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Abstract 16

From an eagle spotting a fish in shimmering water to a scientist extracting patterns from noisy data, 17

many cognitive tasks require untangling overlapping signals. Neural circuits achieve this by transforming 18

complex sensory inputs into distinct, separable representations that guide behavior. Data-visualization 19

techniques convey the geometry of these transformations, and decoding approaches quantify performance 20

efficiency. However, we lack a framework for linking these two key aspects. Here we address this gap by 21

introducing a data-driven analysis framework, which we call Geometry Linked to Untangling Efficiency 22

(GLUE) with manifold capacity theory, that links changes in the geometrical properties of neural activity 23

patterns to representational untangling at the computational level. We applied GLUE to over seven 24

neuroscience datasets—spanning multiple organisms, tasks, and recording techniques—and found that 25

task-relevant representations untangle in many domains, including along the cortical hierarchy, through 26

learning, and over the course of intrinsic neural dynamics. Furthermore, GLUE can characterize the 27

underlying geometric mechanisms of representational untangling, and explain how it facilitates efficient 28

and robust computation. Beyond neuroscience, GLUE provides a powerful framework for quantifying 29

information organization in data-intensive fields such as structural genomics and interpretable AI, where 30

analyzing high-dimensional representations remains a fundamental challenge. 31

Keywords: neural manifolds; population geometry; efficient coding; visual discrimination; decision-making; learn- 32

ing; motor control 33
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An animal’s survival depends on its ability to swiftly34

identify objects in its environment and respond appro-35

priately. Consider a cat detecting movement in nearby36

bushes: it must rapidly determine whether the source is37

a predator (like a snake) or prey (like a mouse) and re-38

spond accordingly (e.g., fleeing or stalking, Figure 1a,39

left). Encounters with snakes under varying lighting40

conditions and different levels of visual clutter lead to41

a wide variety of retinal activity patterns. Geometri-42

cally, these patterns form continuous, low-dimensional,43

curved surfaces known as category manifolds [1] within44

the space of neural responses (Figure 1a, middle). Dis-45

tinct objects, such as snakes and mice, form manifolds46

within a population activity space (e.g., a brain area)47

at a given time. However, the manifolds of many dif-48

ferent objects can be tangled within the activity space49

of sensory neurons—for example, under certain condi-50

tions, a partially obscured mouse with a long, curly tail51

may resemble a snake, in which case their category man-52

ifolds may be highly proximal or even overlap (Figure 1a,53

middle). Despite such complex and continuous variabil-54

ity in the stimulus space, the visual system has evolved55

the remarkable ability to distinguish and recognize ob-56

jects through a cascade of neural transformations that57

progressively untangle [2] these category manifolds into58

distinct percepts (Figure 1a, right, dotted lines), thereby59

enabling the animal to take appropriate behavioral ac-60

tion, such as fleeing or stalking (Figure 1a, right).61

Viewing cognitive brain functions—such as the above-62

mentioned invariant object recognition—as processes of63

untangling task-relevant neural representations (cate-64

gory manifolds) offers a systematic way to investigate65

their neural underpinning. To think about how the or-66

ganization of category manifolds are related to the pro-67

cess of untangling them, imagine arranging ribbons in a68

storage box: if the ribbons are jumbled without clear69

partitions, picking up a specific piece with a tweezer70

becomes hard and error-prone. Similarly, the popula-71

tion activity space defined by N recording units can be72

thought of as an N -dimensional storage box, and cate-73

gory manifolds as the ribbons inside. Tangled category74

manifolds occupy more space and impede the brain’s75

ability to swiftly distinguish between different represen-76

tations to determine the appropriate percept, thereby77

disrupting behavior. To untangle the ribbons, one might78

compress them into small balls, align them in stacks, or79

use some intermediate method; the most efficient mech-80

anism to untangle a set of ribbons will depend on their81

geometrical properties, such as their size or alignment.82

Likewise, the geometrical properties of category mani-83

folds—shaped by factors such as stimulus characteris-84

tics, evolutionary pressures acting on the neural system,85

and/or the intrinsic properties of neural circuits—affect86

how they can be untangled. Depending on these geomet-87

rical properties and the neural system involved, differ-88

ent geometric transformations—methods for untangling89

manifolds based on their geometrical properties—may 90

be at play (Figure 1b, top). This framework of untan- 91

gling task-relevant category manifolds through geometric 92

transformations provides a broadly applicable analytical 93

language for modeling how the brain solves various cog- 94

nitive untangling challenges (Figure 1b, bottom). 95

To determine whether cognitive untangling is in fact 96

achieved in the brain via geometric transformation-based 97

manifold untangling, we need to be able to discern the 98

geometrical properties of category manifolds from within 99

large sets of neural activity data. Current approaches, 100

however, cannot accommodate this type of data analy- 101

sis. For example, single-neuron tuning analyses are not 102

optimized to appreciate broader, population-based sen- 103

sory perceptions, which present as mixed selectivity in 104

higher-order brain areas [3–5]. Moreover, while exist- 105

ing population-level analysis methods may be able to 106

examine changes in neural activity patterns or detect 107

the presence of manifold untangling processes, none can 108

connect these two aspects (Figure 1c, top). For instance, 109

dimensionality reduction techniques [6–8] provide valu- 110

able geometric intuitions by visualizing high-dimensional 111

data and revealing the underlying spatial organization 112

of neural activity patterns in latent spaces. However, 113

in prioritizing some variables over others they may dis- 114

card information that would be critical to detect how the 115

category manifolds themselves are untangled to direct 116

task-related behavior (Figure 1c, top left). In contrast, 117

decoding methods [2, 9, 10] quantify task-relevant infor- 118

mation but offer limited insight into underlying neural 119

mechanisms. Similarly, approaches linking information 120

to neural correlations [11, 12] rely primarily on low-order 121

statistics, limiting their effectiveness for neural popula- 122

tions with complex tuning properties or mixed selectivity 123

(Figure 1c, top right). 124

Here we address these limitations and gaps in existing 125

analysis methods by presenting a novel analysis frame- 126

work, called Geometry Linked to Untangling Ef- 127

ficiency via manifold capacity theory (GLUE). 128

GLUE builds on a rich body of theoretical work on per- 129

ceptron capacity [13–19] and its recent extension to cat- 130

egory manifolds, known as manifold capacity [20, 21]. 131

We advanced the mathematical theory by refining pre- 132

vious assumptions, which often fail in biological data. 133

Our theory revealed geometrical properties of category 134

manifolds that can be used to determine the degree to 135

which those manifolds are untangled (Figure 1c, bot- 136

tom). GLUE makes it possible to identify the geomet- 137

ric transformations driving manifold untangling across 138

a wide range of neuroscience datasets. The result is a 139

first-of-its-kind framework that can be used to system- 140

atically probe the computational strategies underlying 141

brain functions that involve the transformation of over- 142

lapping input signals into discrete outcomes, such as vi- 143

sual discrimination, decision-making, or motor control. 144
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Figure 1: Neural manifold untangling and our proposed analysis framework, Geometry Linked to Untangling Efficiency
via manifold capacity theory (GLUE). a. A schematic illustration of manifold untangling in the context of invariant object
recognition. When a cat sees something moving behind a bush, it must quickly decide—based on the object’s category (e.g., predator
or prey)—whether to flee or stalk, a decision crucial to its survival. Different instances of environmental stimuli from the same object
category (e.g., snakes with different postures) induce different patterns of neural activity in the sensory area (e.g., retina, visual
cortex), forming an object manifold in that area for the category. Because the cat can easily distinguish prey from predator and
execute the corresponding behavior, this suggests that the neural manifolds of these categories are well separated from each other
in the neural activity space just before the output neurons (e.g., motor neurons). This separation allows for fast and robust actions
despite the high-dimensional variabilities at the sensory end. This process, known as invariant object recognition, is proposed to occur
through a sequence of untangling these object manifolds. b-d. Our proposed conceptual and data analysis framework for studying
cognitive untangling at both the structural level (pink) and the computational level (purple) in neural populations. b. A conceptual
framework for studying cognitive brain functions by modeling the underlying geometric transformations that drive the untangling of
task-relevant neural manifolds. Top: Changes in manifold geometry can reveal the differences in manifold untangling as there might be
distinct geometric transformations for manifold untangling due to factors such as stimuli, tasks, and neural circuits. Bottom: Manifold
untangling can model many cognitive brain functions, including visual recognition (Figure 3), decision-making (Figure 4), and motor
control (Figure 5). c. Top: Conventional analyses such as visualization method (top-left) and decoding method (top-right) are able to
study the organizational changes and task-relevant information of manifold untangling respectively. However, there lacks a framework
to connect these two levels of abstraction. Bottom: Our proposed analysis framework, GLUE, enables data analyses for manifold
untangling through an analytical link between the geometrical properties of manifolds (left, measured by effective manifold geometric
measures) and manifold untangling (right, measured by manifold capacity). Specifically, in our theory, manifold capacity is a function of
effective geometric measures (such as effective radius and dimension, see Supplementary Information S1). The orange boxes correspond
to the ribbon metaphor, illustrating how the shape and organization of manifolds (in a maximally packed configuration) connects
to the number of packable manifolds. d. GLUE enables the conceptual framework described in panel b by offering a data-driven
analysis framework. Top: In GLUE, one can study the distinct geometric transformations of manifold untangling across different
neural systems by analyzing the changes in effective geometric measures of task-relevant manifolds. The gray boxes are summaries of
how each effective geometric measure changed from before to after untangling. See later sections and figures for quantitative versions of
the results. Bottom: In GLUE, manifold capacity connects manifold untangling to three biologically relevant computational principles
(Method M3.4), thereby allowing for a wide range of interpretations for manifold untangling in data analysis. See Figure 6 for more
details.
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To understand how GLUE helps us study manifold un-145

tangling, consider the ribbon metaphor again: One can146

assess the packing efficiency of ribbons in a box by calcu-147

lating the maximum number of ribbons per unit volume148

of storage that still allows for easy retrieval. Similarly,149

using GLUE we can quantify the degree of manifold un-150

tangledness by calculating manifold capacity—defined151

as the maximum load of category manifolds in the neural152

activity space that still allows for easy discrimination by153

downstream processing (Figure 1c, bottom right; Supple-154

mentary Information S1). Just as there are various ways155

to pack ribbons efficiently, there are multiple geomet-156

ric arrangements of category manifolds that can achieve157

high manifold capacity (Figure 1b, top). Using GLUE,158

we are able to derive the effective manifold geomet-159

ric measures1 of category manifolds that contribute to160

manifold capacity, which can in turn be used to quan-161

tify the degree of manifold untangling (Figure 1c, bot-162

tom). Just as packing more ribbons into a box is easier163

when they are compact, thin, and/or evenly distributed,164

higher manifold capacity can be achieved by reducing165

manifold radius, compressing manifold dimensional-166

ity, and/or optimizing organization, i.e., increasing man-167

ifold center segregation or enhancing manifold axis168

alignment (Figure 1b top).169

Here, we present GLUE as a novel conceptual and170

data analysis framework for studying distinct mecha-171

nisms of manifold untangling across different neural sys-172

tems through their underlying geometric transformations173

(Figure 1b-1d). In addition, we apply GLUE to a wide174

range of neural data involving multiple organisms (hu-175

man, monkey, mouse), task modalities (vision, decision-176

making, motor), and recording techniques (electrophysi-177

ology, calcium imaging, fMRI), as well as artificial neural178

networks, to track changes in manifold capacity and ge-179

ometric measures. From there, we are able to discern180

new computational principles underlying complex tasks181

(Figure 6). For example, how the idea of manifold pack-182

ing efficiency may apply to object recognition, or how183

decoding efficiency (the ability to signal using relatively184

few neurons) may apply to stimulus discrimination, or185

how readout robustness (the alignment of neural activ-186

ity across many neurons in support of a particular out-187

come) may apply to motor planning. The strength of188

our approach is in the ability to link structural properties189

within high-dimensional representations to their relevant190

computational/functional roles. Beyond neuroscience,191

GLUE is likely to advance other data-intensive fields192

like structural genomics or interpretable AI by address-193

ing a fundamental challenge in complex systems—how194

to transform distributed representations into categorical195

patterns.196

1We term our geometric measures effective to highlight their an-
alytical connection to computation, unlike conventional geometric
analyses. See Supplementary Information S1 for more details. We
will omit the term for brevity when the context is clear.

Results 197

Revealing structure in high-dimensional data by 198

linking the geometry of neural activity patterns 199

to perceptron capacity 200

A common approach to assessing the accuracy and ef- 201

ficiency of information decoding from neural represen- 202

tations is to model the readout operation of a down- 203

stream neuron as a linear classifier2, also known as a 204

perceptron [22, 23]. The ratio between the number of 205

linearly discriminable patterns and the size of a neural 206

state space (often quantified by the number of neurons) 207

is then known as perceptron capacity [13–15]. This ap- 208

proach has inspired decades of rich theoretical work [16– 209

19]. However, the original concept of perceptron capacity 210

has a significant limitation: it considers discrete points 211

as the counting unit for patterns. This assumption does 212

not apply to biological data. Indeed, in most real-life sce- 213

narios, robust object discrimination involves separating 214

representations with smooth nuisance variations (e.g., 215

changes in the input stimuli that are invariant to the 216

animal’s perception/behavior), making this classical no- 217

tion of capacity irrelevant. 218

To better address real-world scenarios, the classical no- 219

tion of perceptron capacity for discrete points has re- 220

cently been generalized to encompass the capacity for 221

category manifolds [20, 21]. For example, consider a task 222

with two conditions (e.g., the prey and predator object 223

category as in Figure 1a) and neural recordings with N 224

units in a certain brain area. The population neural re- 225

sponse from a single trial corresponds to a vector in the 226

N -dimensional neural activity space. Grouping the vec- 227

tors associated with the same condition forms two point 228

clouds, each representing a condition, or “object”, that 229

may need to be discriminated by downstream processing. 230

Numerically, the capacity of these two point cloud man- 231

ifolds can be estimated by 2/N∗, where N∗ is the mini- 232

mum number of neurons required to ensure that the two 233

point clouds are linearly separable (see Method M3.2). 234

For example, tangled data point clouds, such as the clas- 235

sical XOR problem [23] (Figure 1a middle), require a 236

high-dimensional embedding space for linear separation 237

(i.e., larger N∗), necessitating a larger number of neu- 238

rons and thereby reducing capacity [24, 15]. 239

Within the context of neural computation, the process 240

of manifold untangling may involve distinct mechanisms 241

depending on stimuli, tasks, neural circuits, or other fac- 242

tors (Figure 1a) which, as discussed above, define the 243

geometrical properties of the manifold. Characterizing 244

changes in the geometric properties of category mani- 245

folds is an intuitive and quantitative way to study the 246

untangling process. Recent theoretical work [20, 21] has 247

2Linear classification/separation is the multidimensional equiv-
alent to the simple thresholding operation used, for example, in
single-neuron selectivity analysis (see Supplementary Figure S5).
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Figure 2: Theoretical advances enable capacity-based anal-
yses. The x-axis is the (ground truth) capacity value estimated
from numerical simulation (Method M3.4) and the y-axis is the
capacity value estimated from a manifold capacity formula. Each
point corresponds to the result of a random (e.g., a session, an
animal) analysis run from that dataset. Our theory significantly
improves the theory-simulation match in neural recordings from
earlier theory [20, 21], hence enabling capacity-based analyses to a
broad range of neural datasets for the first time. See Supplemen-
tary Figure S3 for a detailed comparison.

employed statistical physics models to derive data-driven248

formulas for approximating capacity values (see Supple-249

mentary Information S1). Crucially, these formulas re-250

veal geometric properties of high-dimensional manifolds251

that affect capacity, thereby opening a new avenue to in-252

vestigate the underlying untangling mechanism by track-253

ing changes in manifold geometry. Applications of these254

early theories on manifold capacity have shown promis-255

ing results in interpreting high-dimensional data in both256

neuroscience [25–27] and artificial neural networks [28–257

32]. However, previous theoretical work [20, 21] relies on258

two critical simplifying assumptions—Gaussian correla-259

tions between manifolds and random task labels—which260

often fail in biological datasets by ignoring higher-order261

correlations and task-specific structures, thereby limit-262

ing their applicability (see Figure 2 and Supplementary263

Figure S3).264

Using the GLUE theory, we can mathematically265

predict numerical estimations of perceptron ca-266

pacity based on high-dimensional biological data.267

We eliminated all the mathematical assumptions in-268

herent in previous theoretical approaches. This en-269

abled—for the first time—the application of capacity-270

based analysis to a broad range of neural data. We271

achieved this by incorporating interdisciplinary ideas272

from integral geometry and convex optimization theory273

to advance the theoretical foundation of capacity the-274

ory. Specifically, we derived a new manifold capacity275

formula, which (1) achieves perfect agreement with the276

empirical estimation (Figure 2 and Supplementary Fig-277

ure S3) and (2) connects directly to the organization of278

neural activity patterns and task structure. Here, we279

offer a glimpse of our theoretical results using the two280

point-cloud manifold example described above. Suppose 281

we have M trials per condition and denote x1
1, . . . ,x1

M 282

and x2
1, . . . ,x2

M as the population neural activity vectors 283

for the two conditions respectively. Then, we derive the 284

following capacity formula: 285

α = 2E
t

 max
λ1,λ2∈RM

≥0

(
−t⊤(

∑
µ,i y

µλµ
i xµ

i )
∥
∑

µ,i y
µλµ

i xµ
i ∥2

)2

≥0

−1

where Et denotes taking the expectation over t being 286

sampled from the N -dimension isotropic Gaussian dis- 287

tribution, and y1 = 1, y2 = −1 are the labels for the 288

two point cloud manifolds respectively. The critical ad- 289

vance of our theory is that the capacity (α) can now be 290

expressed as a closed-form formula directly dependent 291

on the data (xµ
i ) and a specific choice of task label (yµ), 292

whereas the formulas from previous work rely on assump- 293

tions of random directions [20], pre-processing [28], or 294

transformations [21] of the data and task labels. See Sup- 295

plementary Information S1 for the full version of our the- 296

ory and see Figure 2 and Supplementary Figure S3) for 297

the theory-numerics match. 298

Using the GLUE theory, we can extract geomet- 299

ric features of neural activation patterns that re- 300

veal the mechanistic basis of manifold capacity. 301

The mathematical formula for manifold capacity in our 302

theory not only achieves perfect estimation accuracy of 303

capacity value (Figure 2), but also enables us to extract 304

geometric features of neural activation patterns that are 305

analytically connected to the capacity value through the 306

formula. We introduced a set of effective geometric mea- 307

sures that incorporate complex shapes and correlations 308

of category manifolds (e.g., beyond second order statis- 309

tics) and are analytically linked with manifold capacity 310

through our new formula (Method M3 and Supplemen- 311

tary Information S1). In particular, several geometric 312

transformations can lead to an increase in manifold ca- 313

pacity: reducing manifold radius R, compressing mani- 314

fold dimensionality D, segregating manifold centers ρc, 315

and aligning manifold axis ρa (Figure 1b top, Supple- 316

mentary Information S1.4). For example, manifold ca- 317

pacity can be approximated by a simple function of the 318

geometric measures, e.g., α ≈ (1 +R−2)/D (Supplemen- 319

tary Information S1.4). 320

In addition, we established equivalences between mani- 321

fold capacity and several normative principles of compu- 322

tation(Figure 1c, bottom). This in turn enables new 323

biologically-relevant interpretations and broadens the 324

applicability of our theoretical framework to more di- 325

verse datasets. Specifically, our theoretical result shows 326

that an increase in manifold capacity corresponds to an 327

increase in packing efficiency (being able to pack more 328

manifolds, Figure 6a), an increase in neuronal efficiency 329

(requiring fewer neurons for decoding, Figure 6b), and 330

an increase in readout robustness (Figure 6c). 331
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In summary, our theoretical framework quantifies man-332

