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A B S T R A C T   

This paper mainly focuses on the nonlinear pulsation of a bubble near the rigid wall. Dynamics of near-wall 
bubble and free bubble are discussed and compared in details. Investigation reveals as the driving acoustic 
pressure amplitude increases, nonlinear pulsation of bubble becomes intense gradually. Besides, decreasing the 
viscosity of host liquid is advantageous for the nonlinear pulsation of bubble. Bifurcation diagrams of bubble 
radius show acoustic reflection of the rigid wall makes the initial bifurcation appear at low driving acoustic 
amplitude and on bubble with small ambient radius, and makes the bifurcation still exist for bubble in high- 
viscosity liquids. That indicates the rigid wall will produce enhancement on the nonlinearity of nearby bub-
ble. As the bubble approaches the wall, the enhancement becomes strong. Moreover, research on the influence of 
driving frequency shows the rigid wall makes the frequency band corresponding to chaos around the resonant 
frequency of free bubble shift downward.   

1. Introduction 

Irradiation of ultrasound wave with enough amplitude into liquid 
makes the gas nuclei grow to visible bubbles. This phenomenon is 
named as ultrasonic cavitation [1–4]. When the bubbles collapse, high 
temperature is generated in them and enormous energy is released to the 
surrounding liquid [5]. Cavitation has been widely used in all kinds of 
fields, such as sonochemistry [6–8], cleaning [9,10], emulsification [11] 
and so on. If the amplitude of driving pressure is high enough, nonlinear 
pulsation of bubble will emerge [12,13]. Investigating the nonlinearity 
of bubble pulsation is advantageous for the application of cavitation. 

There are a considerable number of publications study the nonlinear 
properties of pulsating bubbles. Sojahrood et al. [14] discussed the 
super-harmonic and ultra-harmonic behavior of the acoustically excited 
bubble. Not only the conventional bifurcation analysis but also the 
maxima analysis are used to evaluate the bubble dynamics. Results show 
combining these two methods is helpful for having a comprehensive 
knowledge about the bubble pulsation. Besides, they investigated the 
nonlinear behavior of the microbubbles encapsulated by lipid coating by 
analyzing their bifurcation structures as functions of driving pressure 
[15]. Qin et al. [16] explored the nonlinear dynamics of double moving 
bubbles in viscous liquid. Their research indicates that the interaction 
between bubbles strongly suppresses the pulsation of small bubble and 

slightly enhances the pulsation of large bubble. When the initial spacing 
between bubbles increases, the suppression effect becomes weak, and 
the nonlinear pulsations of bubbles are enhanced. Behnia et al. [12] 
studied the radius variation of a bubble driven by dual-frequency ul-
trasound. Bifurcation diagrams demonstrate that exerting high- 
frequency driving is beneficial for reducing the chaotic pulsation of 
bubble. The governing parameters in deciding pulsation are the fre-
quency of high-frequency driving and the phase difference between the 
two driving. Moreover, they proposed a method to classify the nonlinear 
pulsation of bubble [13]. Research shows bifurcation pattern of bubble 
radius is closely related to the ratio of the bubble ambient radius to the 
wavelength of driving ultrasound. The systems having same ratio share 
significant similarities in the bifurcating behavior and can be classified 
to the same category. Zhang et al. [17] explored the nonlinear pulsations 
of double moving bubbles. In addition, they discussed the nonlinearity 
of secondary Bjerknes force with bifurcation diagrams. Research shows 
the translations of bubbles will enhance the nonlinearity and chaos of 
the secondary Bjerknes force. Dzaharudin et al. [18] investigated the 
influences of inter-bubble spacings and bubble sizes on the dynamical 
behavior of the bubble cluster. Their research reveals that if the 
microbubbles are clustered together, their pulsations are restricted, and 
the amplitudes of radii will be reduced. Increment of the driving 
acoustic power makes bifurcations and chaos of bubble radii emerge. 
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Besides, it has been found that as the number of bubbles in the cluster 
increases, chaotic pulsation occurs at low ultrasonic power. 

