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Abstract

Monocular polyplopia (ghost or multiple images) is a serious visual impediment
for some people who report seeing two (diplopia), three (triplopia) or even more
images. Polyplopia is expected to appear if the point spread function (PSF) has
multiple intensity cores (a dense concentration of a large portion of the radiant
flux contained in the PSF) relatively separated from each other, each of which con-
tributes to a distinct image. We present a theory that assigns these multiple PSF
cores to specific features of aberrated wavefronts, thereby accounting optically for
the perceptual phenomenon of monocular polyplopia. The theory provides two
major conclusions. First, the most likely event giving rise to multiple PSF cores is
the presence of hyperbolic, or less probably elliptical, umbilic caustics (using the
terminology of catastrophe optics). Second, those umbilic caustics formed on
the retinal surface are associated with certain points of the wave aberration func-
tion, called cusps of Gauss, where the gradient of a curvature function vanishes.
However, not all cusps of Gauss generate those umbilic caustics. We also provide
necessary conditions for those cusps of Gauss to be fertile. To show the potential
of this theoretical framework for understanding the nature and origin of polyplo-
pia, we provide specific examples of ocular wave aberration functions that induce
diplopia and triplopia. The polyplopia effects in these examples are illustrated by
depicting the multi-core PSFs and the convolved retinal images for clinical letter
charts, both through computer simulations and through experimental recording
using an adaptive optics set-up. The number and location of cores in the PSF is thus
a potentially useful metric for the existence and severity of polyplopia in spatial vi-
sion. These examples also help explain why physiological pupil constriction might
reduce the incidence of ghosting and multiple images of daily objects that affect
vision with dilated pupils. This mechanistic explanation suggests a possible role for
optical phase-masking as a clinical treatment for polyplopia and ghosting.

KEYWORDS
catastrophe optics theory, caustics, ghost images, polyplopia, wavefront aberration singular analysis

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any medium,
provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.
© 2022 The Authors. Ophthalmic and Physiological Optics published by John Wiley & Sons Ltd on behalf of College of Optometrists.

1074 wileyonlinelibrary.com/journal/opo

Ophthalmic Physiol Opt. 2022;42:1074-1091.

THE COLLEGE OF


www.wileyonlinelibrary.com/journal/opo
mailto:﻿
https://orcid.org/0000-0003-4555-4114
https://orcid.org/0000-0002-6696-4596
https://orcid.org/0000-0002-3295-1957
https://orcid.org/0000-0002-3726-3344
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:sergio.barbero@csic.es

BARBERO ET AL.

O I ) O THE COLLEGE OF 1075
OPTOMETRISTS

INTRODUCTION

Poor optical quality is classically described at the image
plane by the amount of blur, which is typically quantified
by the size of the point spread function (PSF) or attenua-
tion and phase shifts in the optical transfer function (OTF).
Predictably, in the absence of retinal or neural pathologies,
the magnitude of blur is a principal determinant of vision
quality. However, in addition to blur associated with defo-
cus and aberrations, human observers occasionally report
seeing multiple images monocularly,? most often reporting
two images (diplopia),3'4 but sometimes three (triplopia)s’7
or more (polyplopia).®® Conventional metrics of image
quality based on the PSF and OTF were not designed to
measure the effects of polyplopia, which has prompted
us to explore the possibility that analysis of caustics in the
PSF will reveal ways to predict the presence and number
of multiple images to be expected, for an eye with known
wavefront aberrations.

Monocular multiple ‘ghost’ images of an extended
object are expected if the PSF has multiple cores (or ‘hot
spots’), where the radiant flux is concentrated locally and
the multiple cores are spatially separated from each other.
This follows from the fact that the convolution of an object
with a PSF comprised of several PSF cores is equal to the sum
of convolutions with each core separately,10 each of which
produces an image in a slightly different location. For exam-
ple, Figure 1 illustrates three images of a letter chart gener-
ated by a wavefront aberration, W = C2° ZZO+O.4 22_2+0.1
Z4°, for three defocus values: under-powered eye (top row,
CzO =—0.3 pm); a well-focused eye (middle row, C20 =0 pm);
and an over-powered eye (bottom row, C2° =+0.3 um) and
a 6-mm-diameter pupil. In this standard notation, C ™ is the
aberration coefficient for the Zernike circle polynomial Z ™
of order n, frequency m." For demonstration purposes, we
assumed that the system is spatially invariant (i.e., isopla-
natic) over the dimension of the object (eye chart with the
0.0 logMAR row marked with the red line).