ifold untangling via manifold capacity, linking it to the333

shapes and organization of neural representations and,334

for the first time, enabling capacity-based methods to335

be applied to a wide range of neuroscience problems.336

Applying GLUE to a wider range of neural data.337

The test of GLUE as a theoretical framework applicable338

to biologically-relevant neural computations is whether339

it can be generalized to various cognitive tasks. For in-340

stance, while it is relatively intuitive to imagine object341

detection as a process of untangling two or more cate-342

gory manifolds (snake manifold versus stick manifold),343

it is less intuitive to think about the process of learning344

or motor planning in this way. Here, we present evi-345

dence of the potential to use GLUE to reveal the role346

of manifold untangling within three different cognitive347

modalities: across brain regions (as is the basis of vi-348

sual object detection), over the course of learning (be-349

fore/after learning that a tone signals reward), and over350

time (before initiating a movement, after initiation, dur-351

ing movement).352

Using GLUE to reveal the degree of untangling353

and the geometric transformations involved in354

computations occurring across brain regions355

Having established the theoretical framework, we next356

asked whether GLUE could reveal how the brain trans-357

forms complex sensory inputs into categorical percepts.358

The ventral visual stream offers an ideal test case, as359

it must convert variable retinal inputs into stable ob-360

ject representations. Using GLUE analysis, we set out361

to determine how brain regions along the ventral visual362

stream encode object categories, i.e., manifolds compris-363

ing collections of neural activity patterns in a sensory364

area (e.g., IT) associated with a specific object category365

(e.g., cat). We tested the hypothesis that these object366

categories become increasingly untangled as information367

flows through the visual system hierarchy, supporting368

downstream tasks like invariant object recognition.369

To test this hypothesis, we analyzed three datasets com-370

prising recordings from various stages of the visual hi-371

erarchy: a monkey electrophysiology dataset [35] with372

texture pattern category manifolds in the early ventral373

stream (Supplementary Figure S8), a monkey electro-374

physiology dataset [33] with object category manifolds in375

the late ventral stream (Figure 3a–c), and a human fMRI376

dataset [34] with subordinate-level category manifolds in377

the ventral temporal (VT) cortex (Figure 3e–h). Our378

study revealed three new findings, which are described379

in detail in the following section. Briefly, we find that,380

(1) across all three datasets, object category manifolds381

progressively untangle along the visual hierarchy, as indi-382

cated by increased manifold capacity; (2) the untangling383

processes shared common geometric transformations—a384

reduction in manifold radius and a compression of man- 385

ifold dimension; and (3) distinct geometric transforma- 386

tions emerged that varied with processing stage and in- 387

put category type, as evidenced by differences in align- 388

ment measures. 389

Object category manifolds within neural popula- 390

tion activation data are untangled via compres- 391

sion and decorrelation along the primate ventral 392

stream. We considered a dataset [33] with simultane- 393

ous electrophysiology recordings on macaque monkeys 394

(n=2) from the V4 and inferior temporal (IT) cortices 395

(126 sites in V4 and 189 sites in IT). For these record- 396

ings, head-fixed monkeys were presented with a sequence 397

of images for 100ms each, with 100ms of blank screen 398

in between. Each image contained a 2D rendering of a 399

3D object superimposed on a natural scene background. 400

There were eight object categories (a.k.a., basic-level ob- 401

ject categories in [33], e.g., animals, boats, cars, chairs, 402

faces, fruits, planes, tables), and each category included 403

eight members (a.k.a., subordinate-level objects, i.e., 64 404

objects in total) (Figure 3a). For each basic-level cate- 405

gory, we defined the category manifold as the collection 406

of neural responses (firing rate vectors) in a particular 407

brain area to images from that category (at least 350 408

images per category). Thus, a category manifold encom- 409

passed neural responses to different objects within the 410

category, varying view parameters (e.g., position, scale, 411

pose) of the objects, and different background scenes, all 412

sharing the same category label (Figure 3b). 413

When we apply GLUE analysis, we find that category 414

manifold capacity increases from the image pixel space 415

to V4 to IT (Figure 3c, top). To confirm that these 416

structural changes were specific to categorical represen- 417

tations rather than global changes, we performed the 418

same analysis on label-shuffled manifolds and observed 419

no increase in capacity (Figure 3c, top). Similarly, in a 420

dataset featuring texture family categories [35], we ob- 421

served an increase in manifold capacity from V1 to V2 422

(Supplementary Information S3.1). These findings sup- 423

port the hypothesis that category manifold untangling 424

occurs along the ventral stream. 425

We next investigated the geometric transformations of 426

this untangling process. Our analyses reveal that both 427

manifold radius and dimension decrease from pixel space 428

to V4 and from V4 to IT (Figure 3d, right). On the 429

other hand, changes in axis alignment delineate the dif- 430

ferences between V4 and IT. Thus, manifold centers be- 431

come more segregated from V4 to IT—improving capac- 432

ity—while manifold axes become less aligned—reducing 433

capacity (Figure 3d). These findings reveal shared as 434

well as distinct geometric transformations for category 435

manifold untangling at different stages of processing in 436

the visual ventral stream, raising intriguing questions for 437

future investigations into the underlying neurophysiol- 438

ogy of the computational task handled by this pathway 439
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Figure 3: GLUE reveals the underlying geometric transformations of the untangling of object manifolds along the
visual hierarchy. a. A dataset from [33] consisting of multi-electrode recordings in monkeys’ (n=2) V4 and IT. The monkeys were
presented with a sequence of images, where each image contained a 2D rendering of a 3D object superimposed on a natural scene
background. There were 8 basic-level object categories, and each category included 8 subordinate objects. b. For a brain area (V4 or
IT) or the image pixel space, we define 8 basic-level object manifolds. An object manifold contains the (preprocessed) neural responses
(or pixel vector for the image pixel space) to all stimuli from the same object class (at least 350 images per category). c. Manifold
capacity analysis. Top: capacity of object manifolds and capacity of the shuffled manifolds. A data point corresponds to one of the
possible 1-vs-rest dichotomies of classifying 8 object categories (Mann–Whitney U test; *: p < 0.05; **: p < 0.01; ***: p < 0.001).
Bottom: a schematic summary of the geometric transformations of object manifolds and their relation to capacity. d. Geometric
transformations of object manifolds from pixel level to V4 and IT (Mann–Whitney U test; *: p < 0.05; **: p < 0.01; ***: p < 0.001).
e. A dataset from [34] consisting of fMRI data in human subjects’ (n=3) cortical areas, such as extrastriate body area (EBA) and
fusiform face area (FFA). The brain surface is the native brain surface of the example subject (sub-02). Participants viewed object
images while performing an oddball detection task, responding to occasional artificially generated images. We selected 4 body part
subordinate categories and 4 face subclasses, where each contains 12 object images. f. For a region of interest (e.g., EBA or FFA) and
an object category (body part or face), we define 4 subordinate category manifolds. A subordinate category manifold is the collection
of single-trial beta coefficients estimated from BOLD responses (with the number of voxels randomly subsampled to 400) corresponding
to the object images in that subordinate category. g. Manifold capacity analysis. Top-left: capacity of body part manifolds. Top-right:
a schematic summary of the geometric transformations of body part manifolds and their relation to capacity. Bottom-left: capacity of
face manifolds. Bottom-right: a schematic summary of the geometric transformations of face manifolds and their relation to capacity.
A data point corresponds to one of the possible 1-vs-rest dichotomies of classifying 4 subclasses (Mann–Whitney U test; *: p < 0.05;
**: p < 0.01; ***: p < 0.001). h. Geometric transformations of subordinate manifolds along the ventral visual stream (Mann–Whitney
U test; *: p < 0.05; **: p < 0.01; ***: p < 0.001).
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(see Supplementary Information S3.2 for more discussion440

and interpretation). ).441

Specific object subclassification manifolds from442

within human fMRI data are untangled via dis-443

tinct geometric transformations. The improved es-444

timation accuracy of manifold capacity by GLUE (Fig-445

ure 2) overcomes the challenge of analyzing population446

representations in fMRI data [36, 37], enabling capacity-447

based analysis for the first time. For this analysis, we448

focused cortical regions known to be selective for par-449

ticular categories, such as the fusiform face area (FFA)450

for faces and the extrastriate body area (EBA) for body451

parts. We utilized the THINGS dataset [34] compris-452

ing fMRI recordings from human participants (n=3) who453

viewed object images while performing an oddball detec-454

tion task, responding to occasional artificially generated455

images. The object images were richly labeled, allow-456

ing us to define four subordinate categories (boy, girl,457

man, woman) for the face category and four subordinate458

categories (chest, hand, hip, elbow) for the body part459

category (Figure 3e). Each subordinate category con-460

tained 12 unique object images. For each cortical area,461

we defined a subordinate category manifold as the collec-462

tion of single-trial beta coefficients estimated from blood463

oxygenation level-dependent (BOLD) responses (voxels464

randomly subsampled to 400) corresponding to the ob-465

ject images in that subordinate category (Figure 3f).466

We applied GLUE analysis to test the hypothesis that467

subordinate category manifolds become more untangled468

in their corresponding selective regions. Our results469

showed that manifold capacity increased along the visual470

hierarchy, peaking in the relevant selective area: body471

part manifolds reached their highest capacity in EBA472

(Figure 3g, top-left) and face manifolds in FFA (Fig-473

ure 3g, bottom-left). Furthermore, after controlling for474

noise differences across regions using a non-selective con-475

trol category (e.g., electronic devices; see Method M1.7),476

we observed a consistent increase in manifold capacity477

from earlier regions in the visual hierarchy (Supplemen-478

tary Figure S10). Together, these findings support the479

hypothesis that subordinate-level category manifolds be-480

come more untangled in areas known to be selective for481

that category.482

To further elucidate the geometric transformations un-483

derlying these untangling processes, we analyzed the484

extent to which different effective geometric measures485

drive the changes in capacity across regions. Consis-486

tent with our earlier findings from the monkey ven-487

tral stream, changes in manifold radius and dimen-488

sion were apparent along the computational pathway;489

both reached their smallest values in the correspond-490

ing category-selective regions (Figure 3h). Interestingly,491

changes in alignment measures as manifolds untangled492

were distinct in EBA and FFA: body part manifolds ex-493

hibited lower center alignment and higher axis alignment494

in EBA—thereby enhancing capacity—while face mani- 495

folds showed the opposite trend in FFA, which reduced 496

capacity. These findings highlight that category man- 497

ifold untangling strategy varies with stimulus category 498

and selective area, raising intriguing questions for future 499

investigations (see Supplementary Information S3.3 for 500

more discussion and interpretation). 501

Using GLUE to reveal the degree of untangling 502

and the geometric transformations involved in 503

computations related to learning 504

Above, we demonstrate how category manifolds are or- 505

ganized in mature circuits (Figure 3). However, these 506

findings raise a crucial question: How do neural pop- 507

ulations acquire appropriate geometrical structure as a 508

circuit is forming, i.e., during learning? 509

Challenges in analyzing neural population rep- 510

resentations during learning. Analyzing how neu- 511

ral populations represent information during learning 512

presents a fundamental challenge due to the high dimen- 513

sionality and dynamic nature of neural activity [39–41]. 514

Conventional methods often struggle to capture how dis- 515

tributed neural representations evolve as new associa- 516

tions are formed. To do this requires tracking changes 517

in the geometrical structure of population activity over 518

time [5, 6], which is difficult or impossible using conven- 519

tional analysis methods such as visualization or decod- 520

ing analysis. GLUE has the potential to overcome this 521

challenge because it can focus on tracking the geometric 522

properties that are relevant for a task. 523

In this section, a category manifold corresponds to the 524

collection of neural representations associated with a spe- 525

cific stimulus category related to a task being learned (a 526

“stimulus category manifold”; e.g., a cue that is associ- 527

ated with reward versus another cue that is not). We 528

investigated the hypothesis that the degree of stimulus 529

category manifold untangling is related to the perfor- 530

mance and/or the procedure of learning. For example, 531

better behavioral accuracy may be related to more un- 532

tangled manifolds, and different learning procedures may 533

result in varying levels of manifold untangling. 534

We analyzed two datasets: calcium imaging from mice 535

learning an auditory decision-making task [38] (Fig- 536

ure 4) where we studied if the manifold capacity in- 537

creases alongside improvements in behavioral accuracy 538

; and calcium imaging data from mice learning an asso- 539

ciated context-discrimination task [42] (Supplementary 540

Figure S14) where we studied the difference in manifold 541

capacity and geometry between mice trained under dif- 542

ferent prior experience. In summary, our GLUE analysis 543

showed that learning may restructure neural representa- 544

tions, and the degree of category manifold untangling can 545

serve as a useful task-relevant measure to quantify such 546
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Figure 4: GLUE quantifies the task-relevant geometric transformations of stimulus category manifolds across auditory
learning. a. A dataset from [38] consisting of calcium imaging recordings from posterior parietal cortex in mice (n=4). The mice
were trained to report whether the rate of an auditory cue was high or low compared to a learned category boundary (16 Hz) by licking
either a left or right waterspout. b. For a session, we defined 2 category manifolds. A category manifold contains the (inferred and
preprocessed) neural responses to stimuli from the same cue category class (at least 50 trials per category). Visualization (using PCA,
MDS, and UMAP) of the category manifolds. Top: an example session before learning. Bottom: an example session after learning. c.
Single-neuron choice selective analysis. Fraction of neurons that are significantly choice selective were estimated for each session with
a receiver operating characteristic (ROC) analysis (example mouse, 22 sessions, Pearson r = 0.47, p = 0.0270). d. Raw PCA-based
population geometry analysis, where the radius and dimension are lower-order statistics of the eigenvalue spectrum of the manifold-wise
covariance matrix. e. Manifold capacity analysis. Left: correlation between the capacity of category manifolds and behavioral accuracy
(example mouse, 22 sessions, Pearson r = 0.76, p < 0.0001). Right: correlation between the capacity of label shuffled manifolds and
behavioral accuracy (example mouse, 22 sessions, Pearson r = −0.51, p = 0.0143). f. Geometric analysis. (example mouse, 22 sessions;
radius: Pearson r = −0.89, p < 0.0001; dimension: Pearson r = −0.91, p < 0.0001; center alignment: Pearson r=-0.31, p=0.158; axis
alignment: Pearson r = −0.11, p = 0.626).
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changes and link to behavior. Furthermore, the geomet-547

