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Abstract

A clustering algorithm, named k-orders, is proposed to extract transitive relations from a data set. The k-orders algorithm differs
from the original k-modes only in the adjustment step. Two adjustment procedures, named transitive centroid adjustment
(TCA) and greedy TCA, are proposed that can be used to find clusters with transitive centroids. The proposed clustering
approach finds application, especially in studies on preference, where this last may be heterogeneous across individuals,
although transitive. The set of cluster centroids extracted by the algorithm from a data set can then be empirically tested via
the estimation of a latent class model. The performance of the two versions of k-orders were compared to one another and
with the canonical k-modes, in simulation studies. Results show that when centroids are transitive relations, both versions of
k-orders outperform k-modes. Moreover, in experimental designs in which two-component options are considered, the TCA
algorithm performs better than the greedy TCA. An empirical application was also carried out for exemplifying how k-orders

can be useful for studying individual preferences.
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Introduction

Studying individual preference and, more generally, human
choice behavior has always been a research interest of psy-
chology and economy scholars. Some of the more critical
issues in this field rely upon the transitive property of order
relations. The property simply states that given three options
a, b, and c, if a is preferred to b, and b is preferred to c, then
it must be true that a is preferred to c.

Transitivity of preference is a fundamental aspect of
rational choice behavior, and various alternatives have been
proposed, for example, the notion of semi-transitivity by
Fishburn (1982) and Suzumura consistency (Suzumura,
1976). Moreover, as pointed out by Regenwetter etal. (2011),
transitivity of choices might actually be violated less often
than it might appear at first glance.
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Recently, Regenwetter et al. (2021) published a review
summarizing the main issues concerning transitivity and the
main procedures for testing it with empirical data. Among
the issues considered by Regenwetter et al. (2021), two are
central in the present research. The first issue is known, in
mathematical theory of voting, as the Condorcet paradox
(Condorcet, 1785) and it states that a sample composed of
subjects with transitive preferences can violate transitivity at
the aggregate level. The second issue refers to the modeling of
heterogeneity of the individual preferences, which is based
on the very plausible assumption that different preference
relations exist in a group of subjects (see, e.g., Pollak and
Wales, 1992).

In the present research, a clustering algorithm is proposed
that allows for the extraction of a collection of preference
relations, which satisfy transitivity, from preexisting data
sets. The extracted preference relations are called “prefer-
ence states”, and the collection of all the preference states is
named “preference structure”.

When the aim is to partition the subjects of a sample into
different groups, thinking of a clustering algorithm is quite
reasonable. Indeed, this statistical technique should solve the
heterogeneity issue described above. Nevertheless, a clus-
tering algorithm is typically based on aggregate statistics
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like the mode (i.e., k-modes algorithm by Chaturvedi et al.,
2001), the median (i.e., the k-median algorithm by Jain &
Dubes, 1988) or the mean (i.e., the k-means algorithm by
Hartigan & Wong, 1979), that can incur in the Condorcet
paradox described above. This contra-position is the reason
why clustering techniques are not appropriate for interpreting
the cluster centroids in terms of order relations.

A more appropriate approach based on clustering tech-
niques would consist of (i) applying a clustering algorithm
to the data for finding the groups of subjects, (ii) applying
a probabilistic model, like the Bradley—Terry—Luce model
(BTL Bradley & Tarry, 1952) or the Plackett-Luce model
(Chapaaan & Staelin, 1982; Plackett, 1975), to each group,
and (iii) interpreting the measurement scale values estimated
by the model for each group in terms of preference. However,
also this approach is limited because the measurement scales
obtained for different groups cannot be directly comparable
(Swait & Louviere, 1993).

The novelty of the present research is that a k-modes clus-
tering algorithm is proposed in which the cluster centroids
are constrained to be transitive relations. The rationale behind
this approach can be understood by considering the potential
drawbacks of the k-modes algorithm. Although k-modes is
highly flexible, this flexibility can sometimes lead to over-
fitting, particularly when the data are noisy. In fact, in these
cases, even when all decision-makers have a transitive pref-
erence, k-modes might incorrectly identify centroids that are
intransitive to best fit the observed data. By adding precise
constraints to the algorithm, it may be possible to better cap-
ture the true underlying transitive preferences, reducing the
risk of overfitting and ensuring more accurate results.

The set of preference states extracted by the algorithm
from a data set is then empirically tested by applying a prob-
abilistic model with latent classes to another data set. A good
fit of the model to the data would endorse the assumption that
centroids are transitive.

The manuscript is organized as follows. “Background and
preliminary concepts” section is devoted to (i) a description
of the forced-choice paired comparison (FCPC) experiments
design, which is one of the typical designs used for preference
studies, and to (ii) the presentation of the main character-
istics of the classical k-modes algorithms. “An algorithm
for extracting preference relations from data” section gives
a detail description of the new proposal, named k-orders
algorithm, for extracting preference relations from data. In
particular, two alternative algorithms are presented. The per-
formance of both algorithms was compared to one another
and with the original k-modes in three simulation studies pre-
sented in “Simulation Study 1: One component”, “Simulation
Study 2: Two component”, and “Simulation Study 3: The
selection criterion” sections. The first two studies aimed to
evaluate the new algorithms’ capability to extract preference
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relations from data across various research designs. The third
study focused on testing a selection criterion for identify-
ing the best solution, which was subsequently used in the
empirical application. The empirical application ("Empirical
application: The lockdown social dilemma” section) illus-
trates how these algorithms can be successfully applied to real
data. Specifically, due to the critical situation that humanity
has faced in the last years, our attention was focused on the
coronavirus (COVID-19) pandemic. More precisely, it was
interesting to study individual preferences in different sce-
narios involving a “lockdown dilemma”. Some final remarks
(“Summary and final remarks” section) concludes the argu-
mentation.

Background and preliminary concepts
Forced-choice paired comparisons

In FCPC experiments, a single stimulus presents the partic-
ipant with two options, and the task of the participant is to
choose one of them. Different types of options can be con-
sidered, which differ for the number of “components” each
option is made of. In the base type (subsequently called “one-
component” type), a nonempty and finite set S of options
is considered. A single stimulus in the experiment is rep-
resented by an unordered pair {s, ¢} of options in S. Q
represents the collection of all the stimuli. The observed
response to a stimulus {s, ¢} (i.e., the choice made by the
participant) is represented by the ordered pair (s, ¢) if s was
chosen for that stimulus, and by (¢, s) if  was chosen. Given
the “forced-choice” nature of the task, no other options are
available. This way, the collection of all the participant’s
observed responses is a subset R of the Cartesian product
S x § and, thus, it forms a binary relation on S. Just because of
the forced-choice task, if there are no missing responses, and
every pair {s, t} C S is presented exactly once, the relation
R is, by construction, asymmetric (s R¢ implies not ¢ Rs) and
complete (s Rt or r St holds). This is an assumption that will
be carried forward throughout the entire article. An exam-
ple of one-component options could be found in all those
experiments where there is a pair comparison between com-
modities. An option could be: “You are going to buy a new
car. What type of engine would you choose between Diesel
and Electric?”

In the two-component type, options can be formed in a
more sophisticated way, described as follows. Let V and W
be two nonempty and finite sets. The set of the options is
S =V x W, and, thus, the total number of options forming
Sis |V] - |W]. In this case, each stimulus of the experiment
consists of an unordered pair {(v, w), (v, w’)}, where both
(v, w) and (v, w’) belong to S. The observed response of
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a participant is the ordered pair ((v, w), (v/, w’)) if option
(v, w) is chosen, and ((v/, w’), (v, w)) otherwise. Hence,
the collection of all the responses of a participant to the
stimuli is a subset R of (V x W) x (V x W). Also in this
case, for the same reasons explained for the one-component
type, the binary relation R is asymmetric ((v, w)R(v', w’)
implies not (v/, w’) R(v, w)) and complete ((v, w)R (v, w’)
or (v, w)R(v, w)). An example of two-component options
could be found in all those experiments where the effect of
two independent variables on preference is studied. A rather
typical one is that where the first independent variable is
time and second independent variable is monetary reward.
An option could be: “Do you prefer to receive 1000 dollars
after 1 year or 500 dollars after 6 months?”

Transitivity occurs in several descriptive theories of
decision-making. It simply states that given three options
s1, 52, and s3, if 51 is chosen between s1 and s;, and 55 is cho-
sen between s, and s3, then it must be true that s; is chosen
between s1 and s3. This statement holds true for all triples of
options under consideration.

In addition to the transitivity of preferences, when the
force-choice pair comparison experiment is based on two-
component options, with both components consisting of a
linear order of levels, other theoretical assumptions may be
required. One such assumption is the so-called Monotonicity
Axiom. This axiom is defined with respect to a relation R on
the Cartesian product S = V x W. It is as follows.

(MA) Given any two elements a, b € V and any two ele-
ments x,y € W:

(a,x)R(b,x) = (a,y)R(b,y),
(a,x)R(a,y) = (b, x)R(b,y).

In words, if any two levels of a component are ordered,
then this order holds irrespectively of each and every level
of the other component.

In the context of this article, an asymmetric and complete
binary relation on the set S of options is called a preference
relation. It consists of ('g‘) ordered pairs (s, t) of elements
in S. More precisely, it contains exactly one ordered pair
(a, b) for each of the (lgl) unordered pairs. Since every single

unordered pair is associated with two distinct ordered pairs,

by asymmetry, a total number of 2(‘5‘) distinct preference
relations are theoretically given. For convenience, each such
relation is represented as a binary vector of length (l‘;l). To
give an example, with |S| = 3 options, one has (3) = 3
distinct unordered pairs, and thus, 23 = 8 distinct preference
relations. Table 1 lists all of them as binary vectors (Column
1) and as sets of ordered pairs (Column 2). In this collection,
there are exactly two intransitive relations, namely 000 and
111.

Table 1 The eight preference relations for the set A = {a, b, c} repre-
sented as binary vector (column 1) and as sets (column 2)

Vector representation Set representation
000 {(a,D), (b, ), (c,a)}
001 {(a, D), (b, ), (a, 0)}

010 {(a, D), (c, D), (c,a)}
100 {(b,a), (b, ¢), (c,a)}
011 {(a, b), (¢, D), (a, )}
101 {(b,a), (b, 0), (a, )}
110 {(b,a), (¢, D), (c,a)}
111 {(b,a), (c, D), (a, )}

The only intransitive relations are 000 and 111

The k-modes algorithm

The k-modes and k-means algorithms are examples of
centroid models for data clustering. They partition a multidi-
mensional data setinto a collection of classes (the clusters) by
implementing a similarity principle according to which some
measure of dissimilarity within the classes is minimized. The
cluster centroid is a particular element whose “distance” (dis-
similarity measure) from all the other elements in the cluster
is minimum. The k-modes algorithm was firstly proposed
by Huang (1998) as an adaptation to categorical data of the
well-known k-means (Hartigan & Wong, 1979). Like this
last, k-modes is an iterative method. It is particularly suit-
able for multidimensional categorical data, with an arbitrary
number of categories for each of the dimensions. Given the
qualitative nature of the data, k-modes differs from k-means
for two critical aspects: the dissimilarity measure and the
cluster centroid. As for the former, whereas k-means uses
the Euclidean distance as a dissimilarity measure, k-modes
uses the Hamming distance. Concerning the latter critical
aspect, k-means obtains the cluster centroid by computing
the element-wise arithmetic mean of the cluster. Instead, in
k-modes, the cluster centroid is the element-wise mode of it.

