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Abstract: Many-valued (MV; the many-valued logics considered by Lukasiewicz)-algebras are algebraic
systems that generalize Boolean algebras. The MV-algebraic probability theory involves the notions of the
state and observable, which abstract the probability measure and the random variable, both considered
in the Kolmogorov probability theory. Within the MV-algebraic probability theory, many important
theorems (such as various versions of the central limit theorem or the individual ergodic theorem) have
been recently studied and proven. In particular, the counterpart of the Kolmogorov strong law of large
numbers (SLLN) for sequences of independent observables has been considered. In this paper, we
prove generalized MV-algebraic versions of the SLLN, i.e., counterparts of the Marcinkiewicz—Zygmund
and Brunk-Prokhorov SLLN for independent observables, as well as the Korchevsky SLLN, where the
independence of observables is not assumed. To this end, we apply the classical probability theory and
some measure-theoretic methods. We also analyze examples of applications of the proven theorems. Our
results open new directions of development of the MV-algebraic probability theory. They can also be
applied to the problem of entropy estimation.

Keywords:  Brunk-Prokhorov SLLN; Korchevsky SLLN; Marcinkiewicz-Zygmund SLLN;
MV-algebraic probability

1. Introduction

MV-algebras, being generalizations of Boolean algebras, were introduced by Chang [1] and used in
the analysis of many-valued logic. Since this time, the theory of MV-algebras (see [2] and the references
therein) has been considerably developed. The role of MV-algebras in the theory of quantum structures
was discussed in [3,4].

Carathéodory defined the basic notions of point-free probability, replacing Kolmogorovian probability
measures on c-algebras by strictly positive probability measures on o-complete Boolean algebras and
random variables, defined within the Kolmogorov probability theory as measurable functions on the
event space (), by functions from the o-algebra of Borel subsets of R into the o-Boolean algebra of events
(see, e.g., [5]). The MV-algebraic probability theory generalizes the Boolean theory of probability, built by
Carathéodory and von Neumann. In this paper, we assume that a state m : M — [0, 1] on an MV-algebra
M is a normalized c-additive functional. Therefore, for each observable x : B (R) — M, the function
my : B (R) — [0,1] of the form my (A) = m (x (A)), A € B(R), is a probability measure. Another notion
of a state, which is not considered in this paper, was introduced by Mundici [6] as a normalized additive
functional s : M — [0, 1]. The o-additivity of such a functional is obtained via the Kroupa—Panti theorem
(see, e.g., Mundici [7]) and Riesz representation.
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Main theorems of the MV-algebraic probability theory, including the basic version of the central
limit theorem (CLT), laws of large numbers, and the individual ergodic theorem, can be found in [4,8,9].
In the MV-algebraic setting, there exist three versions of the SLLN (see [4,8]). The first one concerns
the convergence of an independent sequence {x;};cry of square-integrable observables in a probability
MV-algebra (M, m), satisfying the Kolmogorov condition (K): Y2, @ < oo, where 02 (x;) is the variance
of x;, i € N. The analogous version of the SLLN was proven for a strongly independent sequence {x; };cny
of square-integrable weak observables, satisfying (K). The third MV-algebraic version of the strong law of
large numbers concerns the convergence of a ®-independent sequence {x; };cy of square-integrable weak
observables, satisfying (K), under the additional assumption that the considered MV-algebra M is weakly
o-distributive. Generalized versions of the MV-algebraic central limit theorem, i.e., the Lindeberg and
Lyapunov CLIT, as well as the Feller theorem were proven by Nowak and Hryniewicz [10]. It is important
to underline that, similar to in the Kolmogorov probability theory, the MV-algebraic versions of central
limit theorem and strong law of large numbers are different types of theorems, since they concern different
types of convergence of scaled sums of observables, i.e., the convergence in distribution in the first case
and the convergence m-almost everywhere in the second case.

The MV-algebraic probability theory was also applied in the Atanassov intuitionistic fuzzy sets
and interval-valued fuzzy sets settings (see, e.g., [11-18]). The notion of probability for the Atanassov
intuitionistic fuzzy sets was introduced by Szmidt and Kacprzyk [19]. Some interesting aspects of the
MV-algebraic probability theory were also studied in [20-23], etc.