ric measures in GLUE provide a dictionary of potential548

geometric transformations for how such untangling oc-549

curs.550

Auditory learning untangles and compresses551

stimulus category manifolds. We considered a552

dataset [38] involving mice (n=4) trained to report de-553

cisions about the repetition rate of multisensory event554

sequences (Figure 4a). The mice reported whether event555

rates were high or low compared to a learned class556

boundary (16 Hz) by licking either a left or right wa-557

terspout. After a few sessions, the mice learn to as-558

sociate sensory stimuli with behavioral actions. During559

each session, neural activity in the posterior parietal cor-560

tex (PPC) was monitored through two-photon calcium561

imaging. Within the data from each session, we defined562

the high (or low) stimulus category manifold as the col-563

lection of population firing rates 0–97 ms before choice564

from the high (or low) rate trials (Figure 4b).565

We started with conventional single-neuron analysis and566

analyzing the selectivity of individual neurons for deci-567

sion outcome. We performed a receiver operating char-568

acteristic (ROC) analysis [43] on single-neuron responses569

(Method M2.2). A neuron was identified as choice selec-570

tive when the area under the ROC curve (AUC) dif-571

fered significantly (p < 0.05) from a shuffled distri-572

bution. We found that the fraction of choice-selective573

neurons was around 0.05 to 0.25 and this fraction was574

weakly correlated with the behavior accuracies (example575

mouse, 22 sessions, Pearson r = 0.47, p = 0.027; Fig-576

ure 4d). This finding is consistent with the original577

analysis in [38] and indicates the existence of changes in578

PPC neurons’ tuning properties across learning. How-579

ever, because only a small fraction of neurons (< 25%)580

are choice-selective, single-neuron analyses cannot ex-581

plain the geometric transformations observed at the pop-582

ulation level (see Figure 4b and Method M2.1). More-583

over, while dimensionality reduction visualizations (Fig-584

ure 4b) reveal changes in neural representations, they585

do not determine whether these changes are function-586

ally beneficial. In particular, conventional geometric587

measures based on ellipsoidal approximations and PCA588

(Method M2.3)—lacking a direct connection to how the589

represented information are used—fail to extract and590

quantify the geometric transformations underlying rep-591

resentational changes across learning (example mouse,592

22 sessions; radius: r = −0.59, p = 0.004; dimension:593

r = −0.16, p = 0.472; Figure 4d).594

To overcome the limitations of conventional analyses, we595

applied GLUE to investigate the population-level mech-596

anisms underlying mice learning an auditory decision-597

making task. We find that the capacity of stimu-598

lus category manifolds is highly correlated with be-599

havioral accuracy (example mouse, 22 sessions, Pear-600

son r = 0.76, p < 0.0001; Figure 4e, left), and these601

correlations were category-specific, as label-shuffled ca- 602

pacity values showed no significant correlation with be- 603

havioral accuracy (example mouse, 22 sessions, Pearson 604

r = 0.51, p = 0.0143; Figure 4e, right). These findings 605

suggest that the untangling of task-relevant stimulus cat- 606

egory manifolds may be a key mechanism enabling mice 607

to accurately associate stimulus categories with their de- 608

cisions. 609

Next, we used GLUE to investigate the changes in effec- 610

tive geometry measures to uncover the transformations 611

driving stimulus category manifold untangling during 612

learning. We find that reductions in manifold radius and 613

compressions of manifold dimensionality are the primary 614

factors of increased manifold capacity (example mouse, 615

22 sessions; radius: r = −0.89, p < 0.0001; dimension: 616

r = −0.91, p < 0.0001; Figure 4f), while alignment mea- 617

sures did not change significantly (example mouse, 22 618

sessions; center alignment: r = −0.31, p = 0.158; axis 619

alignment: r = −0.11, p = 0.626; Figure 4f). These 620

findings, revealed by GLUE, directly link computational- 621

level measures (capacity) with structural changes in neu- 622

ral representations (effective geometric measures), re- 623

vealing insights that previous methods could not cap- 624

ture. 625

Using GLUE to reveal the degree of untangling 626

and the geometric transformations involved in 627

computations occurring within a neural popula- 628

tion over time 629

Challenges in analyzing neural population repre- 630

sentations in neural dynamics. While the learning- 631

related changes we observed unfold over days to weeks, 632

the brain must also rapidly reorganize neural representa- 633

tions to support moment-by-moment behavior. An ex- 634

ample of this is motor planning. Recent studies indicate 635

that the temporal dynamics of neural population activity 636

are crucial for encoding and executing computations that 637

drive goal-directed behavior [45]. While many analytical 638

approaches rely on linear methods to characterize cate- 639

gory manifolds, these techniques may be insufficient for 640

capturing the full complexity of neural trajectories, par- 641

ticularly in behaviors that engage high-dimensional, non- 642

linear dynamics across a broader region of neural state 643

space [46]. To address this, we applied GLUE analysis to 644

track how category manifold geometries evolve during in- 645

dividual trials of sensorimotor decisions (reaching tasks). 646

We consider the hypothesis that behavior-relevant man- 647

ifolds (e.g., the collection of neural responses to a reach- 648

ing target, Figure 5b) become untangled throughout the 649

temporal dynamics of a trial, allowing downstream ar- 650

eas to distinguish between different task conditions (e.g., 651

distinct reaching targets). 652

To test this hypothesis, we analyzed two datasets: elec- 653

trophysiology data [44] from monkeys completing a 654
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Figure 5: Motor planning and execution untangle target-specific manifolds. a. A dataset from [44] consisting of electrophys-
iological recordings from primary motor cortex (M1) and premotor cortex (PMd) of rhesus macaque monkeys (n=4). The monkeys
were trained to perform a center-out reaching task with eight targets. b. For a trial, we time binned neural responses into 50ms frames
and either center with respect to the target onset or from the go cue onset. For a session, we defined 8 target manifolds per time bin,
where a target manifold contains the (averaged) neural responses to that target in the time bin (> 30 trials per target). Visualization
(using PCA, MDS, and UMAP) of the stimulus category manifolds. Top: an example time bin before planning. Bottom: an example
time bin after planning. c. Normalized firing rate analysis. A trial is divided into 50ms time bins and centered either with respect
to target onset or go cue onset. The baseline firing rate was estimated for each neuron in a session as the average firing rate of the
300ms period before target onset. The normalized firing rate was the firing rate divided by the baseline firing rate. The error bands
denote 95% confidence interval over the sessions (example monkey, 62 sessions; > 90 neurons for each session and brain area). d. Raw
PCA-based population geometry analysis, where the radius and dimension are lower-order statistics of the eigenvalue spectrum of the
manifold-wise covariance matrix. e. Manifold capacity analysis. The manifold capacity of target manifolds were measured per time bin
and plotted. The error bands denote 95% confidence interval over the sessions (example monkey, 62 sessions; > 30 trials per manifold
and session). f. Geometric analysis. (example monkey, 62 sessions; > 30 trials per manifold and session). g. Top: The targets lied
evenly around a circle. Middle: We visualized the correlation between manifold centers by plotting an 8 by 8 matrix, with the i, j entry
being the cosine between the center of the i-th and j-th manifold. Bottom: We sampled three time bins across different time point of
a trial. h. The structures in the center alignment matrix suggest emerging ring-shaped manifold organization. Top: Visualization of
the center alignment matrix at different time bins. Bottom: Averaged center alignment values of all pairs of manifolds with a certain
distance (k) on the circle. After motor planning and movement, there were clear decreases of center alignment as k becomes larger,
suggesting the centers of the manifolds form a ring-shaped organization.
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center-out reaching task (Figure 5) and electrophysiology655

data from monkeys completing a random-dot decision-656

making task set [47, 48] (Supplementary Figure S12). We657

observed an increase in the capacity of behavior-relevant658

manifolds during the within-trial temporal dynamics in659

both datasets. Moreover, for the first time, we were660

able to identify the key geometric transformations that661

drive the within-trial untangling process. These find-662

ings demonstrate that GLUE excels at capturing task-663

relevant representational changes in neural dynamics,664

and illustrate how adaptive behavior is supported by the665

geometrical reorganization of neural activity.666

Motor planning and execution untangle tar-667

get-specific manifolds. In the center-out reaching668

task, monkeys (n=4) trained on eight targets evenly dis-669

tributed around a circle (Figure 5a). Neural activity was670

recorded from electrode arrays in the primary motor cor-671

tex (M1) and dorsal premotor cortex (PMd). We binned672

the neural spikes into 50ms intervals. For each time bin673

and target, we defined the target manifold as the collec-674

tion of population firing rates on trials where the given675

target is cued (Figure 5b).676

We first analyzed the temporal dynamics of average677

single-neuron firing rates. Neurons in both M1 and PMd678

fired significantly immediately after target onset and the679

“go” cue (Figure 5c). This finding is consistent with680

previous work [49–51] indicating abrupt changes in mo-681

tor area activity during motor planning and execution,682

though its relation to task performance remains unclear.683

Next, we conducted population-level analyses by visu-684

alizing target manifolds using three dimensionality re-685

duction methods (Figure 5b). While PCA, MDS, and686

UMAP hinted at underlying geometric transformations,687

definitive conclusions could not be drawn from visual-688

ization alone. Moreover, a straightforward quantitative689

analysis—estimating manifold radius and dimension via690

ellipsoidal approximation and PCA—did not reveal a691

clear trend along the trial dynamics (Figure 5d).692

To overcome the limitations of the above conventional693

analyses, we used GLUE analysis to probe the task-694

relevant population-level changes in the temporal dy-695

namics. We used manifold capacity to test the hypoth-696

esis that target manifolds become untangled during mo-697

tor planning and execution. We find that the capacity698

of target manifolds increases sharply in both PMd and699

M1 immediately after the target was presented to the700

monkeys (Figure 5d). Similarly, target manifold capacity701

also increased immediately after the “go” cue onset. To702

make sure these representational changes were category-703

specific, we measured the capacity of label-shuffled man-704

ifolds and found no temporal changes (Figure 5d). These705

results indicate a two-stage target manifold untangling706

process occurring in a reaching task—one for planning707

and another for execution.708

Next, we employed effective geometric measures from 709

GLUE to investigate the structural factors that facili- 710

tate the untangling of target manifolds. We observed 711

that manifold radius, dimension, center alignment, and 712

axis alignment all sharply decreased following target on- 713

set and the go cue (Figure 5f). Furthermore, the correla- 714

tion structure in the center alignment matrices suggests 715

an emerging ring-shaped organization in both PMd and 716

M1 (Figure 5g, Figure 5h), hinting at a correspondence 717

between the circular task structure (with eight evenly 718

distributed targets) and neural representations. These 719

results not only exhibit much clearer trends than con- 720

ventional geometric analyses (Figure 5d), but also closely 721

linked with capacity changes through GLUE theory. 722

Interpreting the computational advantages of 723

manifold untangling within the biological context 724

While our analyses across different neural systems 725

demonstrate the ubiquity of manifold untangling, a 726

key question remains: What computational advantages 727

does geometric reorganization provide? Our theoretical 728

framework reveals three distinct but complementary in- 729

terpretations of manifold capacity, each highlighting how 730

untangling enhances neural computation. Higher capac- 731

ity may indicate: (1) more efficient packing of categorical 732

information, allowing more categories to be stored in the 733

same neural state space (Figure 6a), (2) more efficient 734

use of neuronal resources, enabling accurate decoding 735

with fewer neurons (Figure 6b), or (3) more robust read- 736

out, reducing classification errors by downstream neu- 737

rons (Figure 6c). The existence of three interpretations 738

helps explain why manifold untangling is a common mo- 739

tif across diverse neural systems—it simultaneously op- 740

timizes multiple aspects of neural computation through 741

coordinated changes in population geometry. In this 742

case, the power of GLUE is that we can evaluate how 743

well mathematical predictions based on a given compu- 744

tational principle match the neural data (Figure 6d-6f), 745

thus revealing a possible biological interpretation. 746

Capacity quantifies the efficiency of packing cat- 747

egorical information. In the first interpretation, man- 748

ifold capacity is linked to how many distinct categories 749

a neural population can reliably encode (Figure 6a). Us- 750

ing the ribbon analogy, higher manifold capacity cor- 751

responds to being able to place more ribbons into the 752

storage box while still ensuring easy retrieval. GLUE 753

theory makes it possible to quantify this: providing a 754

precise mathematical relationship between manifold ca- 755

pacity and the maximum number of separable manifolds 756

that can be stored in a given neural state space while re- 757

maining discriminable by a linear classifier (Figure 6d). 758

This relationship reveals that higher manifold capac- 759

ity directly corresponds to greater storage efficiency—as 760

manifolds become more untangled, more categorical in- 761
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Figure 6: Biologically-relevant interpretations for manifold capacity and its effective geometric measures. a. Higher
manifold capacity corresponds to higher packing efficiency, i.e., a neural activity space (e.g., a visual area) can accommodate more
distinct categories while allowing downstream neurons to easily discriminate them. b. Higher manifold capacity corresponds to higher
neuronal efficiency, i.e., a downstream neuron (modeled as a linear plus threshold readout) being able to discriminate between manifolds
by reading out from fewer upstream neurons. c. Higher manifold capacity corresponds to higher readout robustness, i.e., the responses of
a readout neuron (e.g., a motor neuron) to the same task condition (e.g., reaching toward a specific target direction) are more consistent
across different trials. d. We quantify packing efficiency by the maximum number of linearly separable manifolds (Method M3.4).
We considered deep neural networks (ResNet-50) pretrained on the Imagenet dataset. For each P , we randomly selected P categories
and estimated the probability of linear separability of the corresponding stimulus category manifolds in that layer. We presented
the results on an early layer (grey, conv1 layer) and a late layer (green, avgpool layer). Intercept: In our theory (Method M3.4
and Supplementary Information S1), the packing efficiency is connected to manifold capacity by the formula P ∗ = αN , where α
denotes manifold capacity. We numerically checked the theory in the intercept (Method M3.4). e. We quantify neuronal efficiency by
the minimum number of upstream neurons required for a linear classifier to separate the manifolds (Method). We considered example
sessions from ([38], see also Figure 4). For each N , we estimated the probability of the two stimulus manifolds being linearly separable
after being projected to N random neurons. We presented the results on an early session (grey) and a late session (green). Intercept:
In our theory (Method M3.4 and Supplementary Information S1), the neuronal efficiency is connected to manifold capacity by the
formula N∗ = P/α. We numerically checked the theory in the intercept (Method M3.4). f. We quantify readout robustness by a
normalized error (err∗) that measures the fraction of responses that are not consistent with the majority response (Method M3.4). We
presented the results of an example session from ([44], see also Figure 5) and estimated the temporal dynamics of the normalized error.
Intercept: In our theory (Method M3.4 and Supplementary Information S1), the readout robustness is connected to manifold capacity
by the formula err∗ = (P/N)/α. We numerically checked the theory in the intercept (Method M3.4). g. Left: A neural manifold
represents the collection of neural activity patterns associated with a task-relevant condition, such as an obkect category. The manifold
center (mean activity responses) represents the prototypical condition, while the manifold axes correspond to latent variations. Right:
The manifold radius reflects the noise-to-signal ratio, manifold dimension represents the number of latent variations, center alignment
measures the similarity of mean responses, and axis alignment quantifies the similarity of latent variations across manifolds. These
geometric measures are analytically connected to manifold capacity (Supplementary Information S1.4) via our theoretical framework
using statistical physics model and machine learning theory.
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formation can be packed into the same neural space (Fig-762

ure 6d, Method M3.4). This interpretation extends clas-763

sical theories of neural perceptron capacity from point-764

like patterns to the more realistic case of continuous765

manifolds of activity.766

Capacity predicts the minimal neuronal resources767

required for reliable decoding. Manifold capacity768

can also be used to determine how many neurons a down-769

stream decoder needs to reliably classify different cat-770

egories (Figure 6b). Again using the ribbon analogy,771

higher manifold capacity corresponds to being able to772

store the same number of ribbons in a smaller storage773

box. Our theoretical framework establishes a quantita-774

tive relationship between manifold capacity and the min-775

imum number of upstream neurons required for accurate776

classification (Figure 6e, Method M3.4). We validated777

this relationship in the mouse auditory learning dataset,778

where we found a striking correlation (r = 0.99, p <779

0.0001) between theoretically-predicted and empirically-780

measured decoding efficiency (Figure 6e). This finding781

allowed us to interpret the increase of higher manifold ca-782

pacity in PPC during learning as enabling downstream783

areas to correctly classify stimulus categories using pro-784

gressively fewer neurons, demonstrating how geometric785

reorganization can enhance computational efficiency.786

Capacity determines the robustness of down-787

stream readout. The third interpretation connects788

manifold capacity to the reliability, or robustness, of789

information transmission to downstream neurons (Fig-790

ure 6c). In the ribbon analogy, higher manifold capacity791

corresponds to being able to easily grab the ribbon of in-792

terest. GLUE theory shows that higher capacity reduces793

the normalized decoding error—a measure of how con-794

sistently a downstream neuron responds to inputs from795

the same category (Figure 6f, Method M3.4). We vali-796

dated this relationship in the monkey reaching task, find-797

ing that normalized decoding error in both PMd and798

M1 decreased sharply following target presentation and799

movement initiation, precisely when manifold capacity800

increased. The strong correlation (r = 0.98, p < 0.0001)801

between theoretical predictions and empirical measure-802

ments supports the interpretation that manifold untan-803

gling enhances the robustness of motor command trans-804

mission to downstream neurons (Figure 6f).805

Interpretations for the effective geometric mea-806

sures. Intuitively, the center of a manifold—defined by807

the mean activity responses (Figure 6g, left; see Meth-808

ods)—can be viewed as the prototypical representation809

of that condition. Thus, internal coordinates within the810

manifold (i.e., manifold axes) correspond to possible la-811

tent variations of the condition, such as changes in the812

size of the input stimulus (Figure 6g, left). With this in-813

terpretation, the manifold radius can be understood as814

reflecting the noise-to-signal ratio, where the manifold815

center represents the signal, and the manifold axes cap-816

ture the directions of noise (or nuisance variability). The 817

manifold dimension corresponds to the number of direc- 818

tions spanned by latent variations. Lastly, center align- 819

ment quantifies the similarity of mean responses across 820

manifolds, while axis alignment measures the similarity 821

of latent variations (Figure 6g). Importantly, the effec- 822

tive manifold geometries are determined by the combi- 823

nation of each manifold’s underlying intrinsic geometry, 824

its interaction with other manifolds, as well as the task 825

structure, as opposed to a naive characterization of the 826

geometry without taking the computation into account. 827

Discussion 828

Our results demonstrate that analyzing neural manifold 829

geometry provides fundamental insights into how the 830

brain transforms complex sensory inputs into categorical 831

representations that guide behavior. Through system- 832

atic application of GLUE analysis across diverse neural 833

systems, we revealed both universal principles of neu- 834

ral coding and specific computational strategies adapted 835

to different tasks. In the visual system, we found that 836

object manifolds become progressively untangled along 837

the ventral stream through systematic changes in their 838

geometric properties—specifically through reductions in 839

manifold radius and dimensionality. This untangling was 840

particularly pronounced in category-selective regions like 841

FFA and EBA for their preferred stimulus categories. 842

In learning contexts, we showed that manifold capacity 843

increases track behavioral improvement, revealing how 844

neural circuits restructure their representational geom- 845

etry to support newly acquired categorical associations. 846

Finally, our analysis of motor planning and execution 847

demonstrated rapid, dynamic reorganization of manifold 848

geometry aligned with distinct behavioral phases, illus- 849

trating how neural populations can flexibly reconfigure 850

their coding properties on millisecond timescales. 851

The geometry of task-efficient coding. These find- 852

ings significantly advance our understanding of neural 853

computation in several ways. First, they provide a rigor- 854

ous framework for quantifying task-relevant information 855

processing that extends beyond classical efficient coding 856

principles [52]. While efficient coding theory success- 857

fully explained how early sensory circuits compress infor- 858

mation while preserving relevant statistics, it provided 859

limited insight into how neural populations in down- 860

stream cortical areas selectively maintain task-relevant 861

features while discarding irrelevant variations [53, 54]. 862

GLUE bridges this gap by demonstrating how the ge- 863

ometric properties of neural representations directly in- 864

fluence a downstream decoder’s capability and efficiency 865

in performing invariant tasks. This allows us to iden- 866

tify specific mechanisms—like reduced manifold radius 867

or increased axis alignment—that enable more efficient 868

encoding of categorical structure. 869
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Emergent structure in mixed selectivity neurons.870

