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Backward transfer entropy:
Informational measure for
_detecting hidden Markov
e models and its interpretations in
e thermodynamics, gambling and
causality

Sosuke Ito*?

The transfer entropy is a well-established measure of information flow, which quantifies directed
influence between two stochastic time series and has been shown to be useful in a variety fields of
science. Here we introduce the transfer entropy of the backward time series called the backward
transfer entropy, and show that the backward transfer entropy quantifies how far it is from dynamics
to a hidden Markov model. Furthermore, we discuss physical interpretations of the backward transfer
entropy in completely different settings of thermodynamics for information processing and the
gambling with side information. In both settings of thermodynamics and the gambling, the backward
transfer entropy characterizes a possible loss of some benefit, where the conventional transfer entropy
characterizes a possible benefit. Our result implies the deep connection between thermodynamics and
the gambling in the presence of information flow, and that the backward transfer entropy would be
useful as a novel measure of information flow in nonequilibrium thermodynamics, biochemical sciences,
economics and statistics.

In many scientific problems, we consider directed influence between two component parts of complex system.
To extract meaningful influence between component parts, the methods of time series analysis have been widely
used'=. Especially, time series analysis based on information theory* provides useful methods for detecting the
directed influence between component parts. For example, the transfer entropy (TE)>~ is one of the most influen-
tial informational methods to detect directed influence between two stochastic time series. The main idea behind
TE is that, by conditioning on the history of one time series, informational measure of correlation between two
time series represents the information flow that is actually transferred at the present time. Transfer entropy has
been well adopted in a variety of research areas such as economics?, neural networks®-1, biochemical physics!'>-1*
and statistical physics'>~*°. Several efforts to improve the measure of TE have also been done?*%2,

In a variety of fields, a similar concept of TE has been discussed for a long time. In economics, the statistical
hypothesis test called as the Granger causality (GC) has been used to detect the causal relationship between two
time series?>?*. Indeed, for Gaussian variables, the statement of GC is equivalent to TE?. In information theory,
nearly the same informational measure of information flow called the directed information (DI)?** has been
discussed as a fundamental bound of the noisy channel coding under causal feedback loop. As in the case of GC,
DI can be applied to an economic situation?®?, that is the gambling with side information**.

In recent studies of a thermodynamic model implementing the Maxwell’s demon®"*2, which reduces the
entropy change in a small subsystem by using information, TE has attracted much attention!*-151833-38 n this
context, TE from a small subsystem to other systems generally gives a lower bound of the entropy change in a
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subsystem!>183%, As a tighter bound of the entropy change for Markov jump process, another directed informa-
tional measure called the dynamic information flow (DIF)* has also been discussed®.

In this article, we provide the unified perspective on different measures of information flow, i.e., TE, DI, and
DIE To introduce TE for backward time series'*, called backward transfer entropy (BTE), we clarify the relation-
ship between these informational measures. By considering BTE, we also obtain a tighter bound of the entropy
change in a small subsystem even for non Markov process. In the context of time series analysis, this BTE has
a proper meaning: an informational measure for detecting a hidden Markov model. From the view point of the
statistical hypothesis test, BTE quantifies an anti-causal prediction. These fact implies that BTE would be a useful
directed measure of information flow as well as TE.

Furthermore, we also discuss the analogy between thermodynamics for a small system and the gambling
with side information**. To considering its analogy, we found that TE and BTE play similar roles in both settings
of thermodynamics and gambling: BTE quantifies a loss of some benefit while TE quantifies some benefit. Our
result reveals the deep connection between two different fields of science, thermodynamics and gambling.

32,44,45

Results
Setting. We consider stochastic dynamics of interacting systems X and ), which are not necessarily Markov
processes. We consider a discrete time k (=1, ..., N), and write the state of X' ())) at time k as x; (y;). Let
= g o X} (yk(l): = > -+ Y_4 1) be the path of system A’ (V) from time k— 41 to k where [ > 1 is
the length of the path. The probability distribution of the composite system at time k is represented by p(X; = x;,
Y, =), and that of paths is represented by p (X; o — ,Ek) Y(k) (k) ), where capital letters (e.g., X;) represent
random variables of its states (e.g., x;).

