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ABSTRACT: We construct a full-dimensional ab initio neural network
potential energy surface (PES) for the isomerization system of the
formic acid dimer (FAD). This is based upon ab initio calculations using
the DLPNO-CCSD(T) approach with the aug-cc-pVTZ basis set,
performed at over 14000 symmetry-unique geometries. An accurate fit to
the obtained energies is generated using a general neural network fitting
procedure combined with the fundamental invariant method, and the
overall energy-weighted root-mean-square fitting error is about 6.4 cm−1.
Using this PES, we present a multidimensional quantum dynamics study
on tunneling splittings with an efficient theoretical scheme developed by
our group. The ground-state tunneling splitting of FAD calculated with a
four-mode coupled method is in good agreement with the most recent
experimental measurements. The PES can be applied for further dynamics studies. The effectiveness of the present scheme for
constructing a high-dimensional PES is demonstrated, and this scheme is expected to be feasible for larger molecular systems.

1. INTRODUCTION
Hydrogen or proton transfer plays key roles in many chemical
and biological processes,1−3 and the formic acid dimer (FAD) is
an important benchmark system for studies on the double
proton transfer,2 which has attracted much research attention.
Tunneling splitting is the critical observable for the study of
proton-transfer dynamics,4−11 and it can provide direct
information about the isomerization rate and isomer lifetime.
In the FAD case, the tunneling splittings can be produced by
tunneling between symmetrically equivalent FAD wells
separated by a barrier (see Figure 1), and this process is
achieved via double proton transfer. Actually, FAD is regarded as
the simplest concerted double-proton-transfer system,12 where-
as the simplest system for the study of sequential double proton
transfer is vinylidene-acetylene.13−16

Experimentally, the tunneling splittings in FAD have been
measured, and the values for the ground state have been
obtained with increasing accuracy.4,5,11,17−19 The Havenith
group5,18 measured the ground-state tunneling splitting of
(HCOOH)2 with the splitting value being reported as 0.0158
cm−1. In 2014, the Duan group11 measured the vibration−
rotation−tunneling absorption spectra, and in 2017 they19

further improved the experimental accuracy, updating the value
to be 0.011367(92) cm−1. Most recently, Li et al.17 confirmed
Duan’s updated value by a microwave spectroscopy experiment
and established 0.01117 cm−1 as the most accurate ground-state
splitting value of FAD. In addition, a few experimental
measurements of tunneling splittings upon vibrational excitation
have also been reported.5,19 Theoretically, the tunneling

splittings in FAD have been calculated using various
approximate methods.20−26

The full-dimensional ab initio potential energy surfaces (PES)
of a reactive system is crucial for further dynamics studies. In
2016, Qu and Bowman27 constructed the first full-dimensional
ab initio PES (or the QB PES) for FAD based on an accurate fit
of 13475 CCSD(T)-F12a/haTZ points, which was used in the
study on the double-proton-transfer process in FAD. Later,
Richardson28 performed calculations using this PES and
obtained interesting results about ground-state tunneling
splitting. Using the QB PES, Liu et al.29,30 studied tunneling
splittings both for the ground state and upon fundamental
excitation in FAD based upon a quantum dynamics (QD)
scheme developed by them. An unprecedented overall agree-
ment31 with experimental spectra was achieved by QD
calculations on the QB PES. However, Qu and Bowman also
discussed31 the quantitative differences that exist between the
quantum and experimental spectra and stated that this might be
due to some deficiencies in the PES. For example, the harmonic
frequency of the infrared-active OH stretch differs from the
benchmark frequency32 by 20 cm−1. More recently, Meuwly and
co-workers33 constructed machine-learned PESs for FAD at the
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MP2 and transfer-learned to the CCSD(T) levels. The MP2
PES is represented by a neural network (NN) of the PhysNet
architecture,34 in which the parameters are fitted to ab initio
energies. To improve the quality of this PES, they accomplished
the transfer learning (TL) from the MP2 to the CCSD(T) level.
The training set of TL contained 441 geometries which were
calculated at the CCSD(T)/AVTZ level. Using the TL PES, the
infrared spectra were calculated by finite-temperature molecular
dynamics simulations and the agreement with experiment35 was
very good. Nevertheless, it seems that the TL PES under-
estimates the isomerization barrier height and harmonic
frequencies of the OH stretch vibrations in comparison with
the benchmark values.32