Our results also help reconcile observations of complex871

mixed selectivity at the single-neuron level with orderly872

computation at the population level. Previous work has873

shown that individual neurons, particularly in higher874

brain areas, often respond to multiple task variables875

in apparently complex ways [3, 4]. GLUE reveals how876

these seemingly messy response properties can give rise877

to highly organized population geometries optimized for878

specific computations. The framework provides a prin-879

cipled way to analyze such distributed representations880

by quantifying how their geometrical structure supports881

task performance.882

Connection to other geometrical frameworks in883

neuroscience. GLUE connects to and extends existing884

geometrical frameworks in neuroscience in two impor-885

tant ways. First, it provides a robust alternative to886

visualization-based approaches for analyzing neural pop-887

ulation structure. While dimensionality reduction tech-888

niques like t-SNE and UMAP have provided valuable889

insights [6, 1], recent work has shown that they can sug-890

gest categorical structure that reflects parameter choices891

rather than genuine organization in the data [7]. GLUE892

addresses this limitation by measuring geometric prop-893

erties in the full high-dimensional neural space, without894

relying on potentially distorted low-dimensional projec-895

tions. This becomes particularly crucial as neuroscience896

moves toward studying increasingly naturalistic behav-897

iors, where maintaining rigorous links between neural898

activity and computation is essential.899

Second, GLUE provides a new perspective on the on-900

going debate about dimensionality in neural representa-901

tions [55]. A fundamental puzzle in systems neuroscience902

is the apparent mismatch between the high dimension-903

ality of neural populations (millions of neurons) and the904

lower dimensionality of behavioral variables they con-905

trol (e.g., a few muscles or decision variables) [56, 57].906

Our framework helps bridge this gap by explicitly con-907

necting neural population size, manifold dimensional-908

ity, and computational capacity. Importantly, we show909

that dimensionality alone is insufficient to characterize910

neural representations—other geometric properties like911

manifold radius and organization play crucial roles in912

determining how effectively neural populations encode913

task-relevant information. This comprehensive geomet-914

ric view helps reconcile seemingly contradictory obser-915

vations about neural coding: high-dimensional mixed916

selectivity can support flexible computation, while low-917

dimensional structure can reflect key task variables.918

Population geometry of complex shapes beyond919

low-order statistics. The theory also provides new in-920

sights into information-limiting correlations in neural921

populations [12, 11]. While traditional approaches focus922

on pairwise statistics, GLUE can capture how complex923

patterns of stimulus-driven variability affect coding ca-924

pacity. This is particularly important for understanding 925

how neural circuits handle stimuli-driven variations in 926

inputs [2], like changes in object pose or motion trajec- 927

tories, which create structured correlations that cannot 928

be characterized by simple statistical measures. 929

Future directions. Several important questions remain 930

for future investigation. First, while we focused on 931

classification tasks, the framework could be extended 932

to continuous-valued outputs or multiple simultaneous 933

tasks [1]. This could help illuminate how neural cir- 934

cuits multiplex different computations or generate com- 935

plex motor patterns. Second, our current analysis treats 936

each time point independently—developing extensions 937

for analyzing manifold dynamics could reveal additional 938

principles of neural computation. Finally, establishing 939

causal links between manifold geometry and behavior 940

will require perturbation experiments guided by GLUE 941

predictions. 942

The geometric principles revealed by GLUE may have 943

broader implications beyond neuroscience. Similar chal- 944

lenges in transforming distributed representations into 945

categorical patterns arise in fields ranging from artificial 946

intelligence to structural biology. For instance, GLUE 947

could provide insights into how deep neural networks or- 948

ganize information across layers [58, 59] or how cell-type- 949

specific gene expression patterns emerge from complex 950

molecular measurements [60]. More broadly, we pro- 951

pose that geometric measures like those developed here 952

can serve as computational order parameters—quantities 953

that capture how well a representation is organized to 954

support specific computations. Just as order parame- 955

ters in physics reveal universal principles governing phase 956

transitions [61, 62], geometric measures may reveal gen- 957

eral principles for how both biological and artificial sys- 958

tems optimize their representations. 959

In conclusion, GLUE provides a powerful new framework 960

for understanding how neural circuits transform complex 961

patterns of activity into functionally relevant represen- 962

tations. By linking geometry to computation, it reveals 963

both universal principles and area-specific specialization 964

in neural coding. The theoretical foundations and ana- 965

lytical tools developed here open up exciting directions 966

for future work in neuroscience and beyond. 967
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Methods1302

M1 Datasets1303

In general an analyst needs to choose N (number of units subsampled from those available) and M (number of1304

examples/points subsampled from those available). For example, when quantifying manifolds in two recordings1305

with 100 and 200 cells, one might subsample both to N = 50 to make a fair comparison. N and M should be chosen1306

to lie within a range such that the resulting measurements are qualitatively insensitive to change of parameters.1307

M1.1 Monkey early vision dataset.1308

We use the dataset from [35]. 13 anesthetized macaques were presented with a set of 450 images of 15 naturalistic1309

textures while neural responses were recorded from visual cortex. Each stimulus is an intact or scrambled version1310

of one of 225 grayscale images. Each intact image is one of 15 randomly synthesized examples of a texture1311

from one of 15 texture families. The images were scrambled by randomizing phase in the 2D Fourier domain,1312

preserving a naturalistic power spectrum while destroying the high-order statistics distinguishing texture. The1313

stimuli were presented multiple times in pseudorandom order. Presentation lasted 100 ms with a 100 ms gap1314

between presentations. Responses were recorded from several neurons at a time using quartz-platinum tungsten1315

microelectrodes (Thomas Recording) in cortical areas V1 and V2. Responses to 20 repeats of all stimuli were1316

collected for 102 neurons in V1 and 103 neurons in V2.1317

The neural responses are a collection of population vectors corresponding to stimulus presentations. A population1318

vector contains spike count in the 100 ms following response onset for each recorded neuron. In the pixel data,1319

a population vector contains the intensity of each pixel in one image in the stimulus set. We produce a set of1320

manifolds for each population pixels, V1 and V2. For each population, we create 15 manifolds by grouping together1321

neural responses to 15 different textures. Each manifold is a collection of presentation-averaged neural responses1322

to a random subset of 10 images sampled from one texture. We randomly sample responses from a subset of 901323

neurons in the ensemble. For pixel data, we use random projections to sample 90 dimensions from the 102400 pixel1324

dimensions. We assemble separate manifold sets from responses to scrambled and intact images. (We also compare1325

against a random baseline where population responses are shuffled with respect to the stimuli before grouping into1326

manifolds.)1327

We use GLUE to compute manifold capacity, radius, dimension, axis alignment, center alignment and center-axis1328

alignment for each neural population. We show error bars across 10 random runs, and use a Mann-Whitney test1329

to determine whether geometric measures differ significantly between neural populations.1330

M1.2 Monkey late vision dataset.1331

We use the dataset from [33]. Two macaques were presented with images of objects rendered against naturalistic1332

backgrounds while neural responses were recorded from visual cortex. Each stimulus is one of 5760 grayscale images1333

of a 3D object rendered against a randomly selected naturalistic background. The object is one of 64 3D models,1334

where 8 example models belong to each of 8 object categories (animals, boats, cars, chairs, faces, fruits, planes, and1335

tables). 90 stimuli are rendered from each 3D model by varying object pose, scale, location. Renderings are made at1336

three levels of variation: none (10 images), medium (40 images), and high (40 images). The stimuli were presented1337

in series during passive fixation. Presentation lasted 100 ms with a 100 ms gap between presentations. Population1338

responses were recorded using three 96-channel multi-electrode arrays in cortical areas V4 and IT. Responses to1339

all stimuli were isolated for 189 sites in IT and 126 sites in V4 (a typical site captured spiking activity from 1-41340

neurons).1341

The neural responses are population vectors corresponding to stimulus presentations. A population vector contains1342

the z-scored number of spikes from 50 to 150 ms after stimulus onset at one electrode site. We produce a manifold1343

set for each population pixels, V4 and IT by grouping neural responses to images of the same 3D object. Each1344

manifold is composed of responses from a random subset of 100 units to 30 randomly selected images of the object.1345

For pixel data, we use random projections to sample 100 dimensions from the 196608 pixel dimensions. We assemble1346

separate manifold sets from images at all 3 levels of variation. For a random baseline, we shuffle neural responses1347

with respect to the stimuli before grouping into manifolds.1348

We use GLUE to compute manifold capacity, radius, dimension, axis alignment, center alignment and center-axis1349
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alignment for each neural population. We aggregate results across 10 random runs and apply a Mann-Whitney test 1350

for statistically significant differences between populations. 1351

M1.3 Monkey reaching dataset. 1352

We use the dataset from [44]. Two macaques performed an eight-target center-out reaching task while neural 1353

responses were recorded from motor cortex. 1354

A recording session consisted of about a hundred trials across three consecutive epochs: baseline, adaptation and 1355

washout. During baseline trials, the reaching task was not perturbed in any way. During adaptation trials, a motor 1356

perturbation was applied where either external forces were applied to the hand (“curl field”) or a fixed rotation 1357

was applied to the visual feedback (“visual rotation”). Population responses were recorded using 96-channel multi- 1358

electrode arrays in cortical areas PMd and M1. Spike sorting was applied at the session level (9 curl-field and 7 1359

visual-rotation sessions). Across all sessions, 137–256 PMd and 55–93 M1 neurons were isolated for Monkey C, 1360

and 66–121 PMd and 26–51 M1 neurons were isolated for Monkey M. The neural responses are spike rates from 1361

each neuron at varying time throughout a reaching task. Spike rates are derived by binning spike trains in 0.1 s 1362

intervals and convolving with a Gaussian kernel of bandwidth 0.2 s. 1363

We produce manifold sets for each motor cortex population by grouping together neural responses which occur 1364

during the same reach direction, under the same trial block, and at the same time with respect to the planning 1365

period of the trial. 1366

We run two analyses on the manifold geometry, one for studying the time course of neural responses across a 1367

trial and one for studying the effects of adaptation to the motor perturbation throughout a session. In the first 1368

analysis, we produce manifolds by grouping together neural responses which occur during the same reach direction 1369

and at the same time bin throughout the course of a trial. We use a time bin of width 0.2 s with step size 0.1 s 1370

to sample manifold sets at varying times throughout the trial. At each time step, we assemble direction manifolds 1371

by sampling 10 neural responses within the time bin for each of the 8 reach directions. We use responses from a 1372

random subsample of 50 units for each manifold set. In the first analysis, we compute the six manifold capacity 1373

metrics for PMd and M1 separately, and show each measured value as a function of time averaged across 5 random 1374

runs. 1375

In the second analysis, we create manifolds at the session level by sampling from neural responses occurring under 1376

the same reach direction and adaptation condition with respect to the motor perturbation. Correlations among 1377

these manifolds encode information about how the population representation changes structurally to adapt to 1378

perturbation of the task. 1379

We delineate adaptation conditions by establishing “early” and “late” trial blocks within the “adaptation” and 1380

“washout” epoch, as well as a “baseline” block of trials before the perturbation is induced. We define early and late 1381

blocks respectively as trials before and after the median trial index throughout the epoch, restricting analysis to 1382

those trials ending in reward. We then compute GLUE effective alignment matrices among the 40 reach direction- 1383

trial block manifolds. We run the analysis separately on manifolds sampled from before and after the onset of the 1384

reaching motion. We plot alignment matrices two ways by different ordering of the columns: first by assigning 1385

to adjacent columns manifolds from the same adaptation condition, and then by assigning to adjacent columns 1386

manifolds associated with the same reaching direction. 1387

The main text shows analysis of the curl-field perturbation session on date 2016-09-15 (which is the first curl-field 1388

session). 1389

M1.4 Monkey perceptual decision dataset. 1390

We use the dataset from [47, 48]. Two macaques performed a random-dot direction discrimination task while neural 1391

responses were recorded from prearcuate cortex. 1392

In each task trial, two targets appeared on the screen after the monkey directed its gaze towards a central point. 1393

After a 250 ms delay, a random dot motion stimulus was presented for 800 ms, followed by a variable-duration delay 1394

period. Upon presentation of a Go cue, the monkeys were instructed to indicate their perceived motion direction 1395

by executing a saccade toward the corresponding target. Motion strengths were tuned for each monkey to provide 1396

a broad range of behavioral accuracies, ranging from chance to flawless performance. 1397

21

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 31, 2025. ; https://doi.org/10.1101/2024.02.26.582157doi: bioRxiv preprint 

https://doi.org/10.1101/2024.02.26.582157
http://creativecommons.org/licenses/by-nc-nd/4.0/


Population responses were recorded using 96-channel multi-electrode arrays in prearcuate gyrus. Spike sorting1398

identified 100-250 units in each recording session (a unit could be an isolated single neuron or a multi-unit), for1399

15 sessions in total. The neural responses are spike rates from neural units at varying time throughout a reaching1400

task. Spike rates are derived by binning spike trains in 0.1 s intervals and convolving with a Gaussian kernel of1401

bandwidth 0.2 s.1402

We produce manifold sets by grouping together neural responses which occur under the same dot-motion conditions1403

and at the same time bin throughout the course of a trial. We use a time bin of width 0.2 s with step size 0.2 s to1404

sample manifold sets at varying times throughout the trial. At each time step, we assemble dot-motion manifolds1405

by sampling neural responses within the time bin from trials with the same motion coherence and direction. Each1406

of the 12 dot-motion manifolds (6 for coherence levels and two opposing directions) consists of 20 randomly sampled1407

population vectors from the same subset of 50 neural units. We restrict analysis to trials where the perceptual1408

decision was correct.1409

We compute manifold capacity metrics for each time bin separately, and show measured values as a function of1410

time averaged across 10 random runs. Time ranges from -1.0 s to 3.0 s where 0 is dot stimulus onset. We also show1411

the correlation matrices for manifolds from four select time bins throughout the evidence integration period of the1412

trial (0.0, 1.0, 2.0 and 2.2 s).1413

M1.5 Mouse auditory decision-making dataset.1414

We use the dataset from [38]. Four mice performed an auditory decision task while neural responses were imaged1415

in posterior parietal cortex. Trials consisted of simultaneous clicks and flashes, generated randomly (via a Poisson1416

process) at rates of 5–27 Hz over 1,000 ms. Mice reported by licking a left or right waterspout whether event rates1417

were high or low compared with a category boundary (16 Hz) learned from experience. A two-channel, two-photon1418

microscope was used to record the activity of neurons in layer 2/3 of posterior parietal cortex in transgenic mice.1419

The images were processed by an algorithm that simultaneously identified neurons and estimated inferred spiking1420

activity, a number related to a neuron’s spiking activity during one frame. Recordings were made for 135 sessions1421

in total, with a typical session isolating activity from 400-600 cells.1422

The neural responses are the inferred spiking activities during each frame of ROIs extracted from calcium images.1423

Each ROI correspond to individual neurons identified during post-processing. The population responses are sampled1424

at 30.9 Hz. We produce manifold sets by grouping together neural responses during trials with the same stimulus1425

condition: high- or low-frequency multisensory stimulation. Each manifold is 50 randomly sampled population1426

vectors from all recorded neurons. Manifolds are constructed from responses in the 100 ms following the go tone1427

of each trial.1428

Recordings span multiple days of each individual learning the task. We run GLUE analysis on manifolds for each1429

recording session and compare across days. For each session, we aggregate manifold metrics across 10 random runs.1430

Then, for one individual, we plot each measured manifold metric as a function of task performance, where the1431

points are colored by the day on which that measurement was taken throughout the course of learning.1432

M1.6 Mouse spatial memory dataset.1433

We use the dataset presented in [42]. Ten mice performed spatial navigation along a linear track in a virtual-1434

reality environment which took on 5 different contexts along a sensory continuum. The mice were separated into1435

two cohorts: 4 “frequent”, and 6 “rare” animals. The ’frequent’ cohort was habituated to all 5 contexts during1436

training preceding experimental recording sessions. The ’rare’ cohort individuals were only exposed to 2 of the 51437

environments regularly during training (the other 3 were presented only very occasionally). Calcium images were1438

captured at 15.46 Hz from a 1 mm2 field of view in hippocampal area CA1 during recording sessions lasted 60-1201439

trials, or approximately 40 minutes. Images were processed by a segmentation algorithm, identifying between 1611440

and 3657 ROIs per session as pyramidal neurons. Instantaneous activity (not interpreted as a spike rate) was1441

computed for each ROI by deconvolving the indicator signal with a canonical calcium kernel.1442

The neural responses are activity rates estimated framewise for each ROI from calcium images. Each ROI corre-1443

sponds to a pyramidal neuron identified during post-processing. For each session, we identify place cells with respect1444

to each context using the spatial information criterion described in [42] We restrict analysis to the union of cells1445

identified as place cells across all of the 5 contexts presented in the session. This gave a median of 986 (minimum1446

22

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 31, 2025. ; https://doi.org/10.1101/2024.02.26.582157doi: bioRxiv preprint 

https://doi.org/10.1101/2024.02.26.582157
http://creativecommons.org/licenses/by-nc-nd/4.0/


56, maximum 2015) cells per session. We compute capacity without subsampling from this population. For each 1447

session, we create a set of 5 manifolds by grouping together hippocampal responses from each of the 5 contexts. 1448

Each manifold is constructed from 10 population vectors sampled randomly from among all responses during time 1449

points following trial reward. We assemble a manifold set for each session recording from each individual. We use 1450

GLUE to compute manifold capacity, radius, dimension, axis alignment, center alignment and center-axis aligment 1451

of the recorded neural population. We show error bars across 50 random runs and use a Mann-Whitney test to 1452

determine whether geometric measures differ significantly between neural populations from each cohort. 1453

M1.7 Human fMRI dataset. 1454

We use the dataset presented in [34]. Three human participants were presented with images of objects while fMRI 1455

data were collected. The images were taken from the THINGS object concept and image database [63]. Each 1456

stimulus is one of 8640 colored images of an object embedded in a natural background. The object belongs to 1457

one of 720 distinct concepts, with each concept consisting of 12 exemplars. The stimuli were presented in series 1458

while maintaining central fixation. The presentation lasted 500 ms with a 4000 ms gap between presentations. 1459

To maintain engagement, participants were instructed to perform an oddball detection task, detecting occasional 1460

artificially generated images amidst the stimulus presentation series. 1461

Whole-brain fMRI data were collected using a 3 Tesla Siemens Magnetom Prisma scanner and a 32-channel head 1462

coil with 2mm isotropic resolution. Functional data were acquired for the main experiment for 12 scanning sessions, 1463

and functional localizers were acquired for additional 1-2 scanning sessions. The neural responses are single-trial 1464

response estimates of the BOLD response amplitude to each object image from each voxel. Single-trial estimates 1465

are derived by fitting a single-trial general linear model on the fMRI time series. Responses from 19 visual ROIs 1466

are used. (V1, V2, V3, hV4, VO1, VO2, TO1, TO2, V3b, V3a, EBA, FFA, OFA, STS, PPA, RSC, TOS, LOC, and 1467

IT). We select three higher-level categories (face, body part, and electronic device) and produce a set of manifolds 1468

for each higher-level category and for each ROI. For each ROI, we create 4-5 manifolds by grouping together neural 1469

responses to 4-5 different concepts belonging to the same higher-level category. Each manifold is a collection of 1470

neural responses to a random subset of 10 images sampled from one concept. We randomly sample responses from 1471

a subset of 400 voxels. We assemble subordinate manifolds from three higher-level categories—face, body part, and 1472

electronic device (as a control). 1473

We use GLUE to compute manifold capacity, radius, dimension, axis alignment, center alignment, and center-axis 1474

alignment for each ROI and each higher-level category. We show error bars across 50 replicates and do a two-sample 1475

t-test for statistically significant differences between higher-level categories within each ROI. 1476

M1.8 Artificial neural networks. 1477

We use the standard pretrained ResNet-50 [64] and Vision Transformer (ViT) [65] architecture trained on ImageNet 1478

from PyTorch. The neural responses are extracted from a pretrained ResNet-50 architecture trained on ImageNet. 1479

