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ABSTRACT: We calculate complete basis set (CBS) limit-
extrapolated ionization potentials (IPs) and electron affinities
(EA) with Slater-type basis sets for the molecules in the GW100
database. To this end, we present two new Slater-type orbital
(STO) basis sets of triple-(TZ) and quadruple-{ (QZ) quality,
whose polarization is adequate for correlated-electron methods and
which contain extra diffuse functions to be able to correctly
calculate EAs of molecules with a positive lowest unoccupied
molecular orbital (LUMO). We demonstrate that going from TZ to
QZ quality consistently reduces the basis set error of our computed
IPs and EAs, and we conclude that a good estimate of these
quantities at the CBS limit can be obtained by extrapolation. With mean absolute deviations (MAD) from 70 to 85 meV, our CBS
limit-extrapolated IP are in good agreement with results from FHI-AIMS, TURBOMOLE, VASP, and WEST, while they differ by
more than 130 meV on average from nanoGW. With a MAD of 160 meV, our EA are also in good agreement with the WEST code.
Especially for systems with positive LUMOs, the agreement is excellent. With respect to other codes, the STO-type basis sets
generally underestimate EAs of small molecules with strongly bound LUMOs. With 62 meV for IPs and 93 meV for EAs, we find
much better agreement with CBS limit-extrapolated results from FHI-AIMS for a set of 250 medium to large organic molecules.

1. INTRODUCTION

Over the last years, the GW approximation (GWA)' has
become a popular method to calculate charged excitations in
finite systems.””” While formally more rigorous, fully self-
consistent GW (scGW) calculations are relatively expensive
and not necessarily very accurate for the calculation of
ionization potentials (IPs) and electron affinities (EAs) for
molecular systems.”'? Instead, the perturbative G,W, approach
is often the preferred alternative since it is computationally less
demanding than scGW and can give significantly more accurate
quasiparticle (QP) energies, provided that it is based on a
suitable reference.”®"’

Ideally, the result of a GyW, calculation should be
independent of the particular implementation of the method.
In practice, however, choices regarding the numerical
representation of the involved quantities must be made,
including the choice of a single-particle basis as well as a
discretization of frequency and/or time variables. The choice
of the single-particle basis also entails a choice regarding the
representation of the core electrons and a treatment of virtual
states. Both factors are decisive since it is known that core
correlation plays a major role in GyW, calculations’ but also
since GW QP energies converge very slowly to the complete
basis set (CBS) limit.””'""> For these reasons, achieving
consensus between different G,W,, codes is challenging and
requires careful convergence of a calculation with respect to all
technical parameters. Due to limited resources and/or time
constraints, it might not always be possible in applications to
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only work with converged parameters. In that case, one would
like to know how a certain technical parameter affects the final
result.

For these reasons, comparison between different codes
through systematic benchmarks is highly desirable. First, it
allows to verify that the results from these codes agree within a
reasonable margin of error. For G,W, calculations, one usually
aims for an accuracy of 100 meV. Second, such benchmarks are
crucial in order to quantify the influence of the various
technical parameters on the QP energies. Significant efforts in
this direction have been initiated by van Setten et al.” in 2015
with the publication of the GW100 database for finite systems.
In their work, van Setten et al. compared the IPs and EAs of
100 small- and medium-sized molecules on the G,W,@PBE
level of theory, calculated with three different codes, the
Gaussian-type orbital (GTO)-based all-electron code TUR-
BOMOLE,”"* the numerical atomic orbital (NAO)-based all-
electron code FHI-AIMS,*'*"* and the plane wave (PW) code
BerkeleyGW.'®"” Later, benchmarks for many more codes
followed, including the PW implementations in VASP'*™*" in
2017** and WEST”® in 2018>* and the real-space finite-
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element (RSFE) implementation in nanoGW>’ in 2019.*°
Also, the accuracy of many low-order scaling implementations
of the GyW, method was benchmarked against the GW100
database.”” ™

These studies established the choice of single-particle basis
as a crucial factor causing major differences between different
implementations. For instance, the results from TURBO-
MOLE, FHI-AIMS, and MOLGW>' and also from the low-
scaling implementations by Wilhelm et al.”* in CP2K** and by
Duchemin and Blase,” all using the same def2-GTO type basis
sets, agree within a few 10 meV on average for GW100, even
though these implementations differ in frequency treatment as
well as calculation of four-center integrals. The differences
between codes using different basis sets are considerably larger.
The discrepancy between the TURBOMOLE and Berke-
leyGW results of nearly 300 meV on average reported in ref 7
for the highest occupied molecular orbital (HOMO) was not
necessarily insightful since the BerkeleyGW results were not
CBS limit-extrapolated. With only around 60 meV on average,
the agreement between the CBS limit-extrapolated PW results
obtained with VASP and TURBOMOLE was found to be
significantly better.”> However, for EAs, the disagreement
between different codes is considerably larger and differences
for systems with a positive lowest unoccupied molecular orbital
(LUMO) can easily exceed several eV. It has also been pointed
out in ref 22 that the type of the GTO-type basis set has a
major influence on these EAs and that Dunning’s correlation
consistent basis sets are more suitable than the def2-series,
which has been used in ref 7. Besides the choice of the basis
set, the treatment of core electrons (pseudopotentials vs all-
electron) also plays a decisive role for many systems.”*

Against this background, it seems that further benchmark
results for GW100 using different basis-set types are useful to
advance the current understanding of the dependence of GW
QP energies on the basis set type. Recently, we presented the
first production-level implementation of the GyW, method
with Slater-type orbitals (STOs) in the Amsterdam density
functional (ADF) module of the Amsterdam modeling suite
(AMS).** The G,W, implementation in ADF is detailed in ref
29 and is based on the space-time formulation of the GW
method first proposed by Godby and coworkers.”** It uses
nonuniform imaginary time and imaginary frequency grids
tailored to the system under investigation”***” and treats
four-point correlation functions with the pair-atomic density
fitting (PADF) approximation, resultin% in a low-order
implementation with a very low prefactor.”® To demonstrate
the correctness of our implementation, we already presented
IPs and EAs for the GW100 database in ref 29. However, our
results did not allow a meaningful comparison to implementa-
tions with other basis set types. Since it is not always
straightforward to obtain converged minimax grids,27‘29’36 we
used rather small imaginary frequency and time grids which
were often not converged. Most importantly, in ref 29, we used
standard Slater-type basis sets optimized for independent-
electron methods,”® which do not allow a systematic
extrapolation to the CBS limit for correlated methods.””*°

To be able to obtain accurate, CBS limit-extrapolated IPs
and EAs using STOs, we report here improvements over our
original implementation regarding both parameters. For once,
we implemented improved imaginary time and frequency grids,
which allow a systematic convergence to the limit of an infinite
number of grid points. Second, and most importantly, we
designed two new Slater-type basis sets for all elements of the
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periodic table, which we call (aug)-TZ3P and (aug)-QZ6P.
They contain extra-diffuse functions to be able to obtain
accurate EAs for systems with a LUMO above the vacuum
level, and in the choice of polarization functions, we follow the
requirements of correlated-electron methods*>*' as closely as
possible: ADF only supports basis functions with angular
momenta up to | = 3 which is a clear restriction since already
for second row atoms, a consistent polarization on the
quadruple-{ (QZ) level requires angular momenta up to [ =
4 and higher angular momentum functions are necessary for
heavier elements.”” For simplicity, we will refer to these basis
sets as correlation-consistent. However, we emphasize that
they are not correlation-consistent in a strict sense but rather
as correlation-consistent as possible in our current implemen-
tation.

Despite these restrictions, as we will demonstrate in the
following by comparison to results from other codes, the new
basis sets allow for a reliable extrapolation to the CBS limit.
Consequently, we present here CBS limit-extrapolated IPs and
EAs for the GW100 database with STOs. These results are the
focus of the current work and are meant to complement the
previous studies on GW100 using GTOs, PWs, and RSFEs.
Since G,W,@PBE generally do not give accurate QP
energies,”'”** we will only focus on numerical aspects and
abstain from comparison to experimental or high-level
quantum chemistry reference values.*”** To complement our
results, we also calculate IPs and EAs of 250 molecules from
the GWS5000 database.'' This work is organized as follows: in
Section 2, we shortly outline the Gy, implementation in ADF
and describe our new basis sets. We then present our IPs and
EAs for GW100 and point out similarities and differences to
other codes in Section 3. Finally, Section 4 summarizes and
concludes this work.

2. THEORY

We start this section by shortly reviewing the G W,
approximation (in the following, we refer to this approximation
as GWA for simplicity) and describe the main features of the
implementation in the ADF. For more details, we refer to ref
29. Here, we mostly focus on the two factors which are the
most decisive for this work: the newly designed basis sets and
the treatment of imaginary frequency and imaginary time.