The dynamics of comp051te system are characterized by the conditional probability p(X, , = x;,
Y = yk+1|X(k) = x( ), ( = y( ) such that

(k+1) (k+1) (k+1) (k+1)
Py = X Yien i1 )
k k k k k k k k
=P X1 = Xpqp Vi = }’kH‘Xk( )= xlg 8 YIE : :)’k( ))P(XIS )= x,f 8 Yk( : :)’k( ), (1)

where p(A =a|B=0b):=p(A=a, B="b)/p(B=b) is the conditional probability of a under the condition of .

Transfer entropy. Here, we introduce conventional TE as a measure of directed information flow, which is
defined as the conditional mutual information* between two time series under the condition of the one’s past. The
mutual information characterizes the static correlation between two systems. The mutual information between X
and Y at time k is defined as

PXp=x Y=y,
IXp Y= ) pXy =%, Y =y)n .
B Lk %k k= %p Y=Y PXy = x)p (Y =y,) 2)

This mutual information is nonnegative quantity, and vanishes if and only if x; and y, are statistically inde-
pendent (i.e., p(X; = xp, Y =) = p(Xi = x)p(Yi=y))* This mutual information quantifies how much the state
of y, includes the information about x;, or equivalently the state of x; includes the information about y,. In a same
way, the mutual information between two paths x{” and y(l )is also defined as

) _ (1) (I _ (l')
D, vy, _ D) I _ (T X7 = x5 Yy )
10 v = 3 pxP =5, v = ( /)n D — ) (v = (z)
Dy PX7 = x)p(Yy ) 3)

While the mutual information is very useful in a variety fields of science?, it only represents statistical corre-
lation between two systems in a symmetric way. In order to characterize the directed information flow from X to
Y, Schreiber® introduced TE defined as

e — (l) (l +1) (l) (1)
TXIEDHYIEI':}I)._ I Y ) — T s Y '), (4)

with k <k’. Equation (4) implies that TET , X0y sD is an informational difference about the path of the system A’
that is newly obtained by the path of the system Y from time K’ to K’ + 1. Thus, TET X{_y(+n can be regarded as

a directed information flow from X" to ) at time k. This TE can be rewritten as the condltlonal mutual informa-
tion? between the paths of X' and the state of ) under the condition of the history of J:

1
oy = 10 Yy +1|Y<l )
- O _ () y(d'+1) (I'+1)
= p = 1, D = )
(l) Ty k'+1 k'+1
RO

1} 1 b 1
POy = o X0 = 0 Y0 = 50)

1 _ 1@
p(Yk-%—l_yk_'.]‘Y]g')_ ’)

x In
(5)
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Figure 1. Schematics of TE and BTE. Two graphs (a) and (b) are the Bayesian networks corresponding to the

joint probabilities p(Xy =2 Y=y Yit1 =y 1) =pXie=xp(Yi =y Xe =x)p(Yer =yi1[Xx =2 Yi=y,) and
PXoni1 =% Y=Y Yer1=Yks1) =PV =Ym)P Y1 =1 Yor = Y)P 11 = X 1| Yo 1 =1 1> Y =Yo)s
respectively (see also refs 15, 37 and 60). (a) Transfer entropy T X0y, corresponds to the edge from X; to

Y}, on the Bayesian network. f TET XP-y@, is zero, the edge from Xk to Y, vanishes, i.e, p(Xy=2x, Y=

Yir1 =YD =pXe=x0p(Vi=yi| X, = xk)p( Yk 11=Yes1| Ys=)- (b) Backward transfer entropy T XjOyi®
corresponds to the edge from Y, to X, on the Bayesian network. f BTET X[ y]@ is zero, the edge from Y, to
Xm+1 Va.mshes, Le. ’P( m+1 _xm+1) _ym» m+1 _ym-H) _p(Y _ym)P(Ym+1 _ym+1| Y, _ym p(Xm-H - m+1| Ym+l _ym+1)

which 1mp11es that TE is nonnegative quantity, and vanishes if and only if the transition probability in
’ r

from yk, ) to Yi41 does not depend on the time series xlgl), ie, p(Yp,, = yk,+1| IE” = x,E”, Yly) (’))_

Y= yk,+1|X,§l) =%, v = (l))) [see also Fig. 1(a)].