We focus on 19 layers in ResNet-50: conv1, relu, layer1.0.relu, layer1.1.relu, layer1.2.relu, layer2.0.relu, layer2.1.relu, 1480

layer2.2.relu, layer2.3.relu, layer3.0.relu, layer3.1.relu, layer3.2.relu, layer3.3.relu, layer3.4.relu, layer3.5.relu, layer4.0.relu, 1481

layer4.1.relu, layer4.2.relu, and avgpool; and focus on 14 layers in ViT: conv proj, encoder.layers.encoder layer i for 1482

i = 0, 1, . . . , 11, and encoder.ln. For each random repetition, we fix a random projection matrix for each layer and 1483

project the neural activations to a 2000 dimensional subspace. In each repetition, we randomly select 50 categories 1484

from the 1000 ImageNet categories and randomly select 30 images from the top 10% accurate images of each 1485

category to for the manifolds (we follow the same protocol as in [28]). We run GLUE analysis (as well as previous 1486

analysis methods for a comparison) on the manifolds of each layer and in total we conduct 5 random repetitions. 1487

M2 Conventional analyses 1488

M2.1 Visualization 1489

For data visualization in Figure 3b, Figure 4b, Figure 5b, we used Python package sklearn to conduct PCA and 1490

MDS analysis, and used Python package umap to conduct UMAP analysis. In all plots, we used the default setting 1491

and plotted the top 2 components. 1492
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M2.2 ROC analysis1493

In the ROC analysis presented in Figure 4c, we measured the choice preference of individual neurons using the area1494

under the ROC curve (AUC). Choice selectivity was quantified as twice the absolute difference between the AUC and1495

the chance level (0.5), defined by the formula: choice selectivity = 2|AUC−0.5|. To identify neurons with significant1496

choice selectivity, we performed ROC analyses on each neuron using shuffled trial labels, where left and right choices1497

were randomly reassigned to trials. We repeated this shuffling process 50 times to estimate a distribution of AUC1498

values under the null hypothesis for each neuron. A neuron was considered choice-selective if the probability of its1499

actual AUC occurring within the shuffled AUC distribution was less than 0.05. See also Supplementary Figure S51500

for an illustration of the (intuitive) connection between ROC analysis and manifold capacity.1501

M2.3 Manifold geometry analysis based on ellipsoidal approximation1502

In the raw population geometry analysis presented in Figure 4d and Figure 5d, we first measured the manifold-wise1503

centered covariance matrix. For each manifold, we then computed the eigenvalues of its covariance matrix. Let1504

λ1, . . . , λN be the eigenvalues of a covariance matrix and let ℓ be the center norm of the manifold (i.e., the ℓ21505

norm of the barycenter of the manifold), the PCA radius and PCA dimension are defined as R :=
√∑

i λi/ℓ and1506

D := (
∑

i λi)2/(
∑

i λ
2
i ) respectively. We then averaged the radius and dimension over all manifolds and plotted1507

the results.1508

M3 GLUE Framework and Theory1509

Here we define manifold capacity and effective geometric measures in a data-driven manner. For more details on1510

the derivation, intuitions, and interpretations, please refer to the Supplementary Information S1.1511

M3.1 Notations1512

In the data-driven scenario, a manifold is modeled as a point cloud. For the simplicity of the presentation, here we1513

assume every manifolds have the same number of points. Let N be the number of units (e.g., neurons, voxels), let1514

P be the number of manifolds, and let M be the number of points per manifold. The µ-th manifold Mµ consists1515

of a collection of points {xµ
1 , . . . ,x

µ
M} where xµ

i ∈ RN for each i = 1, . . . ,M . In the analysis, x can be a population1516

firing rate vector or a single-trial beta coefficient vector estimated from blood oxygenation level dependent (BOLD)1517

responses. Without loss of generality, we assume points in the same manifolds are linearly independent (which can1518

be done by adding tiny Gaussian noises if N ≥ P ×M). In a data analysis, a manifold corresponds to a condition1519

(e.g., the behavior outcome) and, its points are the (preprocessed) neural activity vectors from the trials in the1520

condition.1521

M3.2 Manifold capacity1522

Given a collection of P data manifolds {Mµ} each containing M points in an N -dimensional ambient space. Let1523

y ∈ {−1, 1}P be an indicator vector of a dichotomy. Namely, yµ is the label associated to the µ-th manifold. The1524

simulated capacity of these manifolds with respect to the label is defined as follows.1525

αy,sim = P

N∗

where N∗ is the smallest 1 ≤ N ′ ≤ N such that the probability of randomly projecting {Mµ} to an N ′-dimensional1526

subspace while maintaining linear separability (w.r.t. y) is at least 0.5. While αy,sim can be numerically estimated1527

via binary search plus support vector machine, it is not analytical. In this work, we derive via an analytical formula1528

αy,glue that’s both provably and empirically well approximate αy,sim:1529

αy,glue =

 E
t∼N (0,IN )

 min
v∈RN :

yµ·v⊤xµ
i

≤0, ∀µ,i

∥v− t∥2
2




−1
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where N (0, IN ) stands for the multivariate isotropic Gaussian distribution in RN . In many settings, we are 1530

interested in more than one dichotomy of the P manifolds. For a collection of dichotomies Y ⊆ {−1, 1}P , the 1531

corresponding manifold capacity is 1532

αglue =

 E
y∼Y

t∼N (0,IN )

 min
v∈RN :

yµ·v⊤xµ
i

≤0, ∀µ,i

∥v− t∥2
2




−1

.

To estimate manifold capacity, we randomly sample nt = 200 (y, t) pairs (corresponding to the E in the above 1533

formula) and estimate the minimum value of ∥v − t∥2
2 by solving a quadratic program. See Algorithm 1 for a 1534

pseudocode. 1535

We consider the one-versus-rest dichotomy scheme in all the analyses in this paper. Namely, Y = 1536

{(1,−1,−1, . . . ,−1), (−1, 1,−1, . . . ,−1), . . . , (−1 − 1, . . . ,−1, 1)}. See Supplementary Information S1 for more 1537

details on other choices of dichotomies that could be useful in other data analysis. 1538

M3.3 Effective geometric measures from manifold capacity formula 1539

For each (y, t) pair, the optimization problem inside the expectation of the above capacity formula can be rewritten 1540

as follows, using the strong duality property. 1541

min
v∈RN :

yµ·v⊤xµ
i

≤0, ∀µ,i

∥v− t∥2
2 = ∥projcone({yµ·sµ(t)}µ)t∥2

2

where sµ(t) = yµ ·xµ(y, t) and xµ(y, t) ∈Mµ is the support vector for the left-hand side of the above equation (see 1542

Supplementary Information for a derivation), cone denotes the linear cone span of a collection of vectors, and proj 1543

denotes the projection operator. In previous work [20], sµ is also called anchor point. As (y, t) is randomly sampled, 1544

the induced anchor points form a distribution over the data manifolds. Importantly, this anchor distribution is 1545

analytically linked to the manifold capacity via the above equations, and we call the induced geometry as anchor 1546

geometry. 1547

Finally, the effective geometric measures are defined on top of the anchor distribution. Following ideas from previous 1548

work [20], we decompose an anchor point sµ(y, t) into a center part sµ
0 := Ey,t[sµ(y, t)], which is independent to t, 1549

and an axis part s1(y, t)µ := sµ(y, t)− sµ
0 . Let S(y, t), S0, and S1(y, t) be the P ×N matrices with their µ-th row 1550

being sµ(y, t), sµ
0 , and sµ

1 (y, t) respectively. In the following, we directly define the effective geometric measures 1551

and leave the intuitions and discussions to Supplementary Information. Let 1552

a(y, t) = (S(y, t)t)⊤(S(y, t)S(y, t)⊤)†(S(y, t)t)
b(y, t) = (S1(y, t)t)⊤(S1(y, t)S1(y, t)⊤)†(S1(y, t)t)
c(y, t) = (S1(y, t)t)⊤(S0S⊤

0 + S1(y, t)S1(y, t)⊤)†(S1(y, t)t)

where † stands for pseudo-inverse. Note that α−1
glue = 1

P Ey,t[a(y, t)]. 1553

• (Effective manifold dimension) 1554

Dglue := 1
P

E
y,t

[b(y, t)] .

• (Effective manifold radius) 1555

Rglue :=

√
Ey,t[c(y, t)]

Ey,t[b(y, t)− c(y, t)] .

• (Effective utility rate) 1556

Ψglue := Ey,t[c(y, t)]
Ey,t[a(y, t)] .
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Note that the above three effective geometric measures give rise to the following geometric formula for manifold1557

capacity.1558

αglue =
Ψglue · (1 +R−2

glue)
Dglue

.

We provide derivations, intuitions, and examples of the above three measures in the Supplementary Information.1559

Next, we also define the following effective manifold alignment measures as an average of some second-order statistics1560

of anchor points.1561

• (Effective center alignment)1562

ρc
glue := 1

P (P − 1)
∑
µ̸=ν

(sµ
0 )⊤sν

0 .

• (Effective axis alignment)1563

ρa
glue := E

y,t

 1
P (P − 1)

∑
µ̸=ν

(sµ
1 (y, t))⊤sν

1(y, t)

 .
• (Effective center-axis alignment)1564

ψglue := E
y,t

 1
P (P − 1)

∑
µ̸=ν

(sµ
0 )⊤sν

1(y, t)

 .
See Algorithm 1 for a pseudocode to estimate the above geometric measures.1565

M3.4 Equivalence of capacity to three normative objectives1566

Manifold capacity α is analytically linked to three distinct normative principles. This allows for broader inter-1567

pretations for manifold untangling in different tasks and systems in neuroscience. Recall that P is the number of1568

manifolds and N is the number of neurons in the data.1569

Packing efficiency. Higher the manifold capacity corresponds to the neural state space being able to store more1570

distinct task conditions. We define the largest number of packable manifolds in the state space as P ∗. Numerically,1571

we estimate P ∗ by first fixing the number of neurons to be N . Then, for each P , we estimate the probability of1572

linear separability of P random manifolds and a random dichotomy by subsampling and repeating for 50 times.1573

Finally, we let P ∗ be the largest P such that the (estimated) probability of linear separability is at least 50%.1574

In Figure 6d, we picked N = 2048 and subsampled from 1000 Imagenet categories.1575

Mathematically, we establish the following connection between manifold capacity α and packing efficiency: P ∗ ≈1576

αN .1577

Neuronal efficiency. Higher manifold capacity also corresponds to a downstream neuron being able to correctly1578

classify different task conditions by reading out from less number of upstream neurons. We define the smallest1579

number of upstream neurons required as N∗. Numerically, we estimate N∗ by first fixing the number of manifolds1580

to be P . Then, for each N , we estimate the probability of linear separability of the random projection of these1581

manifolds and a random dichotomy by projecting them to a random N -dimensional subspace and repeating for 501582

times. Finally, we let N∗ to be the smallest N such that the (estimated) probability of linear separability is at1583

least 50%. In Figure 6e, we picked P = 2 and subsampled from N = 400 neurons.1584

Mathematically, we establish the following connection between manifold capacity α and neuronal efficiency: N∗ ≈1585
P
α .1586

Readout robustness. Higher manifold capacity also corresponds to less average error made by downstream neu-1587

rons to discriminate different task conditions. We define a normalized error as1588

err∗ := 1
N

E
y,t

 max
xµ∈Mµ

λµ≥0

(
−
∑

µ y
µλµt⊤xµ

∥
∑

µ y
µλµxµ∥2

)2

+


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where t can be interpreted as a random linear classifier and
∑

µ λ
µxµ is a point from the convex hull of the data 1589

manifolds. Namely, the right-hand side of the above equation is analogous to an average case notion of the negative 1590

margin in support vector machine theory. Numerically, we estimate err∗ by sampling 200 random t and solve the 1591

inner optimization problem by a quadratic programming solver. 1592

Mathematically, we establish the following connection between manifold capacity α and decoding robustness: err∗ ≈ 1593
P/N

α . 1594

M3.5 Algorithms for estimating capacity and geometric measures 1595

The algorithm that computes capacity and geometric measures from data (e.g., {Mµ}) consists of two steps: (i) 1596

sample anchor points and (ii) calculate capacity and effective geometric measures from the statistics of these anchor 1597

points. The following are the pseudocodes for each step. In the following algorithms, A ← {xi} denotes putting 1598

the collection of vectors {xi} on the rows of A. 1599
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Algorithm 1 Pseudocode for estimating manifold capacity and geometric measures

Input: {Mµ}: P point clouds, each containing M points in an N -dimensional ambient space; Y: a collection of
dichotomies for P manifolds; nt: number of samples for estimating the expectation.
Output: αglue: Manifold capacity; Dglue: Effective dimension; Rglue: Effective radius; Ψglue: Effective correlations; ρa

glue:
Effective axis alignment; ρc

glue: Effective center alignment; ψglue: Effective center-axis alignment.

% Step 1: Sample anchor points.
for k from 1 to nt do

tk ← a vector sampled from isotropic N -dimensional Gaussian distribution.
y← a random dichotomy sampled from Y.
A← IN ; q← −tk; h← 0N .
G← a PM ×N matrix with the (µM + i)-th row being yµs.
output← qp(A,q,G,h). ▷ minx

1
2 x⊤Ax + q⊤x s.t. Gx ≤ h.

zdual ← output[“dual′′] ▷ The support vectors
for µ from 1 to P do

sµ[k]←
∑

i
(zdual)⊤

µ,iG/
∑

i
(zdual)µ,i

end for
S[k]← a P ×N matrix with the µ-th row being sµ[k].

end for

% Step 2: Estimate anchor manifold centers.
for µ from 1 to P do

sµ
0 ← 1

nt

∑nt

k=1 sµ[k]).
end for
S0 ← a P ×N matrix with the µ-th row being sµ

0 .

% Step 3: Separate the center and axis part of anchor points.
for k from 1 to nt do

for µ from 1 to P do
sµ

1 [k]← sµ[k]− sµ
0 . ▷ The axis part of the anchor poitn in the µ-th manifold.

end for
S1[k]← a P ×N matrix with the µ-th row being sµ[k]− sµ

0 .
end for

% Step 4: Estimate manifold capacity and effective geometric measures.
αglue ← ( 1

ntP

∑nt

k=1(S[k]tk)⊤(S[k](S[k]⊤)†(S[k]tk))−1.
Dglue ← 1

ntP

∑nt

k=1(S1[k]tk)⊤(S1[k]S1[k]⊤)†(S1[k]tk).

Rglue ←
√

1
nt

∑nt

k=1
(S1[k]tk)⊤(S0S⊤

0 +S1[k]S1[k]⊤)†(S1[k]tk)
1

nt

∑nt

k=1
(S[k]tk)⊤(S[k](S[k]⊤)†(S[k]tk)−(S1[k]tk)⊤(S0S⊤

0 +S1[k]S1[k]⊤)†(S1[k]tk)
.

Ψglue ← 1−
1

nt

∑nt

k=1
(S1[k]tk)⊤(S0S⊤

0 +S1[k]S1[k]⊤)†(S1[k]tk)
1

nt

∑nt

k=1
(S[k]tk)⊤(S[k](S[k]⊤)†(S[k]tk)

ρc
glue ← 1

P (P −1)
∑P

µ=1

∑
ν ̸=µ

(sµ
0 )⊤sν

0
∥sµ

0 ∥2·∥sν
0 ∥2

.

ρa
glue ← 1

P (P −1)
∑P

µ=1

∑
ν ̸=µ

1
nk

∑nk

k=1
sµ

1 [k]⊤sν
1 [k]

∥sµ
1 [k]∥2·∥sν

1 [k]∥2
.

ψglue ← 1
P (P −1)

∑P

µ=1

∑
ν ̸=µ

1
nk

∑nk

k=1
(sµ

0 )⊤sν
1 [k]

∥sµ
0 ∥2·∥sν

1 [k]∥2
.

return αglue, Dglue, Rglue,Ψglue, ρ
a
glue, ρ

c
glue, ψglue.
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Supplementary Information 1600

Geometry Linked to Untangling Efficiency Reveals Structure and Computation in Neural Populations 1601

Chi-Ning Chou, Royoung Kim, Luke A. Arend, Yao-Yuan Yang, Brett D. Mensh, Won Mok Shim, Matthew G. 1602

Perich, SueYeon Chung 1603

This supplementary material contains four parts. In Supplementary Information S1, we provide a complete deriva- 1604

tion of the Geometric measures from capacity of manifold categorization (GLUE) as well as relevant interpretations. 1605

In Supplementary Information S2, we use two toy models to illustrate the intuitions of GLUE. Finally, in Sup- 1606

plementary Information S3, we delineate the missing details and interpretations of the data analysis in the main 1607

text. 1608

Figure S1: Graphical abstract.

Figure S2: Analysis flow of using GLUE.
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S1 Manifold Capacity Theory in GLUE1609

Manifold capacity, α, aims to quantify the largest3 ratio P/N where P is the number of manifolds P that can be1610

packed in an N -dimensional neural state space while being easily discriminable (e.g., by a linear classifier). In data1611

analysis, we only have access to a finite number of manifold, Pdata, and a finite number of neurons, Ndata. To access1612

the manifold capacity in such a data-driven setting, the most straightforward way is to numerically downsample1613

the number of neurons and estimate the critical number of neurons required for manifold separation.1614

Simulation capacity. Given some finite data manifolds, (numerically) find the smallest number of neurons N∗ in1615

which the manifolds are still separable4. The manifold capacity is then defined as Pdata/N
∗.1616

In a theoretical setting, P and N are free parameters that can be arbitrarily chosen and sent to infinity. This allows1617

previous works to characterize manifold capacity analytically in a mathematical setting, a.k.a., a mean-field model.1618

Mean-field capacity. Given some finite data manifolds, use the shapes and correlations among them to generate1619

P “copies” of mean-field manifolds in an N -dimensional space. The manifold capacity is then defined as the largest1620

ratio P/N whereas these mean-field manifolds are separable.1621

These two ideas lead to two (families of) definitions of manifold capacity: simulated capacity αsim and mean-field1622

capacity αmf. While αsim is intuitive and easier to be understood, it is relatively mathematically ad hoc. In contrast,1623

αmf is mathematically well-defined and is analytically tractable, however, the choice of mathematical assumptions1624

determine how well αmf can approximate αsim. Indeed, previous works [20, 21] proposed mean-field models that1625

incorporate the properties of data manifolds into mean-field models and use mean-field capacity (and its effective1626

geometric measures) as a surrogate for the data manifolds. Nevertheless, these prior mean-field models [20, 21]1627

rely on two critical simplifying mathematical assumptions: (i) Gaussian correlations between manifolds and (ii)1628

random task labels. These assumptions often fail with biological datasets, as they ignore higher-order correlations1629

and task-specific structures, limiting their applicability (see Supplementary Figure S3).1630

In this work, we directly analyze the simulation capacity and derive an analytical formula for αsim. We mathe-1631

matically prove that our formula well-estimate αsim and empirically demonstrate on 7 biological datasets, synthetic1632

models, and artificial neural networks. In the rest of this section, we first introduce the more intuitive definition of1633

manifold capacity via a simulation model in Supplementary Information S1.1.1634

Manifold capacity:
*Definition of manifold capacity via simulation Definition 1
*Manifold capacity formula Equation S1.1
Projection form of manifold capacity formula Equation S1.6
Geometric formula Equation S1.18
Manifold geometry:
Anchor points Equation S1.2, Equation S1.3
*Effective dimension Equation S1.7
*Effective radius Equation S1.14
Effective utility Equation S1.17
Anchor center norm Equation S1.20
Anchor radius Equation S1.21
*Anchor center alignment Equation S1.22
*Anchor axis alignment Equation S1.23
Anchor center-axis alignment Equation S1.24

Table 1: Look-up table for key concepts and definitions in manifold capacity theory. Those marked with an asterisk are covered in the
main text while the rest are discussed in the supplementary materials.