Diplopia is most prominent in the top row of Figure 1,
where the PSF has two cores separated diagonally by 5 arc-
min, which matches the diagonal separation of ghost letters
on the 0.0 logMAR acuity line. The legibility of letters is nor-
mally hampered by the overlapping of ghost images, but
for this under-powered example, the images of the smaller
letters are so widely spaced that they remain legible. When
no defocus is added (Figure 1, middle row), the PSF has four
small cores collinearly separated by <5 arc minutes, which
produce four partially overlapping images, making the
smaller letters more difficult to identify. The PSF for the over-
powered eye has four larger PSF cores that do not generate
visible polyplopia and result in superior legibility of letters
compared with the well-focused example.

The examples of computed retinal images in Figure 1
provide insight into why patients have difficulty describ-
ing the nature and number of ghost images perceived
for complicated objects such as letter charts. Indeed,
detection of multiple images might be impossible for

Key points

« Monocular polyplopia occurs when the eye's
point spread function contains multiple spatially
separate intensity cores (‘hot spots’).

- Specific caustic patterns, which can be predicted
from localised regions of the eye's wave aberra-
tion function, are the most likely source of these
multiple intensity cores.

« The number and location of these caustic pat-
terns may be clinically useful biomarkers for the
existence of polyplopia, and additionally to de-
sign possible mitigating clinical strategies.
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FIGURE 1 Example of multiple point spread function (PSF)

cores inducing polyplopia. PSFs (left column) and computed

retinal images (right column). Model wavefront aberration was

W= Cz0 220 + 0.422’2 +O.1Z4°, for three values of additional defocus:
C,°=~0.3pm (top row), C,° = O pm (middle row); and C,° = +0.3 pm
(bottom row). Pupil diameter = 6 mm. Red line identified the 0.0 logMAR
letter size.

sinusoidal grating objects because the superposition
of two gratings that differ only in position (i.e., spatial
phase) is another sinusoidal grating. For these same
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reasons, it is difficult to quantitatively assess ghosting by
computational analysis of a retinal image even when the
object is known. By comparison, it is much easier to iden-
tify and count the number of discrete, well-separated
cores of concentrated light flux in the PSF, which is the
method chosen for this study.

Early explanations of multi-core PSFs*'*" identified
caustics generated by aberrations as the likely underly-
ing cause. The question we address in this paper is how to
identify the specific features of the wave aberration of the
human eye giving rise to these PSF cores. Specifically, we
will use the wavefront error (WFE) function, which includes
all of the eye's optical aberrations. We use this function to
characterise caustics generated at the retina since these
structures define regions of ray crossings and therefore
higher flux density. Geometrical optics theory predicts in-
finite flux density at caustics,'*" just as it does at the focal
plane of an aberration-free optical system, but the wave
properties of light prevent such perfect and infinitesimally
small focal points.'® Wave optics reveals that the intensity
along a caustic is not uniform,"”'® being greater at some
points than others.

The so-called catastrophe optics theory''*?° pro-
vides a comprehensive theoretical framework to identify
those singular points and their relative intensity, which is
associated with the number of rays crossing each caus-
tic point (within an asymptotic approximation to wave
optics). In the following section, we briefly introduce ca-
tastrophe theory, which establishes that a limited num-
ber of events are responsible for the fragmentation of
the PSF into multiple cores. A key idea that we introduce
is that the eye's natural dynamics specifically defocus
perturbations due, for instance, to accommodation fluc-
tuations or even microfluctuations,?' affect the charac-
ter and number of such possible events. Depending on
the amount of defocus, the intensity or even the num-
ber of PSF cores could be substantially modified, as we
will demonstrate. Consequently, in a three-dimensional
world with objects located at various distances, at any
given moment in time, there might be polyplopia pres-
ent for some objects but not for others because of their
different viewing distances, hence different amounts of
defocus.