Backward transfer entropy. Here, we introduce BTE as a novel usage of TE for the backward paths. We
first consider the backward path of the system X (V); ) s = {xy s s Xy_gt} (ykT( = Wnkar o Yyt
which is the time-reversed trajectories of the system X’ ()) from time N— k+Ito N— k+ 1. We now introduce
the concept of BTE defined as TE for the backward paths

T pren = IO TR) = 1G5 ¥0) = 1605 ¥, Y0, 0, ©

with m=N—k, m'=N—k and k <k'. In this sense, BTE may represent “the time-reversed directed information
flow from the future to the past” However BTE is well defined as the conditional mutual information, it is non-
trivial if such a concept makes any sense information-theoretically or physically where stochastic dynamics of
composite system itself do not necessarily have the time-reversal symmetry.

To clarify the proper meaning of BTE, we compare BTE T X[y @ with TET X [see Fig. 1]. Transfer
+1

- YIEZ)l
entropy quantifies the dependence of X} in the transition from time Y to Y}, [see Fig. l(aﬁ. In the same way, BTE
quantlﬁes the dependence of Y,, in the correlation between X, ; and Y, , [see Fig. 1(b)]. Thus, BTE implies how

X1 depends on Y, , without the dependence of the past state Y,,,. In other words, BTE Ty +0) ~y® ) is nonnegative
and vanishes if and only if a Markov chain Y,,— Y, | — X, exists, which implies that nynamlcs of X are given

by a hidden Markov model. In general, BTET , + X[y is nonnegative and vanishes if and only if a Markov chain

0] ) _ [ (l)
P Xl = Xt Yo = ¥ Yooy = )

m Yt sv

! 1 I 1 I 14
=PV = 2,00V ly = 3 | Vo = 2, K = X VS = 3500, @)

exists. Therefore, BTE from X’ to )’ quantifies how far it is from composite dynamics of X and ) to a hidden
Markov model in X'

Thermodynamics of information. We next discuss a thermodynamic meaning of BTE. To clarify the
interpretation of BTE in nonequilibrium stochastic thermodynamics, we consider the following non-Markovian
interacting dynamics

k k k k
X0 = 5, ¥{0 = {0 =

_ _ X pY
P X1 = Xpeyp Y1 = Yrs1 Py P

v (P = x| X=X Y, =y, ) (k=2 n+ 1),

e P Xy = X[ Xp = % Yy =) (k < m),

v PV =y Y=y Xiey = %) (k>n+1),

ke P =y Y=y X1 =x) (k < n), ®)

where a nonnegative integer # represents the time delay between X and ). The stochastic entropy change in heat
bath B attached to the system X' from time 1 to N in the presence of }** is defined as
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Asg: = In
o Qb ©)

where

X = Xy = x50 Yy =y, ) (k=n+1),

Qi =
s PB(Xk = x| Xip1 = Xppp Y1 = J’l) (k <nj, (10)

is the transition probability of backward dynamics, which satisfies the normalization of the probability
2, QkX+1 = 1. For example, if the system X and ) does not include any odd variable that changes its sign with the
time-reversal transformation, the backward probability is given by pp(Xi = x| Xjs 1 = Xks 1> Yien = Vi) =P Xii1
= x4 X=X 1 Vi =i ) With k> n+1 (pp(Xe = x| Xy = Xp11, Y =p1) =p(Xpy ) = 5| Xy =211, Y =) with
k <n). This definition of the entropy change in the heat bath Eq. (9) is well known as the local detailed balance or
the detailed fluctuation theorem*. We define the entropy change in X and heat bath as

