4), the foregoing equation yields
K*(3p—v)=—4,,

which implies

(Bp—-v)=c (say).

Hence, the PF spacetime satisfies the EOS v = —3p+ constant.
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If ¢ =0, the above equation yields
v - 3’
which entails that the PF spacetime presents the phantom era [12].
Proof of the Theorem 1.3. Let the GRW spacetime permit a (m,7)-QES. Then the equation (1.7) may be expressed as
Vy,Df +0U, = %g(Ul,Df)Df+ﬂ1 U;. (3.10)
Differentiating covariantly equation (3.10), we obtain
Vi, Yy, Df ==V}, QU, + -V, ¢(U,. D)DS
+$g(U1,Df)VVI Df + B Vy, Uy + (V1)U (3.11)
Interchanging U, and V) in the above equation, we get
Vy, Vi, Df ==V, 0V, + ivyl g, DA)DS
+%g(Vl,Df)VU1 Df + B Vy, V1 + U 8DV, (3.12)
and
Vg1 DS ==QIUL Vil + L g((U L DAODS + AU Vi) (3.13)

From equations (3.10)-(3.13), we have

RWU,V)Df =(Vy, QU = (Vy, OV + %{(Vlf)Ul - N}
+%{(U1f)QV1 - NHOU} +{WU, gV, — (V1 BDU, L (3.14)

Taking inner product of equation (3.14) with p and using Lemma 2.3, we infer
B
g(RW.V)DS.p) = —{(V, [nU) = U, (V)

(U QYY) = (Vi 1 @U))
+{U, Bpn(Vy) — (V1 ppnUp)} (3.15)

Again, from equation (2.3) we acquire

gRWULVDp, Df) = uln(V)ULf) = nU)V )] (3.16)
Comparing equations (3.15) and (3.16), we obtain
B
m
F{ULIQV) - 4 )1(QU))
HWU B0V — Vi nU}-

Replacing V| by p in the previous equation, we reveal

(u- % + L, )+ W)
+{(ULB) + (pP U} =O. 3.17)

If we take f; = (n — 1)y =constant (non zero), then from equation (3.17), we infer

—ul(VDW L) —nUDVL )] = — (V1. HnU) — U Hin(Vy)}

[(ULH) + (/U] =0,

which implies

Df=-=(f)p. (3.18)

Differentiating the equation (3.18), we acquire

Vy, Df =={U(pNp—wp/H{U, +nU)p}. (3.19)
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If we take pf = c¢; = constant, then either ¢; #0, or ¢; =0.
Case (i): If ¢; # 0, then equation (3.19) implies

VUl Df =—cy{U; +nU))p}. (3.20)
Using equation (3.20) in equation (3.10) gives

U, =cyy{U, +nU)p} + B, Uy,
which implies

SU, V) = {cyw + 11U, V) + cpun(Un(Vy). (3.21)

Hence, the spacetime taking into account is a PF spacetime.
Case (ii): If ¢; =0, then equation (3.18) yields D f = 0. Using this in equation (3.10) gives

SU,, V) =pgU, V).

Using the foregoing equation in (3.9), we get divC = 0. Therefore, it is a GRW spacetime with divC =0 and hence, it is a PF
spacetime [5].
This ends the proof.

It is known that when m = o0, a gradient (m, 7)-QE.S produces a gradient z-ES. In (3.17), we put m = oo and easily acquire the
equation (3.18). Therefore, we have:

Corollary 3.2. If a GRW spacetime permits a gradient t-E.S, then the gradient of the z-E.S potential function is pointwise collinear with
the potential vector field p.

Similarly, as Corollary 3.1 we acquire:

Corollary 3.3. In 4—dimension, a GRW spacetime admitting a gradient (m,7)-QES with | = (n — 1)y = constant and pf = constant
turns into a RW spacetime.

Similarly, as above we can state:
Corollary 3.4. If a GRW spacetime admits a gradient 7-E .S with pf = constant, then it becomes a P F spacetime.

Remark 2. For n =4, comparing the equations (1.1) and (3.21), we have

a1 gUy, V) + bin(Upn(Vy) = {eyy + 118U V) + cpun(Un(Vy).

Using (1.4), the previous equation gives

K*(3p—v)=p,.

which implies

Bp—v)=c (say).

Therefore, the PF spacetime admitting a gradient (m, 7)-Q ES obeys the EOS v = —3p+ constant.
If ¢ =0, the above equation yields

v - 3’
which implies that the PF spacetime represents the phantom era [12].

4. Discussion

The stage of the physical world’s current modeling is spacetime, which is a torsion less, time oriented Lorentzian manifold.
Albert Einstein first proposed the idea of general relativity theory in 1915, in which the matter content of the universe is stated by
picking the suitable energy momentum tensor and is accepted to act like a perfect fluid spacetime in the cosmological models. GRW
spacetimes, where large scale cosmology is staged, are a natural and extensive extension of RW spacetimes.

This article will be read not only by readers working in this field, but also by researchers from other engineering disciplines. In
future, other researchers or we, will investigate others solitons in general relativity theory and cosmology.
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