As we have mentioned before, Rie¢an proved the MV-algebraic version of the SLLN for independent
observables satisfying the Kolmogorov condition. This is a counterpart of the classical Kolmogorov theorem
for independent square-integrable random variables, which is important for the Kolmogorov probability
theory. However, in many practical problems, its assumptions are not satisfied, e.g., in the case where the
second moments of the random variables do not exist or the random variables are dependent. In such
situations, other strong laws of large numbers, including the Marcinkiewicz-Zygmund, Brunk-Prokhorov,
and Korchevsky SLLN, are effective tools. In this paper, we prove generalized versions of the SLLN,
i.e., the Marcinkiewicz—Zygmund, Brunk-Prokhorov, and Korchevsky SLLN, within the MV-algebraic
probability theory, applying their classical counterparts and some measure-theoretic methods. The first two
theorems, which were also proven by the authors in a non-MV-algebraic interval-valued fuzzy sets setting
(see [24]), are devoted to sequences of independent observables in a probability MV-algebra, whereas
the last one concerns observables taking values in a probability MV-algebra with the product, and their
independence is not required. Since the above-mentioned classical versions of the SLLN are very useful
from the theoretical point of view, we believe that their MV-algebraic counterparts will contribute to
further development of the MV-algebraic probability theory, including the theory of stochastic processes
in the MV-algebraic setting, and will be very useful for its applications to estimation methods.

We present three examples of the applications of the Marcinkiewicz—Zygmund, Brunk-Prokhorov, and
Korchevsky SLLN for sequences of observables with convergent scaled sums. In particular, independent
identically continuously distributed, as well as both independent and dependent discretely-distributed
observables are considered.

The problem of entropy estimation is important from both theoretical and practical points of view.
Classical versions of the law of large numbers are used in this field. In particular, the authors of [25-27]
applied the SLLN to the analysis of the estimation of information theoretic measures, including entropy
and Kullback-Leibler divergence. On the other hand, in [28], the concept of logical entropy was studied
in the case of the family of IF-events, which can be embedded into a suitable MV-algebra. The results
obtained in this paper are treated by us as tools to introduce methods of estimation of logical entropy, as
well as other types of entropy in the case mentioned above.



Entropy 2019, 21, 710 3of 16

The paper is organized as follows. Section 2 contains notations and selected elements of the
MV-algebraic probability theory. The main results are presented in Section 3. The MV-algebraic versions of
the Marcinkiewicz-Zygmund, Brunk-Prokhorov, and Korchevsky SLLN are proven there. Examples of
applications of the SLLNs are discussed in Section 4. The paper is concluded in Section 5.

2. Preliminaries

We present some notations that are used in the paper.

We denote by R and N the set of real numbers and positive integers, respectively. For n € N,
the symbol B(R") denotes the o-algebra of Borel subsets of R".

Let (X, X) and (X', X') be two measurable spaces. A mapping T : X — X' is measurable X'/ X' if
T-1(A’) € X foreach A’ € X",

For each real-valued random variable X on a probability space (Q), S, P), we denote by £X the
expected value of X and by £|X|? (for p > 0) the absolute p" moment of X with respect to P (if they exist).

Selected Elements of the MV-Algebraic Probability Theory

The foundations of the theory of MV-algebras can be found in [2]. In this section, we recall only basic
definitions and facts concerning MV-algebras and the MV-algebraic probability theory based on [4,10].

Definition 1. An MV-algebra (M,0,1,~,®, ®) is an algebra, where M is a non-empty set, the operation @ is
associative and commutative with zero as the neutral element, -0 =1, =1 = 0, and for each x,y € M:

x®1l=1,
yo-(yox)=x&-(x®y),
XOYy="(-x®y).

In an MV-algebra (M, 0,1, -, ®, ®), a partial order is defined by the relation:
x<yexo0-y=0 xyecM

The underlying lattice of M is the distributive lattice (M, V, \) with the least element zero and the greatest element
one, where the join and the meet are defined as follows: x Vy = = (-x®y) ®y; x ANy =~ (-xV —y) foreach
x,y € M.

Definition 2. An MV-algebra M is called o-complete (complete) if every sequence (non-empty set, respectively) of
elements of M has the supremum in M.