2.1. GW Approximation. The GW approximation is an
approximation to the self-energy X, which appears in Dyson's
equation.” It is defined as the difference between a dynamical
one-body Hamiltonian H and a static reference Hamiltonian
Kt corresponding to a noninteracting Fermi system (in
practice, h will be the Hamiltonian of a generalized”” KS*~>°
problem)

Z (1; 2) = H(l; 2) - h(l, 2) (1)

H is defined by H(w) = @ — G(w)™!, where G is Green’s
function of the interacting Fermi system. 1 = (r;,6,,,) collects
space, spin, and frequency coordinates of a particle, but, as we
do not consider spin—orbit coupling in the current work, we
will omit spin for simplicity in the following. If one
approximates X as diagonal and real and transforms to a
molecular orbital (MO) representation, Dyson's equation
becomes

o, = (nlhln) + (ane(z (@,)ln) ()

https://doi.org/10.1021/acs.jctc.1c00308
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where n labels a single-particle state. In case n refers to the
HOMO (LUMO) level, —®, is equal to the IP (EA) of the
system. In the GWA

D (1,2) = iGy(1, 2)*Wy(1, 2) = u,(1, 2) 3)

where * denotes convolution, v, is the exchange—correlation
potential of generalized KS-DFT, W, is the dynamically
screened Coulomb interaction, which is related to the bare
Coulomb interaction V via a Dyson equation

I/V()(lJ 2) = V(lz 2) + V(lz 3)P()(3r 4)%(47 2) (4)
and
Go() = (@ — h)™! (5)

is the one-body Green’s function corresponding to the
noninteracting reference system. Integration over repeated
indices is implied. The kernel of this Dyson equation, the
polarizability Py, is in turn calculated from the noninteractin§
Green’s function in the random phase approximation (RPA)*

P()(li 2) = _iGO(lf 2)*60(2; 1) (6)

In principle, the RPA is distinct from the GWA, but when
referring to the GW method in a quantum chemistry context, it
is usually implied that the RPA is made for P,.

The GyW, method in ADF is implemented in the sgace—time
formalism introduced by Godby and co-workers.””*> This
means that eq 4 is solved in imaginary frequency, while P and
X are calculated in imaginary time. From the imaginary time
domain, X is brought to the imaginary frequency axis. Since X
is analytic in the upper-half plane, it can be analytically
continued to the real axis. In practice, this requires discrete
grids to sample the imaginary time and imaginary frequency
axes. In the absence of numerical noise, we can use our
knowledge of the self-energy on N,, points on the imaginary
frequency axis to interpolate the input data with a rational
function using the Padé technique, as outlined by Vidberg et
al.>' The crucial assumption in this approach is that knowledge
of 2 at a small number of points on the imaginary frequency
axis allows for an accurate interpolation. In case the single QP
picture is valid, this assumption is reasonable for states in the
vicinity to HOMO and LUMO energy since the interacting
Green’s function qualitatively has the same structure as the
noninteracting one (see e.g, refs 52 and 53), and thus, the self-
energy (by definition) will be smooth.’* The G,W,
implementation in ADF follows the work flow shown in
Figure 1.

2.2. Imaginary Time and Frequency Grids. To
discretize imaginary frequency and imaginary time in a suitable
way, we follow Kresse and co-workers (building on earlier
work by Almléf>> and Hackbusch and co-workers™®) and use
nonuniform grids for both domains and switch between them

'_—I'
Py(it) —— P(iw)

FT

— X(iw)

2(ir)

‘Eq.(ﬁ)/Eq. ©) \Eq.(4)/Eq. (10) ‘Eq. (3)/Eq. (11) }AC

Gylit) Wy(io) —— W(ir) (o)

Figure 1. Schematic work flow for the calculation of the self-energy in
the whole complex plane in ADF. FT denotes Fourier transform and
AC denotes analytical continuation.
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using nonuniform Fourier transforms (FTs).>*%%" The grid
points are selected at run time and are tailored to the system
under investigation. Our implementation of these grids closely
follows Kresse and co-workers*®*” and is outlined in
Appendix A.

Similar grids have also been used by other researchers
to implement the G,W,, method for finite systems in the space-
time formalism. Recently, Wilhelm et al. benchmarked the
convergence of QP energies in the GW100 database with
respect to the grid sizes. In our older work,”” our frequency
grids were restricted to not more than 19 grid points, and ref
28 clearly shows such grids to be insufficient to converge all
IPs and EAs in GW100. Consequently, we calculated new
frequency grids which allow us to use up to 40 imaginary
frequency points, which ensures that the results are converged
with respect to this parameter.”® In ref 28, Wilhelm et al. could
also reproduce the results obtained by van Setten et al.” with
the TURBOMOLE code with an accuracy of a few
millielectron volts (meV). Since TURBOMOLE performs
the frequency integration fully analytically, we conclude that
the frequency integration is a numerical parameter which is
well under control in our updated implementation.

2.3. Discretization of Real Space. To discretize real
space, we use a basis of Nyg STOs, S = { %, }/4=1,~~,NA0’ which

are related to the MO ¢ by
¢ =D by, (r)
p (7)

All quantities which occur in eq 4 are four-point correlation
functions, and to this end, solution of eq 4 would scale as N°
when expanding these quantities in terms of S. In the density-
fitting (DF) approximation,”’ ®’ one approximates the
product basis of atomic orbitals # = S ® S with an auxiliary
basis A = {f },— . n_, where N,,, grows linearly with system

27,28,30

size and introduces a basis transformation

C:P—->HA, )(” (1'))(”(1’) = Z vapfp (1‘)
P (8)
The equations which need to be solved now are
qu,r = vapppw)»,rckkq = _icpvp[GO]pk,r[GO]V)\,TCKM 9)
[M/O]pq,a) = qu + Vpr[H)]rs,w[va]sq,w (10)
[Zxc]pv,r = iz z [GO]K)»,TCqu[m)]pq,TCV}\q
KA pq (11)

The computational bottlenecks in these equations are now
the basis transformations in eqs 9 and 11, which both scale as
N* with system size. However, when the map C from eq 8 is
constrained such that the number of nonzero-elements in C
only grows linearly with system size, both equations only
require N? operations.”””” PADF is a way to achieve this goal
by the way of restricting the density fit to pairwise sums only
and by subsequently introducing distance cutoffs. Also, other
schemes to introduce sparsity into C have been applied
successfully to achieve low-order scaling GyW, implementa-
tions””*® (we refer to ref 28 for a detailed discussion of the
pros and cons of different techniques), but PADF is arguably
the best practical method to make map C as sparse as possible.
Constructing C in that way only requires evaluation of a small
number of integrals compared to other approaches,”® which
makes this approach especially suitable for localized basis

https://doi.org/10.1021/acs.jctc.1c00308
J. Chem. Theory Comput. 2021, 17, 5080—5097
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functions, for which Coulomb integrals cannot be calculated
analytically, such as STOs or NAOs. In fact, the computed
time spent on evaluating the remaining integrals in our
implementation is negligible compared to the time needed to
complete a GyW, calculation.

In PADF, only the fit functions centered on atoms A and B
are used to expand a product of AOs, which are centered on
atoms A and B. This translates into a matrix ¢, for which ¢, #
0 only if y, 1, p € (A, B). One further introduces a cutoff so
that for 2 AOs u, v centered on atoms far away from each
other, all corresponding matrix elements c,,, are set to zero.
Employing PADF, standard auxiliary basis sets designed for
global density fitting are not suitable (they are simply too
small), and dedicated fit sets are needed. For an in-depth
discussion of challenges in the design of these fit sets for
correlated-electron methods, we refer the reader to ref 29 and
for a more explicit description of the fit sets, a list of exponents
of the fit functions and more technical details to ref 64.

2.4. STO Basis Sets. In eq 7, p is a composite index,
collecting the five defining parameters of a Slater-type function

2,000, 8) = 74 0, 6, 8) = Cla, )

ez, (0, ¢), r=lr— R, (12)
the exponent @ and the quantum numbers (n, I, m), as well as
the nucleus A on which the function is centered. In eq 12,
C(a, n) is a normalization constant and Z;, denotes a real
spherical harmonic. The main difference to Gaussian-type
functions is in the dependence on r in the exponential instead
of %, which mainly results in a different behavior close to the
atomic nuclei and a slower decay for large r. While STO-type
basis sets are well developed for independent-electron
methods,3'8’65_68 we are not aware of any attempt to construct
general Slater-type basis sets which are consistent with the
requirements of correlated-electron methods. Here, we make
the first attempt to present such basis sets for the whole
periodic table. The concept of correlation consistency has also
been applied to NAO basis sets for RPA total-energy
calculations.””

2.4.1. Correlation-Consistent Atomic Basis Sets. In the
construction of our basis sets, we make two assumptions: first,
we assume that the principles guiding the construction of
GTO-type basis sets for correlated-electron methods which
have been developed over the last decades should be applicable
to STO-type basis sets as well. This can be justified as follows:
based on numerical experiments on correlation-consistent
GTO-type basis sets, Helgaker et al.”® established the relation

ECO[T

(s)

_ E}c{orr — aX—3 (13)
between the correlation energy E™ at the CBS limit and the
correlation energy EY™ calculated with a given correlation
consistent basis set with cardinal number X = [, + 1.
Conceptually, their formula is based on earlier work by
Schwartz”' and the mathematical, more rigorous work by
Hill”> on the convergence of the ground state of the helium
atom in a full configuration interaction calculation with respect
to the single-particle basis. Later on, Kutzelnigg and Morgan””
generalized this result to arbitrary n-electron systems for MP2
calculations.