Although there exists several explorations about the nonlinearity of 
bubble pulsation, analysis on nonlinear pulsation of bubble near the wall 
with bifurcation diagram has not been reported. In real application, the 
bubble may be pulsating not far away from the rigid wall [19–22]. In 
this environment, influence of the boundary can not be ignored. This 
paper mainly discusses the nonlinear pulsation of the bubble near the 
rigid wall, and compares the dynamics of near-wall bubble with that of 
free bubble. The remainder of this article is organized as follows: In 
Section 2, the equation which describes the bubble pulsation affected by 
the rigid wall is introduced. In Section 3, the nonlinear pulsation of 
bubble closed to the rigid wall is analyzed with bifurcation diagrams and 
the other tools. Relations between the nonlinear pulsation and all kinds 
of parameters are introduced. Conclusions are summarized in Section 4. 

2. Mathematical model of bubble near the rigid wall 

Fig. 1 shows a bubble located in the liquid near the rigid wall. As that 

in Refs. [23,24], the bubble is supposed to be spherical, and the shape 
instability of bubble is not considered. Besides, the translation of bubble 
is not taken into account. R is the radius of bubble, L is the distance 
between the bubble and the rigid wall. The rigid wall will reflect the 
acoustic wave radiated from the bubble. Influence of the rigid wall on a 
nearby bubble is equivalent to that of a mirror bubble in the image 
liquid. Properties of the image liquid are the same as that of the real 
liquid. The real bubble and the image bubble are the same size, and they 
are located symmetrically with respect to the rigid wall [23,24]. 
Therefore, radius of the mirror bubble is R, and the distance between the 
mirror bubble and the rigid wall is L. 

Velocity potential produced by the mirror bubble is [4] 

φm = −
R2Ṙ

r
, (1)  

with r being the radial axis corresponding to the distance from the center 
of the mirror bubble. The overdot denotes the time derivative d/dt. In 
this research, distance between the real bubble and the mirror bubble is 
2L. So the radiation from the mirror bubble on the real bubble can be 
expressed as [25] 

prad = − ρφ̇m =
ρ

2L

d
(

R2Ṙ
)

dt
, (2)  

with ρ being the density of liquid. Radial pulsation of the bubble can be 
described by the well known Keller-Miksis equation [15,26] 
(
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with c being the sound speed in the liquid. px can be expressed as [26] 

px = pg −
2σ
R
−

4μṘ
R

− (pex + prad) − P0, (4)  

with σ being the surface tension, μ being the viscosity of liquid, P0 being 
the atmospheric pressure, pex being the driving ultrasound pressure. In 
this publication, pex = − pasin(2πft) with pa being the amplitude of 
driving acoustic pressure. pg is the pressure inside the bubble which can 
be calculated with [2] 

pg =

(

P0 +
2σ
R0

)(
R3

0 − h3

R3 − h3

)γ

, (5) 

Fig. 1. Bubble near the rigid wall and its mirror image.  

Fig. 2. Bifurcation diagram of R/R0 for bubble near the rigid wall and 
free bubble. 

Fig. 3. Normalized radius of near-wall bubble driven by ultrasound of different 
acoustic pressure amplitudes. 
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with R0 being the ambient radius of bubble, h being the hard-core radius 
which satisfies h = R0

8.5. γ is the polytropic exponent of gas inside the 
bubble. 

Neglecting high-order terms as suggested in Ref. [26], Eq. (3) can be 
modified to describe the pulsation of bubble near a rigid wall 

(
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c

)

RR̈+

(
3
2
−
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)

Ṙ2
=

1
ρ

(

1 +
Ṙ
c
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d
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ps −
1

2L

d
(

R2Ṙ
)

dt
, (6)  

where ps can be expressed as [26] 

Fig. 4. Phase diagrams of near-wall bubble driven by ultrasound of different 
acoustic pressure amplitudes. (a) pa = 0.83× 105 Pa, (b) pa = 0.93× 105 Pa. 

Fig. 5. Bifurcation diagram of R/R0 for bubble near the rigid wall when the 
ambient radius takes different values. 