In this work we construct an accurate ab initio PES with a
fundamental invariant NN fitting method and calculate the
tunneling splittings in FAD using this PES with an efficient QD
scheme developed by us. This paper is organized as follows. The
details of the potential energy surface are given in section 2, and
quantum tunneling dynamics methods are described in section
3. Results and discussion are presented in section 4. Finally, a
summary is provided in section 5.

2. THE POTENTIAL ENERGY SURFACE
2.1. Ab Initio Calculations. The calculational details are as

follows. The single-point energy calculations are performed by
the domain-based coupled cluster theory DLPNO-CCSD-
(T)36,37 with the TightPNO38 settings, using the augmented
correlation-consistent basis set aug-cc-pVnZ39,40 (n = T).
DLPNO-CCSD(T)/TightPNO/aug-cc-pVTZ is also per-
formed for stationary-point structure optimization. The
subsequent numerical harmonic frequency calculations reveal
that the transition state has a single imaginary frequency. All
calculations are performed with the ORCA program package
based on version 4.2.0.41

Our geometry optimization calculations indicate that the two
minima corresponding to two FAD isomers (see Figure 1) are

separated by an energy barrier of 8.175 kcal/mol, or 2859 cm−1.
The barrier height results calculated from different levels of
theory are given in Table 1 for comparison. From Table 1, we see

that the barrier height obtained in this work agrees very well with
that from the previous CCSD(T)-F12a/haTZ calculation.27

Since the CCSD(T)/AV5Z single-point energy calculations42

yield a barrier height of 2903 cm−1, we suppose the true barrier
height to be somewhat larger than 2860 cm−1, and thus the
barrier heights (2340 and 2770 cm−1) obtained by Meuwly and
co-workers33 may be too low. In brief, for the purpose of PES
construction, large-scale ab initio calculations are performed
using the DLPNO-CCSD(T)/aug-cc-pVTZ method at over
14000 symmetry-unique geometries covering various PES
regions. The geometries are selected from the minimum energy
path, a previous geometry set,27 normal-mode vibrational grid
points, and our quasi-classical trajectory calculations.
2.2. Neural Network Fitting. The fitting is a key step in the

construction of a PES.43−46 In recent years, a series of accurate
PESs for polyatomic molecules have been fitted by robust
machine-learning methods such as artificial neural net-
works.45,47−52 In this work, we construct the PES using a
general NN fitting procedure combined with the fundamental
invariant (FI) method.45,47 The FI-NN method could be
regarded as an improvement of the PIP-NN method,48,49,53 in
which the permutationally invariant polynomials (PIP) are used
in the input layer of NN fitting, and both methods can
incorporate the permutational symmetry with respect to
identical nuclei in the fitting.

FIs transformed from internuclear distances (first to Morse-
like variables and then to the FIs) are used as the input vector to
guarantee the permutational symmetry of identical atoms. The
Morse-like variables used in the permutationally invariant
polynomial fitting approach of Bowman and co-workers27,43

are applied, which have the form

=M eij
r /2ij (1)

where, rij (i = 1, ..., 9; j = i + 1, ..., 10) are the distances between
atom i and atom j, and Mij are the corresponding Morse-like
variables. The FI code provided by Chen et al.45 for the A4B4C2
system is then employed to transform the 45 Morse-like
variables to 1546 polynomials with a maximum degree of 5.