AS g = Z P(XI(\IN) = xz(\zN)’ YI(\IN) = yIEIN))[ASB + Asyl,
™) ()
N OIN (11)

where Asy:= —In p(Xy = x5) + In p(X; = x;)is the stochastic Shannon entropy change in X'.
For the non-Markovian interacting dynamics Eq. (8), we have the following inequality (see Method);

n N-1

“ASyp <= Txlm)ﬁyzlllcm - TX{I)HY&T) - > [TXL(LLYLU;H) - TX;EIJﬁY;?fll)
k=1 k=n+1
7I(XN; YN) + I(X1§ Yl) (12)
n N-1
SZTX{”HY,E"Q” + > TX;EIJHHY&T) +I(X;Y).
k=1 k=n+1 (13)
We add that the term Skl Txi W_y] G+ — TXI(DHYIETEU] vanishes for the Markovian interacting dynamics

(n=0).

These results [Eqs (12) and (13)] can be interpreted as a generalized second law of thermodynamics for the
subsystem &’ in the presence of information flow from X to ). If there is no interaction between X" and Y, infor-
mational terms vanish, i.e., TXIT(I)_)Y;ikIJrl) =0 TXfl)—*Y;ﬁlfJ” =0 TX’EH”_)Y’EI:EI) =0 Txfgn—’yilfﬁn = 0,1 XYy =0
and I(X}; Y;) =0. Thus these results reproduce the conventional second law of thermodynamics AS ,; > 0, which
indicates the nonnegativity of the entropy change in X and bath®. If there is some interaction between X and ),
AS 15 can be negative, and its lower bound is given by the sum of TE from X to Y and mutual information between
X and ) at initial time;

n N—-1
I(X;Y) + ZTXl(l)—’nyfln + Z TX;EI-)n—’YIETf) (n>1)
In(XI(\IN) R YJ(VN))': k=1 k=n+1
’ N-1
I(X Y)) + 3 Ty yn (n=0),
k=1 (14)

which is a nonnegative quantity I” (XI(\,N ) YI(VN )Y > 0. In information theory, this quantity 1° (XI(\,N ) YI(\,N )yis
known as DI from & to }?’. Intuitively speaking, — AS 5 quantifies a kind of thermodynamic benefit because its
negativity is related to the work extraction in & in the presence of Y*2. Thus, a weaker bound (13) implies that the
sum of TE quantifies a possible thermodynamic benefit of X" in the presence of ).

We next consider the sum of TE for the time-reversed trajectories;

n N-1
IXy; Yy) + D Txioyien + 3 Txioyien (n>1)
I?I (X;](N) N YI'I\‘](N)) — k=1 k=n+1
N-1
IXy: Yy + ZTX;(”*YM“) (n=0),
e (15)

which is given by the sum of BTE and the mutual information between & and ) at final time. A tighter bound
(12) can be rewritten as the difference between the sum of TE and BTE;

“ASpy < I"XN S Y — (Y - v Ny < ' x (Y — YY), (16)

This result implies that a possible benefit I" (XY — Y\™) should be reduced by up to the sum of BTE
"X — vy, Thus, the sum of BTE means a loss of thermodynamic benefit. We add that a tighter bound
"M — vy — 1" (xi™ — vi™)is not necessarily nonnegative while a weaker bound I" (X)) — Y{V)
is nonnegative.
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We here consider the case of Markovian interacting dynamics (n = 0). For Markovian interacting dynamics,
we have the following additivity for a tighter bound [see Supplementary information (SI)]