The dichotomous (two-category) restriction of k-modes,
which is the one of interest in this article, is briefly described.
The illustration is carried out by using a set-theoretical nota-
tion (see e.g., de Chiusole et al., 2017; 2020), which turns out
to be convenient in relation to the methods proposed in the
present paper. Let Q be a set of dichotomous stimuli. The
collection of all the responses of an individual to the whole
set of stimuli is named a response pattern and it is repre-
sented by the subset X € Q of all those stimuli receiving a
positive response.

The observed data set is represented by a pair (R, F),
where R = 29 is the power set on the set Q and F : R —
R is a function assigning observed frequencies to response
patterns. In particular, F issuchthat F(X) > Oforall X € R,
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and ) y.r F(X) = N, where N is the size of the data
set. Given an arbitrary initial collection C; € R of “cluster
centroids”, the k-modes algorithm is carried out in a number
m > 0 of iterations. Each iteration i = 1, 2, ..., m consists
of two tasks:

(KM1) given the collection C;, the N observed response
patterns are classified into a number of |C; | distinct clus-
ters, each represented by a centroid C € C;;

(KM2) each centroid C € C; is adjusted for minimizing
the mean discrepancy between C and the patterns in the
cluster represented by C. The collection of the adjusted
centroids is C; 1.

The step (KM1) is carried out as follows. A dissimilarity
measure between a response pattern X € R and a centroid
C e C is the canonical distance, defined as

[XAC] = [(C\ X) U (X \ ),

where X AC is the symmetric difference between X and C.

Given an arbitrary collection C C R, the partition of the
N observed patterns into the |C| clusters is represented by
the partition function f : R x C — R, which satisfies:

(Cl) f(X,C)=0forall X e Rand C € C,
(C2) Y cee f(X,C) = F(X) forall X e R.

The partition function f assigns f(X, C) out of F(X)
occurrences of X to the cluster represented by C.

A measure of dissimilarity within the cluster represented
by a centroid C € C is then obtained as a weighted sum of
symmetric distances:

Df(R,C)= ) f(X,0)|XAC|.
XeR

The goal is to find a partition function f that minimizes the
overall discrepancy

Df(R.C)=>_ > f(X.O)|XAC|. (1)

CeCXeR

which is the sum of the within-class dissimilarities. For
this, the following notation will be used. For X € R, let

Amin (X, C) = min [ XAC]|
ceC

be the minimum distance of response pattern X from the
collection of centroids C. Furthermore, define the collection
Cx ={C € C:|XAC| = dnin(X, C)}. It is shown in Huang
(1998) that the overall discrepancy is minimized if, in each
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iteration i of k-modes, the partition function is computed as
follows: Given any X € R and any C € C

FX.C) = F(X)/ICx| ?f C eCx

0 if C ¢ Cy.
A partition function defined this way is named minimum dis-
crepancy partition function.

Concerning step (KM2) of the k-modes algorithm, namely
centroid adjustment, for i > 0 let C; be the collection of cen-
troids obtained at iteration i, f; be any minimum discrepancy
partition function for C;. A new centroid C; 4| is obtained as
follows: for each stimulus g € Q, the ratio is computed:

ZXeRq ﬁ(X? Cl)
Yxer [iX!, Ci)’

where R; = {X € R : ¢ € X} is the set of all patterns
containing g. The ratio 6, 4 is the proportion of response
patterns containing g, among all those assigned to the cluster
represented by Cj.

Then a decision concerning membership of ¢ to C;4 is
made by using the following rule, henceforth called the cen-
troid adjustment rule:

Oci.g =

e if0c, 4 > 1/2theng € Ciyq,
e if0c, g < 1/2theng ¢ Ciy1,
e if O, 4 = 1/2 then g € C;4 with probability 1/2.

The algorithm terminates when the improvement of the
overall discrepancy is less than a small tolerance value.

Before closing this section, it is convenient to provide
a formal definition of the notion of a “cluster”. Given any
C € C, define the mapping pc : R — [0, 1] such that for
every X e R

f(X,C)
Yxer (X, O)

Let, moreover, G = {X € R : pc(X) > 0} be the collection
of all those response patterns having a positive relative fre-
quency in the cluster of C. Then, the name cluster is assigned
to the pair (G, pc). Sometimes, where understood from the
context, the shortcut notation (G, p) will be used in the sub-
sequent sections of the article.

pc(X) =

An algorithm for extracting preference
relations from data

In this section, a class of procedures, named transitive cen-
troid adjustment (TCA) procedures are described, whose



Behavior Research Methods (2025) 57:165

Page50f27 165

aim is to transform (to “adjust”) a given strict linear order
(transitive, asymmetric, and complete binary relation) L into
another one which is, possibly, at a minimum distance from
a given data set, named the “cluster”. The output of the pro-
cedure is a strict linear order that constitutes the constrained
centroid of the cluster. The term “constrained centroid” stems
from the fact that the binary relation is constrained to be a
strict linear order and it is at an either local or global mini-
mum distance from the cluster.

It is important to underline that the new algorithms are
exactly the same as k-modes in the classification step (KM1)
and they only differ in the adjustment step (KM2) that is
replaced by the TCA procedures.

Preliminary definitions and theoretical results

In this section, preliminary notations, definitions, and the-
oretical results are provided, which are necessary for the
development of the two TCA procedures. For convenience,
the notation used in this section is summarized in Table 2.

Table 2 Glossary of terms and notation used in the article

Terminology Notation Description

Stimulus {a, b} Any unordered pair of options in S.
Observed (a,b) Any ordered pair of options in S.
response

Response R Any asymmetric and complete relation
pattern for S.

Response R The entire set of all theoretically con-
pattern collection ceivable response patterns.

Preference P Any nonempty subset of R.

structure

Preference P Any asymmetric and complete relation

state in the preference structure P.

Cluster G, p) A pair where G € Rand p : G —
[0, 1].

Centroid C The centroid of a cluster (G, p), that is
an element of G at minimum discrep-
ancy from all other elements.

Strict linear L A transitive, asymmetric, and complete

order binary relation.

Linear order L The collection of all the strict linear

collection orders in R.

Average half d(R,G) Weighted average of canonical dis-

distance tances of R from G.

Neighborhood N(L) The collection of all the linear orders in
the neighborhood of L.

Marginal p(a,b)  The marginal proportion of the ordered

proportion pair (a, b) in a cluster.

Free pairs @(L) The collection of all ordered pairs

(a,b) € L such that L — (a, b) € L*.

We recall that: R denotes an observable response pattern,
‘R is the collection of all the observable response patterns, P
is a preference structure, (G, p) is a cluster, where G € R
and p : G — [0, 1] . Finally, C is the centroid of a cluster.

Given the nonempty and finite set A of objects, a response
pattern for A is any asymmetric and complete binary relation
R € A x A. Since the context of the application of the
procedures is FCPC, R can be regarded as the set of responses
of a participant to an FCPC experiment with the options in
A. Moreover, let £ € R be the collection of all the strict
linear orders for A.

Given a relation R € R, and a cluster (G, p), the average
half distance of R from the cluster (G, p) is

1
d(R,§) =3 > p(R)IRAR],

R'eG

where d(R, G) is one half the weighted average of canonical
distances of R from all response patterns in G. It is worth
noticing that since the minimum canonical distance between
two distinct relations in R is 2, the multiplication by 1/2 is
for normalizing this minimum distance to 1.

As stated at the beginning of the section, the procedures
described below seek to minimize a distance. This objective
can be obtained either locally or globally. The definitions of
local and global minimum are thus needed. They are both
based on the notion of a “neighbor”.

Two strict linear orders L, L’ € L are neighbors if there
exists (a, b) € L such that (L \ {(a,D)}) U{(b,a)} = L'.
It is easily seen that L and L’ are neighbors if and only if
|[LAL'| = 2. The neighborhood of L is the collection

N@L)={L e L:|LAL| =2}.

As an example, supposing that £ is the collection of all
the linear orders on a set of three elements among those
provided in Table 1 (i.e., all the relations except for the
first and the last one), the neighborhood of the relation
Ly ={(,a), (b,c), (c,a)},in L, is

N(L) = {{(b,a), (c. b), (c, @)}, {(b, a), (b, ), (a, O)}}.

It is easily verified that the canonical distance between L
and each of its neighbors is 2. On the other side, for all the
binary relations in £ that are different from L and lie outside
its neighbor, the canonical distance is strictly greater than 2.

The strict linear order L € L is said to be a local minimum
with respect to the cluster (G, p) if, for every L' € N'(L),
d(L,G) <d(L',G).1tis a global minimum w.r.t. (G, p) if,
forall L' € £L,d(L,G) <d(L,G).
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A binary relation R is said to be a transitive centroid of
a cluster (G, p) if (i) R is a strict linear order (i.e., R € L),
and (ii) it is a global minimum with respect to (G, p).

Given a cluster (G, p), and any pair (a, b) € A x A with
a # b, define the collections G, = {G € G : (a, b) € G},
and G, = G \ Gap. We observe that G,, = Gp,. Moreover,
define the marginal proportion of pair (a, b) in cluster (G, p)
as

pla,b)= > p(R).

ReGap

The pair (a, b) is said to be modal in cluster (G, p) if
p(a,b)Gel /2. It is said to be non-modal otherwise. Notice
that while p(a, b) is the marginal proportion of the ordered
pair (a, b) in the cluster (G, p), p(b, a) is the marginal pro-
portion of its inverse (b, a). Moreover, the equality p(a, b) =
1 — p(b, a) holds.

The following lemma provides a link between the marginal
proportion of a pair (a, b) and the average half distance. This
lemma will be used as an argument in the proofs of several
propositions in the next sections. The lemma simply says
that the average half distance equals the sum of the marginal
proportions of all the ordered pairs (a, b) that are not in L.

Lemma 1 Given any strict linear order L € L, and any clus-
ter (G, p), the following equality holds true:

Z p(a,b).

(a,b)eV\L

d(L,9) =

Proof Let G = {Ry, R2, ..., R,}, and define the relation
V = {(a,b) € A x A : a # b}. We observe that any
asymmetric and complete binary relation L for A is such
that for any (a, b) € V, the equivalence (a,b) € L <+—
(b,a) € V \ L holds. That is, the complement V \ L equals
the inverse relation L~'. This implies that there is a bijec-
tion fr : L — V \ L such that f; (a,b) = (b, a) for all
(a,b) € L. Let the pairs in V be arbitrarily ordered so that
V = {vi,v2,..., vn}, where, foreach j = 1,2,...,m, v;
represents a pairin V. Let D be an by m binary matrix whose
each entry D;; is such that:

1 if vj € LAR;,

D;j = .
0 otherwise.