For a non-empty set X and an MV-algebra M, we introduce the notations:
for {An}o C2X A, SAifA; C Ay Coand U An = A4,

for {x,}, 1 CRx, S xiff x; <xp <..and x = sup; x;,

for {b,}, 4 C M b, /biff by <by <..and b = sup,b;.

Definition 3. Given a o-complete MV-algebra M, a function m : M — [0, 1] is called a state on M if it satisfies
the following conditions for each a,b,c € M and {a,}, _; C M:

i m(l)=1,
(ii)  ifbOc=0,thenm(b@c)=m(b)+m(c);
(iti)  ifa, S a, thenm (ay) / m(a).



Entropy 2019, 21, 710 4of 16

A state m on M is called faithful if m (x) # 0 for each non-zero element x of M.

Definition 4. A probability MV-algebra is a pair (M, m) consisting of a o-complete MV-algebra M and a faithful
state m on M.

If (M, m) is a probability MV-algebra, then M is complete (see Theorem 13.8 in [7]).

Definition 5. Given a o-complete MV-algebra M, a function x : B (R") — M is called an n-dimensional
observable in M if it satisfies the following conditions:

i) x(R"=1;
(i) x(A)©x(B) =0and x(AUB) = x(A) @ x (B) foreach A, B € B (R") such that ANB = &;
(iti)  foreach A, Ay, Ay, ... € B(R") if Ay /A, then x (An) / x (A).

Theorem 1. Given M a o-complete MV-algebra, an n-dimensional observable x : B (R") — M, and a state m on
M, the function my : B (R") — [0, 1] described by:

my (A) = (mox)(A)=m(x(A)),AecBR"),
is a probability measure on B (R™).
The proof of the above theorem can be found in [10].

Definition 6. Let (M, m) be a probability MV-algebra. We call an observable x : B (R) — M integrable in (M, m)
if the expectation Ex = [, tdmy (t) exists. Moreover, we write x € Ll for p > 0 if E|x|P = [ [t|Pdm () < oo,
where E|x|P is the absolute p' moment of x. If x € L2, then the variance of x is given by the formula D?x =
Ex? — (Ex)%

Definition 7. Observables x1, X3, ..., Xy, in a probability MV-algebra (M, m) are said to be independent (with respect
to m) if there exists an n-dimensional observable h : B (R") — M (called the joint observable of x1,x3, ..., X) such
that for arbitrary C1,Cy, ..., Cy € B (R):

m (h(Cy x Cy X ... x Cy)) = my, (C1) my, (Ca) ...my, (Cp).

Remark 1. Let xq,x3,.., X, : B(R) — M be independent observables in a probability MV-algebra (M, m)
and hy : B (R"™) — M be their joint observable. Then, for arbitrary Borel measurable function g, : R" — R,
the mapping given by:

Qn (X1, %2, 00, X)) = hy og;l 1)

is an observable.

Convergence almost everywhere of observables in a probability MV-algebra was defined by Riecan
and Mundici [4].

Definition 8. A sequence {z,}, _; of observables in a probability MV-algebra (M, m) is said to converge to zero

m-almost everywhere (m-a.e.), if:
k+i 11
lim lim limm | A z, (()) =1. )
pP—0 k—o0i—o0 n—k p p
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3. Generalized Versions of the MV-Algebraic Strong Law of Large Numbers

3.1. The Kolmogorov Probability Space of Observables

In the further part of this section, we will use the Kolmogorov probability space of observables
considered by Rie¢an and Mundici [4].

Let {x;}-, be a sequence of independent observables in a probability MV-algebra (M, m) . Let RN be
the space of all sequences of real numbers. Let C be the collection of cylinders of RY, i.e., the collection
of all sets C = X;enC; € RY, where C; € B(R) and {i : C; # R} is finite. The probability measure
P : B(RY) — [0,1] is uniquely described by:

P(C) = [T my, (C)

for every C € C of the above form.
We call the triplet (RY, B(RY), P) the Kolmogorov probability space of the observables {x;}5>; in (M, m).
For each 1 € N, we define the n'h coordinate random variable 17, : RN — R and n'h coordinate random
vector 7, : RN — R" by the formulas:

In (ulluZI"') = Up,

Ty (ug, Uy, ...) = (Uq, Ug, ooy ) - 3)
We recall a shortened version of Proposition 2.14 from [4].