In the section entitled ‘Singular analysis of elementary
catastrophe germs,” we identify the pupil-plane locations
of the WFE function giving rise to PSF cores. Within the
small slope approximation conventionally used in visual
optics, caustics are generated by regions of the wavefront
where the determinant of the vergence error matrix of
the WFE function is zero (Equation 3).°1820 gch regions
of the wavefront are either isolated points or a set of con-
nected points®® and are called critical (or parabolic) points.
Therefore, the desired wavefront regions associated with
PSF cores must be included in, or at least be close to, the
WEFE critical points. In the singular analysis of elementary
catastrophe germs, we algebraically derive the equations
showing that those regions of interest are typically centred

around certain points where the gradient of the determi-
nant of vergence error matrix of the WFE function vanishes,
called cusps of Gauss.>*?* However, we note that not all
cusps of Gauss generate PSF cores, as will be shown. We
use the term fertile cusp of Gauss for those that do gener-
ate PSF cores.

To show the potential of these ideas for understand-
ing the optical cause of polyplopia, we provide exam-
ples of WFE functions that induce diplopia and triplopia,
respectively. Our method of identifying localised regions
of the WFE responsible for producing PSF cores is applied
to the problem of mitigating or eliminating polyplopia.
Particularly, we show, through computational simulations,
the capabilities of a phase-masking technique applied to
the diplopia and triplopia examples introduced. We report
experimental evidence of the previous theoretical predic-
tions of polyplopia generation using an adaptive optics
set-up with a deformable mirror and a recording charged-
coupled device (CCD) sensor. Finally, we review and discuss
our main results.

CATASTROPHE THEORY FOR
UNDERSTANDING THE ORIGIN
OF POINT SPREAD FUNCTION
(PSF) CORES

Catastrophe theory was developed in the mid-1960s by
René Thom?* and later expanded by Vladimir I. Arnold
and others.”> Thom's interest was to develop a theory to
describe and predict the genesis of typical shapes of liv-
ing organisms. This is an example of the type of systems
studied by catastrophe theory: those that can suffer sud-
den changes by smooth variations in certain parameters.
In such systems, it is of obvious interest to understand
when the system configuration is so-called structurally
stable, namely, an equilibrium status where the qualitative
behaviour of the system is unaffected by small perturba-
tions. One of the most powerful results obtained from ca-
tastrophe theory (Thom's theorem) is that the number of
possible structurally stable configurations is finite, and ad-
ditionally, this number is only a function of the number of
control parameters.19 Furthermore, these structurally sta-
ble configurations can be classified hierarchically. Soon, it
was realised that the theory could be applied to many dif-
ferent fields, including natural and social sciences. One of
the first fertile fields of application was optics, particularly
in describing and classifying caustics; this was extensively
developed by Michael Berry and John F. Nye."”?° We note
in passing that catastrophe optics is experiencing a revival
in some branches of optics, particularly in what is called
structured light or nondiffractive beams.*®*’