) — v = 1™ — v

N-1
= 2 I = V) - 1% — V%0

k=1 (17)
where the sum of TE and BTE for a single time step I° (Xk(2+)1 — ,821) and J° (X2 T(Z) 1 ;,(2}( +1) are defined as
X — VD= T(X Yy) + Tx_y@ and "%, — V%) —I(Xk+1> Vi) + Txio-vi@,
respectively. This additivity 1mphes that a tighter bound for multi time steps is equivalent to the sum of
a tighter bound for a single time step I (X(<2H — Y(+>1) I (X;,Q+1 Yl:r,&2 ) = IXp Y, Y h)—
I(Xp 5 {Yg, Yppq}). We stress that a tighter bound for a single time step has been derived in ref. 13. We next
consider the continuous limit x, = x(t = kAf), y, = y(t =kAt), and N= O(At™!), where t denotes continuous time,
At<1is an infinitesimal time interval and the symbol O is the Landau notation. Here we clarify the relationship
between a tighter bound (16) and DIF* (or the learning rate'®) defined as IZ{OW: =I(Xy, 2 Yy) — I(X: Y)p). For
the bipartite Markov jump process'® or two dimensional Langevin dynamics without any correlation between
thermal noises in X and Y*°, we have the following relationship [see also SI]

' — v - 1°x{%,, - v 9, ) = — I, + 0(A). (18)

Thus a bound by TE and BTE is equivalent to a bound by DIF for such systems in the continuous limit, i.e.,
“AS <X — YY) — 10O — YWy = SNUIE L 4+ O(AD).

Gambling with side information. In classical information theory, the formalism of the gambling with side
information has been well known as another perspective of information theory based on the data compression
over a noisy communication channel**. In the gambling with side information, the mutual information between
the result in the gambling and the side information gives a bound of the gambler’s benefit.

This formalism of gambling is similar to the above-mentioned result in thermodynamics of information. In
thermodynamics, thermodynamic benefit (e.g., the work extraction) can be obtained by using information. On
the other hand, the gambler obtain the benefit by using side information. We here clarify the analogy between
gambling and thermodynamics in the presence of information flow. To clarify the analogy between thermody-
namics and gambling, BTE plays a crucial role as well as TE.

We introduce the basic concept of the gambling with side information given by the horse race**. Let y; be the
horse that won the k-th horse race. Let f, >0 and o, > 0 be the bet fraction and the odds on the k-th race, respec-
tively. Let m, be the gambler’s wealth before the k-th race. Let s, be the side information at time k. We consider the
set of side information x;,_; = {51, - sk 1}> which the gambler can access before the k-th race. The bet fractlon f
is given by the functlon fr O, \ yk ), X with k> 2, and f,(y,|x,). The conditional dependence {yk ), Xp_1}

({xhof f, (| yk 1 ) X 1) (f(y1|x1)) implies that the gambler can decide the bet fraction f; (f;) by cons1der1ng the
past information {y(_ v X1} ({x1}). We assume normalizations of the bet fract10nsZ f A | yk ) n, X =1
and Zylfl (y,1x) = 1, which mean that the gambler bets all one’s money in every race. We also assume that
Eyk 1/0,(y,) = 1. This condition satisfies if the odds in every race are fair, i.e., 1/0x(y;) is given by a probability of

k.

The stochastic gambler’s wealth growth rate at k-th race is given by

My
= In —L = In[f,( READIACH)
gk m, [fk )’k| 1 k—1 kyk (19)
withk>2[g:= In(m,/m)) = f, (y,|x)o,(y)], which implies that the gambler’s wealth stochastically changes
due to the bet fraction and odds. The information theory of the gambling with side information indicates that the
ensemble average of total wealth growth G:= 3=, ), y® p(Xy N — M) Yy = (N NN g ] is bounded by the
sum of TE (or DI) from X to Y?®?° (see Method);

E (In o) — S(Y{) + 1I°XYY — Y{) 0
k=1 20

<1°x™ — y{M), (1)

where (---) =X, ), <N>p(X(N) (N) Y(N) (N)) .- indicates the ensemble average, and S(YI(\,N)):z
—(In p(YV) = y(N ) )) is the Shannon entropy of Y{"). This result (21) implies that the sum of TE can be inter-
preted as a possible benefit of the gambler.

