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I N T R O D U C T I O N

Astrocytes, a major cell type in the central nervous sys-
tem (CNS), express the water-selective plasma mem-
brane transporter aquaporin-4 (AQP4; Frigeri et al., 1995; 
Nielsen et al., 1997). In addition to its well-characterized 
roles in water balance in brain and spinal cord (Manley 
et al., 2000; Papadopoulos et al., 2004) and astrocyte 
migration (Saadoun et al., 2005; Auguste et al., 2007), 
several lines of evidence implicate the involvement  
of AQP4 in neuroexcitation (for review see Verkman  
et al., 2011). Mice lacking AQP4 have prolonged sei-
zure activity after electrical stimulation (Binder et al., 
2006) and prolonged cortical spreading depression  
after mechanical stimulation (Padmawar et al., 2005). 
Reduced AQP4 expression in human epileptic brain has 
also been taken as evidence for involvement of AQP4 
in neuroexcitation (Eid et al., 2005). As in brain and 
spinal cord, where AQP4 is expressed in astrocytes adja-
cent to (non-AQP-expressing) electrically excitable cells 
(neurons), AQP4 is also expressed in support cells adja-
cent to excitable cells in neurosensory tissues, including 
Müller cells (but not bipolar cells) in retina, supportive 
cells (but not hair cells) in the inner ear, and support 
cells (but not olfactory receptor neurons) in olfactory 
epithelium (Takumi et al., 1998; Nagelhus et al., 2004). 

Correspondence to Alan S. Verkman: alan.verkman@ucsf.edu
Abbreviation used in this paper: ECS, extracellular space.

AQP4 knockout mice manifest impaired evoked poten-
tial responses to light (Li et al., 2002), sound (Li and 
Verkman, 2001), and olfactory stimuli (Lu et al., 2008).

Studies in brain in vivo and in brain slices of AQP4-
deficient mice show slowed accumulation of potassium 
(K+) in brain extracellular space (ECS) during neuro-
excitation (Binder et al., 2006; Strohschein et al., 2011), 
and slowed clearance of K+ from the ECS after neuro-
excitation (Padmawar et al., 2005; Strohschein et al., 
2011). Altered ECS K+ dynamics are thought to account 
for the neuroexcitation phenotype; for example, slowed 
K+ clearance would prolong seizure duration, as has 
been found experimentally (Binder et al., 2006). As 
diagrammed in Fig. 1 A, the ECS is the confined aque-
ous compartment between brain cells, representing 
20% of total brain volume (Fenstermacher and Kaye, 
1988; Nicholson and Syková, 1998). K+ is released into 
the ECS by neurons in response to membrane depolar-
ization during neuroexcitation, and cleared mainly by 
uptake in astrocytes to reestablish the preexcitation 
state. K+ reuptake is mediated by the inwardly rectifying 
K+ channel, Kir4.1, and other astrocyte K+ transporters 
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dye partitioning (Zhang and Verkman, 2010) indicated 
20% greater brain ECS volume in AQP4 knockout 
mice than in wild-type mice. Whether mild ECS expan-
sion could account for the altered ECS K+ dynamics in 
AQP4 deficiency is unclear. Alternative speculative, but 
untested, possibilities to link astrocyte AQP4 water per-
meability to K+ uptake include coupling of K+ and water 
transport through changes in ECS volume, or through 
diffusion-limited transport (“pseudo-solvent drag”; Walz 
and Hertz, 1983, 1985). For example, K+ uptake by as-
trocytes drives osmotic water influx and consequent 
ECS shrinkage, which would partially maintain the elec-
trochemical driving force for K+ reuptake and hence 
potentially account for slowed K+ reuptake from the 
ECS in AQP4 deficiency.

We investigated here, by modeling, the role of the 
various possible mechanisms to account for AQP4- 
dependent K+ accumulation into and reuptake from the 
ECS with neuroexcitation. The hypothesis was tested as 
to whether reduced AQP4 water permeability in AQP4 
deficiency could, by itself, account for the altered ECS 
K+ dynamics, and, if so, by how much would astrocyte 
water permeability need to be reduced in AQP4 defi-
ciency, and how low would solute diffusion need to be 
in the astrocyte cytoplasm. As diagrammed in Fig. 1 B, 
the model consists of an ECS layer in contact with neuron 

(Walz and Hertz, 1983; Walz and Hinks, 1985; Ballanyi 
et al., 1987; Bay and Butt, 2012), and is accompanied 
by an up to 30% reduction in ECS volume (Dietzel 
et al., 1982; Grisar, 1984; Ransom et al., 1985). The prin-
cipal determinants of K+ uptake after neuroexcitation 
include the electrochemical driving force, astrocyte  
K+ permeability, ECS volume, and, by unclear mecha-
nisms, AQP4 water permeability. Astrocyte water perme-
ability is greatly reduced in AQP4 deficiency (Solenov  
et al., 2004).

The mechanistic link between K+ uptake by astrocytes 
and AQP4 water permeability has been unclear. One 
widely speculated possibility, a functional interaction 
between AQP4 and Kir4.1 (Nagelhus et al., 1999), was 
not supported by patch-clamp analysis of freshly iso-
lated brain astrocytes (Zhang and Verkman, 2008) and 
retinal Müller cells (Ruiz-Ederra et al., 2007), as well as 
brain slices (Strohschein et al., 2011), each showing 
that AQP4 expression did not affect Kir4.1 K+ channel 
function. As discovered originally by cortical surface 
photobleaching (Binder et al., 2004) and microfiberop-
tic photobleaching (Zador et al., 2008) measurements 
of fluorescent dye diffusion in brain ECS in vivo, AQP4 
deficiency is associated with mild, chronic ECS expansion. 
Quantitative ECS volume measurements by triethylam-
monium iontophoresis (Yao et al., 2008) and fluorescent 

Figure 1.  Model of K+ and water transport 
in brain ECS. (A) Diagram showing neurons 
and astrocytes in brain surrounded by an 
ECS. (B) Schematic of mathematical model. 
Neuronal, ECS, and astrocytic compartments 
are shown, along with key transport mecha-
nisms including neuronal K+ release (JK

n), K+ 
uptake by astrocytes (JK

a), and osmotic water 
transport into astrocytes (JV

a).
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JV
a(t), water flux from astrocyte to ECS (mol/cm2/s)

(t), astrocyte plasma membrane potential (mV)
e(t), ECS osmolarity (mosM)
a(x,t), astrocyte osmolarity (mosM)
, buffer region length (m)

Model computations
As diagrammed in Fig. 2, model computations involve input of 
parameters and starting values, followed by computation of  
membrane potential, K+ and water fluxes, and ECS and astrocyte 
volumes. Concentrations of K+ and non-K+ solutes, and osmolali-
ties, are computed at time t + t, with instantaneous mixing in the 
well-mixed model or diffusion-limited mixing in the diffusion-
limited model, the latter requiring numerical solution of the dif-
fusion equation to generate spatial concentration profiles. At each 
time step, outputted parameters include concentrations, fluxes, 
membrane potential, and volumes.