Catastrophe theory enables classifying the type of
structurally stable caustics. In most optical applications,
the number of control parameters equals the number of
coordinates describing an observation point at the image
space: three (including through-focus analysis) or two (if
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an observation plane is fixed, such as that of the retinal
location). One of the surprising results of catastrophe the-
ory is that, with three control parameters, there are only
five structurally stable types of caustics called: fold, cusp,
swallowtail, elliptic and hyperbolic umbilics.'® We note that
there are caustics involving certain symmetries, such as a
rotational symmetry induced by combinations of defocus
and spherical aberration, they are not structurally stable,
and then, they do not fall under Thom's theorem. The five
structurally stable caustics are hierarchically classified in
terms of the intensity associated with them. There are two
associated indices describing peak intensities and rate of
intensity decay in the local vicinity."?° Arnold's index pro-
vides information on the peak intensity value, and Berry's
index measures the spacing of the first fringe (area of the
first peak intensity). Arnold's index is related to the number
of rays crossing at the caustic (the greater the number of
rays crossing, the greater the intensity peak): two and three,
for the fold and cusp caustics, and four for the swallowtail,
elliptic and hyperbolic umbilics, respectively.?® More spe-
cifically, the peak intensity is proportional to % , Where
A is the wavelength, and f is 1/6, 1/4, 3/10, 1/3 and 1/3 for
the fold, cusp, swallowtail, elliptic and hyperbolic umbilics,
respectively.””?’ Thus, the peak intensities associated with
elliptic and hyperbolic umbilics are the square of the fold,
a relevant fact, as will be seen later on, when we identify
those catastrophes relevant to generating PSF cores.

In human eye dynamics, the image plane (i.e., the pla-
nar approximation to the retinal surface) is not always
located in the plane of best focus, changing its relative lo-
cation through, for instance, lens accommodation. Within
catastrophe theory, defocus due to differences between
target vergence and the eye's refractive state causes the
caustic surfaces to be intersected by the image plane at
different locations along the optical axis, thereby changing
the spatial features of the retinal point spread function. For
example, the interaction of spherical aberration with defo-
cus produces circular caustics centred on the optical axis
because both aberrations are rotationally symmetric. The
presence of asymmetric aberrations is required to produce

(@) \-/
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FIGURE 2
at F. Two caustic straight lines at F +38.

starbursts and multiple cores, the latter being the topic of
this report.

In this section, we use the terminology of catastrophe
theory to describe the caustic curves generated by these
intersections for each of the five aforementioned elemen-
tary catastrophes. In the next section, we shall derive the
algebraic equations for the different elementary caustics.

Fold caustics are smooth surfaces (no discontinuities in
the first derivative) like the one shown in Figure 2a in red.
Intersecting such a surface with an arbitrary plane (z = F)
provides a straight caustic line. Slightly moving around the
image plane (z = F + ) still induces a single straight caustic
line. Cusp caustics are smooth surfaces except at a straight
line embedded on the surface where the surface does not
have a continuous first derivative. At that line, the surface
folds as shown in Figure 2b. The intersection of the image
plane with the cusp surface at the singular location z=F
provides, as the fold caustic, a straight caustic line. The sign
of defocus determines the direction of displacement of the
image plane, which yields either two (z=F +38 at Figure 2b)
or zero (z=F -8 at Figure 2b) straight caustic lines.

Swallowtail, elliptic and hyperbolic umbilic catastro-
phes are double-sheet caustic surfaces that coalesce at a
unique point corresponding to an umbilical point, where
the principal curvatures (i.e., the maximum and minimum
of the normal curvature at a given point) of the wave ab-
erration are equal. When the image plane contains that
umbilical point, we say it is located at its ‘best focal plane’
because it is the plane of maximum flux concentration (i.e.,
irradiance). In this report, we refer to any otherimage plane
as an ‘out-of-focus’ plane.

The shape of the swallowtail surface is complicated
because it involves the crossing of two fold-type surfaces
(whose intersection does not involve new catastrophes be-
cause the coalescing rays come from distinct parts of the
wavefront).?’ Due to its shape complexity, we do not dis-
play it here and refer the reader to Nye.?’ As we will prove,
the intersection of the swallowtail caustic with an image
plane always produces single straight caustic lines regard-
less of the degree or sign of defocus.'®3%3

(b)
F-o F F+0 |z
L — Y S >

(a) Fold caustic. Caustic straight lines at planes F - §, F and F +§; (b) cusp caustic. No caustic line at plane F - 8. One caustic straight line
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FIGURE 3

The hyperbolic umbilic caustic double-sheet surface
is shown in Figure 3. The two sheets are equal at the best
focal plane (z = F), and then, the caustic lines at that plane
are two crossing straight lines (Figure 3b). The caustic sur-
face is mirror-symmetric with respect to the best focal
plane. Therefore, cutting the caustic surface with out-of-
focus planes (z=F £6) provides two types of caustic curves
(Figure 3c), a smooth caustic line and a curve containing
a cusp. The distance between these caustic lines depends
on the separation 8 between the best focal and the out-of-
focus plane.