We discuss the analogy between thermodynamics of information and the gambling with side information. A
weaker bound in the gambling with side information (21) is similar to a weaker bound in thermodynamics of
information (16), where the negative entropy change —AS,; corresponds to the total wealth growth G. On the
other hand, a tighter bound in the gambling with side information (20) is rather different from a tighter bound by
the sum of BTE in thermodynamics of information (16). We show that a tighter bound in the gambling is also
given by the sum of BTE if we consider the special case that the bookmaker who decides the odds o cheats in the
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Bet fx . ’
/ Y1

Side information Horse race

Bookmaker

Figure 2. Schematlc of the special case of the horse race. The gambler can only access the past side information x;_,
and the past races y* ) = { Yy -+ ¥ b and decides the bet fraction f; on the k-th race. The bookmaker makes
some cheating whic! can access the future side information Xi,1 and the future races y W=k — () o o Yy pand
decides the odds on the k-th race.

horse race; The odds o, can be decided by the unaccessible side information x;,, and information of the future
races yISIN k) [see also Fig. 2]. In this special case, the fair odds of the k-th race oy can be the conditional probability
of the future information 1/o(y,) = p(Y; = |Y(N—k) IEIN M Xy = x,) with k< N—1, and
1/on(yn) = p(Yy=yn|Xy=2xy). The inequality (20) can be rewritten as

G<I"XY - v —1° ™ = v W) < 1°x Y — YY), 22)

which implies that the sum of BTE I°(X{ — Y?) — 1°(X{™ — v ™) represents a loss of the gambler’s
benefit because of the cheating by the bookmaker who can access the future information with anti-causality. We
stress that Eq. (22) has a same form of the thermodynamic inequality (16) for Markovian interacting dynamics
(n=0). This fact implies that thermodynamics of information can be interpreted as the special case of the gam-
bling with side information; The gambler uses the past information and the bookmaker uses the future informa-
tion. If we regard thermodynamic dynamics as the gambling, anti-causal effect should be considered.

Causality. We here show that BTE itself is related to anti-causality without considering the gambling. From
the view point of the statistical hypothesis test, TE is equivalent to GC for Gaussian variables®. Therefore, it is
naturally expected that BTE can be interpreted as a kind of the causality test.

Suppose that we consider two linear regression models

Whi=at ol ex) Ate (23)

l/
y,f,lll =ad + (J’k(' oA+ €, (24)

where a (') is a constant term, A (A’) is the vector of regression coefficients, @ denotes concatenation of vectors,
and € (¢/) is an error term. The Granger causality of X’ to ) quantifies how the past time series of X’ in the first
model reduces the prediction error of yk(,l) compared to the error in the second model. Performing ordinary
mean squares to find the regression coefficients A (A’) and « (o) that minimize the variance of € (¢’), the standard
measure of GC is given by

var(e')

Fyo_yo+n:= In ,
Ko var (e) (25)

where var(e) denotes the variance of e. Here we assume that the joint probability p (X" = x, Y,Elrll) k(,l:rll))
is Gaussian. Under Gaussian assumption, TE and GC are equivalent up to a factor of 2,

2o = Fxpoviiny: (26)
In the same way, we discuss BTE from the view point of GC. Here we assume that the joint probability
/ U U
p(X,(,fZr = x,(nl s Y,(n’,”Jl) = yﬂ,jll,)) is Gaussian. Suppose that two linear regression models
T !
ykT/(Jrli—Oé +(y()69xT()) AT+€, 27)
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¥ T
yk’(Jrli — a/T + (yk’( )) . AHL + ET, (28)

where af (o'") is a constant term, AT (A7) is the vector of regression coefficients and ¢ (e”) is an error term. These
linear regression models give a prediction of the past state of ) using the future time series of X and ). Intuitively
speaking, we consider GC of X to ) for the rewind playback video of composite dynamics X’ and ). We call this
causality test the Granger anti-causality of X’ to ). Performing ordinary mean squares to find A" (A’") and af
(') that minimize var(eT) (var(e’T)), we define a measure of the Granger anti-causality of X to ) as
F X} Oy}t = In [var(e")/var(e")]. The backward transfer entropy is equivalent to the Granger anti-causality
up to factor 2,

2T oy 0 = F g 0y G- (29)
This fact implies that BTE can be interpreted as a kind of anti-causality test. We stress that composite dynam-

ics of X and ) are not necessarily driven with anti-causality even if a measure of the Granger anti-causality

F i 0_yta+n has nonzero value. As GC just finds only the predictive causality**?, the Granger anti-causality also
k k41

finds only the predictive causality for the backward time series.