3Also known as critical ratio where critical point is a concept rooted in thermodynamics referring to the point where a phase
transition happens, e.g., the liquid-vapor critical point is the temperature where water switches between liquid to gas.

4More formally, separable with probability (over the randomness of random projection) at least 0.5.
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Background:
R,R≥0 The set of real numbers and the set of non-negative real-numbers
E Expectation operator
N (·, ·) Multivariate normal distribution; first argument: mean vector;

second argument: covariance matrix
a, a non-boldface: scalar variable; boldface: vector/function variable.
Data:
Pdata;µ, ν Number of manifolds in the data and its indices, i.e., µ, ν ∈ {1, . . . , Pdata}
Ndata; j Number of neurons in the data and its index, i.e., j ∈ {1, . . . , Ndata}
Mµ

data ⊂ RNdata The µ-th manifold in the data
Dµ; i The raw dimensionality of Mµ

data and its index, i.e., i ∈ {1, . . . , Dµ}
Sµ ⊂ RDµ The shape set of Mµ

data
uµ

0 , {u
µ
i } ⊆ RNdata The center and an orthonormal basis for Mµ

data
{wj} ⊂ RNdata A canonical (orthonormal) basis for RNdata

y ∈ {1,−1}Pdata A dichotomy for data manifolds
Y ⊆ {1,−1}Pdata A set of dichotomies for data manifolds
x ∈ RNdata A point in a manifold
Theory:
αsim, αmf Manifold capacity: simulated version and mean-field version
αy,glue, αglue Manifold capacity formula: for single dichotomy and a set of dichotomies
ΠN Random projection from RNdata to RN

psim(N) Probability of data manifolds being lin. sep. after random projection ΠN

Pmf, Nmf Number of manifolds and number of neurons in the mean-field model
a Index for the clouds in the mean-field model, i.e., a ∈ {1, . . . , Pmf/Pdata}
{wa

j } ⊂ RNmf A set of random basis vectors for the a-th cloud in mean-field model
Q ∈ RNmf×Ndata A linear map between {wj} and uµ

0 , {u
µ
i }

Ma,µ
mf ⊂ RNmf The µ-th manifold in the a-th cloud in the mean-field model

θ ∈ RN or θ ∈ RNmf A candidate linear classifier
t ∈ RNdata The Gaussian average (i.e., quenched disorder) in the capacity formula
v ∈ RNdata A vector from the negated dual cone of data manifolds
v∗, {λµ} The primal and dual solution to minv ∥v− t∥2

2
sµ(y, t) ∈ RNdata An anchor point of Mµ

data w.r.t. y and t

Effective/Anchor geometry
sµ

0 ∈ RNdata The anchor center of Mµ
data

sµ
1 (y, t) ∈ RNdata The axis part of the anchor point of Mµ

data w.r.t., y, t
S,S0,S1 ∈ RPdata×Ndata The matrices that contain sµ(y, t), sµ

0 , s
µ
1 (y, t) on its rows respectively

G0,G1 ∈ RP ×P The gram matrices of anchor centers and anchor axis respectively
Dglue, Rglue,Ψglue Effective manifold dimension, radius, and center-axis correlations
ℓglue, rglue Anchor center norm and (normalized) radius
ρc

glue, ρ
a
glue, ψglue Anchor manifold center, axis, and center-axis alignment

Table 2: Notations.
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S1.1 Definition of manifold capacity in a simulation model1635

Given a collection of (finite) data manifolds {Mµ
data}

Pdata
µ=1 . Let y ∈ {1,−1}Pdata be a dichotomy for the data manifolds.1636

For each N ∈ {1, 2, . . . , Ndata}, which should be thought of as the size of a subpopulation of neurons, define1637

py,sim(N) := Pr
ΠN

[∃θ ∈ RN s.t. yµ · ⟨θ,ΠN xµ⟩ ≥ 0, ∀µ, xµ ∈Mµ
data]

where ΠN is a random projection from RNdata to RN . Namely, psim(N) is the probability of the data manifolds1638

being linearly separable with respect to dichotomy y after a random projection to an N -dimensional subspace.1639

Definition 1 (Manifold capacity, simulated version). Given a collection of (finite) data manifolds {Mµ
data}

Pdata
µ=1 and1640

the above simulation model. Let y ∈ {1,−1}Pdata be a dichotomy. The simulated manifold capacity is defined as1641

αy,sim := Pdata∑
N (1− py,sim(N)) .

Intuitively5, the denominator
∑

N (1− py,sim(N)) can be thought of as the expected number of neurons required for1642

being able to linearly separate the manifolds according to y.1643

A remark on dichotomy. For the simplicity of the presentation, we focus on defining manifold capacity for1644

a single dichotomy vector y ∈ {1,−1}Pdata . Every discussion can be directly generalized to a set of dichotomies1645

Y ⊆ {1,−1}Pdata by taking the geometric average of manifold capacity over Y.1646

S1.2 Manifold capacity formula1647

We derive a formula for αsim as follows.1648

αglue = Pdata ·

 E
t∼N (0,INdata )

 min
v∈RNdata

yµ·v⊤xµ≤0, ∀µ,∀xµ∈Mµ
data

∥v− t∥2
2




−1

(S1.1)

where N (0, Idata) denotes the multivariate isotropic normal distribution. Also see Supplementary Figure S3 for1649

an empirical check on all the datasets we analyzed (and a comparison with the formulas proposed by previous1650

works [20, 21]).1651

The above capacity formula (Equation S1.1) has two advantages: (i) it is computationally much cheaper to estimate1652

than the simulation model (Definition 1), see Algorithm 1 for a pseudocode; (ii) the formula hints a route to define1653

manifold geometric measures as illustrated in the subsequent subsections.1654

S1.3 Anchor points1655

To extract manifold geometry from the capacity formula (Equation S1.1), we follow the idea from [20] to rewrite1656

the term6 with “min” in Equation S1.1 by the KKT condition [66, Chapter 5]. Concretely, let v∗ ∈ RN
data denote the1657

optimizer of minv ∥v− t∥2
2, there exists λ∗ = {λ∗,µ} (where λ∗,µ :Mµ → R≥0) such that the following equations1658

hold:1659

• (Primal feasibility) yµ · ⟨v∗,xµ⟩ ≥ 0 for all µ ∈ [P ] and xµ ∈Mµ.1660

• (Dual feasibility) λ∗,µ(xµ) ≥ 0 for all µ ∈ [P ] and xµ ∈Mµ.1661

• (Complementary slackness) λ∗,µ(xµ) · yµ · ⟨v∗,xµ⟩ = 0 for all µ ∈ [P ] and xµ ∈Mµ.1662

5To see this, notice that py,sim(N) is monotone in N and takes value within 0 and 1. Namely, py,sim(N) can be thought of as the
cumulative probability function of a discrete random variable taking integer values. As a result,

∑
N

(1 − py,sim(N)) is simply the
expected value of this random variable.

6Also known as the “field” in [20].
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Figure S3: Comparison between simulation capacity and the estimate via capacity formulas. Each column corresponds
to a dataset analyzed in this paper. The x-axis is the capacity value estimated from numerical simulation as described in Definition 1
and the y-axis is the capacity value estimated from a manifold capacity formula. The first and the second row correspond to the manifold
capacity formula from the previous works [20, 21] respectively. The last row corresponds to the capacity formula derived in this paper,
i.e., Equation S1.1.

We define the anchor points for each data manifolds as 1663

sµ(y, t) := yµ ·
∫

xµ∈Mµ dλ
∗,µ(xµ) · xµ∫

xµ∈Mµ dλ∗,µ(xµ) (S1.2)

where we treat the dual function of the µ-th manifold, λ∗,µ as a measure over Mµ. For data analysis where the 1664

manifolds are point clouds Mµ = {xµ
1 , . . . ,x

µ
Mµ}, Equation S1.2 becomes 1665

sµ(y, t) := yµ ·
∑Mµ

i=1 λ
∗,µ(xµ

i )xµ
i∑Mµ

i=1 λ
∗,µ(xµ

i )
. (S1.3)

Anchor points connect to manifold capacity via a simple analytical formula. In particular, by putting Equation S1.1 1666

and the KKT conditions ([66], Chapter 5) together, we have 1667

α−1
y,glue = 1

Pdata
E

t∼N (0,Idata)

[
(St)⊤(SS⊤)†(St)

]
(S1.4)

where the matrix S ∈ RPdata×Ndata contains the anchor points sµ(y, t) on its rows and † denotes pseudo-inverse. Note 1668

that as S⊤(SS⊤)†S is performing the orthogonal projection to the subspace spanned by the rows of S. Namely, 1669

α−1
y,glue = 1

Pdata
E

t∼N (0,Idata)

[
∥projcone({sµ(y,t)})t∥2

2

]
(S1.5)

where proj is the projection operator and cone({sµ}) = {
∑

µ λ
µsµ : ∀µ, λµ ≥ 0} is the convex cone spanned by 1670

{sµ}. 1671

When considering a set of dichotomies of interest, Y ⊆ {1,−1}Pdata , we have 1672

α−1
glue = 1

Pdata
E

y∼Y
t∼N (0,Idata)

[
∥projcone({sµ(y,t)})t∥2

2

]
(S1.6)
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where y ∼ Y denotes (uniformly at random) sampling y from Y. In the rest of this section, we use Ey,t to abbreviate1673

the expectation term in the above formula when the context is clear.1674

As a remark, Equation S1.4 and Equation S1.5 are mathematically the same. The reason we present both here is1675

that the former is more convenient for implementation and the latter is easier for intuitive reasoning.1676

S1.4 Effective manifold geometric measures from the capacity formula1677

The center and axis part of anchor points. Next, we again follow the intuition from [20] and decompose the1678

anchor points {sµ(y, t)}µ into the longitudinal component (i.e., manifold center) sµ
0 and the intrinsic component1679

sµ
1 (y, t), i.e., sµ(y, t) = sµ

0 + sµ
1 (y, t) where µ is the manifold this anchor point corresponds to. Concretely,1680

sµ
0 = Ey,t[sµ(y, t)] is the mean of the anchor points coming from the µ-th manifold and sµ

1 (y, t) = sµ(y, t)− sµ
0 .1681

To compute effective geometric measures in practice, we can adopt an equivalent form of capacity formula, Equa-1682

tion S1.4, which explicitly expresses the projection operator as some linear operators consisting low-order moments1683

of the anchor points. Concretely, we can also decompose the matrix S = S0 + S1 where S0 contains sµ
0 on its rows1684

and S1 contains sµ
1 (y, t) on its rows.1685

Effective manifold dimension. To gain some intuition before formally introduce our definition of effective mani-1686

fold dimension, think about the case of projecting a random (Gaussian) vector in RN to a D-dimensional subspace.1687

Let {e1, . . . , eD} be an orthonormal basis for this subspace. It is not hard to see that the expected value of the1688

square of the projection is Ey,t[∥projspan(e1,...eD)t∥2
2] =

∑D
i=1 Ey,t[(⟨t, ei⟩)2] = D. This inspires us to use the ex-1689

pected value of the square of the projection of a random (Gaussian) vector t to measure the (average) dimension1690

of manifolds.1691

Moreover, only the axis part of the anchor points are reacting the in-category variation. Hence, we measure the1692

(average) degree of freedom (i.e., number of directions) within manifolds by considering the projection of t to the1693

cone spanned by the axis part of the anchor points, i.e.,1694

Dglue := 1
Pdata

E
y,t

[
∥projcone({sµ

1 (y,t)})t∥2
2

]
. (S1.7)

To empirically estimate the effective dimension, we can use the fact that ∥projcone({sµ
1 (y,t)})t∥2

2 =1695

(S1t)⊤(S1S⊤
1 )†(S1t) and the following formulas (which are implemented in the pseudocode in method):1696

Dglue = 1
Pdata

E
y,t

[
(S1t)⊤(S1S⊤

1 )†(S1t)
]
. (S1.8)

See Figure S6c for an example of how Dglue faithfully tracks the raw dimensionality of uncorrelated Gaussian point1697

clouds.1698

Effective manifold radius. To motivate the definition of effective manifold radius, let us consider the case where1699

there is only one manifold (i.e., the setting in [20]). In this case, the projection of t onto the cone spanned by the1700

anchor point s(t) can be expanded as follows.71701

∥projcone(s(t))t∥2
2 =

(
⟨s(t), t⟩
∥s(t)∥2

)2
=
(
⟨s0 + s1(t), t⟩
∥s0 + s1(t)∥2

)2

= (⟨s0, t⟩)2 + (⟨s1(t), t⟩)2 + 2⟨s0, t⟩ · ⟨s1(t), t⟩
∥s0∥2

2 + ∥s1(t)∥2
2 + 2⟨s0, s1(t)⟩ .

The key idea in [20] is to approximate the above by ⟨s0, t⟩ ≈ 0, ⟨s0, t⟩ · ⟨s1(t), t⟩ ≈ 0, ⟨s0, s1(t)⟩ ≈ 0, and consider1702

≈ (⟨s1(t), t⟩)2

∥s0∥2
2 + ∥s1(t)∥2

2
. (S1.9)

7Note that by the KKT condition, if the projection of t onto the cone of s(t) is zero, then s(t) = 0. Thus, we have that
projcone(s(t))t = ⟨s(t), t⟩/∥s(t)∥2.
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Note that in this setting, the effective dimension term is (⟨s1(t), t⟩)2/∥s1(t)∥2
2 and the above can be further rear-

ranged as 1703

=

(
⟨s1(t),t⟩
∥s1(t)∥2

)2

1 + ∥s0∥2
2

∥s1(t)∥2
2

. (S1.10)

The approximation in Equation S1.9 (for each t) inspired [20] to define their effective radius as 1704

Rsingle :=

√
E

y,t

[
∥s1(t)∥2

2
∥s0∥2

]
=

√
Ey,t[∥s1(t)∥2

2]
∥s0∥2

2
(S1.11)

with the following geometric approximation to manifold capacity: 1705

αsingle ≈
1 +R−2

single

Dsingle
. (S1.12)

In this work, we start with extending the above single-manifold setting from [20] to multi-manifold case as follows. 1706

First, we consider the following multi-manifold version of Equation S1.9 1707

αapprox :=
(

1
Pdata

E
y,t

[
(S1t)⊤(S0S⊤

0 + S1S⊤
1 )†(S1t)

])−1
(S1.13)

where S0,S1 are the matrices with the center and axis part of the anchor points on their rows respectively. 1708

Next, consider the identity a = b
1+ b−a

a

used in Equation S1.10 and set a = α−1
approx and b = Dglue to figure out what 1709

the radius term should be. Specifically, we define 1710

Rglue :=

√
α−1

approx

Dglue − α−1
approx

(S1.14)

=

√
Ey,t

[
(S1t)⊤(S0S⊤

0 + S1S⊤
1 )†(S1t)

]
Ey,t

[
(S1t)⊤(S1S⊤

1 )†(S1t)− (S1t)⊤(S0S⊤
0 + S1S⊤

1 )†(S1t)
] . (S1.15)

See Figure S6b for an example of how Rglue faithfully tracks the raw radius (normalized by the center norm) of 1711

uncorrelated Gaussian point clouds. 1712

Note that from the above definition, we have that α−1
approx = Dglue

1+R−2
glue

and similar to Equation S1.12, we have that 1713

αglue ≈ αapprox =
1 +R−2

glue

Dglue
. (S1.16)

Effective utility rate. We do not stop at the geometric approximation for capacity formula via the center-axis 1714

decoupling idea from [20]. Specifically, we observe that the geometric approximation always overestimate the 1715

capacity (Supplementary Figure S4), i.e., 0 ≤ α−1
approx

α−1
glue

≤ 1. This motivates us to define an effective utility rate as 1716

Ψglue :=
α−1

approx

α−1
glue

= Ey,t
[
(S1t)⊤(S0S⊤

0 + S1S⊤
1 )†(S1t)

]
Ey,t[(St)⊤(SS⊤)†(St)] (S1.17)

which is a quantity between 0 and 1 (when the inequality 0 ≤ α−1
approx

α−1
glue

≤ 1 holds). Moreover, the larger the Ψglue is, 1717

the less effect of correlations has on the capacity. Together, we have an exact geometric formula for the manifold 1718

capacity as follows. 1719

αglue =
Ψglue · (1 +R−2

glue)
Dglue

. (S1.18)
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Figure S4: Comparison of simulation capacity, our capacity formula, and our geometric approximation. Each column corresponds to
a dataset analyzed in this paper. The x-axis is the capacity value estimated from numerical simulation, as described in Definition 1.
The y-axis of the first row corresponds to the geometric approximation, i.e., αapprox (Equation S1.13). The y-axis of the second row
corresponds to the capacity formula, i.e., αglue (Equation S1.6). Notice that, as shown in the first row, the geometric approximation
always overestimates the capacity value.