Finally, the elliptical umbilic caustic double-sheet sur-
face is shown in Figure 4. At the best focal plane, there is
an isolated caustic point. As in the case of the hyperbolic
umbilic caustic, there is mirror symmetry with respect to
the best focal plane, but now, cutting the caustic surface
with out-of-focus planes (z = F£8) provides deltoid-type
caustic curves.

We note that these elementary caustics are local events,
meaning that they are induced by localised regions of the
wave aberration function, not necessarily at the pupil cen-
tre, as demonstrated in the singular analysis of elementary
catastrophe germs. No matter how complicated the wave-
front aberration function, as long as it can be described by
a smooth function (continuously differentiable, such as a
Zernike polynomial expansion), there are always a limited
number of possible caustic catastrophes in a local neigh-
bourhood. Moreover, in the presence of realistic human
eye wave aberrations, it is very unlikely that the retinal
plane cuts the localised caustics precisely and stably at its
best focal planes. Therefore, the highest intensity peaks as-
sociated with the coalescence points of the hyperbolic and
elliptical umbilic caustics are unlikely to occur in human
eye PSFs.

Fold caustics provide the smallest of all the caustic
catastrophe intensities and hence are the least likely to
produce a clearly perceived PSF core. Cusp caustics de-
generate into two separated parallel caustic lines under
small out-of-focus perturbations, thus splitting an al-
ready not too bright intensity caustic. Conversely, the
swallowtail catastrophes have high-intensity spread
along a line, and thus are not good candidates to pro-
duce an isolated PSF core. Therefore, at the retina, the
PSF cores are most likely associated with either the

(b) (e
F+o

(a) Hyperbolic umbilic caustic shape; (b) caustic intersection at F; (c) caustic intersection at F+3 plane.

elliptical or the hyperbolic umbilical caustics. The latter
is expected to generate a PSF core, provided the distance
between both curves (related to the amount of defocus)
is not long enough to separate the peak intensity fringes
(Berry index) associated with the cusp and the fold. Then,
the intensity of two crossing rays (folds) is combined with
that of the three crossing rays (cusps). On the contrary,
the three cusps of the deltoid generated by the out-of-
focus elliptical umbilical caustic have significantly less
intensity peaks (three crossing rays), unless they are so
close as to be indistinguishable, then adding the effect
of nine crossing rays. Therefore, we hypothesise that the
PSF cores in natural eye wave aberrations will be gener-
ated by localised out-of-focus hyperbolic umbilical caus-
tics and, less probably, very small out-of-focus elliptical
umbilical caustics. In the singular analysis of elemen-
tary catastrophe germs, we derive the local algebraic
and geometric features associated with these caustic
singularities.

SINGULAR ANALYSIS OF ELEMENTARY
CATASTROPHE GERMS

In conventional wave aberration analysis, the polynomial
expansion is carried out around a coordinate reference cen-
tred around a chief ray, which in many cases, but not always,
is the ray passing through the pupil centre and intersecting
the retina. Such a procedure implicitly assumes that there is
only one major PSF core localised around that coordinate
centre. However, in the presence of multiple PSF cores, such
an approximation is no longer convenient. Here, we analyse
the local geometrical properties of the wave aberration that
produces a structurally stable caustic as defined above, in
the introduction to catastrophe theory for understanding
the origin of PSF cores. These elementary wave aberrations
are called germs in catastrophe theory.