Then, it follows at once that |LAR;| = Z'/'?:l D;;j and, hence
1 n m 1 m n
d(L,G) == > Dijp(R) =53 > Dijp(Ry).
i=1 j=1 j=li=1

However, for any fixed j, if v; = (a,b) € L, then
s Dijp(R) = Y geg,, P(R) = p(b,a)=p(fr(a.b)).
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If, on the contrary, v; = (a,b)€ V\ L,then ) i, D;j p(R;)
= ZRega;, p(R)=p(a, b). Thus, one has

1
dL.G) = | Y pfiab)+

(a,b)eL

> pab|,

(a,b)eV\L

and because f7 is a bijection between L and V \ L = L™},

1
dL.9 ==\ > pab+ Y pab
(a,b)eV\L (a,b)eV\L
= > plab),
(a,b)eV\L
which is the claimed result. O

A path-finding TCA algorithm

The basic objective of the first TCA procedure is the follow-
ing: Given an initial and arbitrary strict linear order Lo € L,
transform L into another strict linear order, which is a (local)
minimum of (G, p). Sometimes “being a strict linear order”
is not a sufficient requirement. For instance, we may be inter-
ested in obtaining a strict linear order that also satisfies (MA).
Thus, a more general objective is as follows. Indicating with
L* the collection of all the strict linear orders that satisfy cer-
tain additional pre-specified properties or constraints (e.g.,
(M A)), and given an initial element Ly € L*, the objective
is to transform it into another element in £* which is a (local)
minimum of (G, p).

The procedure accomplishes this in a stepwise manner: In
each new stepi > 0, anew “improvement” L; is obtained by
replacing a given pair (a, b) in L;_ with its inverse (b, a),
such that the following three conditions are jointly met:

(TC1) L; is a strict linear order in £* ,
(TC2) d(L;, G) is strictly less than d(L;_1, G), and
(TC3) the improvement is locally best.

The procedure terminates at stepn > 0if L, canno longer
be improved.

Concerning Condition (TC1), since in each step i, a pair
(a, b) is replaced by its inverse, and since the initial relation
Ly is a strict linear order, asymmetry, and completeness are
preserved in every L;. This is not necessarily true for tran-
sitivity. For instance, if L;—1 = {(a, b), (b, ¢), (a, ¢)}, and
L; is obtained by replacing (a, ¢) with its inverse, the result-
ing relation is still asymmetric and connected, but it fails
to be transitive. Indeed, only a special subset of the pairs
in L;_ preserves transitivity in this sense. For R € R and
(a, b) € R, define the operation

R —(a,b) = (R\ {(a,b)}) U{(b,a)}.
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Then, given any strict linear order L € L£*, a pair (a, b) € L
is said to be free if L — (a,b) € L*. Thus, a pair (a, b)
is free if the relation obtained from R, by replacing (a, b)
with its inverse, is still transitive. It is said to be constrained
otherwise. Denote by

o(L) ={(a,b)e L: L —(a,b) e L}

the collection of all the free pairs of L.

Summarizing, Condition (TC1) is satisfied if and only if, in
each step i, the strict linear order L; is obtained by replacing
some pair in ¢ (L;_1) with its inverse. That is, one must have
L;i =L;—1 — (a, b) for some (a, b) € ¢(L;_1).

Pertaining to Condition (TC2), it consists of selecting
(a,b) € p(L;j—1) so that

d(Li-1 —(a,b),9) <d(Li-1,9). @)

The following corollary, which follows from Lemma 1,
provides the necessary and sufficient condition for (2).

Corollary 1 Given the cluster (G, p), a strict linear order
L € L* and any pair (a, b) € L, the inequality

d(L —(a,b),9) <d(L,9)

holds true if and only if p(a, b) < 1/2.

Proof By Lemma 1, we have d(L — (a, b), G) = (d(L, G) —
p(b, a)) + p(a, b) and hence, the stated inequality is equiv-
alent to d(L,G) — p(b,a) + p(a,b) < d(L,G), that is
d(L,G) + p(a,b) < d(L,G) + p(b,a) which holds true
iff p(a,b) < p(b,a). Then, the result follows because
pb,a)=1— p(a,Db). O

By Corollary 1, ateach stepi > 0 of the procedure, Condition
(TC2) is satisfied if and only if L; = L;—1 — (a, b) for any
pair (a, b) € ¢(L;—1) suchthat (a, b) isnon-modalin (G, p).

Finally, Condition (TC3) puts the additional requirement
that at step i, the selected pair (a, b) € ¢(L;_1) must be such
that for all (¢, d) € ¢(L;i—1),

d(Li—y —(a,b),G) <d(Li—1 — (c,d), 9),
that is, the improvement must be the largest possible for that

step. A necessary and sufficient condition for (TC2), which
is only based on the proportions p, is given below.

Proposition 1 Given the cluster (G, p), a strict linear order
L € L*, and any two pairs (a, b), (c, d) € L, the inequality

d(L —(a,b),9) =d(L —(c,d),9)

holds true if and only if p(a, b) < p(c, d).

Proof By Lemma 1, we have that d(L — (a,b),G) =
d(L,9)—p(b,a)+p(a,b)andd(L—(c,d),G) =d(L,G)—
p(d, c) + p(c, d). Hence, the stated inequality is equivalent
tod(L,G)—p(b,a)+p(a,b) <d(L,G)—p(d, c)+p(c,d),
which holds iff p(a, b) — p(b, a) < p(c,d)— p(d, c), which
is equivalent to p(a, b) — (1 — p(a, b)) < p(c,d) — (1 —
p(c,d)) and, hence, to p(a, b) < p(c,d). O

Thus, according to Proposition 1, Condition (TC3) is satisfied
by selecting from ¢(L;_1) any pair (a,b) whose relative
frequency p(a, b) is minimum.

On the whole, conditions (TC1), (TC2) and (TC3) are
jointly satisfied at stepi > O if L; = L;—1; — (a, b) for some
(a,b) € o(L;—1) such that p(a,b) < 1/2 and p(a,b) <
p(c,d) for all (c,d) € ¢(L;i—1). The procedure terminates
at step n > 0 if all pairs (a, b) € ¢(L,) are modal.

It is now possible to show that the outcome of the algo-
rithm is a local minimum.

Proposition 2 The relation L, obtained at the last step of the
path-finding TCA algorithm is a local minimum.

Proof Any relation L in the neighborhood of L, is such that
L = L, — (a, b) for some modal pair, hence we have

d(L,G) =d(L,,G) — p(b,a)+ pla,b) <d(Ln, ).
Thus L,, must be a local minimum. O
A greedy TCA algorithm

Given the set A of options, let V = {(a,b) € Ax A : a # b}
be the set of all pairs of different options, and let (G, p) be a
cluster. The second TCA algorithm is based on the notion of
an “acyclic relation”. A nonempty subset G C V is a cycle
if there are distinct elements aj, as, ..., a, in A such that
G = {(aj,ai+1) : 1 <i < n}+ (a,, ay). A binary relation
R C V is acyclic if it does not contain cycles. Let .4 denote
the collection of all the acyclic relations for A.

Instead of being an arbitrary strict linear order, the starting
point of the algorithm is any acyclic relation, that is, at the out-
set Lo € A . Alocal minimum is then constructed by adding
one pair at the time to Lo, in a pre-specified order, until no
further pairs can be added. It is a “greedy’ algorithm because
in doing so, it only looks one step ahead. It should be noted
that because the empty set is itself an acyclic relation, one
can always set Ly = @, providing a kind of “unconstrained”
special case of the starting point of the algorithm. Moreover,
since the algorithm is incremental (it never removes pairs),
any other legal choice of the starting point L can be regarded
as a constraint. In fact, whatever belongs to L will be carried
on to the final solution of the algorithm. To give an exam-
ple, suppose one wants a relation that respects (MA). Then,
it suffices to build L as the collection of all and only those
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pairs that satisfy (MA). It is easily seen that this collection is
an acyclic relation.

The greedy TC algorithm operates as follows. Given any
acyclic relation R € A, define the collection

R° ={(a,b) e V\R: RU{(a,b)} € A}

of all those pairs (a, b), each of which, when added to R,
gives rise to another acyclic relation.

Let h V. — {1,2,...,|V]} be an injective map-
ping, assigning a natural number to each pair, such that for
(a,b),(c,d) € V, h(a,b) < h(c,d) implies p(a,b) >
plc,d).

At the outset, let Ly € A. At every iteration i > 0 of
the greedy algorithm, the new pair (a, b) € V is considered
such that h(a, b) = i. Then the new set L; is constructed by
setting

L = | LUl b)) if (a.b) € Ly,
‘T L otherwise.
The algorithm terminates at step n = |V|. The output

of the algorithm is the binary relation L,. It is worth notic-
ing that although the starting point is the empty set for all
clusters (G, p), the function p provides different orders of
pairs in different clusters, thus yielding centroids that are not
identical.

Proposition 3 The binary relation L,, is a strict linear order.

Proof Since L, is acyclic by construction, it is also asym-
metric. To show that it is complete, assume (a, b), (b, a) €
V \ L,. Since (a,b) ¢ L,, it must be that for i =
h(a,b), Li_p is acyclic, and L;_1 U {(a, b)} includes a
cycle G containing (a, b). Since (b,a) ¢ L,, it must be
that for j = h(b,a), L; is acyclic and L; U {(b,a)}
includes a cycle G’ containing (b, a). Without loss of
generality, assume i < j, so that L; C L;. Then
G,G C L;. Since G is a cycle, it can be written as G =
{(a, b), (b, x1), (x1,x2), ..., (xx,a)}. Since G’ is a cycle, it
canbe writtenas G’ = {(b, a), (a, y1), (y1, ¥2), ..., Oy, b)}.
Then, we see that the union G” = (G \ {(a, b)}) U (G’ \
{(b, a)}) is itself a cycle, and G” C L;, leading to the con-
clusion that L; is acyclic, which is a contradiction. Thus
either (a, b) or (b, a) must belong to L,,. Since L, is acyclic
and complete, it must also be transitive. O

Proposition 4 The binary relation L, is a local minimum
with respect to the cluster (G, p).

Proof Let L’ € N'(L,) be any neighbor of L,. Then there
is (a,b) € L, such that L' = L, \ {(a, b)} U {(b, a)}. By
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contradiction, suppose that d(L,,, G) > d(L’, G), that is, by
Lemma 1

Z p(v, u) > Z p(V,u).

(u,v)€L, (u'v')el’

Since L' = L\ {(a, b)} U {(b, a)}, we must have

Y. pwy> Y p@.u)—pb,a)+ p,b),

(u,v)EL, (w'v')eLy

that is, p(b,a) > p(a,b). This implies that h(b,a) <
h(a, b), and that the greedy algorithm considers (b, a) before
(a, b). Therefore, at step i = h(b, a), it had to be true that
(b,a) ¢ L7_,, for otherwise (b, a) would belong to L.
Of course, this holds true for every L € L, which is a
superset of L;_;. Namely, for every L € L, Li—1 € L
implies (b,a) ¢ L°. Since L;—; < L/, this must also
hold for L’. However, this contradicts (b, a) € L’. Thus
d(L,,G) < d(L',G) and therefore L, is a local minimum.

O

Simulation Study 1: One component

The performances of the two versions of k-orders (i.e., the
TCA and greedy TCA procedures) and the original k-modes
clustering algorithms were compared in two simulation stud-
ies. Several variables, such as sample size, the amount of
error in the data, and the cardinality of the preference struc-
ture, were manipulated. It is recalled that an asymmetric and
complete binary relation on the set S of options is called a
preference state. Meanwhile, the nonempty collection of all
the preference states observable in a population of individu-
als is called preference structure.