The feed-forward NN employed in our fitting procedure
contains two hidden layers with sigmoid-like transfer functions
to provide a reasonable flexibility for surface fitting. After several
tests, the structure of the NN is set to 1546-5-18-1, indicating

Figure 1. Contour plot of the typical regions of potential energy surface
for the formic acid dimer against the relevant normal mode coordinates
(Qi, in au), with the other normal coordinates fixed at zero and energies
given in kcal/mol. Schematics of the minimum energy reaction path
and tunneling path for proton transfer are also indicated.

Table 1. Barrier Heights (cm−1) for Double Proton Transfer
in Formic Acid Dimer from Different Calculationsa

method optimization level reference
barrier height

(cm−1)

DLPNO-CCSD(T)/
AVTZ

DLPNO-CCSD(T)/
AVTZ

this work 2859

CCSD(T)-F12a/
haTZ

CCSD(T)-F12a/
haDZ

27 2853

CCSD(T)/AV5Z MP2/AV5Z 42 2903
MP2/AVTZ MP2/AVTZ 33 2340
TL-CCSD(T)/

AVTZb
33 2770

aThe methods used for the single-point calculation and corresponding
geometry optimization levels are indicated, respectively. bThis level is
reached by transfer learning,33 and direct calculations are not
performed.
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the number of neurons in each layer. The transfer functions of
the neurons in input and output layers are linear functions, and
those in the hidden layers are chosen to be hyperbolic tangents.
Thus, the functional form of the NN can be written as
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where FIk (k = 1, ..., 1546) is the input vector, tanh is the
hyperbolic tangent function, wi,j and bi,j are the weights and
biases for the ith neuron of the jth layer, respectively, and E is the
output energy. The weights and biases are optimized using the
Levenberg−Marquardt (LM) algorithm54 in each fitting to
minimize the error. The “early stopping” method55 is used to
avoid overfitting, with 70% of the data points being randomly
picked as the training set, half of the rest 30% as the validating
set, and the remaining points as the testing set. The fitting
procedure is stopped under such conditions:

(a) The mean-square error gradient of each epoch is smaller
than 10−10 kcal/(mol epoch).

(b) The damping factor μ in the LM algorithm is larger than
1010.

(c) The root-mean-square error (RMSE) of validating set
keeps growing for 10 epochs.

Additionally, bits of improper results are screened out by
examining contour plots. The quality of the fitted NN is
measured by RMSE, and 6 best FI-NN fits are averaged over to
further reduce the fitting error.

The energy-weighted RMSE (wRMSE) with a weight
assigned to each point of the ab initio data is used to evaluate
the fitting error of the regions we are concerned about, given by

=
·= w E E

N
wRMSE

( ( ))i
N

i i i1
PES ab 2

(3)

= + +w E E0.004/(0.02 )(0.2 )i i i
ab ab (4)

where N is the total number of points we have used, Ei
ab is the ab

initio energy of the point relative to the global minimum, and
Ei

PES and wi are the corresponding fitted energy and weight
factor, respectively. In eq 4, Ei

ab is given in hartree.
The present NN fit totally uses over 14000 geometries and

corresponding energies. The obtained NN PES has a RMSE of
0.12 kcal/mol and a maximum error of 3.25 kcal/mol for the
whole data set. The RMSEs for energy points below 50 and 95
kcal/mol (the energy of the lowest point in ab initio calculations

is taken to be zero), are 0.058 and 0.077 kcal/mol, respectively,
while the corresponding maximum errors are 0.91 and 1.47 kcal/
mol, respectively. The overall energy-weighted RMSE is only
0.0183 kcal/mol, or 6.4 cm−1. The mean absolute error for 6397
energies that are less than 4000 cm−1 is about 5.0 cm−1. These
indicate that the current fitting reaches a high accuracy.