Astrocyte membrane potential (t) is computed from the 
Nernst-Planck equation (Eq. 1 in Table 1) in which parameters 
 (340.7 mM) and  (14.0 mM) describe effects of non-K+ ions 
(mainly Cl), such that (0) = 83 mV for [K+]e(0) = 5 mM and 
[K+]a(0) = 140 mM, and  = 77 mV when [K+]e increases from 5 
to 10 mM after neuronal excitation, based on experimental data 
(Chow et al., 1991). K+ efflux from neurons into the ECS (neuro-
excitation) is specified by JK

n(t), which was generally taken as a 
step function (JK

n(t) = JK
n

o for t1 < t < t2 and 0 for t < t1 and t > t2).
K+ flux between the ECS and astrocyte is determined by the 

electrochemical driving force as described by the Goldman-Hodg-
kin-Katz flux (Eq. 2), in which a pump term (JK

a
pump) is included 

(corresponding to Na+/K+ ATPase) to balance resting K+ leak to 
give JK

a(0) = 0. JK
a
pump in Eq. 3 is a saturable function of astrocyte-

to-ECS K+ gradient ([K+]) and has 50% of maximal activity 
under resting conditions (Grisar, 1984; Odette and Newman, 
1988). JK

a
pump(0) is the pump activity under resting conditions 

that gives zero net K+ flux (JK
a(0) = 0) by balancing conductive K+ 

and astrocyte layers, in which K+ is released into the ECS 
from neurons and taken up by astrocytes. Model speci-
fications include the duration and magnitude of neuro-
nal K+ release, initial volume, and K+ concentration 
in ECS and astrocyte compartments, astrocyte K+ and 
water permeability, and diffusion in astrocyte cytoplasm. 
Model predictions include the kinetics of ECS volume 
and [K+] after neuroexcitation, as well as astrocyte water 
and K+ fluxes, membrane potential, and cytoplasmic dif-
fusion profiles. A unique aspect and technical challenge 
in our model was the computation of diffusion-limited 
transport for a nonstationary astrocyte–ECS interface.

Our model builds on the recent work of Østby et al. 
(2009), who modeled ECS volume in response to vari-
ous gene deletions. In contrast to the model of Østby 
et al. (2009), our model included diffusion-limited sol-
ute transport, and, whereas Østby et al. (2009) explicitly 
included Na+, K+, Cl, and HCO3

, and their multiple 
associated transporters, our model was formulated to 
focus on K+ and water transport with a minimal param-
eter set. Our model here also builds on the ideas of 
Chen and Nicholson (2000), who introduced the con-
cept of diffusion-limited solute transport in the ECS, 
though water permeability or diffusion-limited solute 
transport in astrocyte cytoplasm were not considered. 
The inclusion of diffusion-limited solute transport and 
astrocyte water permeability in our model were crucial 
to account for experimental data on the influence of 
AQP4 deficiency on ECS K+ dynamics. Our model does 
not take into account spatial buffering, as it focuses on 
a single neuron–glia–ECS unit and its momentary re-
sponses. Thus, details of three-dimensional tissue struc-
ture and gap junctions between astrocytes are not taken 
into account explicitly, nor are K+ spatial buffering ac-
complished by astrocytic networks, or the contribution 
of blood vessel K+ recycling.

M A T E R I A L S  A N D  M E T H O D S

Model parameters
Constant parameters:
Pf, astrocyte water permeability (cm/s)
PK, astrocyte K+ permeability (cm/s)
vW, partial molar volume of water (18 cm3/mol)
Da, diffusion coefficient in astrocyte cytoplasm (cm2/s)
t, computation time step (s)

Variable parameters:
da(t), astrocyte volume (layer thickness, m)
de(t), ECS volume (layer thickness, m)
x, location in astrocyte cytoplasm (distance from the plasma 
membrane, m)
[K+]e(t), ECS K+ concentration (mM)
[K+]a(x,t), astrocyte K+ concentration (mM)
[non-K+]a(x,t), astrocyte non-K+ solute concentration (mM)
JK

a(t), K+ flux from astrocyte to ECS (mol/cm2/s)
JK

n(t), K+ flux from neuron to ECS(mol/cm2/s)
JK

a
pump(t), K+ flux from astrocyte to ECS by K+ pump (mol/cm2/s)

Figure 2.  Computational approach. See the Model computa-
tions section for description.
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size, and, for the diffusion-limited model, from insensitivity of 
[K+]a(x,t) to mesh-element size, and from agreement with analyti-
cal solutions to Eqs. 12 and 13 (Table S1; see supplemental text).

Code for the modeling here was written in Visual Fortran (f90 
compiler, Microsoft Visual Studio 2008).

Online supplemental material
Contents include additional details of mathematical modeling, in
cluding the discretization methodology and other details pertain-
ing to diffusion computations for the moving boundary problem, 
as well as validation computations and description of alternative 
model variations. The online supplemental material is available at 
http://www.jgp.org/cgi/content/full/jgp.201210883/DC1.