Proposition 1. Let (M, m) be a probability MV-algebra and {x;}:° be a sequence of independent observables
in (M, m), with hy : B (R") — M being the joint observable of {x;}!_;. Let (RN, B(RN), P) be the Kolmogorov
probability space of the observables {x;};-, in (M, m). For each n € N, let g, : R" — R be an arbitrary Borel
function. Let further the observable y, : B (R) — M be defined by y, = hy o g, ' and the random variable
in : RN — R be described by 11, = gn (in). Then:

Pon, ' =moy, “)
and the convergence of {n; };°, to zero P-a.s.implies the convergence of {y;}: ; to zero m-a.e.

3.2. Generalized SLLN for Independent Observables

In this section, we formulate and prove MV-algebraic counterparts of the Marcinkiewicz—Zygmund
and Brunk-Prokhorov SLLN (see Appendix A).

In the following part of the paper, in formulas containing integrals, we will assume that t € R¥ for an
appropriate value of k € N.

Let (X, X) and (X', X’) be measurable spaces and a function T : X — X’ be X'/ X’ measurable. For a
given measure y on X, the image measure uT~! on X’ has the form:

pTH(A) = (TH(A)), A e X

We will use the following lemma (a generalization of Lemma 3.2 from [10]), which shows the form of the
expected value of a Borel function of an observable.
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Lemma 1. Let (M, m) be a probability MV-algebra and d € N. Then, for any R-valued Borel function ¢ : R* — R
and observables h : B (Rd) — M, y=¢(h): B(R) = Min (M, m), the expected value E (y) exists if and

only if:
o (8 ldm, (1) < o

Furthermore, if the above condition is satisfied, then:
E@) = [, o0 dm ().

Proof. Let (X, X) = (Rd,B (Rd)), (X', X" = (R,B(R)), and T = ¢. By Theorem 1, u = my, is a
probability measure. Furthermore, by straightforward computations, we obtain:

uT=1 = M) = My.

Therefore, application of the following change of variable formula (see Theorem 16.12 in [29]):

Ixd = / "d(uT ) ( 5
/X xdp (x) o (uT™) (x) (5)
ends the proof. O

The MV-algebraic version of the Marcinkiewicz-Zygmund SLLN concerns the case of independent
observables belonging to L}, for p € (0,2) and a normalizing sequence that is a suitable power of n
as follows.

Theorem 2. Given a probability MV-algebra (M, m), let {x;};, be an independent sequence of observables in
(M, m) having the same distribution my,. Let p € (0,2), x; € Ly, c = 0for 0 < p < land ¢ = E(xy) for
1 <p <2 Then:
X1+ X2 + ... +xy —nC
nl/p

converges to zero m-a.e.

Proof. Let (RN, B(RY), P) be the Kolmogorov probability space of the observables {x;}- in (M, m).
The sequence {1;};°; of the coordinate random variables is independent and identically distributed, i.e.,

Pozfl = My, = My,.
Thus, applying Lemma 1, we obtain:
E;=E(xj)=c forl1<p<2and &|;|’ =E(|x;]f) < oo, i €N

Then,c =0for0 < p <landc = €17 for1 < p < 2. For each n € N, we denote by h;, the joint observable
of {x;}?_;, by gu the function:

_ ht+bA+. A+t —nc
= 7

g}’l (tl, t2/ ey ti’l)

and by v, the observable:
Yn =hnog, .
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We also introduce the sequence of random variables {,}, _;, assuming that 17, = g,(7,). From
Theorem A1, it follows that {1, },,_; converges to zero a.s. By Proposition 1:

Po ’7?1_1 = m}/n
and vy, converges to zero m-a.e. [0

The following MV-algebraic version of the Brunk-Prokhorov SLLN concerns sequences of observables
that are not necessarily identically distributed.

Theorem 3. Let p > 2. Given a probability MV-algebra (M, m), let {x;};- be an independent sequence of
observables in (M, m) such that Ex; = 0, x; € L}, for each i € N. Let:

o Elx;|?