We remark that we didn’t present the result on effective utility rate in the main text for simplicity purpose. In the1720

single manifold case, the effective utility rate becomes,1721

Ψsingle = E
y,t

[(
⟨s1(t), t⟩
⟨s(t), t⟩

)2
]

(S1.19)

which intuitively is the fraction of “error” coming from the axis-part of the anchor points. Also, unlike effective1722

radius and dimension, effective utility rate behaves less like a geometric measure, but more like an efficiency measure1723

for capacity itself—intuitively αapprox can be thought of as the best possible capacity to achieve with a certain1724

geometric constraint and hence the ratio αglue/αapprox can be thought of as how close the manifold capacity is to1725

the upper bound. We post it as an interesting future direction to explore the meaning and consequence of effective1726

utility rate.1727

To summarize, so far we have derived three effective manifold geometric measures, effective dimension Dglue,1728

effective radius Rglue, and effective utility rate Ψglue, in which a simple function of them gives rise to the manifold1729

capacity as described in Equation S1.18. See Supplementary Figure S4 for an empirical check on Equation S1.17.1730

S1.5 Anchor manifold alignment measures1731

In the rest of this section, we are going to see some more manifold alignment measures defined via low-order1732

statistics of the anchor points. Unlike the effective geometric measures, they do not analytically connect to the1733

manifold capacity via a formula. However, they can be regarded as a replacement to the analogous correlation1734

measures conventionally defined via lower-order statistics of the data points, and can be used as summary statistics1735

for data analysis.1736

• Anchor center norm:1737

ℓglue := 1
Pdata

∑
µ

ℓµ
glue ; ℓµ

glue := ∥sµ
0∥2 . (S1.20)

For simplicity of the presentation, we did not put the results on anchor center norm in the main figures.1738

Nevertheless, for future applications of GLUE, anchor center norm can potentially be an important factor that1739

explains the changes in manifold organization and capacity.1740

• Anchor (normalized) radius:1741

rglue := 1
Pdata

∑
µ

rµ
glue ; rµ

glue :=
√

Ey,t[∥sµ
1 (y, t)∥2

2]
∥sµ

0∥2
(S1.21)
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Note that the anchor (normalized) radius defined here is different from the effective radius Rglue as defined 1742

in Equation S1.14. Here rglue and rµ
glue do not have a simple analytical connection to manifold capacity, while 1743

Rglue is analytically linked to αglue through Equation S1.18. For simplicity of the presentation, we did not put 1744

the results on anchor radius in the main figures. Nevertheless, for future applications of GLUE, anchor radius 1745

can potentially augment the intuition from other effective geometric measures for understanding the changes 1746

in manifold organization and capacity. 1747

• Anchor center alignment: 1748

ρc
glue := 1

Pdata(Pdata − 1)
∑
µ̸=ν

(sµ
0 )⊤sν

0 . (S1.22)

See Figure S6d for an example of how ρc
glue faithfully tracks the raw center correlations of Gaussian point 1749

clouds. 1750

• Anchor axis alignment: 1751

ρa
glue := E

y,t

 1
Pdata(Pdata − 1)

∑
µ̸=ν

(sµ
1 (y, t))⊤sν

1(y, t)

 (S1.23)

where the superscript for sµ
1 (y, t) indicates the index of the manifold that anchor point corresponds to. See Fig- 1752

ure S6e for an example of how ρa
glue faithfully tracks the raw axis correlations of Gaussian point clouds. 1753

• Anchor center-axis alignment: 1754

ψglue := E
y,t

 1
Pdata(Pdata − 1)

∑
µ̸=ν

(sµ
1 (y, t))⊤sν

0

 (S1.24)

For simplicity of the presentation, we did not put the results on anchor center-axis alignment in the main 1755

figures. Nevertheless, for future applications of GLUE, anchor center-axis alignment can potentially be an 1756

important factor that explains the changes in manifold organization and capacity. 1757

We remark that we didn’t present the result on anchor center norm, radius, and center-axis alignment in the main 1758

text for simplicity purpose. Also, we remark that the effective/anchor geometry of manifold capacity theory can 1759

go beyond the metrics introduced here, and we leave it as an interesting future direction to explore other possible 1760

effective/anchor geometric measures. 1761

S2 Toy Examples for Intuition Building 1762

To build intuitions on effective manifold geometric measures as well as interpret the results on real datasets, it 1763

is instructive to examine toy examples where the underlying ground truth is known. In this section, we provide 1764

three toy examples for the readers to build up intuitions on interpreting and understanding manifold capacity 1765

and its effective geometric measures. First, in Supplementary Information S2.1, we compare manifold capacity 1766

with conventional Receiver Operating Characteristic (ROC) for single-neuron selectivity. Next, in Supplementary 1767

Information S2.2, we consider synthetic manifolds generated from Gaussian mixture models, which should be 1768

regarded as idealized models for real neural manifolds. By systematically sweeping through various latent variables, 1769

we can learn how the organization of Gaussian manifolds affect the effective geometric measures. Hence, this serves 1770

as a dictionary for mapping the effective geometric values from real data back to an idealized latent space. Finally, 1771

in Supplementary Information S2.3, we illustrate the equivalence between manifold capacity and the geometry of 1772

the cone of linear classifiers. 1773

S2.1 Comparison to single-neuron selectivity analysis 1774

In Supplementary Figure S5, we compare the ROC analysis for single-neuron selectivity to manifold capacity 1775

analysis. The two methods bear surprising similarity, and hence the readers can easily draw intuition on manifold 1776

capacity from analogous concepts in the ROC analysis. 1777
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Figure S5: Comparison between single-neuron selectivity analysis and manifold capacity. a, ROC analysis for single-neuron selectivity,
where the degree of selectivity is quantified by the AUC. b, Manifold capacity analysis for categorization at the population level, where
the degree of separability/decodability is quantified by the AUC as well, which coincides with manifold capacity.

Single-neuron selectivity. The Receiver Operating Characteristic (ROC) curve for a single neuron depicts the1778

relationship between the True Positive Rate and the False Positive Rate across varying response thresholds when1779

distinguishing between two stimuli (Figure S5a). The Area Under the Curve (AUC) of the ROC curve serves as1780

a quantitative measure of the neuron’s selectivity, reflecting its ability to discriminate between the two stimuli.1781

Specifically, the AUC represents the probability that a neuron, using a threshold-based decision rule, will correctly1782

identify a preferred stimulus over a non-preferred one. For instance, an AUC of 0.85 indicates an 85% probability1783

that the neuron’s response to a randomly selected preferred stimulus exceeds its response to a randomly selected1784

non-preferred stimulus. This metric provides a robust assessment of single-neuron discriminative performance,1785

independent of the chosen threshold.1786

Manifold capacity. The manifold load curve for a population of neurons illustrates the relationship between1787

manifold load—defined as the number of categories normalized by the number of neurons—and the probability of1788

successfully classifying population responses from different categories (Figure S5b). Manifold capacity is quantified1789

as the Area Under the Curve (AUC) of the manifold load curve, thereby encapsulating the population’s ability1790

to discriminate between categories. Specifically, manifold capacity indicates the maximum normalized number of1791

categories that the neural population can reliably distinguish using a linear readout. For example, a manifold1792

capacity of 0.25 implies that to distinguish between 8 categories, approximately 32 neurons are required (since 81793

categories / 0.25 = 32 neurons). Conversely, if a population comprises 100 neurons, it can differentiate among 251794

categories (100 neurons × 0.25 = 25 categories). In comparison, a system with an manifold capacity of 0.1 would1795

necessitate 2.5 times more neurons to achieve the same level of classification performance. This metric provides a1796

scalable measure of neural population efficiency in encoding and discriminating complex categorical information.1797

S2.2 A correlated Gaussian point cloud manifold model1798

In item S6 we consider point cloud manifolds generated from a Gaussian model with eight latent parameters: number1799

of neurons (N), number of manifolds (P ), number of points per manifold (M), raw radius (R), raw dimension (D),1800

center correlations (ρc), axis correlations (ρa), and center-axis correlations (ψ). See a pseudo-code for the Gaussian1801

model below as well as Figure S6a for a schematic illustration.1802

• Parameters: N ∈ N (ambient dimension); P ∈ N (number of manifolds); D ∈ N (manifold dimension); M ∈ N1803

(number of points per manifold); ρa ∈ [0, 1) (axes correlations); ρc ∈ [0, 1) (center correlations); ψ ∈ R≥01804

(center-axes correlations).1805

• Procedures:1806

1. Randomly sample P manifold centers u1
0, . . . ,uP

0 ∈ RN independently from the Gaussian distribution1807

with mean 0 and variance 1/
√
N for each coordinate.1808
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Figure S6: GLUE analysis on synthetic manifolds via a Gaussian point cloud manifold model. a, Schematic illustration of the model.
b-e, Results of GLUE analysis. See Supplementary Information S2.2 for experimental details.
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2. Let Aρc
∈ RP ×P be the square root of the matrix with diagonal being 1s and off-diagonal being ρ2

c . Set1809

the vectors û1
0, . . . , ûP

0 to be the columns of Aρc
U where U contains u1

0, . . . ,uP
0 in its columns.1810

3. For each µ = 1, . . . , P , randomly sample D vectors uµ
1 , . . . ,u

µ
D from the Gaussian distribution with mean1811

0 and variance 1/
√
N for each coordinate.1812

4. Let Aρa
∈ RP ×P be the square root of the matrix with diagonal being 1s and off-diagonal being ρ2

a. For1813

each i = 1, . . . , D, set the vectors û1
i , . . . , ûP

i to be the columns of Aρa
U where U contains u1

i , . . . ,uP
i in1814

its columns.1815

5. Define the µ-th manifold to be the point cloud containing the following vectors: (1 + aj)ûµ
0 +

∑
i ûµ

i b
i
j for1816

each j = 1, . . . ,M where aj is independently sampled from the Gaussian distribution with mean 0 and1817

variance ψ2 and (b1
j , . . . , b

D
j ) is uniformly sampled from the unit sphere in RD.1818

Now, we consider two settings of the above-mentioned synthetic model. First, we consider uncorrelated Gaussian1819

point clouds (i.e., ρc = ρa = ψ = 0) and investigate the effect of ground truth radius and dimension on manifold1820

capacity and effective geometric measures. In this case, we found that both effective radius and effective dimension1821

faithfully tracks the ground truth value. Next, we fix the raw radius and dimension, and vary the center and axis1822

correlations in the model. We found that both the effective center alignment and effective axis alignment track the1823

corresponding ground truth value as well.1824

Uncorrelated Gaussian point clouds and manifold radius and dimension. We pick N = 1000, P = 2,1825

M = 200, ρc = ρa = ψ = 0, vary R between 0.3 and 2, and vary D between 2 and 10 in Figure S6b and Figure S6c1826

with 50 repetitions for each parameter setting.1827

In Figure S6b, one can see that the increase of raw radius R indeed hurts the manifold capacity, and the effective1828

radius Rglue quantitatively tracks the value of R. In particular, Rglue approximates R well when D is small. We1829

remark that in general Rglue would not be exactly the same as R due to finite size effect—when the raw dimension1830

is large and the number of points per manifold (M) is small, the Gaussian point clouds from our synthetic model1831

would be far away from being a sphere and hence the effective radius Rglue in general would be smaller than the1832

raw radius R.1833

In Figure S6c, one can see that the increase of raw dimension D indeed hurts the manifold capacity, and the effective1834

dimension Dglue quantitatively tracks the value of D. In particular, Dglue approximates D well when R is large.1835

We remark that in general Dglue would not be exactly the same as D due to finite size effect—when the raw radius1836

is small and the number of points per manifold (M) is small, the Gaussian point clouds from our synthetic model1837

would be far away from being a sphere nor a subspace and hence the effective dimension Dglue in general would be1838

smaller than the raw dimension D.1839

Lastly, we remark that all the three effective alignment measures correctly stay close to 0 (they would not be1840

exactly 0 due to finite-size effect) in this uncorrelated Gaussian point clouds setting.1841

Correlated Gaussian point clouds and alignment measures. We pick N = 1000, P = 2, M = 200, R = 1,1842

D = 4, and vary ρc, ρa, ψ between 0 and 0.8 in Figure S6d and Figure S6e with 50 repetitions for each parameter1843

setting.1844

In Figure S6d, one can see that the increase of raw center correlations ρc indeed hurts the manifold capacity, and the1845

effective center alignment ρc
glue quantitatively tracks the value of ρc. Noticeably, we found that the effective radius1846

Rglue increases along with center correlations. Intuitively, this is because the anchor point distribution becomes1847

biased toward the global center (i.e., the center of the center of manifolds). See also Figure S7g. Similarly, the1848

effective axis alignment ρa
glue increases along with the raw center correlations when the raw axis correlations are1849

high.1850

In Figure S6e, one can see that the increase of raw axis correlations ρa indeed helps the manifold capacity, and1851

the effective axis alignment ρa
glue quantitatively tracks the value of ρa. Noticeably, we found that the effective1852

dimension Dglue decreases along with axis correlations. Intuitively, this is because the anchor point distribution1853

becomes biased toward the shared variation subspace across manifolds. See also Figure S7h. Similarly, the effective1854

radius Rglue decreases along with the raw axis correlations when the raw radius is high.1855
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S2.3 The cone of linear classifiers 1856

It turns out that the manifold capacity is related to the statistical dimension [67] of the convex cone that contains 1857

all the linear classifiers. This connection provides an alternative angle to intuitively understand the interaction 1858

between manifold capacity and its effective geometric measures. In the following, we will provide a simplified 1859

illustration of this connection. For interested readers, see [68] for a more comprehensive coverage on convex cone 1860

geometry. 1861

Given a collection of (finite) data manifolds {Mµ
data}

Pdata
µ=1 and a dichotomy y ∈ {1,−1}Pdata for the data manifolds. 1862

The cone of linear classifiers for {Mµ
data} with respect to y is 1863

C := {θ ∈ RNdata : yµ · ⟨θ,xµ⟩ ≥ 0, ∀µ ∈ [Pdata], ∀xµ ∈Mµ} . (S2.25)

See Figure S7a for an example of classifying two manifolds. 1864

It is not difficult to see that C is a convex cone, i.e., (i) ∀θ ∈ C, aθ ∈ C for all a ≥ 0 and (ii) ∀θ, θ′ ∈ C, aθ+ a′θ′ ∈ C 1865

for all a, a′ ≥ 0 with a+ a′ = 1. While there is a huge and rich theory for the geometry of convex cones [67], here 1866

we focus on a concept called statistical dimension (see Definition 2.2 and Proposition 5.12 of [68]). Intuitively, the 1867

statistical dimension of a convex cone is analogous to the dimension of linear subspaces. In fact, the statistical 1868

dimension of a D-dimensional subspace is D. So, we encourage the readers to think about the statistical dimension 1869

of C as a measure of how large C is8. 1870

Now, we state the connection between manifold capacity of {Mµ
data} with respect to y and the statistical dimension 1871

of C as follows. 1872

statistical dimension of C = Ndata − Pdata · α−1
glue . (S2.26)

We omit the proof of Equation S2.26 for two reasons: (i) it is an immediate corollary of [68, Proposition 5.12] and 1873

(ii) hence the bulk of the proof is about defining statistical dimension. We encourage interested readers to read [68]. 1874

With Equation S2.26, we immediately know that manifold capacity αglue increase (or decreases) along with the 1875

statistical dimension of the cone of linear classifiers C. See Figure S7b for an example. As a consequence, when 1876

thinking about how manifold organization affects manifold capacity, one can freely switch to thinking about the 1877

size of the cone of linear classifiers. In the rest of this subsection, we will use such connection to present several 1878

useful intuitions for manifold capacity and its effective geometric measures. 1879

The distribution of anchor points connects manifold geometry to manifold capacity. While manifold 1880

capacity quantifies the degree of untangledness of manifolds, distinct manifold organizations might exhibit the same 1881

capacity value (see Figure S7c for an example). As mentioned in the main text, a high capacity value can either 1882

be achieved by having small manifold radius or having small manifold dimension. To see the underlying geometric 1883

composition of the manifold capacity value, we can look at the difference in the distribution of anchor points 1884

(see Equation S1.2 and Equation S1.3). While in the previous section we introduce anchor points in a relatively 1885

abstract manner, here using the intuitive picture of cone of linear classifiers we can easily understand anchor points 1886

as the worst-points of a random non-classifier (see Figure S7d). With this intuition in mind, we can then easily 1887

understand how different manifold organizations achieve the same capacity value in different ways. For example, 1888

in Figure S7e, the anchor points distribution will be quite different for the two cases—for the example on the left, 1889

the anchor points will be more concentrated to the center (i.e., small radius) and the centers of the anchor points 1890

will be closer with each other (i.e., higher center correlations); for the example on the right, the anchor points will 1891

be less concentrated to the center (i.e., larger radius) while the centers of the anchor points will be more separated 1892

from each other (i.e., small center correlations). 1893

How manifold geometry affects manifold capacity. As mentioned in Figure S7b, the manifold capacity value 1894

increases when the size/volume (or more precisely, the statistical dimension) of the cone of linear classifiers increases. 1895

Using this intuitive picture, we can easily understand how a decrease in radius, a decrease in dimension, a decrease 1896

in center alignment, or an increase in axis alignment makes the size/volume of the cone larger, hence making the 1897

capacity higher (Figure S7f). 1898

Interaction/Correlation between effective geometric measures. Once we are familiar with how different 1899

manifold geometric properties affect manifold capacity, as shown in Figure S7f, we can further understand how the 1900

effective geometric measures interact and correlate with one another. We note that the effective geometric measures 1901

8We remark that the statistical dimension of a convex cone is connected to the intrinsic volume of the cone as in Definition 2.2 and
Proposition 5.12 of [68]
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Figure S7: Intuitive pictures for manifold capacity and its effective geometric measures.
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defined and used in GLUE are statistics (of anchor points) that summarize the average properties across all data 1902

manifolds. That being said, the cone picture discussed in this section is not perfectly identical to the effective 1903

geometric measures. Nevertheless, at a high level, the intuition can be shared. 1904

First, there is an interaction between radius and center alignment. As shown in Figure S7g), the cone of linear 1905

classifiers could stay the same while simultaneously shrinking the manifold radius and increasing the manifold 1906

center alignment. Indeed, our effective radius Rglue captures this interaction and reflect in the geometric formula 1907

for manifold capacity (Equation S1.18). Recall that there is no explicit term on center alignment in Equation S1.18 1908

so its effect has been reflected in the effective radius term. For example, in the correlated Gaussian point cloud 1909

model, we found that large center correlations in the generative model would be reflected by an increase in effective 1910

radius (Figure S6d). 1911

Next, there is an interaction between dimension and axis alignment. As show in Figure S7h, the cone of linear 1912

classifiers could stay the same while simultaneously shrinking the manifold dimension and decreasing the manifold 1913

axis alignment. Indeed, our effective dimension Dglue captures this interaction and reflect in the geometric formula 1914

for manifold capacity (Equation S1.18). Recall that there is no explicit term on axis alignment in Equation S1.18 1915

so its effect has been reflected in the effective dimension term. For example, in the correlated Gaussian point cloud 1916

model, we found that large axis correlations in the generative model would be reflected by an decrease in effective 1917

dimension (Figure S6e). 1918

Invariant operations with respect to manifold capacity. Finally, the cone of linear classifiers and the manifold 1919

capacity stay invariant under some operations. For example, in Figure S7i, the cone and capacity stay invariant 1920

when uniformly scaling the manifolds by some non-zero multiplicative factor. This is the reason why our effective 1921

radius Rglue is normalized by the center norm. Namely, Rglue is the corresponding invariant quantity with respect 1922

to uniform scaling. Similarly, in Figure S7j, the cone and capacity stay invariant under some (subspace) rotations. 1923

Intuitively, the effective dimension Dglue is related to the size of the invariant rotation group, and we leave it as a 1924

mathematical open problem for future theoretical investigations to make this connection rigorous. 1925

S3 Data analysis 1926

In this section, we provide our interpretations on the results we got from the GLUE analysis on each dataset. 1927

Study Animal Regions #Indiv. #Units
Vision:
*Majaj & Hong et al. [33] Monkey V4,IT 2 168
*Hebart et al. [34] Human VT cortex 3 72171
Freeman & Ziemba et al. [35] Monkey V1, V2 2 205
Learning:
*Najafi et al. [38] Mouse PPC 4 1827
Plitt et al. [42] Mouse Hippocampus 10 3139
Dynamics:
*Perich et al. [44] Monkey PMd, M1 4 278
Kiani et al. [47, 48] Monkey Prearcuate gyrus 3 608

Table 3: Datasets analyzed by GLUE in this paper. Those marked with an asterisk are covered in the main text while the rest are
discussed in the supplementary materials.