Discussion

We proposed that directed measure of information called BTE, which is possibly useful to detect a hidden Markov
model (7) and predictive anti-causality (29). In the both setting of thermodynamics and the gambling, the meas-
urement of BTE has a profitable meaning; the detection of a loss of a possible benefit in the inequalities (16) and
(22).

The concept of BTE can provide a clear perspective in the studies of the biochemical sensor and thermody-
namics of information, because the difference between TE and DIF has attracted attention recently in these
fields'**>. In ref. 14, Hartich et al. have proposed the novel informational measure for the biochemical sensor
called sensory capacity. The sensory capacity is defined as the ratio between TE and DIFC: = — Ifll(ow/ Txo_y@ -
Because DIF can be rewritten by TE and BTE [Eq. (18)] for Markovian interacting dynamics, we have the follow-
ing expression for the sensory capacity in a stationary state,

Ty _yi@
xiW -y
C 1 N—k N—k+1 ,
1 2
1 x{—-v2) (30)

where we used I(X;., ;; Y;,,) =I(X}; Y}) in a stationary state. This fact indicates that the ratio between TE and BTE
could be useful to quantify the performance of the biochemical sensor. By using this expression (29), we show
that the maximum value of the sensory capacity C=1 can be achieved if a Markov chain of a hidden Markov
model Y, — Y, — X, exists. In ref. 35, Horowitz and Sandberg have shown a comparison between two ther-
modynamic bound by TE and DIF for two dimensional Langevin dynamics. For the Kalman-Bucy filter which
is the optimal controller, they have found the fact that DIF is equivalent to TE in a stationary state. This idea can
be clarified by the concept of BTE. Because the Kalman-Bucy filter can be interpreted as a hidden Markov model,
BTE should be zero, and DIF is equivalent to TE in a stationary state.

Our results can be interpreted as a generalization of previous works in thermodynamics of information*-*, In
refs 46 and 47, S. Still et al. discuss the prediction in thermodynamics for Markovian interacting dynamics. In our
results, we show the connection between thermodynamics of information and the predictive causality from the
view point of GC. Thus, our results give a new insight into these works of the prediction in thermodynamics. In
ref. 48, G. Diana and M. Esposito have introduced the time-reversed mutual information for Markovian interact-
ing dynamics. In our results, we introduce BTE, which is TE in the time-reversed way. Thus, our result provides
a similar description of thermodynamics by introducing BTE, even for non-Markovian interacting dynamics.

We point out the time symmetry in the generalized second law (12). For Markovian interacting dynamics, the
equality in Eq. (12) holds if dynamics of X has a local reversibility (see SI). Here we consider a time reversed
transformation 7: k — N — k + 1, and assume a local reversibility such that the backward probability
Ps(A = a|B=">) equals to the original probability p(A = a|B=b) for any random variables A and B. In a time
reversed transformation, we have 7: ASy; — — ASys T I"(XWY — Y™ — 1"(xi™ — v;™) and
T I" (XIT,(N) — Y]:](N)) —I" (XI(\,N) — Y,i,N) ). The generalized second law Eq. (12) changes the sign
in a time reversed transformation, 7: [0 < AS + I"(XY — Y — I"(xi™ — v[M) -
[0< — (ASyz +I" (XI(\,N) — Y;\,N)) —I" (X;:,(N) — YIE<N) ))]- Thus, the generalized second law (12) has the same
time symmetry in the conventional second law, i.e., 7:[0 < AS, ;] — [0 < — AS,,] even for non-Markovian
interacting dynamics, where AS,, is the entropy change in total systems. In other words, the generalized second
law (12) provides the arrow of time as the conventional second law. This fact may indicate that BTE is useful as
well as TE in physical situations where the time symmetry plays a crucial role in physical laws.