1=
Then: X140+t x
lim =L 2 . " =0 m-uae.
n—00

Proof. We denote by (RN, B(RY), P) the Kolmogorov probability space of the observables {x;};-; in
(M, m) . For the independent sequence {1;}:- ; of the coordinate random variables, by Lemma 1,

E1;,=E(x;) =0 and &P =E|x;|f < oo, i€ N.
Therefore, by (6) and Theorem A2,

lim nt+int+..+1,

n—o00 n

=0 P-as.

Thus, applying Proposition 1 for {g, };;_; of the form:

bt bttty

gi’l (tll t2/"°/ t?’l) n

we obtain the convergence:
.o x1+x+ .+ xy,
lim

n—00 n

=0 m-a.e.

O

3.3. Generalized SLLN for Non-Negative Observables

In this subsection, we consider the convergence of observables in a probability MV-algebra with
product (M, m, -), i.e., a probability MV-algebra (M, m) with an additional associative and commutative
binary operation - : M x M — M such that for each a,b,c € M: (i) 1-a = a; (ii) a- (b®—c) =
(a-b)®~(a-c).

Remark 2. Let x1,x2,...,x, : B(R) — M be observables in a probability MV-algebra with product (M, m,-).
By Proposition 2.4 from [4], each probability MV-algebra is weakly o-distributive. Therefore, Theorem 3.6



Entropy 2019, 21, 710 8of 16

from [4] implies that there exists an n-dimensional observable h, : B (R") — M such that for arbitrary
Cy,Cy, ..., Gy € B(R):

By (C1 X Cy X oo X Cy) = 21 (C1) - 22 (C2) + e - x4 (Cyy),

called the joint observable of x1,xy, ..., x,. Moreover, for arbitrary Borel measurable function g, : R" — R,
the formula:
gn (X1,%2, .00, Xn) = hyog, ' : B(R) = M

defines a one-dimensional observable.

Let {x;};-; be a sequence of observables in a probability MV-algebra with product (M, m, -). Let for
eachn € N h, : B(R") — M be the joint observable of x1,xy, ..., x;, defined in the above remark.
Then, analogous to the case of probability MV-algebra, the application of the Kolmogorov consistency
theorem for probability measures P, = m o I, implies the existence of exactly one probability measure
P : B(RY) — [0,1] such that for each n € Nand A € B(R"), P (7, (A)) = P, (A), where I, is given by
(3). We call the triplet (RN, B(RN), P) the Kolmogorov probability space of the observables {x;}:>, in (M, m, -).
Both 7, : RN — R and 7, : RN — R” are random variables on (RN, B(RY), P).

The following proposition is a consequence of Theorem 3.17 and Proposition 3.16 from [4].

Proposition 2. Let (M, m, -) be a probability MV-algebra with product and {x;};- | be a sequence of observables in
(M, m, ), with hy, : B(R") — M being the joint observable of {x;}I_;. Let (RN, B(RY), P) be the Kolmogorov
probability space of the observables {x;}:° 1 in (M, m,-). For eachn € N, let g, : R" — R be an arbitrary Borel
function. Let further the observable y, : B (R) — M be defined by y, = hy o g;;! and the random variable

ftn : RN — R be described by 17, = gn (n). Then, the convergence of {n; }i=4 to zero P-a.s. implies the convergence
of {yi}i2, to zero m-a.e.

We formulate and prove the main theorem of this subsection. For its classical counterpart and some
notations, we refer the reader to Appendix A.

Theorem 4. Let observables {x;}:-, in a probability MV-algebra with product (M, m, -) be non-negative, i.e.,
m (x;([0,00)) =1, i €N,

and their absolute moments of some order p > 1 be finite. Let {a, },_, be a non-decreasing unbounded sequence of
positive numbers. If Es, = O (ay,), where:

Sy =Xx1+x+..+x5,nEN,

and:

n uﬁ
E|x1+x2+...+xn_E(2i=1xi)‘pzo plan) )’
n

where 1 is a function belonging to Y., then:

. X1+ x4 +x, =Y Ex;
lim

n—co an

= 0 m-a.e.
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Proof. Let (RY, B(RY), P) be the Kolmogorov probability space of the observables {x;}-; in (M,m,-).
Let for arbitrary n € N the functions ¢ ,,, 92, : R” — R be given by:

P1n (t1,t0, etn) = t1 + 2+ . + Iy
(P2n (tlrtZr o ) — |t1 +t2 + ...+ tn 2?11 ]Exi|pr

random variables 71 ,,, 2, have the forms

M = P10 (Tn), Non = P2n (Tn)

and observables:

Sn = @1, (X1, X2, ., Xn) 1 B(R) = M,
yZ,n = 472,1’1 (x1/ x2/-"/ x}’l) : B (R) — M

be defined as in Remark 2. The distributions of coordinate random variables {1;} - ; are given by:
Pozi_1 =my, 1 €N.