Let us denote (x, y) the coordinates of a wavefront germ
and its associated ray at the eye's exit pupil and (x’, y’, z')
the coordinates of the ray's intersection with the obser-
vation (retinal) plane. Also, f' denotes the paraxial image
focal length of the wavefront germ. Then, the optical path
length between the ray at the retina and the exit pupil, in

the far-field approximation, is given by?***
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FIGURE 4 Elliptical umbilic caustic shape. Whereas intersection at
F plane provides an isolated cusp point, at F+8 provides a deltoid curve.

1)(2 2) x' Yy

) = Ly
g(x,y,x"y )_W(x,y)+2 (z’ 7

where W(x, y) is the corresponding germ of the WFE.

FoIIowmg,20 32 we use as control parameters the coor-
dinates: £ = z,,n =%,and § = p . In far-field ap-
proximation (valld for the human eye) x"and y’ are small
compared with z’ so the control parameters & and 5 are
approximately equal to the visual angles subtended at the
exit pupil centre by the ray's intersection point with the ret-

> Control parameter § is half of the defocus, that is ver-
gence difference of the wavefront germ with respect to the
perfect wavefront focusing at the paraxial focus located f’
from the exit pupil. We note that we choose half of the de-
focus, instead of just defocus, in order to be consistent with
previous mathematical developments.?*3?

Fermat's principle establishes that ray equations are
given by those places where the optical path length
ﬂ(X y.x'y' )ls stationary with respect to (x, y) The station-
ary points are those where 2262X) _90CyXy1) _ o Then,
applying these conditions on Equatlon 1)yWIth the new

control variables, we obtain (see also'®2%%?)
— oW — oW
=———x(28),n=——-y(25
§= 9 X2 5 V@) )

Equation (2) provides a mapping between (x, y) points of the
wave aberration at the exit pupil and angular coordinates
(& n) of the corresponding ray intersections with the retina.

Ray-mapping Equation (2) was obtained by impos-
ing first-order stationary condition (zero gradient) to
@ (x,y,x',y"). Tofind caustics, @ (x,y,x',y") must be station-
ary to higher order than first order, which is found by dif-
ferentiating Equation (2) with respect to x and y. Following
Nye,20 we obtain

62W+26 2w

Equation (3) is the classical condition determining the critical
set at the exit pupil.

Denoting the left-hand side of Equation (3) as G(x, y), we
recognise G as the Gaussian curvature function of W when
6 = 0.Since W is a smooth function in the visual optics con-
text, the implicit function theorem* implies that through
every point (x,y) where G(x,y) = 0 and VG(x, y) # O, there
passes a unique curve on which G = 0. This set of curves
forms the critical set at the exit pupil. The mapping pro-
vided by Equation (2) transforms these curves into the
caustic curves at the retinal plane.

We emphasise that the function W(x, y) in Equation (3)
is a wavefront error function (WFE) equal to the difference
between an optical wavefront and a reference sphere cen-
tred on the image screen. The analysis of wave aberration
functions frequently employs the so-called Gaussian refer-
ence sphere, for which the centre of curvature lies in the
Gaussian image plane.>* For example, a perfectly spheri-
cal wavefront of light has non-zero curvature at all points
in the exit pupil, but the corresponding WFE associated
with the Gaussian reference sphere is W(x, y) = 0, which is
a plane with zero curvature everywhere. In this case, the
entire optical wavefront contributes to a point caustic, that
is the focal point. However, in this report we also employ
non-Gaussian reference spheres because we wish to in-
clude the effects of defocus that arise when the retina is
not conjugate with the object point. Thus, for the above
example of a perfectly spherical wavefront in a defocused
eye, W(x, y) =A ,2, where A is a non-zero constant. In this
case, no points exist for which G(x, y) = 0, so the defocused
retinal image will be a uniform blur disk, which contain
no caustics. These examples are consistent with previous
reports that the magnitude and sign of defocus plays an
important role in determining whether caustics and poly-
plopia are present in a retinal image.*

One way to locate candidates for PSF cores is to com-
pute the critical curves at the exit pupil, and then their
mapping according to Equation (2). However, this requires
inverting the algebraic Equation (2). We therefore propose
an alternative shorter way to find the PSF cores by using
only the WFE at the exit pupil. An important advantage of
locating the points at the exit plane giving rise to PSF cores
will be clarified below, where we propose a means to al-
leviate the negative effect of polyplopia by blocking light
coming from certain parts of the exit pupil.