In principle, eq 13 is only valid in the limit of large X;
however, there is numerical evidence that it is already a good
approximation for X = 3 and X = 4.””7° Since eq 13 is
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should also be the case for STO-type basis sets, provided that
they are also constructed in a correlation-consistent fashion as
first defined by Dunning'' such that the total basis set
incompleteness error is distributed equally between the
different angular momentum functions. This requires that
polarization functions are added in well-defined sequences.*’
There is numerical evidence*’ that the consistent polarization
for correlated methods is 1(I,.. + 1) on the double-{ (DZ),
2(Ioee + 1)1(l,ec +2) on the TZ, and 3(I, + 1)2(Lec + 2) (Loee
+ 3) on the QZ level, where I denotes the angular
momentum of the highest occupied orbital in an atom. This
requirement is usually only followed strictly for the first three
rows of the periodic table,"” and the design of correlation-
consistent basis sets for heavier elements might follow different
principles.”*~"*

2.4.2. Construction of Correlation-Consistent Slater-Type
Basis Sets. Based on the considerations above, we construct
correlation-consistent basis sets of TZ and QZ quality. We
name these basis sets TZ3P and QZ6P, respectively. We also
augment these basis sets with additional diffuse functions, and
we name these basis sets aug-TZ3P and aug-QZ6P,
respectively. The acronym xP refers to the number of
polarization functions we use for the elements of the first
three rows of the periodic table. This choice is consistent with
the requirements for correlation-consistent basis sets stated
above.

At this point, we introduce our second assumption: Since
ADF only supports basis functions up to I = 3, for second- and
third-row elements, we chose the polarization 2d1f and 3d3f
for TZ and QZ, respectively, and for consistency, also 2pld
and p3d3 for hydrogen and helium. A good justification for the
validity of this approximation cannot be given, and as we will
see later, our results indeed suggest that the replacement of g
with another f function negatively affects the QP energies for
small molecules. Generalization of ADF to accommodate use
of higher angular momenta functions is therefore desirable.

The TZ2P and QZAP basis sets which have been described
in detail in ref 38 serve as starting points for our new basis sets.
TZ2P (QZ4P) is of DZ (TZ) quality in the core region and of
TZ (QZ) quality in the valence region. For the TZ3P and
QZ6P basis sets, we chose not to optimize exponents but
rather to add additional polarization functions in an ad hoc
manner. This approach can be justified by the observation that
precise values of exponents become less important as a basis
set approaches completeness.*>®® This is especially true for
molecules, as opposed to isolated atoms. The latter case
generally requires larger and more optimized basis sets than
the molecular case. Instead, we rather focus on choosing the
exponents in a way that their overlap is small and linear
dependency problems are more likely to be avoided.

TZ3P is simply obtained by augmenting the TZ2P basis set
by another I ... + 1-function for all elements. The exponent is
chosen so that it is twice as large as the exponent of the [, +
1-function in the TZ2P basis set. This is due to the fact that
the exponents of the polarization functions in the TZ2P and
QZAP basis sets are chosen in a way that the basis sets become
more accurate in the valence region, which is favorable for the
calculation of bonding energies. The calculation of IPs also
requires the accurate representation of the electron density
closer to the core, and TZ3P should yield a major
improvement over TZ2P in this respect. The same reasoning
has also been followed in ref 79. In complete analogy, the

https://doi.org/10.1021/acs.jctc.1c00308
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pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.1c00308?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

QZ6P basis set is obtained by adding an additional tight /.. +
1-function and an I . + 2-function for all elements. For fluorine
and chlorine, we added an additional shell of d-function since
we found exceptionally slow convergence of QP energies to the
CBS limit. This will be discussed in more detail in Section 3.

The exponents @;, @, of the polarization functions in the
QZAP basis set fulfill ay/a, 2 for each I. Thus, the
polarization functions in the TZ3P and QZ6P basis sets loosely
follow an even-tempering scheme®’

~

a, = alﬂ’_l, i=2 ., M, =2 (14)
with M being equal to two (three) for I + 1 in TZ3P
(QZ6P) and one (three) for ... + 2. The value of f is rather
large to avoid linear dependency problems, and in conjunction
with a rather small @), it ensures that the exponents span a
rather wide range of values in the QZ6P case.”! Ren et al.
recently used a similar reasoning to choose the exponents of
Slater—tyg)e functions for GyW, calculations for periodic
systems. >

2.4.3. Adding Diffuse Functions. It is known from electron
scattering experiments that molecular EAs are sometimes
negative, that is, their anionic state at the geometry of the
neutral molecule is unstable.**~* This corresponds to a
positive LUMO QP energy, which formally corresponds to a
non-normalizable continuum orbital. However, as an artifact of
working with a finite basis, the orbital will always be
constrained to be normalizable.*® Very diffuse functions
(such as plane waves) are then needed to mimic the
continuum state, and for this reason, we augment our basis
sets with additional diffuse functions (see also refs 87 and 88).
The resulting basis sets are denoted as aug-TZ3P and aug-
QZ6P and are obtained from TZ3P and QZ6P, respectively, by
adding diffuse s, p, and d functions for all element types, with
the important exceptions of first-row atoms, where we only add
diffuse s and p functions.”” We decided to choose the
exponents of the diffuse functions in line with eq 14, except for
a small shift. More precisely, with the exponent of the most
diffuse function for a given angular momentum being @ ;,, the
exponents of the diffuse function is chosen to be

al,diffuse = al,min/z + 0‘05a1,min (15)

The exceptions are the elements hydrogen to beryllium, for
which we chose the already optimized exponents by Chong™
These exponents are very close to fulfilling eq 15. Our choice
of exponents is a compromise between two requirements: we
would like the additional functions to be as diffuse as possible
but we still want to be able to fit them accurately with a large
auxiliary basis set. As discussed for instance in ref 29, this is
already challenging. In practice, this means that 2 g, should
be at least equal or preferably slightly larger (for this reason, we
added the shift in eq 15) than the exponent of the most diffuse
function in the auxiliary basis set.

3. RESULTS

3.1. Computational Details. All calculations have been
performed with a locally modified development version of
ADF2020”" using the implementation as described in ref 29
and using the updated imaginary frequency grids as described
in this work.”

3.1.1. GW100. We follow the protocol for GW100 as
described by van Setten et al.” and perform nonrelativistic
GoW,@PBE’*** calculations. We use the structures as
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available on the web page for the GW100 database and also
use the updated structures for phenol and vinyl bromide.” For
consistency with other benchmarks for GW100, we always use
the QP energy obtained from the KS LUMO energy, which is
usually, but not always, the energetically lowest virtual QP
energy. For a detailed discussion of the effect of orbital
reordering, we refer the reader to ref 26.

We performed calculations with the augmented versions of
the basis sets described in this work and extrapolated them to
the CBS limit as described for instance in ref 6: we calculate
the QP energies €, with the aug-TZ3P and aug-QZ6P basis
sets and estimate the CBS limit as

@z Tz
(CBS _ Q2 _ 1 €7 —¢€,
moo T Q 1 1

bas NZ T NTZ (16)

where enQZ (e4%) denotes the value of the QP energy using aug-
QZ6P (aug-TZ3P) and N and N{Z denote the respective
numbers of basis functions. Since we work with spherical
harmonics, there are 5d and 7f functions. In all calculations, we
set the numericalQuality key to good and used 32 imaginary
time and 32 imaginary frequency points each. As explained in
the appendix, this should be understood as the upper bound
for the number of grid points. We report the number of grid
points actually used in each calculation in the Supporting
Information. Per default, we also used the good auxiliary basis
set. However, for all systems in GW100 containing fourth- or
fifth-row elements and for all systems smaller than four atoms,
we used the normal auxiliary basis set to prevent issues with
overfitting (see ref 64). For systems with a positive LUMO, we
used the veryGood fit set. This fit set contains additional
diffuse fit functions which are necessary to accurately represent
the diffuse electron densities of these systems. These fit sets are
discussed in ref 64. Also, for guanine, uracil, pentasilane, and
ethoxyethane, we used the veryGood fit set since we observed
inconsistencies with the good fit set. In, all calculations, we set
dependency bas = § X 107 in the AMS input, as described in
ref 29.

3.1.2. GW5000. We also performed G,W,@PBE0”*"’
calculations for a subset of 250 molecules from the GW5000
database'' using the zeroth-order regular approximation
(ZORA).”*~'" Calculations were performed with the non-
augmented TZ3P and QZ6P basis sets. Equation 16 is used for
CBS limit extrapolation. We used 24 points in imaginary
frequency and imaginary time each and numericalQuality
good. We used the normal auxiliary basis set which is sufficient
for nonaugmented basis sets.”” We set dependency bas = 5 X
107*

3.2. Basis Set Errors. Before we compare the STO results
to the ones from other codes in detail, we discuss the basis set
errors (BSE) and basis set convergence properties of aug-
TZ3P and aug-QZ6P. Using eq 16, one implicitly assumes that
when going to a larger basis set, each additional basis function
reduces the BSE on average by the same amount. In other
words, one assumes uniform convergence of the basis set
expansion, a natural property of finite elements in real or
reciprocal space. It is clear that such an assumption will only be
justified for rather large basis sets, and for the same reason,
extrapolation is generally more reliable for larger systems.
Usually, one would also like to use three or even more data
points instead of using eq 16. It has, however, been pointed
out” that including a calculation with a basis set of quality
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lower than TZ will deteriorate the quality of the fit. Therefore,
we calculate QP energies at the CBS limit from TZ and QZ
results only.