S3.1 Monkey early vision dataset 1928

In Supplementary Figure S8 we analyze the dataset from [35] on a monkey vision task with electrophysiological 1929

recordings in V1 and V2. See Methods for more analysis details. 1930

In the GLUE analysis, we see an increment of manifold capacity from pixel level to V1 and to V2 in both texture 1931

manifolds and noise manifolds (Supplementary Figure S8b). The interpretation of capacity here corresponds to 1932

the encoding efficiency of a representation for distinguishing among the different texture patterns (or their noisy 1933

version). In particular, the capacity growth from V1 to V2 is mainly driven by effective radius, effective dimension, 1934
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Figure S8: Supplementary figure for the GLUE analysis on a monkey early vision dataset [35].

and effective center alignment. This suggests that early visual areas make texture encoding more efficient by1935

compressing neural manifolds (i.e. reducing radius and dimension) while decorrelating the neural responses to1936

different textures (i.e. reducing center alignment). Interestingly, there is less compression of effective dimension for1937

texture than for noise manifolds. We suspect that higher-order correlations in the texture manifolds may make them1938

less compressible for early visual areas. Also, we find that the capacity and effective geometry of shuffled manifolds1939

(i.e. shuffling neural responses with respect to stimuli) are quantitatively close to those of the unshuffled manifolds1940

(Supplementary Figure S8a). This suggests that much of the structure in early visual responses is invariant to1941

stimulus shuffling. Specifically, while the growth of capacity hints the improvement of coding efficiency from V1 to1942

V2, the shuffling results reveal that the improvement is stimulus-independent (i.e., for different possible grouping of1943

input stimuli) and not categorical (i.e., for the specific grouping of input stimuli according to the texture families).1944

We speculate that such stimulus-independent structure may be relevant for flexible readout in downstream areas.1945

Hence, we pose it as an interesting future research direction for further exploration.1946

Note that our analysis in the previous paragraph is different from the original analysis in [35] where the authors1947

studied the difference in neural activation between a texture pattern and its noisy version. For completeness,1948

in Supplementary Figure S8b we consider the analogous setting of analyzing the manifold capacity between a1949

texture manifold and its noisy version. Concretely, for each texture family, we conduct GLUE analysis on two1950

manifolds: a texture manifold formed by the collection of neural responses to the input stimuli from this texture1951

family and the noise manifold formed by the collection of neural responses to the noisy version of input stimuli.1952

We again see a growth of capacity along the visual hierarchy for most texture-noise pairs. Surprisingly, this time1953

the center alignment increases from V1 to V2 (it decreased in the previous analysis); both effective radius and1954

dimension decrease as expected whereas the axis and center-axis alignment increase. We interpret the result as1955

hinting there are two opposing forces from V1 to V2 to the segregation of the texture and noisy manifold pairs:1956

compression and categorization (i.e., aligning the two manifolds with the same lower order statistics). Further1957

investigations into the changes of neural manifold organization in early visual areas require additional experimental1958

design (e.g., subordinate texture families) and we pose it as an interesting future research direction.1959

S3.2 Monkey late vision dataset1960

In Figure 4a-c and Supplementary Figure S9 we analyze the dataset from [33] on a monkey vision task with1961

electrophysiological recordings in V4 and IT. See Methods for more analysis details.1962

In the GLUE analysis, we see an increment of manifold capacity from pixel level to V4 and to IT in all variation1963

levels (Figure 3a). The interpretation of capacity here corresponds to the encoding efficiency among the 8 basic1964

categories (e.g., Animals, Cars, etc.), i.e., the level of categorization. From low variation to high variation level,1965
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there are also decreases of capacity for all brain areas as expected. The two experimental parameters (i.e., brain 1966

area and variation level) allow us to probe how manifold organization improves from V4 to IT. First, the increase 1967

of capacity from V4 to IT is a joint effect of decrease in effective radius and dimension as well as a reorganization 1968

of manifold alignments. In particular, from the comparison with synthetic examples (item S6c-d), we suspect that 1969

the center-axis correlations mainly drives the changes of the alignment measures and global scaling. Second, the 1970

decrease of capacity from low variation to high variation level is due to increase of effective radius and dimension 1971

as well as increase of effective center-axis alignment. Note that the geometric changes from low to high variation 1972

levels is exactly opposite the geometric changes from V4 to IT. Thus, we speculate that manifold compression 1973

and reorganization of center-axis alignments play critical roles in V4 and IT processing. Finally, we remark that 1974

manifold geometry at the subordinate category level (Supplementary Figure S9) closely resembles that at the basic 1975

level. We suggest delving into hierarchical manifold organization in V4 (e.g., [69]) and IT as an interesting future 1976

research direction. 1977

S3.3 Human fMRI dataset 1978

In Figure 4d-f and Supplementary Figure S10 we analyze the dataset from [34] on a human vision task with fMRI 1979

recordings in multiple ROIs. See Methods for more analysis details. 1980

In the GLUE analysis, we see an increment of manifold capacity gain, i.e., the difference between the subordinate 1981

capacity of the category of interest (body part or face) and the control category (electronic devices), from early 1982

cortical areas (e.g., V1, V2) to late cortical areas (e.g., LOC, EBA, FFA) (Figure 3d). We interpret the capacity gain 1983

as an indication of functional selectivity to the category of interest. Specifically, this notion of selectivity captures 1984

the coding efficiency for distinguishing subordinate categories (e.g., boy face and girl face subordinate categories in 1985

the face category) in a brain region. In Figure 3e and Supplementary Figure S10, we see for every human subjects, 1986

EBA has the highest capacity gain for body part category and FFA has the highest capacity gain for face category. 1987

Meanwhile, we see no consistent gain in decoding accuracy in EBA and FFA for body part and face (Supplementary 1988

Figure S10). This finding significantly augments the conventional definition of brain area selectivity via activity 1989

level or decoding accuracy. Furthermore, the geometric measures also reveal a potential difference in the manifold 1990

organization of body part category and face category: while both categories have significant effective radius and 1991

dimension reduction in higher cortical areas, only the body part category exhibit strong axis alignment gain there. 1992

We pose it as an interesting future research direction to explore the definition of selectivity via manifold capacity 1993

in fMRI data. 1994

S3.4 Monkey motor dataset 1995

In Figure 6 and Supplementary Figure S11, we analyze the dataset from [44] on a monkey reaching task with 1996

electrophysiological recordings in PMd and M1. See Methods for more analysis details. In the following, we discuss 1997

four key observations and interpretations in the GLUE analysis: (i) task-relevant in-trial manifold dynamics, (ii) 1998

quantitative differences between premotor and primary motor area, (iii) manifold geometric signature for rapid 1999

adaptation, and (iv) changes in manifold geometry across sessions. 2000

Recall that a trial consists of target presentation followed by a delayed period, then a go cue followed by movement 2001

onset (Figure 5a). We see a two-stage increase of manifold capacity (Figure 5b) throughout the trial, with capacity 2002

increasing faster during movement than during the delay period. The dynamics of capacity can be primarily 2003

explained by the compression of manifolds (i.e. a decrease of effective radius and dimension). Interestingly, there 2004

is a spike in both axis alignment and center-axis alignment between go cue and movement onset. This suggests 2005

rapid movement of manifolds along their center direction, as captured by the global scaling. Altogether, GLUE 2006

analysis provides a quantitative characterization of the preparatory and movement computations during monkey 2007

reaching: preparation focuses on manifold compression, while movement pushes the manifolds away along their 2008

center direction(Figure 5c). 2009

Next, we see quantitative and qualitative differences in the in-trial manifold geometric dynamics between the two 2010

brain regions (Figure 5b). While the capacity of PMd and M1 are at the same level during preparatory period, 2011

the effective dimension of PMd is higher (this is consistent with previous findings using PCA [44]). In contrast, 2012

the effective radius exhibits an opposite trend where M1 has higher values. There are also significant differences 2013

in the effective alignment measures. During reach movement, the M1 capacity shoots higher than PMd capacity 2014
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Figure S9: Supplementary figure for the GLUE analysis on a monkey late vision dataset [33].
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Figure S10: Supplementary figure for the GLUE analysis on a human fMRI dataset [34].
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and is mainly driven by rapid compression of manifold radius. We speculate that the detailed geometric differences2015

between PMd and M1 may lead to richer understanding in how motor signals are being transformed.2016

By analyzing manifolds from all session epochs (Supplementary Figure S11e), we see surprising geometric structures2017

among the target-specific epoch manifolds. First, the capacity in the adaptation and washout epochs are generally2018

higher than capacity in the baseline epoch, suggesting a global change in representational geometry during rapid2019

learning in favor of encoding efficiency. Interestingly, the only place where the capacity of all these epochs being2020

the same happens in M1 at the movement onset, hinting that the critical information for motor execution is well2021

preserved across all epochs. Second, through analyzing the manifold alignment measures across all 40 = 5 × 82022

(#epoch×#targets) manifolds, we see that the shift of neural activities in M1 (as partially suggested by previous2023

work such as [44]) happens in the form of axis and center-axis alignment after movement onset. We suspect this is2024

a consequence of an affine shift of the target-specific manifolds.2025

Finally, in Supplementary Figure S11 we investigate the difference of manifold geometry across sessions. Interest-2026

ingly, we find that the strong axis and center-axis alignment within the adaptation epochs in M1 disappears in2027

later sessions (Supplementary Figure S11a-c). Meanwhile, there is strong axis and center-axis alignment in PMd in2028

later sessions (Supplementary Figure S11c). Note that this manifold signature does not appear in the visuomotor2029

task. We do not have a functional or mechanical explanation for these cross-session manifold geometric dynamics2030

and pose it as an interesting future research direction.2031

S3.5 Monkey perceptual decision dataset2032

In Supplementary Figure S12 we analyze the dataset from [47, 48] on a monkey perceptual decision task with2033

electrophysiological recordings in prearcuate gyrus. See Methods for more analysis details.2034

Recall that a trial consists of the target presentation followed by a delayed period, then go cue followed by saccade2035

(Supplementary Figure S12a). In Supplementary Figure S12b, we see a strong correlation between coherence level2036

in the random dots experiment and the capacity increment throughout a trial: the capacity between two target-2037

specific manifolds (i.e., left or right) grows higher when dot motion coherence is higher. The effective geometry2038

further suggests that evidence integration during the task corresponds to a compression of the decision manifold2039

(i.e., decrease of effective radius and dimension) and an increase of manifold center norm (as reflected by the growth2040

of global scaling).2041

Next, we examine effective manifold alignment measures among the target-specific manifolds from all coherence2042

levels (Supplementary Figure S12). First, the dynamics of the center alignment suggests a formation of curve-2043

shaped organization, which is consistent with the observation reported in previous work [70]. Moreover, through2044

the dynamics of the other alignment measures we find out that there are strong axis and center-axis alignment2045

between manifolds with the same outcome label (i.e., left or right) and higher coherence level. Putting all the2046

observations together, we propose the following potential mechanical description for that the evidence integration2047

of prearcuate gyrus in a random dots experiment. There are two main forces for the dynamics of decision manifolds:2048

(i) evidence condensation (as shown by a decrease in variability of each response manifold due to gradual evidence2049

accumulation) and (ii) decision segregation (as shown by the rearrangement of the manifold alignment measures2050

and curve-shaped organization, which is metabolically optimal as suggested by [70]). While the two forces both2051

facilitate the separation of decision manifolds with different outcome label, they might come from different neural2052

mechanisms and provide distinct functional consequences in more complicated tasks, e.g., multi-context decision-2053

making. We leave this as an interesting future research direction.2054

S3.6 Mouse auditory learning and decision-making dataset2055

In Figure 5 and Supplementary Figure S13 we analyze the dataset from [38] on a mouse decision-making task with2056

calcium imaging recordings in posterior parietal cortex. See Methods for more analysis details.2057

Recall that this is a mouse auditory discrimination task where a manifold corresponds to either high or low pitch2058

stimuli in a session (Figure 5a). In the GLUE analysis, we first find that the capacity is positively correlated with the2059

behavioral accuracy, which is consistent with previous work using decoding analysis [38]. Notice that the behavioral2060

accuracy (as well as capacity and decoding accuracy) does not monotonously increase with the session days, i.e.,2061

generally the accuracy in both early and late session are lower. Surprisingly, we can explain the non-monotone2062

phenomenon via the manifold geometry because, despite all individual geometric measures changing monotonically2063
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Figure S11: Supplementary figure for the GLUE analysis on a monkey reaching dataset [44].
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Figure S12: Supplementary figure for the GLUE analysis on a monkey decision-making dataset [47, 48].
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over time, different measures dominate the overall capacity during the early and late sessions and cause it to change 2064

non-monotonically. For example, effective radius, axis and center-axis alignment increase over time (except some 2065

small decrease in the first few sessions) while effective dimension and center alignment decrease over time. This 2066

explains the capacity and accuracy improvement throughout earlier sessions via compression of manifold dimension 2067

and decision segregation by a reduction in center alignment. In later sessions, once mice have learned the task 2068

(hence the dimension and center alignment stay low), the manifold radius increases and hurts capacity (perhaps 2069

mice are less attentive after learning). We speculate that there might be multiple neural mechanisms involved in 2070

this learning process (e.g., through different sub-populations such as excitatory and inhibitory neurons) and leave 2071

it as an interesting future research direction. 2072

S3.7 Mouse spatial memory dataset 2073

In Supplementary Figure S14 we analyze the dataset from [42] on a mouse spatial memory task with calcium 2074

imaging recordings in hippocampus. See Methods for more analysis details. 2075

Recall that this is a mouse VR linear track task where there are five environmental morph levels (Supplementary 2076

Figure S14a). There are two groups of mice: the frequent mice were exposed to all five morph levels during training 2077

while the rare mice were only exposed to the two extreme morph level. The GLUE analysis is conducted on the 2078

neural recordings from the testing stage where both types of mice were tested on all five morph levels. We first 2079

conduct a manifold alignment analysis and recover a consistent result to [42] on the representational similarity 2080

between morph levels (Supplementary Figure S14). Next, interestingly, we find that the capacity of the rare 2081

mice is higher than the capacity of the frequent mice (Supplementary Figure S14b). And the effective manifold 2082

geometry suggests that the difference in capacity is caused by the compression of effective radius and dimension. 2083

This information compression at the manifold level provides an evidence for population coding for spatial memory 2084

in mouse hippocampus. Further, we speculate these results hint at the possibility that training on extreme task 2085

conditions could lead to more compressed spatial representations, which facilitates better interpolation of the unseen 2086

environments. We pose it as an interesting future research direction to explore the interpolation and generalization 2087

in spatial memory at the neural manifold level. 2088

S3.7 Artificial neural networks 2089

In Supplementary Figure S15 we analyze the neural representations of pretrained ResNet and Vision Transformer 2090

on imagenet. See Supplementary Figure S15a-b and Methods for more analysis details. 2091

We follow the setting and protocol in [28], which studied the manifold capacity and effective geometry of feedforward 2092

artificial neural networks. One downside of their analysis is that the authors removed the correlations between 2093

manifolds, and it was shown in [21] that this causes error in the estimation of capacity. The main purpose of this 2094

experiment here is to update their analysis with our new effective geometric measure that incorporate higher-order 2095

correlations between manifolds. In Supplementary Figure S15c, we found that the capacity formula in our theory 2096

perfectly matched with the capacity value estimated from the simulation process, while the formulas from previous 2097

work exhibit non-trivial gaps. 2098
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Figure S13: Supplementary figure for the GLUE analysis on a mouse auditory learning dataset [38].
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Figure S14: Supplementary figure for the GLUE analysis on a mouse spatial memory dataset [42].
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Figure S15: Supplementary figure for the GLUE analysis on artificial neural networks

54

.CC-BY-NC-ND 4.0 International licenseavailable under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made 

The copyright holder for this preprintthis version posted March 31, 2025. ; https://doi.org/10.1101/2024.02.26.582157doi: bioRxiv preprint 

https://doi.org/10.1101/2024.02.26.582157
http://creativecommons.org/licenses/by-nc-nd/4.0/

	Datasets
	Monkey early vision dataset.
	Monkey late vision dataset.
	Monkey reaching dataset.
	Monkey perceptual decision dataset.
	Mouse auditory decision-making dataset.
	Mouse spatial memory dataset.
	Human fMRI dataset.
	Artificial neural networks.

	Conventional analyses
	Visualization
	ROC analysis
	Manifold geometry analysis based on ellipsoidal approximation

	GLUE Framework and Theory
	Notations
	Manifold capacity
	Effective geometric measures from manifold capacity formula
	Equivalence of capacity to three normative objectives
	Algorithms for estimating capacity and geometric measures

	Manifold Capacity Theory in GLUE
	Definition of manifold capacity in a simulation model
	Manifold capacity formula
	Anchor points
	Effective manifold geometric measures from the capacity formula
	Anchor manifold alignment measures

	Toy Examples for Intuition Building
	Comparison to single-neuron selectivity analysis
	A correlated Gaussian point cloud manifold model
	The cone of linear classifiers

	Data analysis
	Monkey early vision dataset
	Monkey late vision dataset
	Human fMRI dataset
	Monkey motor dataset
	Monkey perceptual decision dataset
	Mouse auditory learning and decision-making dataset
	Mouse spatial memory dataset
	Artificial neural networks