3. QUANTUM DYNAMICS METHOD
The Bian group has developed an efficient theoretical scheme in
which the process-oriented basis function customization
(PBFC) strategy3,56 is combined with the preconditioned
inexact spectral transform (PIST) method.57−61 The basis idea
of PBFC is to customize basis functions for a specific chemical
process by optimizing and adjusting the n-dimensional (nD)
effective potential (EP), and it is very effective in reducing the
overall basis size and raising the computational efficiency.
Generally speaking, the obtained nD EPs and coordinate ranges
are oriented toward the double-proton-transfer process. In
particular, the optimized ranges for the coordinates of in-plane
vibrational modes are much larger than those for the coordinates
of out-of-plane modes, since the double-proton-transfer process
mainly occurs within the plane.

In the present QD treatment, we choose the saddle point as
the reference point of normal coordinates for the Hamiltonian,
and the M-mode effective normal Hamiltonian for J = 0 is
written as29,60

= +
=

H
Q

V Q Q Q
1
2

( , , ..., )
i

M

k
k k k

1

2

2
i

M1 2
(5)

where V is the EP, Q ki
denotes one of the mass-rescaled normal

coordinates obtained at the saddle point, and M = 1, 2, 3, ... here.
The vibrational angular momenta (VAM) are neglected, which
is justified by the fact that the VAM terms are very small and
basically constant along the reaction path. Thus, the
contribution of VAM terms to the ground-state tunneling
splitting is negligible. Here the MD EP V(Q Q,k k1 2

,···, Q kM
) is

generated based upon the PBFC strategy, and the modes which
are essential to the concerned specific proton-transfer process
should be incorporated into calculations. The normal-mode
analysis is performed on the present PES, and Q1 is the main
proton-transfer reaction coordinate.

The total wave function is expanded by the direct product of
1D discrete variable representation (DVR) basis functions

=
= = =

c Q... ( )
i

N

i

N

i i
j

M

i k
1 1

...
1

k

k

kM

kM

k kM kj j

1

1

1
(6)

Figure 2. Key geometrical parameters of the saddle point of the formic acid dimer from the DLPNO-CCSD(T)/AVTZ calculations (a) and the
present NN PES (b). Bond lengths are given in angstroms and angles in degrees.
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where Q( )i kkj j
is the 1D DVR basis function for Q kj

with a basis

size of Nkj
. The 1D DVR basis functions are generated from 1D

EPs acquired according to the PBFC strategy.29,62 The
implementation of the PIST method has been extended to
molecular systems with 4 and more atoms by us, and some
details are given below. In terms of the basis expansion, we
separate the basis functions into the inner and outer groups,
which is helpful to acquire a sparse and well-structured matrix.
For example, in the 4D case we arrange (Q3, Q6, and Q8) as the
outer group, whereas (Q1) is treated as the inner group. Then
the PIST method combined with an optimal separable basis plus
Wyatt (OSBW) preconditioner is used to solve the resultant
eigenvalue problem.59,63−65 Furthermore, the time-consuming
parts of our scheme are parallelized.

4. RESULTS AND DISCUSSION
4.1. Properties of the PES. The global ab initio NN PES

newly constructed in this work reproduces the ab initio data very
well. The barrier height of the present NN PES is 2860 cm−1, in
excellent agreement with the value of 2859 cm−1 calculated with
the DLPNO-CCSD(T)/AVTZ method (see Table 1). The
configurations and key geometrical parameters of the saddle

point from the present NN PES and DLPNO-CCSD(T)/AVTZ
calculations are shown in Figure 2. We see that the results from
the PES agree well with those from the direct DLPNO-
CCSD(T)/AVTZ calculations.

To make sure that our surface can describe all dynamically
important regions properly, we make contour plots in various
regions and check the structures carefully. This is achieved by
transforming to FAD normal coordinates at the saddle point
(see Table S1 of the Supporting Information (SI) for the
physical description) and then plotting it against specific normal
coordinates with the other coordinates fixed. Typical contour
plots for several important regions are shown in Figure 3 to
demonstrate the accurate behavior of the present full-dimen-
sional PES. Generally speaking, all of the figures are smooth and
are physically reasonable.