Moreover,
Poi,jl =my,,n €N

Applying Lemma 1, we obtain:
E;=E(x;), ElylP =E|x|P <oo, i €N,
and:
Ema= [ oun@)dP = [ g1, P (1) = [ g1 (t)dm, (1)
=Es, =0 (a,),
ENan :/RN P2, (1) AP = / P2 () d(Poi ) (F)

ay

p
(PZH()dmhn(t):EyZ,n:O( ),neN.

¥ (an)

R n

Clearly, P (1; € [0,00)) = my, ([0,00)) =1, i € N. Finally, application of Theorem A3 for the sequence of
random variables {;};- ; and Proposition 2 for the sequence of Borel functions:

g R"—= R, neN,

i+t 4+ ...+t — Z?:l Ex;
an

gn (tl/ t2/ eeey t'rl) =

ends the proof. O

We also present two special cases of the above theorem, corresponding to Theorem 2 and 3, formulated
by Korchevsky [30] within the Kolmogorov probability theory.
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Theorem 5. Let observables {x;};°; in a probability MV-algebra with product (M, m, -) be non-negative and have
finite variances. Let {ay };,_, be a non-decreasing unbounded sequence of positive numbers. If Es, = O (a,) and:

Do = O (wi))

for some function ¢ € ¥, then:

. X t+xt . +x, -2 By
lim

n—co ay

= 0 m-a.e.

Theorem 6. Let observables {x;}:°  in a probability MV-algebra with product (M, m, -) be non-negative and have
finite absolute moments of some order p > 1. Let {wy, },_; be a sequence of positive numbers,

n n
W)’l = Zwl/ T}"l = wixi/ nec N/
i=1 i=1

limy, 0o Wy, = 00, ETy, = O (Wy,) and:

WY

for some function ¢ € Y. Then:
. T —ET1y
lim

—— =0 m-a.e.
n—>00 W,

Theorem 5 follows from Theorem 4 applied for p = 2, whereas Theorem 6 is a consequence of
Theorem 4 for arbitrary p > 1, the sequence of observables y; = w;x;, n € N, and the sequence of real
numbers a, = W,, n € N.

4. Ilustrative Examples

We analyze the asymptotic behavior of scaled sums of three sequences of observables. They are
independent identically continuously distributed in the first sequence and independent identically
discretely distributed in the second one, whereas the third example concerns non-negative dependent
observables. The MV-algebraic version of the Kolmogorov SLLN, presented in [9], cannot be applied in
the first two examples. Therefore, we use the MV-algebraic versions of the Marcinkiewicz—Zygmund and
Brunk-Prokhorov theorems. The case of dependent observables is new, and it requires application of the
MV-algebraic version of the Korchevsky theorem.

4.1. Sequence of Identically Distributed Observables

We consider observables taking values in the probability MV-algebra (M, m) consisting of the
MV-algebra M = [0, 1] equipped with the operations —, ®, ® defined by the formulas:

a=1—-aadb=(a+b)AN1l,a0b=(a+b—-1)V0,

where +, —, A, and V have the usual meaning of addition, subtraction, minimum, and maximum, and the
faithful state m of the form m (t) = t.
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Letp > 0,7 = %,Cy = %,and:
C
ft) = ﬁl\ﬂzl ().

Let for each j € N an observable x; : B (R) — M be described by the equality:
x; (A) = /Af (1) dt.

We assume that the observables defined above are independent. For each n € N, the joint observable
hy : B(R") — M of {xj}7:1 has the form of the product measure given for each A € B (R") by:

Iy (A) = /Af(tl)f (1) o f (tn) dtrdty...dty.