The algorithms’ capability of extracting the actual pref-
erence structures was tested in a study with one-component
options (as presented in this section) and in study with two-
component options (discussed in “Simulation Study 2: Two
component” section). In both studies, the aim was to analyze
how different conditions affect the performance of the algo-
rithms. Specifically, the research questions were: (1) When
data are generated from transitive relations, do k-orders algo-
rithms outperform k-modes? (2) Under which conditions do
TCA and greedy TCA have different performances?

Data sets generation and simulation design
The number [S| of options was 10, leading to |Q| = (120) =

45 stimuli. Four variables were manipulated in this simula-
tion design: sample size (i.e., the total number of simulated
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responses), cardinality of the preference structure, amount of
error in the data, and the number of the initial set of centroids.

Sample sizes were 50 and 500, representing “small” and
“large” samples, respectively. Three different preference
structures were considered: Py with a cardinality of 10, Psq
with a cardinality of 50, and Pjgp with a cardinality of 100.
In the rest of this Section and in the next one, we will refer
to P, to indicate the preference structure with cardinality
¢ € {10, 50, 100}. Each preference structure was obtained
by leveraging the bijective correspondence between the set
of all permutations of S and the family of all strict linear
orders on S. Specifically, c random permutations of the inte-
gers from 1 to | S| = 10, were generated for each preference
structure. Each permutation, in its natural order, was then
transformed into the corresponding preference relation P.

To give an example of how each permutation was trans-
formed into a preference relation, let us assume that the
number of options is |S| = 4. Then, the permutation
(1,3,2,4) is mapped to the preference relation P such that
s1Ps3 Psy Ps4. The collection of the preference relations P
obtained this way formed the preference structure P,.

We expected that preference structures with fewer states
might be more accurately reconstructed. In fact, for any
constant number of options, as the number of states in the
preference structures increases, it becomes more likely that
some of them might be similar and difficult to distinguish.

With the aim of generating a simulated dataset, a prob-
ability distribution 7, was assumed on P,.. In particular, it
was assumed that ;7. was the uniform distribution so that the
probability of observing each preference relation P € P,
was 1/|P.|. Thereafter, a certain number N of pairs (R, P),
where R is a response pattern and P is a preference state,
were generated. In each pair, P was sampled with replace-
ment from the collection P, by using 7. as the multinomial
distribution, whereas R was obtained through the introduc-
tion of some amount of error, according to the following rule:
For each pair of options a, b € S, if a Pb then b Ra with prob-
ability B,» and a Rb with probability 1 — B,,. This rule just
says that if the pair (a, b) is in P, then an inversion of it
occurs with probability B,p.

Five different intervals {(0,.10], (.10, 20], (.20, .30],
(.30, .40], (.40, 50]} plus a no-error condition were con-
sidered for establishing amount of error in the data. Each
interval’s boundaries indicated the lower and upper bounds
of the probability S,,. For each error condition and each stim-
ulus, the values of the 8,5 and B, were randomly generated
within the specified interval and kept constant throughout
the simulation study. A comprehensive list of all parameters
used can be found in the online supplementary material'

! The supplementary material is available at https://osf.io/gsdvn/?
view_only=b99ccb676d3d4e2bb3e7a3310c4be76f.

In summary, a total of 36 conditions were considered by
combining three preference structures, two sample sizes, and
six error intervals. For each condition, 100 simulated samples
were generated, all sharing the same preference structures,
sample sizes and error intervals. The final 3600 samples were
then used to extract a preference structure using the standard
k-modes algorithm and the two versions of k-orders. The
initial sets of centroids were set to have either the same cardi-
nality as the true preference structure, or twice the cardinality
of the true preference structure. In both cases, these initial
sets were generated at random by extracting them from the
power set 2€.

Methods

For each cardinality ¢ of the true preference structures, the
performances of the three algorithms were compared to one
another by using three indexes. The former is a true-positive
rate and the other two are variants of a discrepancy measure.
All three indexes compare the true preference structure P,
with the preference structure 73C extracted by a particular
algorithm.

The true-positive rate (TPR) was computed as the pro-
portion of true states P € P, that belongs to the extracted
structure 735, that is:

PN P

TPR =
[Pel

The discrepancy measure is the average minimum discrep-

ancy between two collections A and 3, computed as follows:

1
8(A7 B) = m E dmin(Av 3)1 (3)
AcA

where, dyin(A, B) = mingep|AAB|. The average mini-
mum discrepancy §(A, B) varies from O to the total number
|A| of stimuli. In particular, it is 0 when A C B. It is worth
noticing that this discrepancy is not symmetric, because
8(A, B) # 8(B, .A) in general. The two indexes §(P., P.)
and § (P, 735) were computed by using the Formula in (3).

In each condition of the study, average values (and the
corresponding standard deviations) of both indexes were
computed across the 100 simulated samples. Then, the per-
formance indexes computed on the solutions of the three
algorithms were compared to one another.

Results and discussion
Results obtained by using sample size N = 500 and by
setting the initial sets of centroids to be of the same cardinality

of the true preference structure are shown. The results of
the other conditions (i.e., N = 50, and cardinality of the
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initial set of centroids is two times that of the true preference
structure) are provided as supplementary material.

Figure 1 displays the performance of the three algorithms
in all conditions. Top, middle, and bottom panels in the figure
referto § (756, P, 8 (P, 755), and TPR performance indexes,
respectively, whereas the left, center, and right panels report
the results obtained for cardinalities ¢ = 10, ¢ = 50, and
¢ = 100, respectively. Each panel of the figure shows the
results of a particular performance index as a function of the
maximum amount of error in the data. Straight lines refer to
k-modes, dashed lines to TCA, and dotted lines to greedy
TCA.

With the exception of the preference structure P, all the
performance indexes suggest that the solutions of the two
versions of k-orders algorithms are always superior or, equal
to that of k-modes. The biggest difference in the performance
of k-modes compared to those of the other two algorithms
is in the sensitivity to the amount of error in the data and to
the number of preference states. When the true preference
structure is P, a clear superiority of one algorithm over the
others does not arise. When it is Psg or Pjgg, the TPR of
all algorithms decreases rapidly when the amount of error
increases (bottom panels). However, the average minimum
discrepancies of the two k-orders increase less than that of k-
modes, remaining relatively small (i.e., around 20% when
maximum error is .50). Answering research question (1),
results suggest that the two k-order algorithms outperform
k-modes when preference is transitive.

Concerning research question (2), the greedy TCA pro-
cedure compared to the TCA displays a slight superiority in
conditions where Psg and Pjqo. Indeed, when the amount of
error is between .10 and .40, solutions found by the greedy
TCA reached the smallest minimum discrepancy and the
highest TPR.

Thus, simulation results suggest that when the experiment
design is of type one-component options, the greedy TCA
should be used for extracting preference states from the data.
While these results are promising, it is important to note that
the limited number of preference structures considered in this
simulation study means the generalizability of the findings
is still uncertain and may require further studies.

Concerning the manipulation of the sample size and the
cardinality of the initial set of centroids, the results sug-
gest, not surprisingly, that: (i) increasing the sample size,
the performance of the clustering algorithms also increases;
(i1) Increasing the number of the initial set of centroids, the
performance of the algorithms slightly increases, but only
when the amount of error in the data is small (i.e., less than
.10) . All these results can be verified by looking at the figures
reported as supplementary material.
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Simulation Study 2: Two component

Introducing two-component options adds a further constraint
to the k-orders (i.e., the TCA and greedy TCA procedures)
algorithms. Indeed, in two-component tasks, research objec-
tives and theoretical assumptions may require the (MA) to
hold in the extracted preference states. In this simulation
study, the performance of k-orders is compared with that
of the original k-modes algorithm, using the same variables
manipulated in Simulation Study 1 (“Data sets generation
and simulation design” section) and the same performance
indexes (“Methods” section). Also the research questions
remain the same: (1) When data are generated from transi-
tive relations, do k-orders algorithms outperform k-modes?
(2) Under which conditions TCA and greedy TCA have dif-
ferent performances?

Data sets generation and simulation design

A set S of two-component options, defined on4 x4 = 16 dis-
tinct options, was considered. Consequently, the total number
of stimuli was |Q| = (126) = 120. As in the previous
simulation study, sample sizes were manipulated under two
conditions, with N = 50 and N = 500, respectively. The
cardinality c of the preference structure used to simulate the
data was set to 10, 50, or 100.

Given the two components of the options, the procedure
for generating the preference structure P, differs from that
used in Simulation Study 1. Indeed, it is important to note
that the stimuli in this type of experiment can be catego-
rized into two sets: those containing “monotone” stimuli
and those containing “non-monotone” stimuli. Let (V, <y)
and (W, <) be two linearly ordered sets representing the
two components of an experiment. To be precise, each of
the two orders <y and <y is a reflexive, transitive, anti-
symmetric, and complete binary relation. Each stimulus
consists of an unordered pair {(v;, w;), (v, wp)} of options
(i, wyp), (U, wp) € VxW. Astimulus {(v;, wy), (Vm, wp)}
is monotone if

Vi <y Uy == W] <y Wp, 4)

and it is non-monotone otherwise. Since the left-hand option
of the stimulus is less than the right-hand one in both com-
ponents, it should be expected that preference has the same
direction in both components.

Let Pp € (V x W) x (V x W) be a binary relation such
that given (v;, wy), (U, wp) € V X W,

(i, w) Po(vm, wp) = v; <y vy and w; <y wp.
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Fig.1 Comparison between the performances of k-modes (straight lines), the TCA (dashed lines), and the greedy TCA (dotted lines) procedures,
in Simulation Study 1. See text for more details
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This relation can be easily shown to be a partial order,
known in the literature on order relations as the pointwise
order (or coordinate-wise order, Davey & Priestley, 2002).
The relation Py provides the starting point for the genera-
tion of “random preference relations”, which are complete,
asymmetric, and transitive relations generated at random
that satisfy the monotonicity axiom. Precisely, each single
random preference relation P was obtained through the fol-
lowing algorithm: at the outset, P <— Py, and the collection
1 is built of all the pairs of options in S that are incomparable
with respect to P. Then the following steps are repeated until
I is empty:

1. among all pairs (i, j) € I such that P U {(i, j)} is tran-
sitive, one is chosen at random;

2. let (i’, j') be the chosen pair. A new version of P is
obtained by setting P < P U {(i’, j)};

3. finally, both (i’, j") and (j’, i") are removed from 1.

The relation P obtained this way is a strict linear order
that satisfies the monotonicity axiom. A preference structure
‘P. is then obtained by taking a number ¢ € {10, 50, 100} of
random preference relations.

Having available the preference structure, the simu-
lated data sets are obtained with the same procedure
described in “Data sets generation and simulation design”
section. Five different intervals {(0,.10], (.10, 20], (.20,
.30], (.30, .40], (.40, 50]} plus a no-error condition are used
in this study for B,j. For each error condition and each stim-
ulus, the values of the 8,5 and B, were randomly generated
within the specified interval and kept constant throughout
the simulation study. A comprehensive list of all parameters
used can be found in the online supplementary material.