Additionally, the harmonic frequencies of the formic acid
dimer at the minimum geometries are calculated from the
present NN PES and are given in Table 2, along with results
from the literature. We see from Table 2 that our results are in
very good general agreement with the ab initio calculational
results at the CCSD(T)/AVQZ level, which are the most
accurate available values.32 The RMS error for frequencies of all
24 modes on our PES is only 4.6 cm−1. Although the QB PES is

Figure 3.Contour plots of the selected PES regions against the relevant saddle-point normal mode coordinates (Qi), with the other normal coordinates
fixed at zero (Qi in au and energies in kcal/mol).
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of very high quality, Qu and Bowman discussed31 some
deficiencies in the QB PES, which can explain the quantitative
differences between the quantum and experimental spectra. In
particular, they31 mentioned that the harmonic frequency of the
infrared-active (or antisymmetric) OH stretch on the QB PES
differs from the benchmark frequency32 by 20 cm−1. The
minimum-point normal mode coordinates Q23 and Q24 indicate
the OH symmetric and antisymmetric stretch modes,
respectively, and pictures and descriptions of these normal
modes are given in Figure 4. From Table 2, we see that the
harmonic frequencies of the OH antisymmetric stretch (Q24) are
3313 cm−1 on our PES and 3293 cm−1 on the TL PES,
respectively, which indicates that the TL PES underestimates
the frequency by 13 cm−1, and our PES is in better agreement
with the benchmark value. In addition, for the harmonic
frequency of the OH symmetric stretch (Q23), the QB PES
overestimates it by 28 cm−1, whereas the TL PES underestimates
it by 15 cm−1, compared with the benchmark value32 of 3204
cm−1, which is in very good agreement with the value obtained
on the present PES. So, for the harmonic frequencies for the OH
symmetric and antisymmetric stretches (or Q23 and Q24), better
agreement with benchmark values is achieved on our PES; those
frequencies are underestimated on the TL PES and over-
estimated on the QB PES to some extent. These kinds of
deviations should come from the ab initio QB and TL PESs used
in the vibrational calculations, indicating that the PES region
associated with the OH stretch modes (see Figure 4) may need
to be modified.

4.2. Ground-State Tunneling Splitting. Various multi-
dimensional QD calculations are performed with the above
scheme on the global ab initio NN PES constructed in this work.
The tunneling splittings can be produced by tunneling through
the barrier between the two isomers (see Figure 1). Previous
work27 has shown that, besides the Q1 mode, the Q6, Q3, and Q8
modes are important in the process of proton transfer and need
to be considered in the multidimensional QD calculations. In
each calculation, the Lanczos iteration tolerance is set as 10−6

cm−1 and the iteration deviation for the obtained eigenenergy is
less than 10−7 cm−1. The number of iterations is about 1400 in
the QMR procedure and about 100 in the Lanczos procedure.
Our test 1−4D calculations indicate that, with the basis size

= = = =N N N N( 32, 13, 13, 11)Q Q Q Q1 6 3 8
, we can obtain

converged energy levels required for the study of ground-state
tunneling splittings. The tunneling splittings calculated with
different multidimensional models are presented in Table 3.
From Table 3, we can notice an interesting decreasing trend
from left to right, for both our calculational and experimental
results. This trend actually corresponds to an increasing
accuracy. Microwave spectroscopy,17 yielding a splitting value
of 0.01117 cm−1, is of much higher resolution than the
spectroscopy measurements reported much earlier.5 As shown,
our 4D results agree well with the most recent experimental
measurements using microwave spectroscopy.