R E S U L T S

Model overview
To focus on the central issue of K+/water transport 
coupling in the ECS, the model was formulated with 
minimal assumptions about ECS geometry, K+ trans-
port mechanisms, and input parameters. The model 
comprises planar neuron, ECS, and astrocyte layers 
(Fig. 1 B). The location of the neuron–ECS interface 
was fixed, with neuroexcitation modeled as isosmolar 
release of K+ into the ECS by neurons (equivalent of 
K+/Na+ exchange), with magnitude and kinetics speci-
fied from experimental data (Grisar, 1984; Sick et al., 
1987). Reuptake of K+ from the ECS occurs by transport 
into astrocytes, as determined by the electrochemical 
driving force (ECS and astrocyte [K+], and membrane 
potential) and astrocyte K+ conductance, as specified from 
experimental data (Walz and Hertz, 1983; Zhang and 

leak from astrocytes at the resting potential. To minimize model 
parameters, we do not include a separate pump term for ECS K+ 
reuptake into neurons.

The osmotically induced volume flux from the ECS to astrocyte 
compartments is given by Eq. 4. After volume flux, the new ECS 
and astrocyte volumes are given by Eqs. 5 and 6, where the ECS 
volume change is determined by volume flux from the ECS to the 
astrocyte. The new concentrations of K+ are given by Eqs. 7 and 8, 
which represent the concentration change resulting from water 
flux and the amount of K+ flux. Table S1 provides the discretized 
equivalents of the differential and integral equations as used for 
numerical solution. e and a are given as integral Eqs. 9 and 10. 
The concentration of non-K+ solutes in astrocyte cytoplasm is 
computed by Eq. 11, where the factor of 2 has been included for 
electroneutrality (as Cl is implicit in the model). Modeling ef-
fects of inclusion of electroneutral K+ transport, and effects of 
factors other than 2, are reported in the supplemental text. The 
equations above assume that K+ and non-K+ solutes are well-mixed 
in the astrocyte compartment (well-mixed model).

In the diffusion-limited model, diffusion of K+ and non-K+ sol-
utes in cytoplasm is described by Eqs. 12 and 13, in which dif-
fusion coefficient Da is assumed to be equal for K+ and non-K+ 
solutes, which simplifies the description of electrochemical dif-
fusion (Truc et al., 2000). The diffusion equation was solved 
numerically by the Crank-Nicolson method involving spatial dis-
cretization (details in the supplemental text). A flux boundary 
condition was applied at the plasma membrane (Eq. 14), with 
zero K+ flux at the opposite membrane. Because the astrocyte–
ECS boundary is nonstationary because of water flux, new mesh 
elements were added at the expanded boundary and a nonuni-
form mesh was used. The minimum mesh size was 1.5 nm, much 
less than astrocyte thickness of 10 µm, and the computational 
time step was generally 105 s.

In alternative variations of the model (see supplemental text), 
electroneutral K+ uptake by astrocytes was considered, as well as 
nonuniform ECS geometry. Model accuracy was confirmed from the 
insensitivity of computed [K+]e(t), [K+]a(t), and de(t) to time-step 

Tab  l e  1

Model equations

Equation type Equation Equation number

Membrane potential equation

Membrane potential  = (RT/F) ln[( + [K+]e)/( +[K+]a)] 1

Flux equations

Potassium flux JK
a = PK(F/RT)([K+]a  [K+]eexp(F/RT))/(1  exp(-F/RT))  JK

a
pump 2

Potassium pump flux JK
a
pump = 2JK

a
pump(0) [1 + [K+]e(0)/([K+]  [K+](0)  2[K+]e(0))] 3

Water flux JV
a = PfvW(e  a) 4

Differential equations for volume and concentration

ECS volume d(de)/dt = JV
a 5

Astrocyte volume d(da)/dt = JV
a 6

ECS [K+] d[K+]e/dt + (Jv
a/de)[K+] = JK

a/de 7

Astrocyte [K+] d[K+]a/dt  (Jv
a/da)[K+] = JK

a/da 8

Integral equations for osmolarity

ECS osmolarity e = e(0)/de + 2(∫JK
adt)/de 9

Astrocyte osmolarity a = a(0)/da-2(∫JK
adt)/da 10

Non-K+ osmolarity [non-K+]a = a(t + t)  2[K+]a 11

Diffusion equations

K+ diffusion [K+]/t = Da 2[K+]/x2 12

Non-K+ diffusion [non-K+]/t = Da 2[non-K+]/x2 13

Equation for flux through the moving membrane

Flux boundary condition [K+]a/t = JK
a / 14

http://www.jgp.org/cgi/content/full/jgp.201210883/DC1
http://www.jgp.org/cgi/content/full/jgp.201210883/DC1
http://www.jgp.org/cgi/content/full/jgp.201210883/DC1
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diagrams the computational approach, as detailed in 
the Model computations section.

Well-mixed model
In the well-mixed model, K+ and non-K+ solutes distrib-
ute instantaneously in the ECS and astrocyte compart-
ments in response to K+ and water transport (Fig. 3 A). 
Water uptake by astrocytes causes ECS shrinkage. Based 
on experimental data (Ransom et al., 1985), initial 
(resting) K+ concentrations, compartment volumes, 
and membrane potential were taken as: [K+]e = 5 mM, 
[K+]a = 140 mM, de = 2 µm, da = 10 µm, and  = 83 mV. 
A starting parameter set (PK = 1.2 × 105 cm/s, JK

n
o = 

108 mol/cm2/s, JK
a
pump(0) = 2.2 × 1011 mol/cm2/s) 

was specified to: (a) maintain stable [K+]e before neuro-
excitation; (b) increase [K+]e from 5 to 10 mM during 
brief neuroexcitation; and (c) return [K+]e to 5 mM 
with t1/2 5 s (Fig. 3 B).