Then, applying Lemma 1, we obtain:

(o] 7 ZC'Y
E(|x1|”):2C7/1 tP—4dt_{ 71

T <® for p<y-—-1;
S for p>y—1

Thus, E (x}) = oo, and therefore, the MV-algebraic version of the Kolmogorov SLLN, presented in [9],
does not concern the considered case. However, application of Theorem 2 gives the convergence:

X1 +X2+ ...+ Xy

v =0 m-a.e.

: 1 _ 4
for arbitrary r > —=5 = 3.

4.2. Sequence of Not Identically Distributed Observables

Let (M, m) be the probability MV-algebra, defined in the previous subsection.
We fix p > 2. Let e]l = —jl/4, e]2 = /4, p]i = pé = % for j € N. Let a sequence of
independent observables:
xj:B(R) = M,jeN

be defined by for each A € B (R) by the equality:

(A= ¥

deA, ie{12}

For an arbitrary positive integer 7, the joint observable i, : B (R") — M of the sequence {xj}7=1 is the
product measure given for each A € B (R") by the equality:

hy (A) = Y pi ph P}

1 2 L
(eil ,eiz,...,egl ) €A, iy,ip,..in€{1,2}

1
_ y =

(eb 2 el )EA, ivinine{12}
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Then, E|x]«|i7 = jp/4 < oo for j € N, and therefore,

[} E|x.|p [} 1
i
)y Pt D oAl =@

j=1 j=1]

Thus, by Theorem 3,
X1+Xx2+ ...+ X,

n

S0 m-a.e.

4.3. Sequence of Dependent Observables

We consider a probability MV-algebra with the product, presented in [4]. Let (Q), S, P) be a probability
space and Fy be the set of all S-measurable functions f : QO — [0, 1]. Fo, called a full tribe, equipped with
the operations —, ®, ©, - given by:

(=) () =1=f(x), (fog) x) =(f(x)+g(x) AL
(fOg)(x) =) +gx) -1V, (f-8)(x) = f(x)-g(x),xcQ,

is an MV-algebra with product. 0 = 0 and 1 = 1, where for arbitrary ¢ € [0,1] cq is the function
identically equal to c on Q. Let a state m( on JF( be defined by the formula:

mo(f)z/nfdp-

The ideal | = {f € Fy: mg (f) = 0} in Fy is closed under countable suprema. Therefore, the quotient
MV-algebra F = Fy/] (with the operations =, ®, ®, - arising via ) is o-complete, the quotient map
6 : Fo — F is a o-homomorphism, m : F — [0,1] given by m (6 (f)) = mp (f) is a faithful state on F, and
(F,m,-) is a probability MV-algebra with product (see [4]).

Let (S, P) = ([O, 1],B([0,1]), A[Orl]), where A 1] is the Lebesgue measure on [0, 1]. For the fixed
constant 7 = § and sequence {a;}7°;, a; = %, we define a sequence {z;};-; of independent observables
in (F,m,-), given for arbitrary A € B (R) by the equality:

>
—~

—_
2
~—

-

it An{0,1} = {0,1};
it AN{1} ={1};
0((1-1)q) if AN{0}={0};
0(0n) if AN{01}=0

>
)
2

o

zi (A) =

=

and a sequence {x;}; ; of observables in (F,m, ) of the form:
xi=wz1+ (1—w;)z;, i €N
Let for n € N I, be the joint observable of {z;}} ,

1 1 1 1/1

n n
. n L _ n 2_ 1 _1f1 _
A, = Zizzaz =5 (2) , B, ZiZszl 53 <4) , ay = 1N.
Clearly,
e, (d) = (1601, + (1= 7) g0y ) (dt).