It can also be seen from Table 3 that the obtained tunneling
splittings are generally small, indicating a long lifetime of the
FAD isomer, which can be explained by the relatively weak deep
tunneling through the barrier. The largest tunneling splitting is
obtained in the 1D case, which has a value of 0.462 cm−1, in
excellent agreement with the calculated values reported by Qu
and Bowman27 (0.44 cm−1) and Richardson28 (0.47 cm−1). This
is a good verification of different QD methods and also indicates
that the 1D minimum energy reaction path of the present NN

Table 2. Harmonic Frequencies (cm−1) of the Formic Acid
Dimer at the Minimum Geometries, from Different PESs in
Comparison with the CCSD(T)/AVQZ Benchmark

mode
present

PES QB PESa TL PESb
CCSD(T)-F12a/

haDZc
CCSD(T)/

AVQZd

1 71 70 70 92 72
2 169 167 168 183 167
3 175 170 176 222 177
4 210 209 211 230 209
5 253 254 253 290 255
6 276 275 277 293 275
7 687 693 682 691 684
8 716 716 711 716 712
9 961 956 964 972 963
10 981 970 987 989 986
11 1082 1084 1080 1093 1079
12 1103 1100 1102 1094 1099
13 1255 1255 1250 1260 1252
14 1260 1258 1255 1263 1256
15 1404 1406 1402 1396 1405
16 1411 1408 1404 1422 1409
17 1462 1448 1458 1466 1455
18 1490 1481 1487 1492 1481
19 1715 1715 1708 1721 1713
20 1778 1780 1772 1785 1777
21 3092 3095 3094 3101 3099
22 3092 3097 3098 3107 3103
23 3210 3232 3189 3204 3204
24 3313 3326 3293 3303 3306

aFrom the PES of Qu and Bowman.27 bFrom the transfer-learned
PES.33 cFrom the CCSD(T)-F12a/haDZ calculations of ref 27.
dFrom the CCSD(T)/AVQZ calculations of ref 32.

Figure 4. Vibrational modes of the formic acid dimer. The upper panel
shows the OH symmetric stretch motion, whereas the lower panel
shows the OH antisymmetric stretch. The minimum-point normal
mode coordinates are also indicated.
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PES is similar to that of the QB PES. It is understandable that the
tunneling splitting goes down from 1D to 4D models, indicating
a gradually slowing down tunneling rate, since it is known that
the Q6, Q3, and Q8 modes27 have strong couplings with the Q1
mode, which is the main isomerization coordinate in the double-
proton-transfer process, and these kinds of couplings can hinder
the proton transfer. However, the difference between the results
of the 3D and 4D models is not large, and the couplings of other
FAD modes with the Q1 mode are much smaller, and thus we
estimate that the splitting for the ground state would not change
evidently if we include more modes into the models.

5. CONCLUSIONS
Summing up, we construct a new full-dimensional ab initio NN
PES for the formic acid dimer. The DLPNO-CCSD(T)/aug-cc-
pVTZ calculations have been performed at over 14000
symmetry-unique geometries, and an accurate fit to the obtained
energy points is achieved using a general NN fitting procedure
combined with the FI method. The overall energy-weighted
RMS fitting error is only about 6.4 cm−1, and the accuracy of this
PES is further demonstrated by vibrational and tunneling
splitting calculations. Using this PES, we have performed
reduced-dimensionality quantum tunneling dynamics calcula-
tions using an efficient PBFC-PIST theoretical scheme
developed in our group, and the obtained ground-state
tunneling splitting of FAD is in good agreement with the most
recent experimental measurements.

In this work the application of the FI method is extended to a
10-atom molecular system with complete consideration of the
permutational symmetry of identical atoms. The present scheme
for constructing a high-dimensional PES is efficient, which is
feasible for larger molecular systems and provides us a good
starting point for treating more complicated systems such as the
FAD-furan complex. In addition, further theoretical calculations
using our PES are required. The present PES can be used for
further dynamics studies of the double-proton-transfer
processes in FAD, and further calculations of various vibrational
states and spectra of FAD.

The codes for the present potential energy surface are
available from the corresponding author upon request and at
http://159.226.64.162/web/49818/downloads.
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