Fig. 3 B shows the behavior of the well-mixed model for  
a water permeable astrocyte membrane (Pf = 0.04 cm/s). 
After brief (0.1 s) release of K+ by neurons into the ECS 

Verkman, 2008). Because K+ transport is rate-limiting, 
counterion (Cl) movement was taken implicitly to 
accompany K+ uptake into astrocytes to maintain elec-
troneutrality. Water transport across the astrocyte–ECS 
interface is driven osmotically from the difference in 
ECS and astrocyte osmolalities (sum of K+ and non-K+ 
solutes). AQP4 deletion was modeled as reduced astro-
cyte water permeability. Water transport between the 
ECS and astrocyte compartments results in displace-
ment of the astrocyte–ECS interface, with water uptake 
causing ECS contraction and astrocyte expansion. In 
the well-mixed model, the ECS and astrocyte compart-
ments were taken as well-stirred. In the diffusion-limited 
model, solute (K+ and non-K+) movement in astrocyte 
cytoplasm is diffusion-limited. The characteristics of 
the well-mixed and diffusion-limited models are first 
presented, investigating a broad range of model param-
eters. We then focus on the model parameters needed 
to account for experimental observations on effects  
of AQP4 deletion on K+ accumulation and reuptake 
from the ECS during and after neuroexcitation. Fig. 2 

Figure 3.  Predictions of the well-
mixed model. (A) Schematic of well-
mixed model showing neuronal K+ 
release into ECS, and astrocytic uptake 
of K+ and water causing ECS shrink-
age. (B) Time course of ECS potassium 
concentration ([K+]e) and volume (de), 
astrocyte membrane potential (), and 
astrocyte K+ and water flux (JK

a, JV
a) 

after neuronal excitation causing [K+]e 
increase from 5 to 10 mM. Parameters: 
Pf = 0.04 cm/s, JK

n
o = 108 mol/cm2/s, 

tn = 0.1 s, da = 10 µm, de = 2 µm, with 
the indicated PK. (C) Computations as 
in B for PK = 1.2 × 105 cm/s with the 
indicated Pf. (D) Computations as in B 
for PK = 1.2 × 105 cm/s, with the indi-
cated de. JK

n
o was adjusted to increase 

[K+]e from 5 to 10 mM. (E) Effect of 
magnitude of neuroexcitation. Com-
putations as in B, with PK = 1.5 × 105 
cm/s and JK

n
o = 5 × 108 mol/cm2/s, 

with the indicated Pf. (F) The effect of 
duration of neuroexcitation. Computa-
tions as in B, with PK = 1.3 × 105 cm/s, 
JK

n
o = 8 × 1010 mol/cm2/s, and tn = 10 s, 

with the indicated Pf.
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by astrocytes compared with the total solute content. 
To investigate whether Pf could influence the kinet-
ics of [K+]e when ECS shrinkage was more substan-
tial, computations were done with greater and more 
prolonged neuronal K+ release. Fig. 3 E shows that 
increasing neuronal K+ release to give peak [K+]e 
of 30 mM, though producing greater ECS shrink-
age, conferred little sensitivity of [K+]e to Pf. Fig. 3 F 
shows that increasing the duration of neuronal K+ re-
lease from 0.1 to 10 s further increased ECS shrinkage, 
but again conferred little sensitivity of [K+]e to Pf. Pro-
longed neuronal K+ release greatly increased the total 
amount of K+ taken up by astrocytes because uptake oc-
curs concurrently with neuronal K+ release. This pro-
duced a mild slowing of the return of [K+]e to baseline 
because K+ added to the ECS is diluted into a greater 
volume with consequent reduced driving force. Further 
computations using the well-mixed model are done  
below (see Fig. 6) for modeling of experimental data.

to increase [K+]e from 5 to 10 mM, [K+]e returned to 
baseline at a rate determined by PK. ECS contraction 
was minimal, <3%. JK

a and  changed rapidly after the 
increase in [K+]e and returned over time to baseline. 
Changes in Jv

a lagged because the finite water per-
meability prevents instantaneous osmotic equilibra-
tion. Fig. 3 C shows little effect of Pf on the kinetics 
of [K+]e. Though reduced Pf altered the kinetics of JK

a 
and Jv

a, as predicted, the relatively small magnitude of 
K+ uptake (5 mM) compared with total ECS/astrocyte 
solute content translated to minimal effect on [K+]e. 
Fig. 3 D shows the influence of ECS volume, de, on 
the kinetics of [K+]e, in which neuronal K+ release was 
adjusted to maintain the increase in [K+]e from 5 to 
10 mM. At constant PK, increasing de slowed the kinet-
ics of K+ reuptake because of the greater quantity of K+ 
taken up by astrocytes to return [K+]e to baseline.

The minor effect of Pf in the well-mixed model is 
related, in part, to the small amount of K+ taken up 

Figure 4.  Predictions of the diffusion-limited model 
for high astrocyte water permeability. Pf = 0.04 cm/s 
for computations in this figure. (A) Schematic show-
ing nonlinear and newly added mesh elements in 
astrocyte cytoplasm used for numerical solution  
of the diffusion equation. See text for explanation. 
(B) Time course of [K+]e, de, , JK

a, and JV
a after neu-

roexcitation for the indicated cytoplasmic diffusion 
coefficients, Da. Parameters: PK = 1.2 × 105 cm/s, 
JK

n
o = 108 mol/cm2/s, tn = 0.1 s, da = 10 µm, and 

de = 2 µm. (C and D) Astrocyte spatial distribution 
of [K+]a and [non-K+]a at the indicated times, with 
parameters as in B, for Da = 108 cm2/s (C) and t = 
5 s (D). (E) Effect of duration of neuroexcitation. 
Computations as in B, with PK = 1.3 × 105 cm/s, JK

n
o = 

8 × 1010 mol/cm2/s, and tn = 10 s.
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reduced Da had little effect on the kinetics of [K+]e re-
turn. Slight slowing was seen at reduced Pf when [K+]e 
was increased to 30 mM (Fig. 5 B), producing greater 
ECS shrinkage. Increasing [K+]e with prolonged neuro-
nal K+ release (Fig. 5 C) produced greater ECS K+ ac-
cumulation and faster recovery at high Pf because of 
greater ECS shrinkage. As shown in Fig. 5 D, the slowed 
return of [K+]e in the diffusion-limited model for low Da 
is the consequence of buildup of K+ at the astrocyte–
ECS interface, which is amplified at low Pf because of 
the impaired astrocyte swelling response.

Modeling experimental data on ECS K+ dynamics 
in AQP4 deficiency
Having characterized model predictions, three sets of 
experimental observations on brain/brain slices from 
AQP4 knockout mice were modeled to test the hypoth-
esis that AQP4-dependent K+ dynamics in the ECS are 
explicable on the basis of physicochemical consider-
ations alone, without requiring altered astrocyte K+ con-
ductance in AQP4 deficiency. Modeling was done for 
wild-type versus AQP4-deficient astrocytes, testing effects 
of ECS expansion in AQP4 deficiency (de = 2 vs. 2.4 µm) 
and restricted astrocyte diffusion.