Fig. 6. Bifurcation diagram of R/R0 for bubble near the rigid wall and 
free bubble. 
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ps = pg −
2σ
R
−

4μṘ
R

− pex − P0. (7)  

3. Analysis on nonlinear pulsation of bubble 

Radius of bubble near the rigid wall can be acquired by solving Eq. 
(6) with Runge-Kutta method. Radius of free bubble is calculated with 
Eq. (6) when L→∞. Parameters used in calculation are as follows: P0 =

1.013× 105 Pa, ρ = 998 kg/m3, c = 1481 m/s, σ = 0.0725 N/m, μ =

0.001 Pa⋅s, γ = 1.4. Bifurcation diagrams are valuable in exploring the 
dynamics of nonlinear system over a wide range of control parameters 
[12,27,28]. In this paper, bifurcation diagrams are used as the primary 
tools for analyzing nonlinearity. As in Refs. [12–14,17], in each driving 
acoustic cycle, one point is stored for the illustration of bifurcation 
structure. In order to make sure that the dynamical state of bubble is 
stable, points are collected within 400 ∼ 450 cycles. Dynamics of a 
bubble is closely related to the driving ultrasound and the properties of 
itself. In this section, influences of different factors on the nonlinearity of 
bubble pulsation will be introduced in details. 

3.1. Relation with driving pressure amplitude 

Setting f = 60 kHz,R0 = 10 μm, L = 100 μm and do simulation. 
Fig. 2 shows bifurcation structures of the normalized bubble radius 
(R/R0) versus driving acoustic pressure amplitude when the bubble is 
near the rigid wall or free. Point A and point B represent the beginnings 
of bifurcations for near-wall bubble and free bubble, respectively. If 
bifurcation does not appear, the bubble undergoes pulsation synchro-
nized with driving. Pulsations in all cycles are identical. If there are two 
bifurcations, pulsations in two adjacent cycles are distinct, the period of 
bubble pulsation is twice the driving period. Chaos in bifurcation dia-
gram means the pulsation is aperiodic. For both the near-wall bubble 

and the free bubble, as the driving acoustic pressure increases, double- 
bifurcation and chaos come out gradually. It is consistent with the 
contents in Refs. [15,27]. This phenomenon implies improving driving 
acoustic pressure will facilitate the nonlinear pulsation of bubble. 
Comparing the curves of bubbles under these two circumstances, it can 
be found the rigid wall makes the first bifurcation occur at low pa (see 
point A). Similar phenomenon has been mentioned in Ref. [18]. In 
Ref. [18], additional bubbles cause the transition from non-bifurcation 
to double-bifurcation at low driving amplitude. In this research, influ-
ence of the rigid wall is equivalent to that of a mirror bubble. The per-
formance mentioned above means the rigid wall enhances the nonlinear 
pulsation of nearby bubble. It could be because the acoustic wave 
radiated from bubble will be reflected by the rigid wall, and the reflected 
wave can be regraded as a perturbation on driving, which slightly im-
proves its instability. As a result, unstable pulsation is easier to occur on 
bubble near the rigid wall rather than on free bubble. 

Here the radius curves and the phase diagrams are used to illustrate 
the pulsation of near-wall bubble under different driving. Fig. 3 shows 
R/R0 when pa takes 0.83 × 105 Pa and 0.93× 105 Pa, respectively. 
Under both driving, the bubble undergoes expansion and collapse 
several times in each acoustic cycle. When pa = 0.83× 105 Pa, bifur-
cation does not appear (see Fig. 2), pulsations in all cycles are the same, 
and the pulsation period is the same as that of driving ultrasound (see 
solid line Fig. 3). But when pa = 0.93× 105 Pa, chaos emerge in bifur-
cation diagram (see Fig. 2). Pulsations in different cycles are distinct (see 
dash line Fig. 3). Fig. 4(a) and (b) display the phase diagrams when pa 

takes 0.83 × 105 Pa and 0.93× 105 Pa, respectively. In Fig. 4(a), five 
circles can be seen. It is due to that the bubble undergoes five times of 
different pulsations in each driving cycle. In Fig. 4(b), there are lots of 
non-overlapping curves. This implies the bubble undergoes chaotic 
pulsation. 

Fig. 5 shows the bifurcation structures of R/R0 versus driving 

Fig. 7. Variation of R/R0 for bubble driven by ultrasound of different amplitudes.  
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acoustic pressure amplitude when the bubble is near the rigid wall. In 
calculation, f = 60 kHz and R0 is set to be 6 μm,8 μm and 10 μm, 
respectively. It can be found that with the growth of R0, acoustic pres-
sure amplitude corresponding to the first appearance of bifurcation 
decreases (see points A, B and C). Considering that low-amplitude 
driving is not conducive to the generation of nonlinear pulsation, from 
Fig. 5 it can be concluded nonlinear pulsation tends to become vigorous 
for bubble with large ambient radius. 