Entropy 2019, 21, 710 13 of 16

Let p > 1. Then, fori € N E|z;|P = Ez! = 4, D?z; = (1 — ), E|x1|*> = . Moreover, by Lemma 1,
for i > 2:

Elx[? = Elajz + (1 — ) zif? / ity + (1 — &) [ 2dmy, (£)
- /Rz(ocitl + (1= ay) )2dms, (1) dms, (1)
=ay+20; (1— )V + (1 —a;)’y < o0,
Letforafixedn e Ny =1+ A,and B; =1—w;,2 <i < n. Then,s, =Y ; Bizi, and by Lemma 1:
Es, :/Rn(zlf’:l Biti)dmy, (1) = Y 1/,81tdmzl ) =Y Bz
1

:’)/Z:l:lﬁl:,)/(1+An+n—1—An):r),nzin:O(an)

as well as:

Elsy —Esy|* =E (2,11 Bizi—Y o, ﬁiEZi)2
'n (S0, it = 0y Bi) o, (6= [ (X0, B 1~ B20))dmy, (1)
[ (S B (B2 + 2o, Bify (1~ E2i) (t — Ez)) ) dmy, (1)
:Zizl :BzZ/R (ti — Bz;) dm, (t;)
+221<1.<j<n/3i/3]-/ (t; — Ez;) (t — Ezj) dms, (t;) dmz, (t]) = Yo, BD%z,
— (=Y B =7 (1—7) [1+2An+A§+n—1—2An+Bn}
S0 o)

where ¢ (x) = x € ¥¢. Thus, by Theorem 5 (or Theorem 4 for p = 2):

lim X1 +x2+ ... +x, —ny

n—oo n

=0 m-a.e.

5. Conclusions

This paper is devoted to the development of MV-algebraic probability theory. We formulate and
prove three generalized versions of the strong law of large numbers. The first two versions of the strong
law, i.e., the MV-algebraic Marcinkiewicz—Zygmund SLLN and Brunk-Prokhorov SLLN, describe the
asymptotic behavior of the sums of independent observables, whereas the third one, i.e., the Korchevsky
SLLN, concerns the case of dependent observables. Their proofs require an application of the Kolmogorov
theory of probability and some measure-theoretic techniques. To illustrate our theoretical results, we also
present and analyze some examples of sequences of observables in a probability MV-algebra. We believe
that our results open new possibilities for further development of the MV-algebraic probability theory in
the non-Kolmogorovian setting. In particular, they can be used for the future development of the theory of
fuzzy, intuitionistic fuzzy, and interval-valued fuzzy random events in complex spaces. We would like to
apply the proven theorems to the estimation of logical entropy, as well as other types of entropy in the
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case of intuitionistic fuzzy random events. This requires, among other things, the definition of entropy for
observables in MV-algebras.

Author Contributions: This paper was prepared using the contributions of both authors. P.N. mainly contributed to
developing the mathematical model. O.H. contributed to the interpretation of the obtained results. Both authors read
and approved the final manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Classical Versions of the SLLN

Let {X;}7~, be a sequence of independent real-valued random variables on a probability space
(), S,P),and let S, = X;+ Xp + ...+ X, for each n € N. Apart from the Kolmogorov SLLN for
identically distributed sequence {X;};" such that £|X;| < oo, its Marcinkiewicz—Zygmund generalization
is known (see [31]):

Theorem A1 (Marcinkiewicz—Zygmund SLLN). Let the random variables {X;};"; be independent identically
distributed. Let p € (0,2). If £|X;1|P < oo, then:

S, —nc
lim "17 =0 P-a.s.
n—oo pn /p

In the above formula, c = 0if0 < p <landc=EX 1 if1 < p < 2.
In the next theorem, the same distribution of the random variables is not required.

Theorem A2 (Brunk-Prokhorov SLLN). Let the random variables {X;};>, be independent. Let q > 1.
IFEX; =0, E|X;|?1 < oo for each i € N and:

then lim 57" = (0 P-a.s.
n—oo

The above theorem was proven by Brunk [32] for arbitrary positive integer g and by Prokhorov [33]
for arbitrary g > 1.

Let ¥, be the set of positive functions {(x), non-decreasing in the interval x > x( for some x, such
that Y0, W < 0.

The following Korchevsky generalization of the Petrov SLLN (see [30]) gives a sufficient condition for
the convergence of scaled sums of random variables without the independence condition.

Theorem A3 (Korchevsky). Let the random variables {X;}:°, be non-negative with finite absolute moments of
some order p > 1. Let {a,},_, be a non-decreasing unbounded sequence of positive numbers. If ES, = O (ay,)

and there exists a function € ¥, such that £|S, — ESy|F = O (#fn)), then:

lim 5"_758" =0 P-as.

n—oo n
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