The first set of experimental observations involves  
a hippocampal brain slice model in which brief electri-
cal stimulation (0.1 ms) produced small increases in 
[K+]e, which were reduced in magnitude in brain slices 
from AQP4 knockout mice (Strohschein et al., 2011). 
Fig. 6 A shows computations in the well-mixed and dif-
fusion-limited models with identical neuroexcitation 
strength and duration. Both models predicted an 20% 
reduction in maximum [K+]e in AQP4 deficiency only 
when ECS expansion (de = 2.4) was considered, which 
is in agreement with experimental data showing an 
20% reduced increase in [K+]e in brain slices from 
AQP4 knockout mice. AQP4 deficiency did not affect 
the t1/2 for return of [K+]e to baseline, which agreed 
with model predictions.

The second set of experimental observations involves 
a larger increase in [K+]e. In the hippocampal brain 
slice model, repetitive stimuli (20 Hz for 10 s) produced 
smaller increases and slowed recovery of [K+]e in the 
stratum pyramidale of AQP4 knockout mice (Strohs-
chein et al., 2011). In an in vivo direct cortical stimula-
tion model, AQP4 deficiency produced a delay in the 
rise and recovery of [K+]e after 1 s of stimulation (Binder 
et al., 2006). The repetitive pulsed simulation protocol 
was modeled, which predicted a smaller reduction in 
the increase in [K+]e when ECS expansion in AQP4 de-
ficiency was considered (Fig. 6 B, left and center), as 
found experimentally. The model also predicted the ex-
perimentally observed slowed recovery, as quantified by 
higher [K+]e at 20 s after stimulation in AQP4-deficient 
versus wild-type brain slices (Fig. 6 B, right, top) and 
slower relative t1/2 (Fig. 6 B, right, bottom). ECS expansion 

Diffusion-limited model
We reasoned that restricting solute diffusion could am-
plify the influence of Pf on the kinetics of [K+]e by a 
pseudo-solvent drag-like mechanism. In the diffusion-
limited model, diffusion of K+ and non-K+ solutes in 
astrocyte cytoplasm was described by a diffusion co
efficient, Da. Diffusion of K+ and non-K+ solutes occurs 
after transport of K+ and water from the ECS into the 
astrocyte cytoplasm. Buildup of K+ near the astrocyte–
ECS interface (and dilution of non-K+ solutes) with fi-
nite Da alters the electrochemical driving force for K+ 
transport and the osmotic driving force for water trans-
port, conferring model sensitivity to Da. As detailed in 
the supplemental text, a novel mathematical approach 
was developed to compute K+ and water transport/dif-
fusion for a nonstationary astrocyte–ECS interface re-
sulting from water influx. Our approach involved the 
addition of newly created mesh elements to a nonuni-
form mesh after K+ and water influx across the astro-
cyte–ECS interface (Fig. 4 A), “buffering” to eliminate 
effects of near-interfacial discontinuities, and compu-
tation of the diffusion of K+ and non-K+ solutes in the 
cytoplasmic compartment. The electrochemical driving 
force for K+ transport and the osmotic driving force for 
water transport were computed from concentrations of 
K+ and non-K+ solutes in astrocyte cytoplasm at the ECS-
facing limiting membrane.

The predictions of the diffusion-limited model were 
first examined for a water-permeable astrocyte mem-
brane (Pf = 0.04 cm/s) and for brief (0.1 s) neuroexcita-
tion. Fig. 4 B shows little effect of Da on [K+]e, de, JK

a, 
and Jv

a for a 100-fold range in Da from 106 to 108 
cm2/s. Fig. 4 C shows the time evolution of the cytoplas-
mic spatial profiles of [K+]a and [non-K+]a for Da of 108 
cm2/s. Because of the diffusion-limited redistribution 
of K+ in astrocyte cytoplasm, [K+]a was relatively concen-
trated at early times (albeit to a small extent when Pf 
is high) near the astrocyte–ECS interfacial membrane 
and reduced far from the interface. The spatial inho-
mogeneity in [K+]a dissipated over time. The spatial 
profile of [non-K+]a showed relative dilution near the 
astrocyte–ECS interface. Fig. 4 D shows the spatial pro-
files of [K+]a and [non-K+]a at 5 s at different Da. Greater 
inhomogeneity, albeit quite small, was seen with re-
duced Da, as expected. To investigate whether greater 
ECS shrinkage confers a greater influence of Da on the 
kinetics of [K+]e and on the inhomogeneity of [K+]a, 
computations were done with greater neuronal K+ re-
lease and duration, as was done for the well-mixed 
model in Fig. 3 F. Fig. 4 E shows little effect of Da on 
[K+]e, de, JK

a, and Jv
a with high Pf, even under conditions 

of greater ECS shrinkage. High Pf prevented substantial 
buildup of K+ near the astrocyte–ECS interface.

Fig. 5 A shows the effect of reduced Pf on the kinetics 
of [K+]e for brief (0.1 s) neuroexcitation. With astrocyte 
K+ release adjusted to increase [K+]e from 5 to 10 mM, 
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[K+]e diffusion was included. Fig. 6 C (inset) shows that 
a 50% change in t1/2 occurred for a 10-fold change 
in Pf.

Last, as described in the supplemental text, the ro-
bustness of key model assumptions about astrocyte 
K+ influx mechanisms and geometry was considered. 
Computations were done: (a) for an expanded astro-
cyte with de of 100 µm, (b) with inclusion of electro-
neutral (membrane potential–independent) K+ influx 
mechanisms representing astrocytic NKCC and KCC- 
facilitated K+ uptake, and (c) with nonuniform ECS 
thickness. Notwithstanding uncertainties in the selec-
tion of parameters required to model more complex 
transport mechanisms and ECS geometry, we found 
that the major model predictions with regard to Pf and 
diffusion-limited effects were insensitive to the precise 
ECS, the magnitude of electroneutral K+ influx, or the 
K+-coupling factor used in computations.