To demonstrate the accuracy of an extrapolation scheme,
one would ideally compare the extrapolated result to the one
obtained with a very large basis, which already gives a result
very close to the CBS limit. Due to the limitations of our basis
sets to angular momenta <3, this is not possible for us. As a
rule of the thumb, extrapolation with basis sets of cardinality X
and X — 1 can provide the accuracy of a calculation using a
basis set of accuracy X + 1.*° Recently, Bruneval et al.'” found
BSEs of around 60 meV for the IPs of a large set of small to
medium organic molecules with the cc-pVSZ basis set. This is
of the same order as the typical accuracy in a photoionization
experiment'~ and considerably lower than the 150 meV for IPs,
which are usually found using the cc-pVQZ basis set.'"'* For
EAs, one can usually expect errors of the same order of
magnitude than IPs when augmented basis sets are used.'"” It
is thus reasonable to use this number as an estimate of the
average error in our extrapolation.

The distributions of BSEs with respect to the CBS limit-
extrapolated IPs and EAs (excluding noble gases and the
hydrogen molecule in the latter) for the GW100 database are
shown in Figures 2 and 3, respectively. The average BSE

0.8
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aug-QZ6P

0.0

-0.2

0.0

0.5
aug-TZ3P
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Figure 2. Basis set errors with respect to the CBS limit-extrapolated
IPs in the GW100 database using the aug-TZ3P and aug-QZ6P basis
sets. The univariate plots show the distributions of errors with respect
to the CBS limit-extrapolated values. All values are in electron volts.

reduces from 300 (290) to 170 (170) meV for IPs (EAs), that
is, there seems to be no qualitative difference in the
convergence to the CBS limit for the IP and EA as one
would expect for augmented basis sets. We also notice that
with the only exception of the IP of BeO, the BSE at the TZ
level is always lower than the one at the QZ level. In both
plots, we also highlight some systems for which the
convergence to the CBS limit seems to be rather slow, that
is, the difference between QP energies at the TZ and QZ level
is very large. For these systems, CBS limit extrapolation will be
less accurate. Without exception, the problematic systems are
composed of only a few atoms.

Also, a good correlation between the basis set errors for IPs
and EAs is desirable since it implies a fast convergence of the

5085

0.8

0.6

0.4

aug-QZ6P

0.2

0.0

0.0 0.5

aug-TZ3P

1.0

Figure 3. Basis set errors with respect to the CBS limit-extrapolated
EAs in the GW100 database using the aug-TZ3P and aug-QZ6P basis
sets. The univariate plots show the distributions of errors with respect
to the CBS limit-extrapolated values. All values are in electron volts.

HOMO-LUMO QP gap to the CBS limit. Fast convergence
of this quantity with basis sets augmented with diffuse
functions has been demonstrated before.””'’> At the first
glance, the distributions of IP and EA BSEs appear rather
similar, suggesting that such an error cancelation might also be
found for our basis sets. To investigate this further, we plot all
pairs (A(QZ — TZ)p, A(QZ — TZ)g,) (bivariate plot)
together with the corresponding error distributions (univariate
plots) in Figure 4 (omitting again all noble gases and H,). The
blue solid line is a linear fit, the dotted black line is defined by
the equation A(QZ — TZ)p; = A(QZ — TZ)g,, and Gaussian
kernels are fitted to the univariate distributions. A few
molecules with a large BSE for the IP but small BSE for the
EA (Cu,) or vice versa (BN, TiF,, F,, and All;) aside, most

-0.5

-0.2 0.0

IP
Figure 4. Correlation between differences between the aug-TZ3P and
aug-QZ6P results Ar_, for EAs (y-axis) and IPs (x-axis). The
univariate plots show the corresponding distributions. The blue
straight line is a linear fit, and the dotted line is defined by Ajp = Ag,.
All values are in electron volts.
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systems cluster around the dotted line in the gray shaded area
in which IP and EA BSEs cancel each other to a large extent.

3.3. Comparison to GTO-Type Basis Sets. Additional
insights into the convergence properties of the STO-type basis
sets is provided when comparing them to GTO-type ones of
the same cardinality. Such a comparison is made in Figure S for
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Figure S. Distribution of deviations of the ADF IPs to the def2-GTO
IPs for the GW100 database for TZ and QZ basis sets (Ax, X =
TZ,QZ). The univariate plots show the distribution of the Ayy;
(upper histogram) and the Ay; (left histogram). The bivariate plots
show the pairs (Ar;, Aqgy,), and the blue line is a linear fit. The
dotted line is defined by A; = Aq. Systems containing fifth-row
elements are highlighted in red. All values are in electron volts.

results on the TZ and for the QZ level. The univariate plot on
top of Figure 5 shows the deviation of the aug-TZ3P IPs to the
ones obtained with def2-TZVP, and the univariate plot on the
right side of Figure 5 shows the same for aug-QZ6P and def2-
QZVP (here and in the remainder of this paper, we use the
results calculated with the TURBOMOLE code whenever we
refer to def2-GTO basis sets. We could have equally well used
results obtained with other codes such as FHI-AIMS or
MOLGW). Again, Gaussian kernels are fitted to the univariate
distributions. The bivariate plot shows the individual pairs
(Ar;, Ag,), with Ar; (Ag,) being the differences between the
IPs calculated with aug-TZ3P and def2-TZVP (aug-QZ6P and
def2-QZVP) for the ith data point in the GW100 database.
The dotted line is defined by Ar; = Ay, The systems for
which the QP eq 2 can have multiple solutions (CI,, KBr,
NaCl, BN, O, BeO, MgO, Cu,, and CuCN) are excluded from
this comparison.”* Also, Ag, is not shown since the deviations
on the TZ and QZ level are exceptionally large.

We observe that the maximum of the Gaussian kernel
function is close to 0 eV for the TZ and closer to 0.1 eV for the
QZ basis sets. In other words, the aug-QZ6P IPs are
consistently smaller than the def2-QZVP IPs [with a mean
deviation (MD) of 120 eV], while the aug-TZ3P ones are with
a MD of 60 meV, only slightly smaller than the def2-TZVP IPs
on average. The missing /.. + 3 function in the aug-QZ6P
basis set might be a reason for this discrepancy. We will see in
the next subsection that the CBS limit-extrapolated IPs
calculated with our basis sets are on average lower than the
def2-GTO results. This section clearly shows that this
discrepancy is mostly caused by the differences at the QZ level.
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The deviations of the STO-type to the respective def2-basis
sets are strongly correlated. In cases in which the aug-TZ3P
IPs are considerably smaller than their def2-TZVP counter-
parts, also the aug-QZ6P IPs will be much smaller than the
def2-QZVP ones. Good examples are the five molecules
represented by the points in the upper right corner of the
bivariate plot. Since it is known that the GTO-type basis sets
allow for a reliable CBS limit extrapolation, this fact is highly
important since it guarantees that the same CBS limit
extrapolation can be performed using our STO-type basis sets.

We also shortly comment on the systems containing the
fifth-row elements, highlighted in red. With the exception of
one of them (Rb,), the agreement on the TZ level is rather
good, while the agreement on the QZ level is significantly
worse. This is again due to the inconsistent polarization for the
heavier elements mentioned above: Reaching the CBS limit for
heavier elements becomes difficult without Slater functions
with angular momentum larger than [ = 3.

To summarize the key points of this section, our STO-type
basis sets seem to behave qualitatively similar to the GTO-type
basis sets, although the improvement when going from TZ to
QZ is smaller for the STO- than for the GTO-type basis sets.
Together with the good correlation of deviations on the TZ
and QZ level, this indicates that our basis sets allow indeed for
a meaningful CBS limit extrapolation. However, the CBS limit-
extrapolated IPs from the STO-type basis sets will on average
be lower than their counterparts calculated using GTOs.

3.4. Comparison to Other Codes. 3.4.1. KS Eigenvalues.
Before we dive into our comparison of the GW QP energies,
we shortly compare our KS eigenvalues for the systems in
GWI100 to the ones from other codes. Here and in the
following, we do not include phenol and vinyl bromide in the
statistical analysis since different structures have been used in
the past for both systems.”> Our results (see Supporting
Information for the raw data for all 100 systems) only confirm
what is already well known; for KS eigenvalues, the agreement
between different codes is generally excellent. For example, the
CBS limit-extrapolated KS HOMO energies from the WEST
code agree with the ones obtained from def-GTO calculations
within 30 meV on average, with a maximum deviation of 176
meV.”* These figures reduce to 24 and 92 meV when the
plane-wave results are compared to def2-QZVP.>* With only
19 meV, the agreement from VASP to def2-QZVP is even
better.”” One should keep in mind that the extrapolation
schemes for correlated-electron methods and localized basis
functions are not necessarily useful to extrapolate KS
eigenvalues, as has already been pointed out in refs 22 and
24. Such a comparison should rather be based on
nonextrapolated results.'*'**