It is known that cusp caustics are associated with ridge
points of the wavefront, that is points along lines of curva-
ture where one of the principal curvatures reaches a max-
imum or minimum."”?? The computation of these points is
not a simple task (see, for instance, discussion in Barbero
and Gonzalez36). Instead, we argue below that PSF cores
can be associated with certain isolated cusps of Gauss,?>?3
defined as isolated points where V G(x, y) = 0, that is where
a necessary condition is the gradient of the determinant of
the vergence error matrix for the WFE function vanishes:
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However, this is not the only necessary condition, as will be
shown later on.

To understand why cusps of Gauss provide a useful tool
to identify PSF cores, we now list the algebraic equations
for the critical set, caustic lines and cusps of Gauss for each
of the five elementary catastrophes. Table 1 provides the
equations for the germs of the five elementary catastro-
phes (adapted from Nyezo), their critical sets and the cusps
of Gauss associated with them.

Table 2 provides the equations for the wave aberration
germs of the five elementary catastrophes, their critical set
and the cusps of Gauss associated with them.

Figure 5 shows the curvature G function maps for each
elementary catastrophe and an out-of-focus perturbation
of it (we choose 6= 0.5 mm™"). The critical set is plotted with
red lines and the cusp of Gauss with green dots or lines.

The critical set in the fold catastrophe is a straight line,
and no cusp of Gauss is present. Changing the observation
plane location simply displaces the critical line. In the cusp
catastrophe, both the critical set and the cusp of Gauss are
a straight line (x = 0) passing through the centre of refer-
ence of the germ. When an out-of-focus perturbation is
induced, the critical line is either duplicated and shifted or
completely disappears (depending on the sign of §). The
critical set and cusp of Gauss in the swallowtail catastro-
phe are the same as that in a cusp case: a critical straight
line passing through (x = 0) the centre of reference of the
germ. However, in this case, an out-of-focus perturbation
always induces a shifted critical straight line independently
of the sign of the focus displacement. In the hyperbolic
umbilical catastrophe, the critical set comprises crossing
straight lines at a cusp of Gauss, which is also an umbilical
point. When an out-of-focus perturbation is introduced,
the critical lines change into a pair of hyperbolic curves,
and the cusp of Gauss is laterally shifted a distance propor-
tional to the defocus term. Finally, the elliptical umbilical
catastrophe only contains an isolated critical point that is

TABLE 1 Wavefront error function (WFE) germs, its critical sets and
the cusps of Gauss for the five elementary catastrophe caustics

Wave
aberration
germs Critical set  Cusp of Gauss
Fold X3 +y? x=0 None
Cusp x* +y? x=0 x=0
Swallowtail X° +y? x=0 x=0
Hyperbolic umbilic  x3 4 xy? y=+ \/Ex x=0
y=0
Elliptical umbilic x3 — xy? x=0 x=0
y=0 y=0

additionally an umbilical point and a cusp of Gauss. When
an out-of-focus perturbation is introduced, an elliptical
critical curve appears, and the cusp of Gauss is laterally
shifted a distance proportional to the defocus term.

Table 3 provides the equations for the caustic curves for
the wave aberration germs of the five elementary catastro-
phes and its out-of-focus perturbations, its critical set and
the cusp of Gauss associated with them.

Finally, Figure 6 shows the plots of caustic curves of
Table 3 for the hyperbolic and elliptical umbilical catastro-
phes (the rest of the cases are straight lines). Notice that
the analysis in this part of the section deals with the ca-
nonical forms of the elementary catastrophes. Therefore,
the variables are dimensionless. Of course, when dealing
with actual wave aberrations in the rest of the paper we
use proper dimensional variables and coefficients.