D I S C U S S I O N

The modeling here provided new insights on the mech-
anisms of apparent coupling of K+ and water transport 
in brain ECS and on the role of astrocyte water perme-
ability in K+ homeostasis in neuroexcitation. K+ uptake 

(de = 2.4) in AQP4 deficiency slightly slowed the recov-
ery (Fig. 6 B, left and center). The slowed return of 
[K+]e to baseline in AQP4 deficiency increases neuronal 
sensitivity in a nonlinear manner, causing prolonged 
neuronal firing and seizure activity, as found experi-
mentally (Binder et al., 2006). To quantify the fold change 
in Pf required for substantial alteration of ECS K+ dy-
namics in our model, the relative change in t1/2 (on a 
normalized y scale) is plotted as a function of Pf (Fig. 6 B, 
inset), showing 50% change in t1/2 for less than a 10-fold 
change in Pf.

The third set of experimental observations involves 
a model of cortical spreading depression, which is pro-
duced by propagating K+ waves in brain, resulting in a 
sustained increase in [K+]e to > 25 mM. In a mechanical 
stimulation (pin-prick) model of spreading depression, 
AQP4 knockout mice showed approximately twofold 
slowed recovery in [K+]e (Padmawar et al., 2005). Fig. 6 C 
shows predicted [K+]e for a 30-s stimulation producing 
an increase in [K+]e from 5 to 25 mM. AQP4 deficiency 
without ECS expansion (de = 2 µM) slowed [K+]e recov-
ery by 20%, with 50% slowing when ECS expansion 
was included (de = 2.4). A slowing of [K+]e recovery of ap-
proximately twofold, as found experimentally, was pre-
dicted in the diffusion-limited model when restricted 

Figure 5.  Water permeability effects 
in the diffusion-limited model. (A) Time 
course of [K+]e and de for the indicated 
Pf and Da. Parameters: PK = 1.2 × 105 
cm/s, JK

n
o = 108 mol/cm2/s, tn = 0.1 s, 

da = 10 µm, and de = 2 µm. (B) Ef-
fect of magnitude of neuroexcitation. 
Computations as in B, but with JK

n
o = 

5 × 108 mol/cm2/s to increase [K+]e 
from 5 to 30 mM. (C) Effect of dura-
tion of neuroexcitation. Computations 
as in C, with PK = 1.3 × 105 cm/s, JK

n
o = 

8 × 1010 mol/cm2/s, and tn = 10 s. 
(D) Spatial distributions of [K+]a and 
osmolarity (a) in astrocyte cytoplasm 
for the indicated Pf and Da, with param-
eters as in C.
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observed mild ECS expansion in AQP4 deficiency was 
necessary and sufficient to account for the reduced ac-
cumulation of K+ in the ECS during single or pulsed 
neuroexcitation. The slowed kinetics of K+ reuptake 
from the ECS after neuroexcitation was explained 
largely by indirect coupling of K+ and water transport 
involving dynamic ECS contraction in the well-mixed 
model, in which reduced astrocyte water permeability 
slowed ECS contraction and thus altered the electro-
chemical driving force for astrocyte K+ reuptake. How-
ever, quantitative agreement between model predictions 
and experimental observations on K+ reuptake required 
diffusion-limited solute transport in astrocyte cyto-
plasm, which amplified the effects of reduced Pf by cre-
ating a nonuniform spatial profile of K+ in astrocyte 
cytoplasm with buildup of K+ near the plasma mem-
brane. The K+ near the plasma membrane is diluted by 
water flux from the ECS into the astrocyte, opposing K+ 
buildup and maintaining membrane potential.

Our model focused on the question of under what 
conditions can electrochemical/osmotic coupling of 

by astrocytes in response to release from neurons pro-
duces an osmotic driving force for water uptake by 
astrocytes, which reduces ECS volume and hence con-
tributes to maintaining the electrochemical driving force 
for continued K+ uptake. Reduced astrocyte water per-
meability in AQP4 deficiency slows the change in ECS 
volume, resulting in slowed decay of [K+]e. Inclusion 
of diffusion-limited solute transport in astrocyte cyto-
plasm in the model amplified the sensitivity of K+ up-
take to Pf by a pseudo-solvent drag-like mechanism in 
which buildup of K+ in astrocyte cytoplasm at the ECS 
interface reduced the driving force for K+ uptake in a 
Pf-dependent manner. The modeling made predictions 
about the magnitude of reduction in astrocyte water 
permeability needed to account for experimental data, 
as well as solute diffusion in astrocyte cytoplasm.

Our results support the possibility that loss of AQP4-
dependent water transport can account for neuroexci-
tation phenotypes in AQP4 deficiency, without requiring 
direct AQP4/K+ channel coupling or alterations in astro-
cyte properties in AQP4 deficiency. The experimentally 

Figure 6.  Modeling of experimental observations of altered K+ dynamics in AQP4 deficiency. (A) Single neuron firing (tn = 0.1 ms). 
Time course of [K+]e modeled for wild type (WT) mice (Pf = 0.04 cm/s) and AQP4 knockout mice (AQP4/, Pf = 0.001 cm/s, de = 2 or 
2.4 µm) for well-mixed model (WMM, left) and diffusion-limited model (DLM, Da = 109 cm2/s, center). Parameters: PK

a = 1.2 × 105 cm/s, 
JK

n
o = 3.5 × 107 mol/cm2/s, and tn = 0.1 ms. (right) Relative increase [K+]e after neuroexcitation in WT vs. AQP4 knockout mice 

([K+]e
//[K+]e

+/+). (B) Repetitive pulsed neuronal excitation. (left and center) [K+]e in response to 20 Hz stimulation (tn = 
0.1 ms firing) for 10 s. Parameters: PK

a = 1.2 × 105 cm/s and JK
n

o = 2.1 × 107 mol/cm2/s. (right) [K+]e at 20 s (broken line) after 
neuroexcitation and relative half-times for return of [K+]e to baseline (t1/2

//t1/2
+/+). (inset) Pf dependence of t1/2 in the DLM 

(at fixed de of 2 µm), shown on a normalized y scale (denoted <t1/2>). A similar Pf dependence was seen for [K+]e (not depicted). 
(C) Prolonged neuronal firing. (left and center) [K+]e responses to 20 Hz stimulation for 30 s. Parameters: PK

a = 1.2 × 105 cm/s and 
JK

n
o = 3.45 × 107 mol/cm2/s. (right) Summary of t1/2

//t1/2
+/+. (inset) Pf dependence of <t1/2> in the DLM (at fixed de of 2 µm), 

shown on a normalized y scale.
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though their model explicitly included K+, Cl, Na+, and 
HCO3