Our KS HOMO eigenvalues calculated on the aug-QZ6P
level of theory show a mean absolute deviation (MAD) of 26
meV to the ones on the def2-QZVP level and of 22 meV to the
CBS limit extrapolated values calculated with the WEST code.
Our LUMO eigenvalues only differ to the ones from WEST by
35 meV on average. Major deviations of more than 150 meV
are only found for helium (340 meV), H, (280 meV), and Ag,
(340 meV). With deviations of more than 420 meV to WEST
and 490 meV to def-QZVP, the latter system is also the only
outlier for IPs. However, when the ZORA is made, the
deviations to WEST reduce to 15 meV for the HOMO and 17
meV for the LUMO, respectively. Also, the deviation to the
def2-QZVP IP reduces to an acceptable value of 50 meV,
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Table 1. GyW,@PBE IP for the GW100 Database (Third Column). Columns Four to Seven Denote Deviations of the ADF IPs
to the Ones from Reference X, Ay = IPX — IP,p”
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name

helium

neon

argon

krypton

xenon

hydrogen

lithium dimer
sodium dimer
sodium tetramer
sodium hexamer
potassium dimer
rubidium dimer
nitrogen
phosphorus dimer
arsenic dimer
fluorine

chlorine

bromine

iodine

methane

ethane

propane

butane

ethylene

acetylene
tetracarbon
cyclopropane
benzene
cyclooctatetraene
cyclopentadiene
vinyl fluoride
vinyl chloride
vinyl bromide
vinyl iodide
tetrafluoromethane
tetrachloromethane
tetrabromomethane
tetraiodomethane
silane

germane

disilane
pentasilane
lithium hydride
potassium hydride
borane

diborane (6)
ammonia
hydrazoic acid
phosphine

arsine

hydrogen sulfide
hydrogen fluoride
hydrogen chloride
lithium fluoride
magnesium fluoride
titanium tetrafluoride
aluminum fluoride
boron monofluoride
sulfur tetrafluoride

potassium bromide

ADF

23.31
20.06
15.26
13.71
11.88
15.88
5.08
4.89
4.25
4.30
3.99
3.78
14.79
10.26
9.58
14.99
11.18
10.46
9.04
13.89
12.35
11.85
11.52
10.28
11.14
10.74
10.63
9.07
8.16
8.43
10.24
9.82
9.03
8.93
1543
11.24
10.05
8.74
12.37
12.09
10.46
9.07
6.52
4.88
12.93
11.92
10.27
10.44
10.27
10.31
10.12
15.14
12.36
10.03
12.44
13.93
14.33
10.59
12.34
7.85
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Agenr-GTO
0.18
0.27
0.02
0.18
0.45

—0.03
—0.02
0.02
—0.04
0.04
0.09
0.10
0.26
0.12
0.08
0.12
0.13
0.10
0.54
0.11
0.11
0.04
0.07
0.12
—0.05
0.17
0.02
0.03
0.02
0.02
0.08
0.08
0.11
0.26
0.17
—0.03
0.17
0.31
0.02
0.03
—0.05
—0.02
0.07
0.09
0.03
0.01
0.12
0.11
0.08
—0.11
0.01
0.23
0.00
0.24
0.07
0.15
0.15
0.14
0.05
—0.24

Ayasp
0.07
0.11
0.06
0.22
0.26

—0.03
0.01
0.04

—0.08
0.04
0.13
0.24
0.14
0.09
0.01

—0.06
0.14
0.11
0.48
0.13
0.15
0.05
0.09
0.14

—0.07
0.1
0.09
0.04
0.03
0.04
0.04
0.10
0.72
0.34

—0.02

—0.04
0.20
0.37
0.03
0.04

—0.02
0.06

—0.06
0.09
0.02
0.02
0.05
0.06
0.08

—0.05

—0.01
0.23
0.09
0.04

—0.03
0.08
0.00

—0.13

—0.14

—0.05

Aygst ApanoGw
0.11 —0.11
0.27 0.39
0.11 0.19
0.05 —0.06
1.24 0.23

—0.04 —0.13

—0.04 —0.04
0.09 0.05

—0.01 —0.03
0.07 0.05
0.15 0.07
0.23 0.08
0.15 0.04
0.17 0.06

—0.03 —0.09
0.01 0.03
0.23 0.13

—0.02 —0.17
1.37 0.23
0.10 0.26
0.09 —0.19

—0.01 —0.32

—0.11 —0.27
0.11 —0.01

—0.0S —0.21
0.16 0.06
0.04 —0.15
0.01 —0.11
0.00 —0.14
0.01 —0.13
0.05 —0.06
0.12 —0.01
0.61 0.49
0.88 0.09
0.08 —0.04
0.05 —0.00
0.06 —0.01

0.07
0.05 —0.12
0.23 —0.18
0.06 —0.14
0.12 —0.08
0.11 0.15
0.09 —0.20
0.02 —0.15

—0.00 —0.25

—0.09 —0.20
0.04 —0.26
0.16 0.04
0.02 —0.11
0.11 0.07
0.09 0.12
0.12 0.11
0.08 0.03
0.02 —0.14

0.00

0.07 —0.13
—0.03 —0.17
—0.02 —0.18
—0.74
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Table 1. continued
name ADF Agen-cro Ayasp Awgst ApanoGw
61 gallium monochloride 9.81 —0.07 0.08 0.36 —0.06
62 sodium chloride 8.32 0.03 0.15 —0.14
63 magnesium chloride 11.07 0.12 0.12 0.18 0.04
64 aluminum iodide 9.38 0.20 0.20 0.93 —0.07
65 boron nitride 10.94 0.15 0.25
66 hydrogen cyanide 13.10 0.22 0.19 0.12 0.12
67 phosphorus mononitride 11.10 0.20 0.14 0.16 0.11
68 hydrazine 9.40 —-0.03 —-0.07 -0.13 —0.30
69 formaldehyde 10.46 0.00 —0.04 —0.05 -0.25
70 methanol 10.54 0.13 0.07 0.07 —-0.23
71 ethanol 10.17 0.10 0.04 0.04 -0.20
72 acetaldehyde 9.61 0.05 0.02 0.00 —0.22
73 ethoxy ethane 9.41 0.02 0.02 —0.02 —0.30
74 formic acid 10.84 0.03 —-0.03 —0.03 —-0.13
75 hydrogen peroxide 10.96 0.14 —0.00 0.04 0.02
76 water 11.94 0.11 —-0.10 —0.07 —0.12
77 carbon dioxide 13.37 0.09 —0.01 0.00 —-0.25
78 carbon disulfide 9.80 0.15 0.16 0.25 0.09
79 carbon oxide sulfide 10.90 021 0.16 0.26 0.08
80 carbon oxide selenide 10.40 0.03 0.02 —0.03 —-0.22
81 carbon monoxide 13.66 0.05 —-0.04 —0.00 -0.18
82 ozone 11.74 —-0.23 0.33
83 sulfur dioxide 11.86 0.20 0.05 0.10 0.08
84 beryllium monoxide 8.99 —0.48 0.76
85 magnesium monoxide 6.82 —0.07 0.24
86 toluene 8.72 0.00 0.03 —0.01 —0.14
87 ethylbenzene 8.65 0.01 0.04 0.01 —0.16
88 hexafluorobenzene 9.70 0.04 —0.07 —0.05 —0.13
89 phenol 8.47 0.04 —-0.09 —0.24
90 aniline 7.72 0.07 0.06 0.01 —0.14
91 pyridine 9.18 0.00 —0.02 —0.05 —-0.19
92 guanine 7.77 0.10 0.08 0.05 —-0.12
93 adenine 8.14 0.01 —-0.02 —0.0S —0.20
94 cytosine 8.44 0.01 —0.04 —0.04 —0.19
95 thymine 8.86 0.01 -0.03 —0.04 —0.22
96 uracil 9.26 0.12 0.10 —0.07 —0.02
97 urea 9.25 0.21 0.10 0.14 —-0.03
98 silver dimer 7.06 091 0.77 0.98 0.81
99 copper dimer 8.20 —1.57 —1.01 —0.33
100 copper cyanide 10.25 —0.73 0.40

“All values are in electron volts.

which is rather strange, given that the latter has been calculated
without relativistic corrections.

3.4.2. lonization Potentials. We now turn our attention to
the IPs calculated within the GWA. In addition to phenol and
vinyl bromide, we again exclude the systems for which the QP
eq 2 can have multiple solutions (CI,, KBr, NaCl, BN, O,,
BeO, MgO, Cu,, and CuCN)24 from the following statistical
comparison, but also TiF, and OCS for which no IPs from the
WEST code are available. Due to large discrepancies between
WEST and the VASP, we also exclude the systems containing
iodine, gallium, and xenon. Finally, we also exclude all
remaining systems containing the fifth-row elements from
our analysis since for these systems (especially the ones
containing iodine and Ag,), the different treatments of
relativistic effects have been shown to significantly affect QP
energies.”” This leaves us with a set of 81 molecules, whose IPs
we include in the statistical analysis in this section.
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Table 1 shows the results for all 100 IPs in the GW100
database obtained with our code next to the deviations to def2-
GTO, VASP, WEST, and nanoGW, if available. To facilitate a
discussion of the data, Figure 6 shows median absolute
deviations (MADs) and maximum absolute errors between all
codes, while Figure 7 visualizes the distribution of the
deviations of the ADF IPs to the ones from other codes.
The IPs from ADF, def2-GTO, VASP, and WEST are all in
good agreement with each other, with MADs between 56 and
86 meV, while the deviations to nanoGW are around twice as
large. Figure 7 also shows that the deviations of the ADF IPs to
the ones from other codes (again, with the exception of
nanoGW) show a small spread and no outliers can be found.
We note again that we assume the CBS limit extrapolation
error to be of the order of at least 60 meV on average and all
the values reported and compared here should only be
interpreted with these error bars. For the plane-wave codes, the
CBS limit extrapolation error is likely to be smaller than for the
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Figure 6. MADs (upper triangle) and MDs (lower triangle) of the
CBS limit-extrapolated IPs in the GW100 database (18 molecules
have been excluded from the comparison; see explanations above)
computed with different codes. All values are in millielectron volts.