Fig. 6 shows the bifurcation structures of R/R0 as functions of driving 
pressure amplitude when the bubble is near the rigid wall (red dots) or 
free (blue dots). In simulation, R0 = 4 μm,f = 700 kHz. In Fig. 6, points 
A and B correspond to the onsets of bifurcation for bubble near the rigid 
wall and the free bubble, respectively, and points C and D represent the 
onsets of chaos for bubble near the rigid wall and the free bubble, 
respectively. Bifurcation of bubble near the rigid wall emerges at low 
driving amplitude (see point A), and that of free bubble appears at high 
amplitude (see point B). Moreover, the rigid wall makes chaos emerge at 
low driving amplitude (see points C and D). Similar situations can be 
observed in Fig. 2 as well. That indicates the enhancement effect of rigid 
wall on the nonlinear pulsation of nearby bubble under high-frequency 
driving resembles that under low-frequency driving. 

Fig. 7 and Fig. 8 are used for clearly demonstrating the pulsation 
details of bubble near the rigid wall under different driving. Values of R0 
and f are the same as that used in acquiring Fig. 6. Fig. 7 shows R/R0 

when pa takes different values. When pa = 1.0× 105 Pa, radius curves in 
all cycles are uniform. Under this condition, bifurcation does not appear 
(see Fig. 6). If pa = 2.1× 105 Pa, radii in two adjacent acoustic cycles are 
different. The pulsation period is doubled, and two bifurcations can be 
found in Fig. 6. When pa = 2.6× 105 Pa, variation of radius is aperiodic, 
chaos come out in bifurcation diagram (see Fig. 6). Fig. 8 shows the 
corresponding phase diagrams under various driving. In Fig. 8(a), only 
one closed curve can be seen. That means pulsations in all cycles are 
identical. Fig. 8(b) contains two closed curves, it is consistent with that 
the period is doubled (see Fig. 7) and two bifurcations of R/R0 emerge 
(see Fig. 6). In Fig. 8(c), there are many non-overlapping curves. That 
means the pulsation of bubble is chaotic. 

For further demonstrating the influence of rigid wall, Fig. 9 is used to 
show the driving acoustic pressures which correspond to the first ap-
pearances of bifurcation versus bubble-wall distance when R0 = 10 μm,

f = 60 kHz and R0 = 4 μm,f = 700 kHz. The red solid line represents the 
pressure amplitude of initial bifurcation for free bubble when R0 =

10 μm and f = 60 kHz, while the blue dash line represents the pressure 
amplitude of initial bifurcation for free bubble when R0 = 4 μm and f =

700 kHz. Parameters of the free bubble are the same as that of the 
corresponding near-wall bubble. If the distance is promoted, bifurcation 
of R/R0 begins at high driving acoustic pressure. Meanwhile, the slopes 
of curves decrease as distance grows. That indicates the impact of wall 
on the nearby bubble becomes weak as the bubble gets away. It can be 
inferred that if the distance becomes infinite, the pressure amplitude 
corresponding to the first emergence of bifurcation for near-wall bubble 
will be the same as that for free bubble. 

3.2. Relation with ambient radius 

Suppose f = 60 kHz, pa = 2.5× 105 Pa, do simulation when the 
ambient radius R0 increases from 3 μm to 6 μm. Bifurcation diagram of 
R/R0 versus ambient radius for bubble near the rigid wall and the free 
bubble is shown in Fig. 10(a). Point A and point B correspond to the first 

Fig. 8. Phase diagrams of bubble radius when the driving amplitude takes 
different values. (a) pa = 1.0× 105 Pa, (b) pa = 2.1× 105 Pa, (c) pa =

2.6× 105 Pa. 