The total number of conditions was 36, obtained by com-
bining three preference structures, two sample sizes, and six
error intervals. In this simulation, as in the previous one, 100
different samples were generated, and preference structures
were extracted using the standard k-modes algorithm and the
two versions of k-orders. The initial sets of centroids were
either matched to the cardinality of the true preference struc-
ture or set to twice that size. In both cases, these sets were
randomly generated from the power set 2.

A remark concerning two-component design is worth-
while. A critical point is that k-order clustering must also
respect the monotonicity axiom, meaning that in the final
solution of the clustering procedure, every cluster centroid,
besides being a transitive relation, must also include Py.
Indeed, the two k-orders procedures need no particular mod-
ification for this.

In both of them it suffices to set p((v;, wy), (Vy, wp)) =1
for all ((v;, wy), (v, wp)) € Po. In fact, in each step of the
TCA procedure, a pair is replaced by its inverse only if it is
non-modal. Obviously, pairs in Py are always modal. Hence,

@ Springer

they can never be replaced, whereas in greedy TCA, pairs
((vi, wy), (v, wp)) are considered in decreasing order of
the proportion p((v;, wy), (v, wp)). This is equivalent to
setting the initial relation equal to Py rather than . Since Py
is a partial order, it also respects the requirement that in every
single step the relation is acyclic.

Methods

In each simulation condition, the three performance indexes
TPR, § (756, P, and §(P., 756) described in “Methods”
section were computed to compare the preference structures
P. extracted by the algorithms with the true preference struc-
ture P, used to simulate the data. In each condition of the
study, average values (and the corresponding standard devia-
tions) of all indexes were computed across the 100 simulated
samples. Then, the values obtained were compared to one
another.

Results and discussion

Results obtained by using sample size N = 500 and by
setting the initial sets of centroids to be of the same cardinality
of the true preference structure are shown. The results of
the other conditions (i.e., N = 50, and cardinality of the
initial set of centroids is two times that of the true preference
structure) are provided as supplementary material >

Figure 2 displays the results obtained on the performance
indexes. It is read like Fig. 1.

All the performance indexes suggest that the solution of
both versions of k-orders is always better or, at most, equal
to that of k-modes. This is true irrespective of the number
of preference states and of the amount of error in the data.
Moreover, it is quite evident that k-modes is more sensitive to
noise. Indeed, when the amount of error in the data increases,
all indexes worsen much slower for TCA and greedy TCA
algorithms than for k-modes. This strongly suggests that k-
orders algorithms are better suited when choice behavior is
expected to be transitive. These results provide a positive
answer to research question (1).

A direct comparison between the TCA and the greedy
TCA have shown that the former performs better (answer
to research question (2)). Indeed, the average minimum dis-
crepancies obtained for the solutions of TCA remain very
close to 0, even when the amount of error in the data is very
high (i.e., .50).

Results of this simulation study suggest that when the
experiment design is with two-component options the TCA
version of the algorithm should be used.

2 The supplementary material is available at https:/osf.io/gsdvn/?
view_only=b99ccb676d3d4e2bb3e7a3310c4be76f.
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Concerning the manipulation of the sample size and the
cardinality of the initial set of centroids, the results suggest,
as in the other study, that: (i) increasing the sample size,
the performance of the clustering algorithms also increases.
(i) Increasing the number of the initial set of centroids, the
performance of the algorithms slightly increases, but only
when the amount of error in the data is small (e.g., less than
.10) . All these results can be verified by looking at the figures
reported as supplementary material.

Simulation Study 3: The selection criterion

A crucial element in the functioning of clustering algorithms
is the initial set of centroids used to start the extraction
process. The choice of these centroids significantly influ-
ences the performance and accuracy of the algorithms, as
they serve as the starting points for the iterative process of
forming clusters. Typically, clustering algorithms iteratively
consider many different starting points and then select the
best solution. To this aim, having a reliable selection crite-
rion is crucial.

This simulation study aims to test a procedure, used
in “Empirical application: The lockdown social dilemma”
section, that is an adaptation of the k-states procedure (de
Chiusole et al., 2017), that incorporates a selection criterion
proposed by de Chiusole et al. (2020). The procedure, when-
ever applied to empirical data, is based on a cross-validation
technique that partitions the data set into two subsets of
response patterns: a training set (two-thirds of the sample)
and a validation set (the remaining third). The training set is
used to extract the structure, while the validation set is used to
test it. In this simulation study, the validation set is not used,
since the data were generated from the true preference struc-
ture. This partitioning process is repeated 100 times. Each
time, the algorithm is set with a number of initial centroids
chosen from 1 to 100. The value of 100 initial centroids was
chosen as a conservative estimate, set to double the cardinal-
ity of the largest true preference structure employed in this
simulation study. A “best structure” is then selected using a
criterion based on a distance computed between the train-
ing set and the extracted structures. The structure with the
smallest maximum distance is chosen as the best.

Simulation design and data set generation

Data sets of an FCPC experiment with two-component
options of four levels were simulated. The number of options
was 4 x 4 = 16, leading to a number of (126) = 120 stimuli.

Data sets were generated under two levels of “amount of
error” and two “true” preference structures varying in cardi-
nality. The preference structure cardinalities were either 10
or 50. The maximum amount of error in the data was set to
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.05 (small error) or .30 (medium-high error). For both con-
ditions and each comparison, the values of the S, and B,
were randomly generated between zero and the maximum
error level of the condition and kept constant throughout the
simulation study. A comprehensive list of all parameters used
can be found in the online supplementary material.

The sample size was fixed at 400 in all conditions. This
value was chosen because it is of the same order of magnitude
as the sample size of the empirical study (see “Empirical
application: The lockdown social dilemma” section). In each
of the 2 x 2 = 4 conditions, 100 data sets were simulated.

Methods

In each of the four simulation conditions, an adaptation of the
k-states procedure proposed by de Chiusole et al. (2017) was
applied to each of the 100 simulated data sets, resulting in one
best knowledge structures for each data set. The procedure
consists of three main steps. The first step performs a parti-
tion of the data set into a training set and a validation set. The
second step, referred to as the “incremental extensions step”,
generates a sequence of locally optimal preference structures
of increasing size. This process begins with the smallest pref-
erence structure (i.e., with cardinality one) and adds a new
preference state at each new iteration. A preference structure
is extracted, at each iteration, using the k-orders algorithm
applied to the training set. In the last step, the procedure pro-
posed by de Chiusol et al. (2020, p. 517) was applied to select
the “best preference structure”.

Then, in each simulation condition and for each sample,
the three performance indexes T PR, § (75, P), and §(P, 75),
as described in “Methods” section, were computed to com-
pare the preference structure P extracted by the algorithm
with the true structure P. Additionally, the cardinality of the
extracted preference structure was considered.

An average value across the 100 samples was then com-
puted for each performance index, in each of the four
simulation conditions.

Results

Table 3 shows the results obtained for each of the perfor-
mance indexes. As expected, varying levels of error in the
data (.05 or .30) and differences in the cardinality of true
preference structures (10 or 50) significantly impact the per-
formance of the k-order algorithm. In Condition C1, where
the error is small, the algorithm performs with high accuracy,
achieving a TPR of .95. In the few instances where k-order
does not extract the true preference states (5% of cases), the
discrepancies between the extracted and true structures are
minimal (at most one stimulus out of the 120 monotone and
non-monotone stimuli).
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Table 3 Average performance indexes obtained in Simulation Study 3

Condition |P| Eror TPR &P, P) &P, P) [P

Cl 10 .05 95 015 1.06 23.41
2 10 .30 74 044 2.87 44.59
C3 50 .05 93 0.7 0.72 50.89
c4 50 30 37 110 2.39 87.99

The first three columns indicate the condition number, the cardinality
of the true preference structure, and the maximum amount of error in
the data used for data generation. Columns 4 to 7 display the average
values of the performance indexes 7 PR, 5(75, P), §(P, 75), and the
cardinality of the extracted preference structure, respectively

In Condition C2, where the amount of error in the data is
high, the performance of k-order remains quite good. TPR
decreases to .74, and the discrepancies between the extracted
and true structures stay relatively low, averaging about 3.
This suggests that even with a medium-high amount of error,
the solutions extracted by k-order are still close to the true
preference structure.

Similar results were obtained in Conditions C3 and C4,
but with lower values for all the performance indexes.

Despite the positive results regarding the quality of the
solutions found, there is a notable issue with the cardinality
|75| of the extracted structures. Even with a small error level
(Condition C1), the cardinality of the extracted structure is
more than double (23 instead of 10). When the error level
is high (Condition C2), the cardinality is four times greater
than expected (45 instead of 10). Interestingly, when the true
preference structure is large (i.e., 50 states), the results are
significantly better. With a small amount of error, k-order
extracts structures with nearly the same cardinality of the
true one (approximately 51). However, when the error level
is medium-high, the algorithm extracts structures with about
50% more states.

Empirical application: The lockdown social
dilemma

This empirical application exemplifies one of the contexts
where k-order algorithms can effectively address specific
research questions about individual preferences. As elabo-
rated in the following subsection, this serves as a proof of
concept for the applicability of the algorithm with real-world
data.

Due to the critical situation that humanity has faced in
recent years, our attention has been focused on the coron-
avirus (COVID-19) pandemic. More precisely, it could be
interesting to study individual preferences in different sce-
narios involving a “lockdown social dilemma”.

Lockdown measures are all the confinement measures
(i.e., curfew) adopted by governments to reduce the conta-
gion curves of the COVID-19 disease. Two central themes
of the “lockdown” have been the subject of various politi-
cal and ethical issues: economy and health. 1t is precisely to
these aspects that the lockdown dilemma is linked. It can be
illustrated by the following two scenarios: “slowing down the
economy to save lives” or “sacrifice human lives to avoid eco-
nomic collapse of a nation”? Some studies (Aum et al., 2021;
Kochanczyk et al., 2012) tried to identify a potential com-
promise between the two aforementioned aspects, arriving,
however, at the conclusion that saving lives and protecting
the economy are goals that need to be maximized jointly.
Thus, the compromise between economy and health inter-
ests can be viewed as a dilemma, and, in particular, a social
dilemma. The term dilemma refers to the need of making a
choice between two options in contrast to each other, without
the possibility of choosing a third optimal alternative.

The main dilemmas studied in psychology are ethical,
social, and moral. What differentiates a social dilemma from
an ethical or moral one is the requirement to choose between
two equally complex opposite alternatives, making a deci-
sion to favor oneself by causing damage to the community
or, vice versa, to make a cooperative choice while neglecting
one’s personal gain.

Aims and scopes

This empirical application is aimed at illustrating how the
k-order algorithm can be fruitfully applied for learning the
preference states in a population when there is no specific
a priori knowledge about them. In this respect, the psy-
chological surrounding of the “lockdown social dilemma”
was selected because it is expected to provide heterogeneous
preferences among individuals. In particular, it is expected
that individuals can be partitioned into those who prefer
safeguarding health and those who prefer safeguarding the
economy. Additionally, in this context, the preference states
are assumed to be transitive, resulting in linear orders.

The lockdown social dilemma was chosen because it
allowed for the manipulation of the social context, either
public or private, in which the options were defined. The
rationale behind this decision was that an individual’s choice
to prioritize health or the economy could depend on how
much their personal interests were threatened. For example,
if public health (e.g., the number of seriously ill individuals in
anation) is compared to personal family income, some indi-
viduals might prefer to safeguard the economy. Conversely,
if private health (e.g., the health of family members) is com-
pared to the public economy (e.g., the number of workers
who lose their jobs in a nation), individuals might priori-
tize health. It is noteworthy that the data of this study were
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collected during the COVID-19 pandemic between 2020 and
2021. This aspect is particularly important, given the type of
options used in the FCPC task.