448

-0.4 *
def2-GTO VASP WEST nanoGW

0.3

0.2

Energy [eV]

Figure 7. Deviation of IPs calculated with ADF to different codes.
Black dots denote the individual data points. The horizonal line in
each box denotes the median deviation, the box contains all data
points between the first quartile (Q1) and third quartile (Q2) and the
whiskers are at Q1 + %IQI — Q3 (in case of a normal distribution,

the whiskers include 99.3% of all data points). All values are in
electron volts.

localized basis sets, but there are additional sources of error,
most notably pseudopotentials and box-size effects. In light of
these uncertainties, the agreement between all four codes can
be considered as excellent.

Looking at the MDs to the other codes in the lower triangle
of Figure 6 as well as at the box plots in Figure 7, we see that
ADF IPs are generally smaller than the ones from def2-GTO,
VASP, and WEST. The reasons for the discrepancy between
ADF and def2-GTO have already been discussed above. We
also see that the nanoGW IPs are on average much smaller
than the ones from all others codes. This is in line with the fact
that the nanoGW results were apparently obtained without
basis set extrapolation,”® although the numerical parameters
determining the convergence to the CBS limit (grid spacing,
chosen cutoff for virtual states and radius of the sphere around
a given finite systems) were tested for convergence separately.
Still, our data analysis suggests that the nanoGW IPs are not as
well converged as the ones from the other codes.

Systems containing fluorine and nitrogen generally show
rather pronounced disagreements between different codes
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(e.g, consider the following deviations from ADF to def2-
GTO: N,: 260 meV, HCN: 220 meV, TiF,: 150 meV, AlF;:
150 meV, LiF: 240 meV, HF: 230 meV). For fluorine, this has
already been observed by Maggio and Kresse in ref 22, who
pointed at the default pseudopotentials in VASP as a potential
source for these discrepancies. Another possible explanation
might be found in a recent study by Bruneval et al,'” which
suggests that molecules predominantly composed of carbon
and hydrogen converge to the CBS limit rather quickly,
whereas the convergence is considerably slower for systems to
a large part composed of fluorine and nitrogen.

Finally, we shortly comment on some systems which we
have been excluded from the statistical comparisons in Figures
6 and 7. We find large differences for system containing fifth-
row elements, for example, Xe, Ag,, I, or Cl,. Here, the ADF
IPs are considerably lower than the ones from other codes,
indicating that the ADF results are not properly converged to
the CBS limit, which is due to the missing basis functions with
angular momentum higher than [ = 3.

With 1.57 eV, the largest deviation reported in Table 1 by far
can be found between ADF (8.20 eV) and TURBOMOLE
(6.63 eV) for Cu,. FHI-AIMS gives an IP of 7.78 eV for this
system,” which is in considerably better agreement with ADF.
FHI-AIMS relies on an analytical continuation from the
imaginary to the real frequency axis with 16 sampling points
(AIMS-P16), not much different from the procedure in ADF.
We can conclude that for this particular system, the large
deviations of ADF and FHI-AIMS to TURBOMOLE are
caused by non-converged frequency grids. The ADF IP
reported in Table 1 has been obtained from aug-TZ3P and
aug-QZ6P calculation with 24 and 27 imaginary frequency
points, respectively. When 24 imaginary frequency points are
used for the aug-QZ6P calculation as well, the IP of Cu,
reduces to 8.05 eV, which is already in reasonable agreement
with FHI-AIMS. Similar conclusions can be drawn for CuCN.
Another interesting case is BeO, with a deviation of 0.48 eV
from def-GTO. Again, the large deviation is due to non-
converged frequency grids. The ADF IP is with 8.99 eV, very
close to the 9.07 eV obtained by AIMS-P16. With 128
imaginary frequency points (AIMS-P128), FHI-AIMS gives an
IP of 9.63 eV which is then in perfect agreement with
TURBOMOLE. Furthermore, in ref 7, three solutions are
reported for BeO, while ADF only recovers one of them. These
three examples show that the frequency treatment currently
implemented in ADF cannot properly describe the IPs of
systems, for which the single QP picture breaks down in the
valence region.

3.4.3. Electron Affinities. We now turn our attention to the
EAs. As for the IPs, Table 2 shows the EAs calculated with
ADF and the differences from the other four codes excluding
all noble gases and H,. However, it is known, that the def2-
GTO basis sets sometimes severely overestimate positive
LUMO energies, which then deviate from results from plane-
wave codes by more than 1 eV. Furthermore, since EAs
converge slower to the CBS limit than IPs when non-
augmented basis sets are used,'””” also basis set extrapolation
errors are larger for the remaining systems. On the other hand,
plane-wave calculations require very large box sizes for these
systems, which makes it harder to converge the EAs with
respect to this parameter, and for this reason, results from
VASP are often not available.””

Thus, for the full database, only comparison to WEST and
nanoGW is possible. Excluding again all compounds
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Table 2. G,2W,@PBE EA for the GW100 Database (Third Column). Columns Four to Seven Denote Deviations of the ADF

EAs to the Ones from Reference X, Ay = EAX — EA, "

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
s1
52
s3
54
55
56
57
s8
59
60
61
62
63
64
65
66

name

lithium dimer
sodium dimer
sodium tetramer
sodium hexamer
potassium dimer
rubidium dimer
nitrogen
phosphorus dimer
arsenic dimer
fluorine

chlorine

bromine

iodine

methane

ethane

propane

butane

ethylene

acetylene
tetracarbon
cyclopropane
benzene
cyclooctatetraene
cyclopentadiene
vinyl fluoride

vinyl chloride

vinyl bromide

vinyl iodide
tetrafluoromethane
tetrachloromethane
tetrabromomethane
tetraiodomethane
silane

germane

disilane

pentasilane

lithium hydride
potassium hydride
borane

diborane (6)
ammonia
hydrazoic acid
phosphine

arsine

hydrogen sulfide
hydrogen fluoride
hydrogen chloride
lithium fluoride
magnesium fluoride
titanium tetrafluoride
aluminum fluoride
boron monofluoride
sulfur tetrafluoride
potassium bromide
gallium monochloride
sodium chloride
magnesium chloride
aluminum iodide
boron nitride

hydrogen cyanide

ADF

0.52
0.64
0.92
0.95
0.59
0.67
—2.40
0.64
1.08
0.54
0.83
1.40
1.56
—0.78
—0.77
-0.72
—0.70
-191
—2.48
2.62
-0.73
—0.96
0.03
—0.91
—-1.92
-1.31
—-1.23
-0.77
—0.88
0.04
0.99
2.16
-0.72
—0.47
—0.75
—0.08
0.05
0.17
—0.26
—0.87
—0.76
—1.40
—0.67
—0.58
-0.73
—1.06
-1.19
—0.04
0.26
0.09
0.06
-121
—0.29
0.34
0.02
0.42
0.68
1.18
4.05
—2.31
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Adef?.—GTO

0.23
0.02
0.23
0.18
0.16

0.28
0.44
0.44
0.69
0.57
0.56

-1.25
-1.16
-1.15
—-1.13
0.09
—0.08
0.53
—-1.23
0.07
0.09
0.06
0.04
0.14
0.12

-3.00
0.50
0.57

—1.54
—1.38
—0.76
0.08
0.11
0.15
0.23
0.13
—1.24
0.30
—-1.59
-1.36
—-1.52
—0.98
—0.34
0.05
0.05
0.97
0.17
0.16
0.39
0.08
0.37
—0.00
—0.00

-0.10
0.09

AVASP
0.09
-0.04
0.15
0.12
0.15
0.07

0.35
-0.01

0.42
0.59
0.65
0.15

0.47

0.02

0.12

0.40

0.28
0.48
0.28

0.05
0.02
0.08
0.23

—0.13
0.03

—0.14

0.22
—0.02
0.17
0.04
—0.07
—0.16

Awgst ApanoGi
0.12 0.14
—0.03 —0.00
0.16 0.20
0.09 0.11
0.16 0.16
0.06 0.07
0.25 0.17
0.45 0.38
0.01 —0.04
0.52 0.58
0.55 0.52
0.48 0.29
1.65
0.02 —0.10
—0.01 —0.11
—0.03 —0.11
—0.04 —0.13
0.11 —0.04
—0.02 —0.20
0.48 0.52
—0.02 —0.14
0.03 —0.10
0.04 —0.10
0.01 —0.15
0.03 —0.09
0.10 0.00
0.17 0.09
0.55 0.44
0.05 —0.10
0.37 0.41
0.46 0.41
0.88 0.32
—0.04 —0.11
—0.14 -0.36
—0.02 —0.83
0.15 —0.02
0.02 0.13
0.08 0.35
0.25 0.21
0.15 —0.00
—0.05 —0.09
0.25 0.23
—0.03 —0.06
—0.08 —0.16
—0.05 —0.11
—0.05 —0.12
0.10 —0.03
—0.03 0.11
0.07 0.18
0.83 1.14
0.10 0.01
0.28 0.24
0.37 0.35
0.06 0.59
0.42 0.20
0.05 0.61
0.02 0.0S
0.48 0.02
0.03 0.0S
0.06 —0.06

https://doi.org/10.1021/acs.jctc.1c00308
J. Chem. Theory Comput. 2021, 17, 5080—5097


pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.1c00308?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation pubs.acs.org/JCTC
Table 2. continued
name ADF Agenr-GTO Ayasp Awgsr AnanoGi