We also point out that this paper clarifies the analogy between thermodynamics of information and the gam-
bling. The analogy between the gambling and thermodynamics has been proposed in ref. 49, however, the anal-
ogy between Eqs (16) and (22) are different from one in ref. 49. In ref. 49, D. A. VinKkler et al. discuss the particular
case of the work extraction in Szilard engine, and consider the work extraction in Szilard engine as the gambling.
On the other hand, our result provides the analogy between the general law of thermodynamics of informa-
tion and the gambling. To clarify this analogy, we may apply the theory of gambling, for example the portfolio
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theory®®*!, to thermodynamic situations in general. We also stress that the gambling with side information
directly connects with the data compression in information theory*. Therefore, the generalized second law of
thermodynamics may directly connect with the data compression in information theory. To consider such appli-
cations, BTE would play a tricky role in the theory of the gambling where the odds should be decided with
anti-causality.

Finally, we discuss the usage of BTE in time series analysis. In principle, we prepare the backward time series
data from the original time series data, and do a calculation of BTE as TE. To calculate BTE, we can estimate how
far it is from dynamics of two time series to a hidden Markov model, or detect the predictive causality for the
backward time series. In physical situations, we also can detect thermodynamic performance by comparing BTE
with TE. If the sum of BTE from the target system to the other systems is larger than the sum of TE from the target
system to the other systems, the target system could seem to violate the second law of thermodynamics because
of the inequality (16), where the other systems play a similar role of Maxwell’s demon. Therefore, BTE could
be useful to detect phenomena of Maxwell’s demon in several settings such as Brownian particles®**, electric
devices®**, and biochemical networks!>>¢-%,

Method

The outline of the derivation of inequality (12). We here show the outline of the derivation of the gen-
eralized second law (12) [see also SI for details]. In SI, we show that the quantity
ASyp + I"(Xy XN Y(N)) I”(XT(N) YT(N)), can be rewritten as the Kullbuck-Leiber divergence

KL<pHp) = Z 0,0 G, YOI G, y )3, ) Fwherep (), y ) = p (x0) = £,
= )/( )andp( &, (N)) PXy = xx, Yy =y Moo Py Xy = x| Xy = %y Yoy =y )
—nP(Y P = |Ym 1= Yy XN = X5) Tt Py (X = XXy = X4 Yy = ) N—;‘ 'p(Y,—=

Vi |Yerl v m+n+l = X, n41)> are nonnegative functions that satisfy the normalizations
Z ), p(xN &5, (N )=land}_ @, plxy ), y(N ))=1. Due to the nonnegativity of the Kullbuck-Leiber diver-
gence, we obtain the 1nequahty(12) 1e ASXB + 1" (X(N) — Y(N)) I’ (XﬂN) — YT(N)) > 0. We add that the

integrated fluctuation theorem corresponding to the inequality (12) is also valid, i.e.,

Yo, yIS,N))exp(f Infp(xy", yN NI, }’IE;N))]) =1

The outline of the derivation of inequality (20).  We here show the outline of the derivation of the gam-
bling inequality (20) [see also SI for details]. The quantity —G + ZkN (In o) — S(Y(N)) + IO(XI(\,N) — Yﬁ,N))
can be rewritten as the Kullbuck-Leiber divergence DKL(p || ), where p (x Ny Wy, — p(x N = £V, Y(N ) = (N )

N >
and 7 (x{", (N)) =f,0,lp X, = x) IS p(Xyyy = Xl Vi % » Xy = xk)fk+1(}’k+1| ’xk) are
nonnegative funct1ons that satisfy the normalizations -, . , @ p(xN), yN ) land} 0 o) (x! S(, yN =1
Due to the nonnegativity of the Kullbuck- Lelber dlvergence we have the 1nequal1ty (20), i.e.,
~G+ 2N (In o) — SOYW) + (XY — YV) > 0.
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