For these reasons, the lockdown social dilemma presents
a particularly challenging context to test the new k-modes
algorithm.

Research design, options, and tools description

Four different scenarios were considered, each of which was
designed with two-component options. The two components
were economy and health. In each scenario, both compo-
nents were linearly ordered sets of four levels. They are
denoted by (E., <g.) and (H., <p,), respectively, where
c € {private, public} is the social context used for contex-
tualizing the options. More in detail, in the options, the two
components were referred to as social contexts in which pub-
lic or private interests were involved. Thus, a 2 (components)
x 2 (social contexts) factorial design was used, resulting in
four contexts.

The variables considered for contextualizing the options
in the four contexts were: “Decrease of personal income” for
the private economy Epyrivate cOntext, “Percentage of national
unemployment” for the public economy Epuplic context,
“Severity of the COVID-19 infection of a family members”
for the private health Hpyjyaee context, and “Number of deaths
due to COVID-19 infection” for the public health Hyypiic con-
text.

Four levels of increasing severity were defined for each of
the four contexts described above. Thus, the total number of
options used for composing the stimuli was 4 (contexts) x
4 (levels)= 16. Table 4 lists the 16 options distinguished in
the four contexts.

The four contexts described above were combined to
obtain an experimental design with four different scenar-
ios. More precisely, Scenario 1 compared private economy
options to private health options, Scenario 2 compared private
economy options to public health options, Scenario 3 com-
pared public economy to private health options, and Scenario
4 compared public economy to public health options.

From the 16 different options, a number of (126) = 120
stimuli for each of the four scenarios was obtained. To give an
example, one of the stimuli of Scenario 2 comparing private
economy to public health options is the following one:

The government has established new COVID-19 reg-
ulations that may have the following consequences.
Which alternatives do you prefer?

1. Your family income decreases by 5% and there are
200 more deaths from COVID-19 than yesterday.

2. Your family income remains unchanged and there
are 500 more deaths from COVID-19 than yester-
day.
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Table4 Description of the 4 (contexts) x 4 (levels) = 16 options used
for building the stimuli of the empirical application

Options in private economy Epyiyae context

Your family income remains unchanged
Your family income decreases by 5%

Your family income decreases by 10%

A WD =

Your family income decreases by 40%

Options in public economy Epyplic context
Today, 1000 people lose their jobs

Today 5000 people lose their jobs

Today, 10,000 people lose their jobs

A W N =

Today, 20,000 people lose their jobs

Options in private health Hpivae context

None of your family members dies of COVID-19

One of your family members is affected by COVID-19

One of your family members is hospitalized due to COVID-19

A WD =

One of your family members dies of COVID-19

Options in public health Hj,ypjic context
The number of deaths from COVID-19 remains unchanged
Compared to yesterday, 100 more new deaths

Compared to yesterday, 200 more new deaths

B W N =

Compared to yesterday, 500 more new deaths

In all scenarios, each stimulus consists of a pair {(eq, /1),
(e2, hy)} of options, where e1,ey € E; and hy, hy € H;.
For convention, the former element of each option refers to
the economic component, while the latter refers to the health
component.

In the context of the present application, the higher the
level, the higher the severity of the situation described by
the level. Thus, in a stimulus {(ey, h2), (e2, h3)}, if Condi-
tion (4) holds, then (eq, h2) is preferred over (ez, h3). This
assumption is in line with the so-called monotonicity axiom.

In each of the four scenarios, the total number of mono-
tone stimuli is 84. The remaining stimuli (i.e., a number of
36) are non-monotone (see “Data sets generation and sim-
ulation design” section for the definitions of monotone and
non-monotone stimuli). Thus, the total number of monotone
and non-monotone stimuli considering all the four scenarios
would be 120 x 4 = 480. Given such a huge number of
stimuli, the data collection was split into two studies, each
of which had a different aim. In the former study, the aim
was to verify if the monotonicity axiom holds in the context
of a lockdown social dilemma. In the latter, the aims were
those presented in “Aims and scopes” section and the study
was carried out considering only the non-monotone stimuli.
Thus, in Study 1, participants answered to all the 120 mono-
tone and non-monotone stimuli of a single scenario. In Study
2, participants answered to only the non-monotone stimuli of
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all four scenarios, which is a number of 4 x 36 = 144 stim-
uli. In the two studies, the data were collected by using two
different samples. A detailed explanation of these studies is
given in the subsequent two sections.

Regarding the tools used for collecting the data, two ques-
tionnaires, one for each study, were developed by using the
software Qualtrics (https://www.qualtrics.com), an online
platform that allows to collect and manage experiential
data via the World Wide Web. Each of the two anony-
mous questionnaires comprised different blocks. The first
block explained the type of task the respondent would expect
and some stimulus examples. A second block asked for the
approval of the informed consent. A third block asked for
some socio-demographic information (gender, age, instruc-
tion level) of participants. Finally, the last block comprised
the experimental stimuli that were administered in random
order. Of course, participants were free to exit the question-
naire at any time.

The material used in the present empirical application and
in the simulation study is publicly available at the Open Sci-
ence Framework url: https://osf.io/gsdvn/?view_only=b99cc
b676d3d4e2bb3e7a3310c4be76f.

The material consists of links to the Qualtrics question-
naires used in the empirical studies, MATLAB functions used
in both the simulations and the empirical studies, and the mat
files of all the data sets used in the empirical studies.

Regarding the speed of convergence of the applied algo-
rithms, across 600 replications, the average convergence
times were 2.8 x 1073 s (SD = 0.001), 2.9 x 1072 s
(SD = 0.017),and 1.0x 10~ ! s (SD = 0.058) for recovering
preference structures with 10, 50, and 100 states, respectively.
For a more detailed analysis of convergence performance
under varying error conditions, the reader is referred to the
supplementary material. All simulations were performed on
a Dell XPS equipped with a 12th Gen Intel Core i7-1260P
processor (2.10 GHz) and 16 GB of RAM.

Study 1: Violation analysis
Participants

A total of 154 adults with an average age of 41.5 years (SD
= 18.5 years) were recruited for the study using the snow-
ball sampling method. No compensation was provided for
participation. Of the participants, 53% were female, 29%
were male, and the remainder did not respond to the gen-
der question. The questionnaire was administered online and
was completed in a median time of 15 min.

A total of 26.5% of participants did not consent to the
processing and dissemination of their data and were therefore
excluded from the study, with no data collected from them.
An additional 31% did not respond to any of the stimuli. The

remaining 66 participants (43%) responded to at least one
stimulus and formed the final dataset. These participants had
an average age of 42.8 years (SD = 19.0), and 61% were
female. Among them, 54 responded to all stimuli, while the
remaining 12 had at least one missing response.

An important percentage of the participants providing at
least one missing answer was not unexpected and could be
attributed to two factors. First, the substantial number of
stimuli (i.e., 120) might have contributed to the fatigue or
disengagement. Second, the difficulty of FCPC in some cir-
cumstances may have led participants to skip stimuli instead
of attempting to answer.

Methods

The first step consisted of selecting the data of the 84
monotone-stimuli only. Each was coded as 1 if the observed
response violated the monotonicity axiom, and as 0 other-
wise. The plausibility of the assumption was verified by
computing the probability of responding correctly to a mono-
tone stimulus. This probability was estimated from the data
by maximum likelihood, computing the average value

1 N
51— - ’
p N;ps

where p; is the proportion of monotone stimuli in which a
violation of Condition (4) was observed for subject s.

Results and discussion

Only the results obtained for Scenario 2 (private economy vs.
public health) are described here. Very similar results were
obtained for the other scenarios.

The proportion ps of monotone stimuli for which a viola-
tion of Condition (4) was observed ranged from a minimum
of 0 to a maximum of .55. This last proportion was observed
in only one participant, who was excluded from subsequent
data analyses. In fact, their choices were systematically for
the worse condition (e.g., more dead rather than less dead,
or less money rather than more money). Instead, most of
the participants (i.e., 42 out of 66) never violated (MA) —
the median number of violations was zero. The estimated
probability of responding coherently with the monotonicity
axiom was p = .98, providing strong evidence in favor of
that axiom. For this reason, Study 2 was designed only on
the non-monotone stimuli.

It is worth mentioning some limitations of the study con-
cerning generalizability and reliability. Specifically, over half
of the participants were removed from the sample because
they did not complete all 120 stimuli. It is important to inves-
tigate the missing data mechanisms to determine whether the
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missing data were random or systematic. However, given the
illustrative purpose of the study, this aspect does not under-
mine the study’s primary contributions.

Study 2
Participants

The sample consisted of 555 adults (53.6% female, 14.2%
male, and 32.2% non-disclosed) with an average age of 23.4
years (SD = 6.8). Most were psychology students at the Uni-
versity of Padua. The questionnaire was administered online
and it was completed, on average, in about 20 min. Partic-
ipants were recruited using the snowball sampling method
and no compensation was provided for their participation.

Forty-eight participants did not provide informed consent
for the processing and dissemination of their data, so their
data were not recorded. Of the remaining 507 participants,
110 did not complete the experiment. Additionally, partici-
pants with any missing data in a given scenario were excluded
from that scenario, as the clustering algorithms require com-
plete data. The final sample comprised 378 participants in the
private economy vs. private health scenario, 376 participants
in the private economy vs. public health scenario, 383 par-
ticipants in the public economy vs. private health scenario,
and 375 participants in the public economy vs. public health
scenario. Like in Study 1, the high rate of participants pro-
viding at least one missing answer was not unexpected for
the same reasons mentioned above.

Methods

In each scenario, a two-step procedure was applied in which:
(1) two preference structures were extracted from the data,
one by using k-orders with the TCA procedure and the other
by using k-modes; and (2) the two extracted preference
structures were tested empirically by fitting a probabilistic
model, named basic local independence model (Falmagne
& Doignon, 1988a,b), to the data. The BLIM based on the
structure extracted by k-modes was then compared with the
BLIM based on the structure extracted by k-orders, via the
Akaike information criterion (AIC) and its corrected version
(AICc). These two steps are described in detail below.

The extraction of the preference structures (Step 1), was
performed following cross-validation techniques. The sam-
ple of each scenario was randomly partitioned into two
independent sets. One of the two sets, named training set
T, comprised two-thirds of the sample and was used for
extracting the structure. The other set, named validation
set 1, comprised the remaining sample and was used for
testing the extracted structure. One hundred different par-
titions were generated and for each of them, 96 conditions
were considered in which the cardinality of the initial set of
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states on which the algorithms started varied in the interval
{4,5,---,100}. In each partition i and in each condition j
of every scenario, the two algorithms k-modes and k-orders
were applied to the training set 7;; for extracting the prefer-
ence structures.