67 phosphorus mononitride 0.12 0.47 0.40 0.35
68 hydrazine —0.70 —-0.98 —-0.02 —0.08
69 formaldehyde —1.06 0.35 0.30 0.15
70 methanol —-0.81 —1.00 -0.10 -0.19
71 ethanol -0.73 —-0.94 —-0.11 -0.19
72 acetaldehyde —1.16 0.33 0.29 0.29 0.25
73 ethoxy ethane —0.62 —1.08 —-0.09 —-0.18
74 formic acid —1.82 0.23 0.18 0.18 0.04
75 hydrogen peroxide —2.06 0.11 0.26 0.28
76 water —0.88 —-1.13 —0.16 -0.03 —0.08
77 carbon dioxide -1.03 0.10 0.06 —0.03
78 carbon disulfide 0.10 0.45 0.32 0.40 0.32
79 carbon oxide sulfide -1.22 0.39 0.28 0.20
80 carbon oxide selenide —0.93 0.41 0.29 0.22
81 carbon monoxide —0.84 0.47 0.40 0.38
82 ozone 2.03 0.66 0.47 0.53 0.52
83 sulfur dioxide 0.86 0.63 0.39 0.51 0.36
84 beryllium monoxide 1.99 0.73 0.74 0.52 0.54
85 magnesium monoxide 1.74 0.39 0.31 0.21 0.52
86 toluene —-091 0.08 0.04 —0.09
87 ethylbenzene —0.87 0.00 —0.03 —0.18
88 hexafluorobenzene —0.03 -0.33 0.00 —0.08
89 phenol —-0.78 0.04 -0.07 -0.18
90 aniline —-091 —0.03 —0.07 -0.19
91 pyridine —0.44 0.14 0.08 -0.05
92 guanine —0.48 0.02 —-0.03 —-0.15
93 adenine —0.28 0.07 —-0.01 -0.13
94 cytosine —-0.18 0.17 0.06 0.09 —0.03
95 thymine 0.02 0.16 0.04 0.08 —0.06
96 uracil 0.05 0.20 0.06 0.10 —-0.02
97 urea —0.49 —0.68 —0.04 -0.12
98 silver dimer 091 0.44 0.58 0.41
99 copper dimer 1.00 0.23 0.24 0.41 0.25
100 copper cyanide 1.47 0.38 0.44 0.51 0.34
MAD 0.48 0.21 0.16 0.21

“All values are in electron volts.

containing iodine, copper, gallium, and xenon as well as the N

remaining systems containing fifth-row elements, we find a ! .

MAD of 160 meV to the former and of 210 meV to the latter X . ot

code. These MADs are around twice as large as for IPs but in 0 %

light of the difficulties mentioned above, certainly not =~

surprising and in line with the previous benchmark studies = R

on GW100.”*>***® Figure 8 shows that the ADF EAs, as for o1 0

the IPs, are on average smaller than the ones from WEST, (0

while no trend in that direction can be observed when -2

compared to nanoGW.

One clearly identifies a group of molecules with significant
deviations from ADF to def2-GTO of up to several electron -3 ¢
volts. These are the already mentioned systems with positive def2-GTO WEST nanoGW

LUMOs. Contrariwise, the raw data in Table 2 show that the
agreement with WEST is especially good for systems with
positive LUMOs. As an example, consider the series of linear
alkane chains, C,H,,,, for n = 1, ..., 4. With deviations from 10
to 40 meV, the agreement with WEST is excellent, while def2-
GTO overestimates the EAs of these systems by more than 1
eV. In this context, it is interesting to investigate the effect of
the diffuse functions. This is shown in Table 3 for some
systems with LUMOs well above the vacuum level. Only
comparing the basis set extrapolated values, the effect of the
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Figure 8. Deviation of EAs calculated with ADF from different codes.
Black dots denote the individual data points. The horizonal line in
each box denotes the median deviation; the box contains all data
points between the first quartile (Q1) and third quartile (Q2), and the

whiskers are at Q1 + %lQl — Q3l (in case of a normal distribution,

the whiskers include 99.3% of all data points). All values are in
electron volts. The deviations to VASP have been excluded due to the
lack of reference values for too many systems in GW100.

https://doi.org/10.1021/acs.jctc.1c00308
J. Chem. Theory Comput. 2021, 17, 5080—5097


https://pubs.acs.org/doi/10.1021/acs.jctc.1c00308?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.1c00308?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.1c00308?fig=fig8&ref=pdf
https://pubs.acs.org/doi/10.1021/acs.jctc.1c00308?fig=fig8&ref=pdf
pubs.acs.org/JCTC?ref=pdf
https://doi.org/10.1021/acs.jctc.1c00308?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as

Journal of Chemical Theory and Computation

pubs.acs.org/JCTC

Table 3. Comparison of EAs for Selected Molecules from the GW100 Database Calculated with the ADF with and without

Diffuse Functions”

aug. non.aug.
index T Q Ex. Arq T Q Ex. ATQ Aqr AQQ A
13 N, —2.65 —-2.54 —-2.40 -0.11 -3.00 —2.58 =215 —-0.42 0.36 0.04 —-0.25
20 CH, -0.97 —0.89 —0.78 —0.08 —2.20 -1.59 —-0.95 —0.61 1.23 0.70 0.17
21 C,Hg —0.96 —0.88 -0.77 —0.08 —2.13 —-1.52 —0.87 —0.62 1.17 0.64 0.10
22 C;H;, —-0.92 —0.83 -0.72 —0.08 —2.06 —-1.44 —0.78 —0.62 1.14 0.61 0.06
23 C,Hy, —-0.89 —0.81 -0.70 —0.08 —-2.04 —-1.41 -0.74 —0.63 1.15 0.60 0.04
24 C,H, —2.12 -2.03 -191 —0.09 —2.40 —2.12 —1.81 —0.28 0.28 0.09 —0.10
25 C,H, —2.76 —2.65 —2.48 —0.11 -3.24 —2.87 —2.44 -0.37 0.48 0.22 —0.04
27 C;H; —0.98 —0.88 -0.73 —0.10 -2.29 —1.61 —0.87 —0.68 1.31 0.73 0.14
31 C,H;F —-2.21 —2.09 -1.92 —0.12 —2.50 —-2.22 -1.91 —0.28 0.29 0.13 —0.01
39 SiH, -0.92 —-0.83 -0.72 -0.09 -1.75 —-1.42 —1.08 -0.33 0.83 0.59 0.36
47 NH; —0.93 —0.85 -0.76 —0.08 —1.85 -1.35 —0.85 —0.51 0.93 0.50 0.09
66 HCN —2.59 —2.48 -2.31 —0.12 —2.96 —2.61 —-2.23 —0.35 0.37 0.14 —0.08
70 CH,O —-1.05 —-0.95 —0.81 —0.10 —2.00 —1.49 -0.93 —0.52 0.95 0.54 0.12
71 C,HO -0.97 —0.87 -0.73 —0.10 —-1.90 -1.39 —0.84 —0.51 0.93 0.52 0.11
76 H,O0 —1.02 —0.96 —0.88 —0.06 —-1.7§ —-1.34 -0.89 —0.41 0.73 0.38 0.01
MD 0.09 0.48 0.81 0.43 0.05
“All values are in electron volts.
diffuse functions seems to be rather small; for N,, the EA | ﬁl
calculated from the basis set without the diffuse functions is ADF 256 | I
with 250 meV even higher than the augmented basis sets. 1 240
Overall, the average difference is only 50 meV, which is well :
within the expected error range from the CBS hn.ut 4ef2.GTO S B 180
extrapolation. However, comparing the results from the finite : [ g
basis sets, the differences are exorbitant. Especially, on the TZ : - 120%
level, the addition of diffuse functions results in a lowering of WEST ' 15 | 3
the EAs by nearly 1 eV on average. For the nonaugmented : I -0 W
basis sets, the average difference between TZ and QZ basis set | J'
is 480 meV, resulting in differences of sometimes more than 1 nanoGW ' ‘Ib man BO
eV between the EAs on the TZ and on the extrapolated level. : |
In light of these differences, the good agreement between the el [
CBS limit-extrapolated EAs is remarkable. Despite this good é‘ C;&o Qjé 0c9$
agreement, the augmented basis sets should be the preferred 65,{1/' N &

choice to calculate EAs of systems with unbound LUMOs
since the extrapolation procedure is generally less reliable when
the differences between the results for the finite basis sets are
larger.

Finally, we compare our EAs for systems with a bound
LUMO to WEST, nanoGW, and def-GTO results. The MADs
and MDs in Figure 9 show that def2-GTO, nanoGW, and
WEST are generally in good agreement for these systems,
while the MADs to ADF are large. As the MDs show, ADF
significantly overestimates these EAs compared to the other
codes, which indicates that the results are not entirely
converged to the CBS limit. This interpretation is also in
line with the raw data in Table 2, showing that the deviations
are generally the largest for di- and triatomic systems as well as
molecules containing fluorine and chlorine, while the agree-
ment for the medium organic molecules such as the
nucleobases is satisfactory. Adding additional diffuse or tight
functions would possible not result in an improved description
of the EAs of the former systems. Instead, reaching the CBS
limit is most likely only possible using basis functions with
higher angular momenta than [ = 3, which are not available to
us. However, we can try to simulate the effect of these
functions by adding additional off-center Slater functions to
the basis set, which can be achieved conveniently by adding
ghost atoms. This approach is reminiscent of bond-centered
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Figure 9. MADs (upper triangle) and MD (lower triangle) of the
CBS limit-extrapolated EAs of the subset of systems with bound
LUMOs and medium-sized organic molecules (in total 48 data
points) in the GW100 data set computed with different codes. All
values are in electron volts.

basis functions, which have, for example, been used by Dunlap
and co-workers.'”