X. Wang et al.                                                                                                                                                                                                                                   



Ultrasonics Sonochemistry 87 (2022) 106034

6

appearances of bifurcations for near-wall bubble and free bubble, 
respectively. In Fig. 10(a), non-bifurcation and multi-bifurcation appear 
alternately with the rising of R0, that implies synchronously pulsating 
with driving and pulsating with more than one period of driving happen 
by turns. Similar phenomenon has been observed in Refs. [17,29]. For 
bubble near the rigid wall, the first bifurcation appears at about R0 =

3.90 μm (see point A), and for free bubble, the first bifurcation appears 
when R0 = 4.20 μm (see point B). When f = 500 kHz, bifurcation dia-
gram of bubble near the rigid wall and free bubble is shown in Fig. 10(b). 
Meanings of points A and B are the same as that in Fig. 10(a). For these 
two types of bubbles, the curves come from non-bifurcation to double- 
bifurcation and then three-bifurcation gradually, and eventually 
become chaotic. The first bifurcation happens on R0 = 4.06 μm for near- 
wall bubble (see point A) and on R0 = 4.28 μm for free bubble (see point 
B). From Fig. 10, it can be easily found that no matter low-frequency or 
high-frequency driving is used, the bifurcation of R/R0 appears at small 
ambient radius when the bubble is near the rigid wall (see points A in 
Fig. 10(a) and (b), and it appears at large ambient radius when the 
bubble is free (see points B in Fig. 10(a) and (b)). As previously 
mentioned, nonlinear pulsation is difficult to occur on bubble with small 
ambient radius, that means the rigid wall is beneficial for strengthening 
the nonlinear pulsation of nearby bubble. 

Fig. 11 demonstrates the ambient radii corresponding to the first 
appearance of bifurcation versus bubble-wall distance when f = 60 kHz 
and f = 500 kHz. The dash line and the dot line represent the ambient 
radii corresponding to first bifurcation for free bubble when the driving 
frequencies are 60 kHz and 500 kHz, respectively. Under these two 
driving, as the distance increases, the first bifurcation emerges at large 
ambient radius of bubble. Besides, the slopes of curves in Fig. 11 
decrease with the distance. That indicates the influence of the rigid wall 
diminishes if the distance increases. 

3.3. Relation with driving frequency 

In Refs. [13,29], bifurcation diagrams of bubble are plotted when 
driving frequency is swept in a range. For exploring the effect of driving 
frequency on nonlinearity, with the frequency-sweeping method 
referred in Refs. [13,29], we do simulation when R0 = 5 μm, pa = 2.5 ×

105 Pa and the driving frequency changes from 300 kHz to 850 kHz. It 
should be emphasized that some publications show the bubble is prone 
to be unstable if it becomes too large [30,31]. However, focus of this 
subsection is the shifts of driving frequencies corresponding to the be-
ginnings of bifurcation and chaos. These frequencies are much lower 
than the resonant frequency, and strong pulsation will hardly happen. 
That means assuming the bubble remains spherical is reasonable. So as 
done in Refs. [13,29], the shape instability of bubble is not considered in 
frequency sweeping. 

Fig. 12 shows the bifurcation structures of R/R0 versus driving fre-
quency for bubble near the rigid wall and free bubble. Points A and B 
represent the beginnings of bifurcation for near-wall bubble and free 
bubble, respectively. For bubble under these two circumstances, chaos 
emerge when the driving frequency locates around 700 kHz. According 

to the resonant frequency formula f0 = 1
2πR0

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3γP0

ρ +
2(3γ− 1)σ

ρR0

√

in Refs. 
[32,33], resonant frequency of a free bubble with ambient radius 5 μm is 
about 725 kHz (see the dash line in Fig. 12). That means around the 
resonant frequency, chaotic pulsation of bubble takes place. Comparing 
the chaotic regions of near-wall bubble and free bubble around the 
resonant frequency, it can be concluded the rigid wall makes the 
bifurcation and chaotic regions shift to low frequency. According to 
Ref. [24], the resonant frequency will be shifted downward under the 
impact of rigid wall. The shift of chaotic region in Fig. 12 may be 
attributed to the shift of resonant frequency. When f > 800 kHz, driving 
frequency is much larger than the resonant frequency of bubble, chaos 
will vanish gradually. In this scope, as driving frequency increases, 
nonlinearity of bubble pulsation decays. 

Fig. 13 shows the driving frequency which corresponds to the first 
appearance of bifurcation in the band around resonant frequency versus 
the distance between bubble and the rigid wall. The dash line means the 
frequency of initial bifurcation for a free bubble (point B in Fig. 12). As 
the distance increases, the frequency corresponding to the initial bifur-
cation of near-wall bubble tends to be the same as that of free bubble. 
That may imply the influence of rigid wall on the shift of bubble reso-
nant frequency decays if the bubble-wall distance becomes large. 