In each scenario, among the 96 (conditions) x 100 (par-
titions) x2 (algorithms) = 19,200 extracted structures, two
“best structures” Pr_orders and Pr-modes Were selected. For
each of the two algorithms, the procedure proposed by de
Chiusole et al. (2020) was used for constructing a selec-
tion criterion. For each validation set V; and each preference
structure P;;, first the two distances d; = d(V;, P;;) and
dy = d(P;j, V;) were computed by using Equation (3). Then,
the maximum M;; = max{d\, d2} of the two distances was
taken for each condition j of each partition i. The best-
extracted structure was the one having the smallest M;;. In
this way, the two best-extracted structures were obtained, one
for each algorithm. A more detailed description of all pas-
sages for computing the selection index can be found in de
Chiusole et al. (2020).

Concerning Step (2), it consisted of the application of
the basic local independence model (BLIM; Falmagne &
Doignon, 1988a; Heller & Wickelmaier, 2013; Stefanutti &
Robusto, 2009), based on the preference structures extracted
in Step (1), to the data. The BLIM is one of the most
used probabilistic models in knowledge space theory (KST;
Doignon & Falmagne, 1999; Falmagne & Doignon, 2011;
Falmagne et al., 2013; Heller & Stefanutti, 2024) for empir-
ically validating knowledge structures.

Knowledge structures represent the knowledge organiza-
tion in a particular domain. They are formed by a nonempty
collection of knowledge states, that is, subsets of items that a
student is able to solve. If a population of students is consid-
ered, then all the knowledge states existing in the population
form the knowledge structure /C. It is plausible to assume the
existence of a probability distribution 7 on the collection
of states K € K.

A knowledge state K € K cannot be directly observed.
What is observed is the response pattern of a student, that
is, the subset X € Q of problems correctly solved by the
student. The perfectidentity between K and X might not exist
due to random error (noise in the data). Thus, the relationship
between the two is established by a restricted latent class
model, where the states K € K are the latent classes. In this
model, the probability P(X) of observing X in a randomly
sampled student is computed by

P(X) = ) P(X|K)7k, (5)

Kek

where P(X|K) is the conditional probability of observing
the response pattern X given that the knowledge state of
the student is K and mg is the probability of K. Under the
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assumption of local independence of the item responses given
the knowledge states, the conditional probability P(X|K)
takes on the form:

P(X|K) =

[T &

qgeK\X

[T a-8p

geKNX

H”q

qgeX\K

Then, Step (2) was carried out by applying the BLIM to the
data of each scenario by using both the best preference struc-
tures Pr-orders aNd Pr-modes €Xtracted by the corresponding

[T a-np|. ©6)

g€ Q\(XUK)

where f; is the conditional probability of observing an incor-
rect answer to an item ¢ € Q given that ¢ € K, and 7, is
the conditional probability of observing a correct response
to an item g € Q, given that ¢ ¢ K. These two parameters
represent, respectively, the situation of false negatives and
false positives.

Several theoretical and empirical applications of the
model exist in the literature. A brief list is here reported: de
Chiusole et al. (2013, 2015); Anselmi et al. (2016); Heller
(2017); de Chiusole et al. (2013); Heller and Wickelmaier
(2013); de Chiusole et al. (2020); Anselmi et al. (2021). The
reader is referred to this literature for more details on this
model.

For applying the BLIM to the preference structures
extracted in Step (1), a correspondence between the rele-
vant concepts in KST and those used in this application
was established and applied. The following example shows
how Equation (6) is applied in the case of a simple set
S = {a, b, c} of options. There are on the whole eight dif-
ferent preference relations (see Table 1). Each of them is
an observable response pattern. Suppose that the clustering
algorithm extracted the following four centroids:

{(a, D), (b, ¢), (a, )}
{(a,b), (c,b), (c,a)}
{(a,b), (c,b), (a, )}
{(b,a), (b,c), (a, )}

For applying Equation (6), the error parameters 8 and 1 are
indexed by pairs of options in S, obtaining the following six
parameters: B(a.b), B(a.c)> Bib.c)> Na.b)> Na.c)> and N, ). For
example, the parameter f(,,p) is interpreter as the probability
that the pair (b, a) belongs to the observed response pattern
given that the pair (a, b) belongs to the preference state. Con-
versely, the parameter 7,,5) is interpreter as the probability
that the pair (a, b) belongs to the observed response pattern
given that (b, a) belongs to the preference state. It should
be observed that for every pair of options (x,y) € § x S,
the equality B(x,y) = n(y,») holds true. Given this defini-
tions, an application of (6) to R = {(a, b), (b, ¢), (c,a)} and
P ={(,a), (b,c), (a,c)} gives:

P(RIP) = Bw,ay - (1 = Bw,e) - Ba,e)-

algorithm. The model parameters were estimated by maxi-
mum likelihood via the expectation-maximization algorithm,
adapted for the BLIM by Stefanutti and Robusto (2009). The
goodness-of-fit of the model was tested by using the Pearson
Chi-square statistic, whose p value was obtained by a para-
metric bootstrap of over 1000 replications. The identifiability
of the model could not be tested by using formal methods,
like, e.g., the BLIMIT (Stefanutti et al., 2012). This method
requires building the entire Jacobian matrix of the model’s
prediction function. The number of rows of this matrix equals
the number of theoretically observable response patterns,
which, in the case at issue, is 23°, an unreachable number.
Nevertheless, an empirical procedure (Stefanutti et al., 2020,
2021) was used that did not find any identifiability issue of
the model parameters of both the best preference structures
Pr-orders and Pr_modes-

Finally, as an example of the practical usefulness of the
procedure, some of the most interesting results about the
extracted preference structures are presented only for k-
orders. In all scenarios, each state of preference P € Pi-orders
can be partitioned into two subsets. The former subset con-
tains all those stimuli for which a preference for the option
having the least level of severity for the health component
was exhibited, that is

P, = (e ho). s k) € P by < by Aej <ei).

where e;,e; € E. and h;, h; € H.. The latter subset con-
tains all those stimuli for which a preference for the option
having the least level of severity for the health component
was exhibited, that is

Pp, = {{(ei,hi), (ej hp)) € P hj <hi Aej < ej}.

Of course, P. = Py, U Pg,.

With the aim of comparing, in each scenario, the estimated
probability of preferring one of the two components, two dis-
joint collections of states can be formed from the preference
structure Pi-orders- The former is the collection of all prefer-
ence states for which a higher weight is given to the economic
component, that is

Pe ={P € Proorders : |PEL.| > |PHC|}»
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where | Pg,| and | P, | are the cardinalities of the two subsets
Pg, and Py, defined above.

The latter is the collection of preference states for which
a higher weight is given to the health component, that is

Pu. = {P € Pr-orders : |PH,| > | Pg,1}.

Another useful aspect of a preference state is its occurrence
probability 7 p that can give information about the relevance
of a state in the reference population. Two aggregate indexes
based on the occurrence probabilities of the states belonging
to one or the other collection Pg, and Py, can be computed.
The former is the probability of preferring the health com-
ponent that is computed by

Py, = Z mp,

PE'PHC

where p is the probability estimated by the BLIM for the
state P. The latter probability is the probability of preferring
the economic component that is computed by

PE(, = Z Tp.

PE'PEC

Additionally, graphical representations of preference struc-
tures are developed and displayed, which may facilitate the
interpretation of the results. An (undirected) graph for the
preference structure (A, P) is a pair (V, E) of nonempty
sets, where V is a set of graph vertices bijectively corre-
sponding to the binary relations in P,and E C V x Visa
set of the graph edges. Specifically, a pair (u, v) of vertices
in V isagraphedge (i.e., (u, v) € E)if and only if the binary
relations represented by u and v are neighbors in the sense
specified in “Preliminary definitions and theoretical results”
section.

As an illustrative example, consider again the eight prefer-
ence relations listed in Table 1, and suppose that P contains
the six that are transitive. Then the graph of P is the one
displayed in Fig. 3.

Results

Table 5 summarizes the absolute and relative fit indexes
obtained when the BLIM was applied to the data by using
Pr-orders (Columns 2 to 4) and Pi_modes (Columns 5 to 7).
In all scenarios, the BLIM fitted the data pretty well with
both structures. The comparison between the BLIM fitted by
using Pr-orders and that fitted by using Pk_modes do not show
a clear superiority of one model against the other. In fact,
in Scenarios 1 and 3, the BLIM based on Pi_modes Obtained
the smallest AIC and AICc, whereas in Scenarios 2 and 4 the
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Fig.3 Graph of the preference structure consisting of all the transitive
relations on a set of three options

BLIM based on Py._orders Obtained the smallest values. Never-
theless, the differences among the comparison fit indexes of
the two models are negligible, in all scenarios. Considering
that k-orders is a constrained version of k-modes, one would
expect the best performance of the latter. Thus, these results
provide mild support to the hypothesis that in the social con-
text here considered, preference is transitive.

In the subsequent paragraphs, some results on the param-
eter estimates of the BLIM and on the extracted preference
structure are given only for the k-orders algorithm. The rea-
son is that the outcome of the k-modes algorithm may not
be interpretable, as the cluster centroids are not necessarily
valid preference orders.

Figure 4 shows the estimated “false economy” (panels on
the left) and “false health” (panels on the right) probabilities
of the BLIM, for each of the four scenarios (row panels in
the figure). In each panel, the stimuli are along x-axis.

False economy probability refers to the likelihood that
a subject, who has a preference for the health compo-
nent of a stimulus, responds with a preference for the

Table 5 Absolute and relative fit indexes obtained, in Study 2 of the
empirical application, for the BLIM when it is applied to the data of each
scenario (rows of the table) by using the preference structure extracted
by k-orders (Columns 2 to 4) and by k-modes (Columns 5 to 7)

k-orders k-modes
Scenario  p value  AIC AlCc pvalue  AIC AlCc
1 1.000 2261 2,570  .9982 2,112 2334
2 1.000 2657 2944 .9980 2734 3008
3 1.000 2833 3135 1.000 2822 3124
4 1.000 3822 4498 1.000 3853 4177
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Table 6 Cardinality of the preference structures and average values of
parameter estimates in the four scenarios of Study 2 of the empirical
application

Scenario | Pr-orders | By (SD) Mg (SD)
1 10 .03 (.03) 34 (17)
2 8 .06 (.05) 17 ((15)
3 10 .03 (.04) 34 (.15)
4 24 08 (.04) 20(.12)

economy component. Conversely, false health probability is
the likelihood that a subject, who prefers the economy com-
ponent, responds with a preference for the health component.
Interestingly, the figure clearly shows that false health prob-
abilities are almost consistently higher than false economy
probabilities across all scenarios.

This result can be interpreted by the social-desirability
bias (Edwards, 1953). Indeed, preferring health against the
economy could be seen as an expected answer that conforms
with a “good behavior” of a citizen. Table 6 summarizes the
average values of these estimates (Columns 3 and 4).

On average, false health 7, probabilities are greater than
false economy Bq probabilities, especially in “private econ-
omy vs. private health” and “public economy vs. private
health” scenarios. These two scenarios have in common the
“private health” context. Thus, it seems that when private
health is considered, some subjects answered with a pref-
erence for health even when, actually, they preferred the
economy component.