As examples, we consider the dihalogens F,, Cl,, Br,, and
SO,, as well as TiF,, and we augment these structures with Ne
ghost atoms, for which we use the same basis set than for the
real atoms. For each atom A in a system, we place two ghost
atoms G, G’ on a straight line defined by the position of A and
every neighboring atom B so that the distance between A and
G (G') equals one-third (minus one-third) of the distance
between A and B. The results of this augmentation are shown
in Table 4. We clearly see that it reduces the BSEs
considerably, as compared to the other codes. Of course,
such an augmentation should not be seen as a practical
solution, but it shows that agreement between ADF and the
other codes can in principle be also reached for these systems.

3.5.IP and EA for a Subset of GW5000. For the GW100
database, discrepancies to other codes are more pronounced
for smaller systems, while the agreement for medium systems is

https://doi.org/10.1021/acs.jctc.1c00308
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Table 4. Effect of the Addition of Additional Off-Center
Slater Functions via Ne Ghost Atoms on the EAs of Selected
Systems from GW100

system T Q ex. ex. (no gh.) def2-GTO WEST
F, 0.20 0.51 0.90 0.54 1.23 1.06
Cl, 0.74 0.95 1.21 0.83 1.40 1.38
Br, 1.27 1.45 1.69 1.40 1.96 1.88
TiF, —0.33 —0.10 0.19 0.09 1.06 0.92
SO, 0.84 1.07 1.38 0.86 1.49 1.37

“All values are in electron volts.

significantly better. To confirm this observation for a larger
number of systems, we also calculated IPs and EAs of a subset
of 250 medium to large organic molecules from the GWS5000
database,"" for which CBS limit-extrapolated references values
calculated with FHI-AIMS using the def2-GTO basis sets are
available. We have already considered this subset in ref 29. We
used here the TZ3P and QZ6P basis sets without diffuse
functions since the LUMOSs of the considered systems are
negative. As expected, we find better agreement with FHI-
AIMS than for GW100: for IPs, ADF deviated to FHI-AIMS
by 62 meV on average as opposed to the 86 meV for GW100.
For EAs, the MAD is with 93 meV, slightly worse, but the
agreement is much better than for GW100.

4. CONCLUSIONS

The GW100 benchmark by van Setten et al.” has become the
most important resource for comparing different implementa-
tions of the GW method for finite systems. IPs and EAs
calculated with implementations using def2 GTO-type basis
sets, PWs,*>** and real-space finite elements*® have been
compared in the recent past, and good agreement between
CBS limit extrapolated results has been found for IPs and EAs
of molecules with bound LUMOs. In this work, we extended
the list of available results and calculated the IPs and EAs in
the GW100 data set using STOs. For this purpose, we have
developed new Slater-type basis sets which allow us to
extrapolate our results to the CBS limit. These basis sets are
available online.'%°

Our study confirms once more that it is possible, although
difficult, to reach consensus between different implementa-
tions. All implementations compared in this work do not only
implement the GWA with different basis sets but also differ in
other technical parameters such as frequency treatment,
description of core electrons, the algorithm used to solve the
QP equations, and the numerical treatment of four-point
correlation functions. In light of these differences, the observed
agreement between 55 and 85 meV on average for IPs between
STO, def2-GTO, and plane-wave results is excellent. Reaching
the CBS limit is more difficult for EAs than for IPs. Still, EAs
calculated with ADF are in excellent agreement with the plane-
wave results from the WEST code for systems with positive
LUMOs, with an overall MAD between both codes of 160
meV. These deviations mostly stem from large BSEs for the
EAs of small molecules with bound LUMOs with the ADF
code. For larger, organic molecules, agreement to def2-GTO
results is with a MAD of 93 meV, significantly better.

We observe that ADF tends to give lower EAs and IPs than
the def2-GTO and plane-wave results. This is an indicator that
the results are not entirely converged with respect to the CBS
limit. Our STO-type basis sets are restricted to angular
momenta smaller or equal to I = 3, which sets a limit to the

accuracy currently attainable with STOs. It would be desirable
to obtain results for the GW100 database using even larger
STO-type basis sets containing functions also with higher
angular momenta. This would enable a more accurate estimate
of the CBS limit and might hopefully lead to an even better
agreement with other implementations. On the other hand, the
best IPs for GW100 in our earlier work showed a MAD of
more than 300 meV to def-GTO and nanoGW.?’ Thus, the
improvements which are due to our improved basis sets and
imaginary time and frequency grids are already immense.
The close agreement between different codes is highly
important in practice since it allows researchers to interpret the
results of their GW calculations without worrying that they
might be skewed by technical aspects. The slow convergence of
GW calculations to the CBS limit remains an obstacle in
practical applications. Especially for GW calculations for finite
systems with hundreds of atoms, which have become the focus
of much research in the last years,”” " calculations at (or even
close to) the CBS limit for individual QP energies are currently
often out of reach and will most likely not become routine
anytime soon. To overcome this issue, finite basis-set
corrections'”'”’ 7% hold much promise and it is to hope
that these techniques will be further developed and become
more widespread available in the near future. For differences of
QP energies, the situation is already much better. When
augmented basis sets are used, BSEs usually cancel out to a
large extent and already at the DZ level, fundamental gaps are
often sufficiently converged to the CBS limit.»**'*>!'%~!13

H A

Implementation of Imaginary Time and Frequency Grids

In this appendix, we state the formulas we use to calculate
imaginary time and imaginary frequency grids. For derivations,
we refer to ref 36. Since we want to switch between imaginary
time and imaginary frequency, we write the discrete FT f(iw;,)
of an arbitrary function f(i7;) as

fli) = =3 {79 cos(@yz) (f(iz) + f(=ir)) — ir)
j

sin(w,7) (f(ir) — f(=ir))} (17)

FT from imaginary frequency to imaginary time can be done
b?I inverting the matrices with the elements y,(cf) cos(a)k‘rj) and
)/kjs-) sin(a)kfj) (in case N, # N, a pseudoinverse can be
calculated). At the beginning of a GW calculation, we find

optimal sets of imaginary frequency {®w;)}-, y, and imaginary
time points {7,)},.; . For imaginary time, we use the

algorithm described in ref 114 to minimize

NT
Ox; a, 7 Olx; a, 7 :L— ae X
n(x; a, 7) 1 @ ) = ;,

(18)
and for imaginary frequency, we first minimize
W(a))(x; o, Cl)) )
2
1 w )
X
”( )('xr o, w)____zak[ 2 2]
T x” + Wy (19)
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using a Levenberg—Marquardt algorithm (LMA). In both
minimizations, x denotes the electron—hole pair transition
energy; both, 77(’) and ;7(‘”) are minimized in the interval [1,
Xmin/ ¥max), With %o (%m.) being the smallest (largest)
considered electron—hole transition energy. In both optimiza-
tions, the interval [%., Xm. is represented on a logarithmic
grid. After minimizing the L, norm on the logarithmic grid, we
minimize the L, norm for the positions of the minima and
maxima and repeat this procedure until self-consistency is
reached. The coefficients {o})}i), ne and {aj)}j=1,...,N1 are
byproducts of this optimization, but they can be used to
evaluate MP2 or RPA correlation energies.

7 has multiple minima, and especially for larger N, the
LMA only converges to a useful minimum when it is initialized
with ¢ and o, which are already sufficiently close to the
parameters which minimize 7(*”. In practice, we found that at a
useful (but not necessarily global) minimum, 7‘® has 2N,, or
2N, — 1 extrema. This behavior can be exploited to find good
starting points for the LMA for different ratios x,/%,,,, and
N,. We always start the LMA from pretabulated values.''®
These values have been obtained by a simple metropolis
algorithm for several x.;,/x,., and for N, between 1 and 40
and are chosen so that #\*) has 2N,, or 2N, — 1 extrema for a
given N,. In a GWA calculation, the LMA is then initialized
with the pretabulated parameters which are closest to the x,.;,/
Xpmax Of the calculation.

To avoid unnecessarily large grids, the N, and N, are
determined at run time and the user only specifies an upper
limit of points for both, imaginary time and frequency grids.
More precisely, for small N, grid points and weights are
calculated and the L, norm of #” is calculated. Then, we
increase the imaginary frequency grid until the least square
error is smaller than €, = 1e™'°. The number of points which
are required to reach this accuracy strongly depends on ux,,/
Xmae In our experience, the QP energies converge faster with
respect to the imaginary time grid than with respect to the w-
grid; since we find it convenient to work with grids of the same
size (although this is not necessary), we set N, = N,,. For
example, for a hydrogen molecule in a triple-{ (TZ) basis, N,
= 7 will already be sufficient to reach the desired accuracy,
while for the iodine molecule in a QZ basis, N,, = 31 will be
necessary.

To calculate the matrices '), we minimize

nx; )

2

N,
C C zx . C —X
1, 7)) = 7 = DA cos(myz)e™
x~ + wk j=1

(20)
for all w, and for ¥, we minimize
7 x; r)
2
2w &
’1(5)(9% }’(S)) =5 3 - 7 Z }’k(jc) sin(a)k‘rj)e_ml
x" + W j=1 (21)

with a LMA. The procedure is the same as described in ref 21.
In all cases, the algorithm converges smoothly from arbitrary
starting values.
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