, and their associated transporters, NKCC1, KCC1, 
and NBC. In addition to not considering diffusion-limited  
solute transport, other major differences in the Østby  
et al. (2009) model include allowance of water trans-
port through NKCC1, which was necessary to account 
for the experimental data, and lack of inclusion the Kir4.1 
K+ channel. As such, their interpretation of mechanisms 
of ECS volume and K+ dynamics are quite different from 
those here. Østby et al. (2009) concluded that none of 
the major basic membrane processes (Na/K/ATPase 
pump, passive ion transport, and osmotically driven 
water transport), or the added contribution from KCC1, 
were able to predict experimentally observed ECS shrink-
age, though the combined action of NBC and NKCC1, 
together with NKCC1-dependent water transport, in-
creased ECS shrinkage to experimentally observed  
levels. We would question the conclusions regarding 
NKCC1 of Østby et al. (2009), as NKCC1 deletion had a 
minimal effect on K+ reuptake after application of high 
extracellular K+ (Su et al., 2002). Our model here ac-
counts for experimental observations, without reliance 
on major electroneutral K+ transport or non-AQP4 water 
transport pathways, providing a simple explanation of 
observed ECS K+/water dynamics.

Several experimental studies have been reported on 
astrocyte K+ transporting mechanisms, though some 
with conflicting results. Kir4.1 is the major K+ buffer-
ing channel in astrocytes, with >80% reduction in K+ 
conductance after neuroexcitation with Ba2+ inhibition 
(Meeks and Mennerick, 2007); Kir4.1 knockout depo-
larizes astrocyte membrane potential, from 80 mV to 
45 to 60 mV (Djukic et al., 2007; Chever et al., 2010). 
The quantitative role of Kir4.1 in ECS K+ clearance, 
however, has been controversial, in part because of the 
different experimental systems and measurement meth-
ods. Two recent studies in Kir4.1 knockout mice showed 
slowed recovery of [K+]o after neuroexcitation. Haj-Yasein 
et al. (2011a) showed approximately twofold slowed  
recovery after 10 s of high-frequency (20 Hz) stimula-
tion; Chever et al. (2010) showed approximately  
twofold slowed recovery of [K+]o after 0.5–2 s of high-
frequency (10 Hz) stimulation, but failed to see any 
difference after 30 s of stimulation. Jauch et al. (2002) 
showed a greater increase in ECS K+ after Ba2+ in re-
sponse to a glutamate receptor agonist. However, 
other studies did not show significant effects of Ba2+ 
in brain slices, optic nerve, and retina (Xu and Karwoski, 
1994; Ransom et al., 2000; D’Ambrosio et al., 2002; 
Meeks and Mennerick, 2007).

NKCC1 may be also involved in K+ buffering. Several 
older studies showed partial reduction in stimulus and 
K+-evoked ECS shrinkage by the NKCC1 inhibitors 
bumetanide and furosemide, using intrinsic optical sig-
nal and tetramethylammonium measurement methods 
(Ransom et al., 1985; MacVicar et al., 2002). Studies in 

K+ and water transport account for the effects of AQP4 
deletion on K+ and water dynamics after neuroexcita-
tion. Our model did not attempt to describe the com-
plex three-dimensional geometry of brain cells and 
ECS, or the details of astrocyte K+ uptake mechanisms 
involving K+ channels, NKCC and KCC K+ cotransport-
ers, and the Na+/K+ pump. We did not model long-
range K+ spatial buffering and hence did not include 
the complexities of ion field migration in cytoplasm. 
To focus on K+/water transport coupling, we felt it was 
important to minimize the complexity of the model 
and the number of variables and parameters; the main 
parameters were K+ and volume, without explicit mod-
eling of Na+ and Cl, which would add so many vari-
ables as to negate the predictive value of the model. 
Electroneutrality was applied implicitly, considering 
both conductive and electroneutral K+ entry mecha-
nisms. With constraints imposed by experimental data, 
our model was highly constrained, allowing focused 
investigation of parameter space, including Pf, de, JK

n, 
tn, and Da. Electroneutral transport (NKCC and KCC), 
which was modeled separately, had little influence on 
key model predictions. Though model computations 
used one-dimensional geometry with uniform ECS thick-
ness, the potential influences of more complex geom-
etry were in effect considered by variations in de and 
da, and in Da. Also, computations done for a nonuni-
form ECS thickness did not affect key model predictions. 
Further refinement of the model here is anticipated as 
more experimental data become available on the ki-
netics of ECS K+ and volume following different types 
of neuroexcitation, as well as on ECS geometry and 
astrocyte transport mechanisms.

The modeling showed that a reduction in Pf, to simu-
late AQP4 knockout, predicted many of the observed 
qualitative features of the experimental data. The analysis 
in Fig. 6 showed that 50% of maximal effect on K+ dy-
namics (produced by increasing Pf from 0 to a very high 
level) required an 10-fold change in Pf. A sevenfold 
reduction in Pf was measured in well-differentiated as-
trocyte cultures from cortex of neonatal AQP4-deficient 
mice (Solenov et al., 2004). However, it is not possible 
to extrapolate absolute or relative Pf (in AQP4 defi-
ciency) from cell cultures to brain in vivo because of 
differences in AQP4 polarization, cell geometry (sur-
face-to-volume ratio), and AQP4 expression. It is likely 
that the fold reduction in Pf in AQP4 deficiency is 10 or 
greater in vivo based on the remarkable brain protec-
tion in models of cytotoxic edema, including water in-
toxication (Manley et al., 2000), and the much slowed 
brain water uptake after water intoxication as measured 
by infrared scattering (Thiagarajah et al., 2005). In cells 
outside of the brain, AQPs generally increase water per-
meability by 10-fold or greater (Verkman, 2012).