Figure 5 shows the graph of the preference structures
extracted by k-orders (panels on the left) and the corre-
sponding probability distribution among the preference states
(panels on the right). Row panels refer to the four scenarios.
In each panel on the left, a dashed line splits the Carte-
sian plane into two areas. The upper areas contain all the
states belonging to Pg,, that is, those preference states giv-
ing higher weight to the economic component. Whereas the
lower areas contain all the states belonging to Pg,, that is
those preference states giving higher weight to the health
component. The states that fall exactly on the dashed lines
give equal weight to the two components. Each node of the
graph represents a preference state P € Pp_orders and a num-
ber close to the node is the cardinality of Py, (number of
stimuli for which a preference for the option having the least
level of severity for the health component was exhibited).

It can be seen from the figure that, in general, the number of
states belonging to Py, (area below the dashed line) is greater
than the number of states belonging to Pg, (area above the
dashed line). The only exception was for the private economy
vs. public health scenario. This is a first suggestion of the
fact that, in general, the subjects of the sample gave higher
weight to the health component, in almost all scenarios. A
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similar result should also take into account the probability
distribution on the states.

Panels on the right of Fig. 5 display the probability
distribution of the preference states represented in the cor-
responding graph. The estimated probability of the states is
along the x-axis, whereas cardinalities of the states, sorted
from the smallest to the highest, are along the y-axis. The
dashed line is used here exactly like in the left panels. Sev-
eral interesting results arise.

When the private economy is compared with the private
health (Scenario 1), about 40% of the sample has a prefer-
ence state whose cardinality is equal to |Py.| = 36. The
only state having 36 as cardinality is the state in which the
option with the least severity for health was chosen in all
stimuli. This state represents the situation of a strong pref-
erence for health. On the other hand, less than 10% of the
sample has a preference state whose cardinality is equal to
|Py.| = 0. The only state having zero as cardinality is the
state in which the option with less severity for the economy
was chosen in all stimuli. This state represents the situation
of a strong preference for the economy. Other quite interest-
ing states are those having | Py, | = 18 as cardinality, which
are states giving equal weight to the two components. In this
scenario, the percentage of the sample having such states is
very small (i.e., about 5%). Concerning the remaining pref-
erence states, it can be noted that the mass of the distribution
falls mostly in the health area of the panel. Among the four
scenarios, this one seems to be the one for which the biggest
agreement among subjects exists in preferring health against
the economy.

When the private economy is compared with public health
(Scenario 2), the percentage of subjects that give equal weight
to the two components drastically increases to more than
30%. On the other hand, the percentage of subjects having a
strong preference for the health component is halved and
similar to that of the subjects having a strong preference
for the economy component (i.e., about 20%). Concerning
the remaining states, those falling in the health area have
a slightly larger probability than the states in the economic
area.

When the public economy is compared with private health
(Scenario 3), most part of the sample (i.e., about 40%) has
a strong preference for health, similarly to what observed in
Scenario 1. Moreover, similarly to Scenario 2, a quite large
percentage of subjects (about 30%) gives equal weight to
the two components. Interestingly enough, Scenarios 2 and
3 are those in which a social dilemma exists (i.e., one of the
two components refers to a private context and the other to
a public context). It does not come as a surprise that in these
two scenarios, the percentages of subjects that gave equal
weight to the two components are greater than those of the
other two scenarios, where it is less than 10%.
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Fig.6 Comparison between probability of choosing the economic component and that of choosing the health component in the four scenarios of

the Study 2 of the empirical application. More details are given in the text

Finally, when the public economy is compared with public
health (Scenario 4), the probability mass is distributed on a
greater number of states. Even if a strong preference for the
health component is observed for about 25% of the sample,
the mass of the distribution on the other states seems to be
higher in the economic area.

For summarizing the results obtained in the four scenarios,
the probability Pg, of all those states that give greater weight
to the economic component was compared to the probabil-
ity Py_ of the states that give greater weight to the health
component. Figure 6 shows these probabilities for each sce-
nario. The two components are along the x-axis, whereas the
probabilities Py, and Pg, are along the y-axis. Each curve
represents one of the four scenarios, as explained by the leg-
end.

It is quite evident that in three scenarios out of four, the
probability Py, of the health component is higher than the
probability Pg_ of the economic component. The only sce-
nario in which the opposite trend was observed was Scenario
4 (in which public context was considered for both compo-
nents). Interestingly enough, in Scenario 1 (private economy
vs. private health) the economic component probability is the
lowest, whereas the probability of the health component is the
highest. On the other hand, in Scenario 4 (public economy vs.
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public health) the probability of the economic component is
the highest, whereas the probability of the health component
is one of the lowest. Thus, it appears that when subjects must
give a preference for health or for economy components, they
answer in an opposite way, depending on the private or pub-
lic context in which both components are described. In the
private context, they seem to give greater weight to health in
the public context to economy.

In the two mixed-context scenarios (2 and 4), the probabil-
ity of the health component is always the highest, regardless
of the public or private context in which it is defined. Never-
theless, the difference between the two probabilities Pz, and
Pf, is about four times lower in the private economy vs. pub-
lic health scenario (i.e., .12 against .45). Also these last results
could be interpreted in the light of the social dilemma. More
precisely, the data suggest that the preference of preserving
health against the economy is particularly strong when health
refers to the private context and economy refers to the pub-
lic context. However, this preference decreases a lot when
health refers to the public context and economy refers to the
private context. Thus, it appears that the social dilemma acts
as a moderator of individual preference between health and
economy, rather than fully determining that preference.
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Discussion

Results of the study demonstrated the real-world applica-
tion of the procedure, revealing heterogeneous preference
states among participants and challenging the assumption of
uniform preferences. The k-order and k-modes algorithms
effectively captured these variations, supporting the hypoth-
esis that preferences cannot be homogeneous in a population.
When comparing the performances of k-order to those of k-
modes, neither model showed clear superiority, both fitting
the data well with minor differences. However, considering
that k-orders is a constrained version of k-modes, one would
expect the best performance of the latter. This suggests thatin
the social context examined, preferences can be considered
transitive. Overall, these findings highlight the effectiveness
of the algorithm in capturing diverse preference states and
underscore the complexity of real-world individual prefer-
ences.

Concerning the context of the lockdown social dilemma,
the following results were obtained. First, the results indicate
that there is a notable discrepancy between stated prefer-
ences and actual preferences regarding health and economy
components in stimuli. Specifically, the probability of an
individual falsely indicating a preference for health is con-
sistently higher than the probability of falsely indicating a
preference for the economy. These results could suggest a
tendency among participants to conform to socially desirable
responses, especially when it comes to prioritizing health
over the economy, highlighting the influence of social norms
on decision-making processes.

Second, the number of preference states favoring the
health component is generally greater than the number of
states favoring the economy component. The only excep-
tion to this trend was observed in the “private economy Vvs.
public health” scenario, where preference for economy is
higher. These observations suggest two key points: (1) The
sample tended to prioritize health over the economy in most
scenarios, indicating a general preference for health-related
decisions. However, this is not the case when public health
interests are compared to private economy interests; (2) Par-
ticipants who preferred health exhibited more heterogeneity
in their preferences (i.e., the number of preference states
is higher) compared to those who preferred the economy.
This heterogeneity implies that while many participants lean
towards prioritizing health, their preferences and the rea-
sons behind them vary more widely than those who prioritize
economy.

In conclusion, thanks to the k-order algorithm, it was pos-
sible to analyze the diversity in health-related preferences
within a complex decision-making context, such as the lock-
down social dilemma.

Nevertheless, some limitations of the study regarding its
generalizability and reliability need to be clarified. Besides

the issues concerning missing responses (discussed in Study
1), it is noteworthy that the demographics of the samples in
Study 1 and Study 2 differ substantially. Study 1 comprised
predominantly female participants who were, on average,
older than participants in Study 2. Since the results of Study
1 were used to focus exclusively on non-monotone stimuli
in Study 2, the demographic disparity may indicate potential
issues of reliability and limited generalizability of the study.
Addressing these aspects could strengthen the conclusions
and might offer a more comprehensive understanding of the
study’s applicability. However, considering the illustrative
purpose of the studies, these weaknesses do not undermine
their primary contribution of this application.

Summary and final remarks

A clustering algorithm, named k-orders, was proposed to
extract asymmetric, complete, and transitive binary relations
from preexisting data sets.

The k-orders algorithm differs from the original k-modes
in the adjustment step, while the classification step remains
the same. Two adjustment procedures named transitive cen-
troid adjustment (TCA) and greedy TCA were proposed
whose aim is to find a strict linear order (transitive, asym-
metric, and complete binary relation) which is at a minimum
distance from the cluster.

The difference between the two procedures lies in their
approach to constructing order relations. The TCA algorithm
starts from an arbitrary strict linear order and iteratively mod-
ifies it to minimize the distance from the cluster. In contrast,
the greedy TCA algorithm begins with an empty set and con-
structs a specific order relation by adding one pair of options
at a time, following a pre-specified sequence, until no further
pairs can be added. It is considered a “greedy” algorithm
because it evaluates only one step ahead at each stage.

The set of cluster centroids extracted by the algorithm
from a data set is then empirically tested by applying a con-
strained latent class model, where the latent classes are the
extracted centroids, to another data set. The model used in
the present research was the BLIM. This model was chosen
among other options (e.g., BTL with latent classes or random
utility models) because it makes no assumptions about the
measurement level of preference but it is restrictive enough
for testing whether an assumption like transitivity holds true
in the data or not. The good fit of the model to the data favors
the assumption that centroids are transitive.

The performance of the two versions of k-orders were
compared to one another and with the canonical k-modes,
in simulation studies. Results show that when centroids are
transitive relations, both versions of k-orders outperform
k-modes. Moreover, in experimental designs in which two-
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component options are considered, TCA algorithm performs
better than the greedy TCA.

An empirical application was also carried out for exempli-
fying how k-orders can be useful for studying individual pref-
erences. In particular, preference structures were extracted
from data collected during the Coronavirus (COVID-19)
pandemic. The aim was to study the individual prefer-
ences in different scenarios involving or not a “lockdown
social dilemma”, comparing the economy and the health
components. Several interesting results were obtained and
discussed in “Results” section. Here, it is only underlined
that the approach was useful for identifying different prefer-
ence orders whose interpretation can be used for answering
specific research questions on the nature of the individual
preferences.

The proposed algorithms also have some limitations that
have to be mentioned. Indeed, neither the TCA nor the greedy
TCA procedures can assure a globally optimal solution (see
Propositions 2 and 4). The problem of finding a global
optimum is a well-known issue in k-modes clustering algo-
rithms (Chaturvedi et al., 2001). However, the positive results
obtained in the simulation study of “Simulation Study 3: The
selection criterion” section might suggest that the perfor-
mance of the two TCA procedures is excellent in comparison
to k-modes, and this happens irrespectively of the either local
or global solution found. The global minimum issue could
be (at least) managed by using supplementary versions of
the algorithms, which also perform an initial exploration of
the solution space in order to reduce the probability of incur-
ring in a local minimum. de Chiusole et al. (2017) proposed
the k-states algorithm which is an incremental extension of
the canonical k-modes, designed to generate a sequence of
progressively larger knowledge structures, from which the
“best” solution is selected. A similar approach could poten-
tially be applied to the algorithm proposed in this study. It is
reasonable to expect that the introduced constraints-such as
transitivity and the Monotonicity Axiom-reduce the number
of feasible solutions, thereby decreasing the number of local
minima and increasing the likelihood of reaching the global
minimum. While this aspect is promising, it lies beyond the
scope of the current study and could serve as a direction for
future research.
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