Fig. 9. Driving acoustic pressure amplitude corresponding to the first appearance of bifurcation versus bubble-wall distance.  
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3.4. Relation with liquid viscosity 

Liquid viscosity is an important factor in deciding bubble dynamics 
as well. In Refs. [16,17,29], bifurcation diagrams of bubble radii and 
secondary Bjerknes force versus viscosity are analyzed. In this paper, 
bifurcation structures of R/R0 versus viscosity for near-wall bubble and 
free bubble when pa = 2.5 × 105 Pa,R0 = 5 μm and f = 600 kHz are 
illustrated in Fig. 14. It should be noticed that in Fig. 14, viscosity in 
horizontal coordinate is decreasing. It is different from the other figures 
in this paper. For the bubble near the rigid wall as well as the free 
bubble, as the viscosity decreases, pulsations of bubbles change from 
non-bifurcation to multi-bifurcation, and then becomes chaos. It re-
sembles the phenomena described in Refs. [16,29]. The above 
mentioned phenomenon means the viscosity of liquid will suppress the 
nonlinear pulsation of bubble. In Fig. 14, point A and point B represent 
the first appearances of bifurcation for near-wall bubble and free bubble, 
respectively. Comparing bifurcation structures of these two types of 
bubbles, it can be concluded that for bubble near the rigid wall, the first 

bifurcation appears at higher viscosity than that of free bubble. 
Considering high viscosity is disadvantageous for nonlinear pulsation, 
we can draw a conclusion that the rigid wall enhances the nonlinearity 
of bubble dynamics. 

It is interesting that the shapes of bifurcation structures in Fig. 14 
resemble that in Fig. 6. It is because for a bubble driven by ultrasound, 
improving diving pressure will overcome the viscous force which ob-
structs the bubble pulsation. To some extent, using host liquid with small 
viscosity is nearly equivalent to employing driving ultrasound with high 
acoustic pressure. 

Fig. 15 shows the viscosity corresponding to the initial appearance of 
bifurcation for a near-wall bubble. The dash line represents that for a 
free bubble. If the distance becomes large, the viscosity for the near-wall 
bubble decreases to that for the free bubble gradually. It indicates the 
rigid wall enhances the nonlinearity as well. 

Fig. 10. Bifurcation diagrams of R/R0 versus ambient radius for bubble near 
the rigid wall and free bubble. (a) f = 60 kHz, (b) f = 500 kHz. 

Fig. 11. Ambient radius corresponding to the first appearance of bifurcation 
versus bubble-wall distance. 

Fig. 12. Bifurcation diagram of R/R0 versus driving frequency for bubble near 
the rigid wall and free bubble. 
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4. Conclusion 

For a pulsating bubble near the rigid wall, the acoustic wave radiated 
from the bubble will be reflected by the rigid wall and exerts on the 
bubble itself. That makes the dynamics of near-wall bubble different 
from that of free bubble. In this paper, nonlinear pulsations of bubble 
near the rigid wall and free bubble are investigated and compared, and 
the influences of all kinds of factors are discussed in details. In-
vestigations show the rigid wall makes the bifurcation and chaos appear 
at low driving acoustic amplitude and small bubble ambient radius, and 
makes the bifurcation disappear at high coefficient of viscosity. That 

means the rigid wall enhances the nonlinear pulsation of the nearby 
bubble. With the increasing of the spacing between the bubble and the 
wall, the driving pressure amplitude and the ambient radius corre-
sponding to the initial bifurcation grow, and the viscosity corresponding 
to the initial bifurcation declines. That means the enhancement of the 
rigid wall on the nonlinearity of bubble pulsation falls down as the 
bubble moves away from the rigid wall. Investigation with frequency 
sweeping shows the driving frequency band corresponds to chaos 
around the resonant frequency of bubble will be shifted downward 
under the effect of rigid wall. This phenomenon may be attributed to the 
falling down of resonant frequency. In the future, influence of 
nonspherical pulsation on the nonlinearity will be studied, and the 
translation of bubble as well as the impacts of other bubbles will be 
considered. Besides, multi-frequency ultrasound will be used to drive 
the bubble. The relation between sonochemical reaction and nonline-
arity is our future research objective as well. 
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