In prior modeling of ECS dynamics, Østby et al. (2009) 
did similar computations to the well-mixed model here, 
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in AQP4 knockout mice. In general, studies done in 
knockout mice are potentially confounded by altered 
expression of many genes, and, consequently, there may 
be phenotype changes that do not result directly from 
deletion of the gene of interest. In the case of AQP4 
knockout mice, mild ECS volume expansion at baseline 
(Binder et al., 2004; Yao et al., 2008; Zhang and Verkman, 
2010), mildly increased brain water content (Haj-Yasein 
et al., 2011b), greater shrinkage of the ECS in the hip-
pocampal CA1 region during neuroactivation (Haj-Yasein 
et al., 2012), reduced perivascular expression of -syn
trophin and dystrophin (Eilert-Olsen et al., 2012), re-
duced expression of a glutamate transporter (GLT-1; 
Zeng et al., 2007), and possibly altered cx43 expres-
sion (Strohschein et al., 2011) have all been reported.  
Impaired tissue water clearance has been consistently 
reported in AQP4 knockout mice, so prolonged astrocyte 
swelling after hippocampal stimulation could account 
for increased ECS shrinkage in the CA1 stratum radia-
tum (compartment with glial perisynaptic astrocyte pro-
cesses; Haj-Yasein et al., 2012). Our model predicts that 
astrocyte swelling, and hence ECS shrinkage, accom-
panies astrocytic water and K+ influx. Similarly, slowed 
efflux of intracellular astrocytic water after neuroexci-
tation could account for prolonged ECS shrinkage in 
AQP4 deficiency, a parsimonious explanation for the 
Haj-Yasein et al. (2012) results and consistent with our 
previous data (Binder et al., 2006). Though the effect of 
AQP4 deletion on ECS volume was taken into account 
in the modeling, it is difficult to evaluate the potential 
effects of other reported changes in AQP4 deficiency. 
More pertinent experimental studies await AQP4-selec-
tive inhibitors, if and when they will become available.

A technical challenge in the diffusion-limited model 
was the computation of coupled transport and diffusion 
of K+ and water for a nonstationary membrane inter-
face. Our approach involved transport of K+ and water 
into a buffer zone in astrocyte cytoplasm adjacent to the 
membrane interface, and computation of diffusion of 
K+ and non-K+ solutes in cytoplasm. We assumed diffu-
sion-limited redistribution only in astrocyte cytoplasm 
because diffusion in cytoplasm is expected to be slower 
than in the ECS (Dix and Verkman, 2008), and because 
cytoplasmic volume is much greater than ECS volume. 
The moving boundary problem was solved using a non-
uniform mesh with new mesh elements added near the 
plasma membrane with astrocyte expansion. The mesh 
elements were populated by newly transported K+ and 
water in a buffer zone, with subsequent redistribution 
of K+ and non-K+ solutes by diffusion. To our knowledge, 
this strategy has not been used previously for computa-
tions of diffusion with a moving boundary. The modeling 
approach here can be extended to investigate additional 
details of K+/water coupling. For example, AQP4 and 
Kir4.1 are highly expressed on astrocyte end-feet in 
contact with the blood vessels. Impaired polarization of 

astrocyte cell cultures suggest a greater contribution 
from NKCC1 versus Kir4.1 for high ECS K+ (>20 mM) 
than for low ECS K+ (<10 mM). Furosemide inhibited 
K+ influx by up to 50% at high ECS K+ (Walz and Hertz, 
1982; Walz and Hinks, 1985). NKCC1 knockout re-
duced K+ influx by 20% at high ECS K+ (Su et al., 
2002). Notwithstanding the different methods and sys-
tems studied, the available evidence supports the involve-
ment of both conductive and electroneutral astrocytic K+ 
transporting mechanisms, whose exact contributions are 
not clear and may change under different experimental 
conditions. The bulk of modeling in the paper assumed 
conductive astrocyte K+ uptake, though computations 
shown in the supplemental text, which include both 
conductive and electroneutral K+ uptake, show that the 
major conclusions regarding effects of astrocyte water 
permeability and solute diffusion are robust and insen-
sitive to the precise relative contribution of electroneu-
tral K+ uptake.

In general, modeling of membrane transport requires 
the selection of modeling equations and parameters, 
which, for the modeling of ECS K+/water dynamics 
here, is made challenging because of inconsistencies in 
the literature about the role of Kir4.1 and conductive 
versus neutral K+ transport in astrocyte swelling and K+ 
uptake, as mentioned in the previous paragraph, as well 
as the quite different experimental conditions such as 
the size, duration, and type of stimulus used to in-
creased ECS K+, and the various in vitro (astrocyte cul-
ture, brain slice, optic nerve) and in vivo model systems 
used. Model parameters for our computations came 
largely from experimental data in brain slices and optic 
nerve, though our conclusions are robust and did not 
depend on exact model parameters. Resting [K+]e from 
K+-selective electrode measurements in intact brain and 
ex vivo brain slices, as well as optic nerve, range from  
3 to 5 mM. We chose [K+]e = 5 mM from data in hippo-
campal slices and optic nerve (Ransom et al., 1985; Sick 
et al., 1987). ECS volume was taken as de = 2 µm, based 
on an mean astrocyte diameter of 10 µm (Allen and 
Barres, 2009) and an ECS volume fraction of 0.20 from 
tetramethylammonium (Syková and Nicholson, 2008) 
and fluorescent dye partitioning (Zhang and Verkman, 
2010) measurements. Membrane potential was chosen 
as 83 mV based on the experimental relationship 
of [K+]e and membrane potential in astrocytes (Chow 
et al., 1991). In brain slice studies, there is a “ceiling” level 
of 10–12 mM [K+]e in response to prolonged maximal 
stimulation (Somjen, 1979), which was not modeled 
here because of uncertainties in its mechanism and rel-
evance to the in vivo brain. In some computations, [K+] 
was increased from 5 to 30 mM to simulate cortical 
spreading depression.

Additional caveats should be noted in comparing 
model predictions to experimental data. Because AQP4 
inhibitors are not available, data were taken from studies 
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thermally induced seizures (Amiry-Moghaddam et al., 
2003), has been reported in -syntrophin knockout 
mice. Modeling may be informative to investigate the 
importance of perivascular transporter polarization for 
efficient ECS K+ clearance.

In conclusion, notwithstanding the caveats discussed 
above, our model supports the conclusion that ECS 
contraction during K+ uptake by astrocytes after neuro-
excitation, together with mild ECS expansion in AQP4 
deficiency, can account for experimental observations 
on AQP4-dependent ECS K+/water dynamics. Thus, 
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on the basis of physicochemical principles alone, with-
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