We argued in the previous section that the most likely
wave aberration germ giving rise to PSF cores is that as-
sociated with out-of-focus hyperbolic caustics. The equa-
tions derived above prove that such a wave aberration
germ produces a caustic pattern comprising a pair of hy-
perbolic critical curves close to a cusp of Gauss. Although
the algebraic formula in Table 3 was derived for the canon-
ical forms of the caustics, their basic features are preserved
under a smooth change of variables. Recall that the caustic
curves are precisely the image of the critical curves under
the ray-mapping Equation (2); that is, the caustic curves
are obtained propagating to the image plane those rays
located at the critical set of the exit pupil. Similarly, each
cusp of Gauss is mapped by Equation (2) into a point at the
observation (retina) plane that we denote Y. Now, if the two
branches of the hyperbolae of the hyperbolic umbilic criti-
cal curves are very close to each other, and thus also to the
cusp of Gauss between them, the same must hold for the
distance between the cusp and smooth curve branches of
the associated caustic curves and for the associated Y, as
can be deduced, for example, in Table 3 or Figure 5. While
the maximal intensity takes place at the caustic curve, the
fact that the cusp of Gauss and smooth curve branches are
very close to each other suggests that, provided the dis-
tance is comparable to the fringe size (determined by the
Berry index), the intensity near Y will be a product of two
high intensities (determined by the Arnold index). Calculus
arguments, not detailed here, show that a PSF core would
emerge near point Y.

Notice that since G is a smooth function, there is only
a finite number of discrete cusps of Gauss. An interesting
property of the fertile cusps of Gauss is that they are saddle
points of G, that is points where the gradient of G is zero
but G has neither a maximum nor a minimum value. This
can be verified, for example, from the explicit formula in
Table 2. This property is preserved under perturbations.
While in general there might be several cusps of Gauss for
a curvature G function map of a given WFE, we need only
consider those saddle points as candidates to be fertile. We
shall demonstrate this feature in the examples of diplopia
and triplopia.
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TABLE 2

Out-of-focus wavefront error function (WFE) germ:s, its critical set and the cusps of Gauss for the five elementary catastrophe caustics.

Positive values of 6 provide imaginary values for x and therefore are not valid solutions

Perturbed WFE germ
Fold X Hy2+6(x% +y2)
Cusp X +y2 +6(2 +y2)

Swallowtail X5 4y +5(x2 +y2)

Hyperbolic umbilic X3 +xy2 +6(x% +y?)

Elliptical umbilic X3 —xy? +6(x% +y?)

Therefore, the computation of an overall WFE singular
point analysis (computation of critical and cusp of Gauss
points) detects caustic patterns and can predict a possible
generation of a PSF core. We note the important property
that this WFE germ can be expressed as a linear combi-
nation of some Zernike polynomials: tilt (211), defocus (Zg)
and coma (231). Thus, any time that the local vicinity around
a cusp of Gauss is dominated by a combination of those
terms, we can predict the possible generation of a PSF core.
The WFE associated with an out-of-focus elliptical caustic is
a linear combination of defocus (Zg) and trefoil coma (Z;).

EXAMPLES OF DIPLOPIA
AND TRIPLOPIA

In this section, we provide two examples of wave aberra-
tion functions generating polyplopia. In both cases, WFE
functions are simple combinations of up to fourth-order
Zernike aberration polynomials, thus implying that they
might be ‘natural’ human eye wave aberrations that are
dominated by the 2nd- to 4th-order aberrations.” We
qualitatively evaluate the ghosting effects introduced by
these examples by means of computing the wave optics
PSF (through Fourier optics') and retinal images simulated
by convolution of those PSF with reference images. To ana-
lyse the locations of the PSF cores, we will also show the
caustic patterns and the mapping of the cusps of Gauss at
the retinal plane. Additionally, we provide the geometrical
optics PSFs, which are the energy flux estimated by the
Jacobian of the ray mapping (where infinities of the caus-
tics are avoided by thresholding and local integration).'*"
Zernike aberration functions conform to the ANSI stand-
ard" with numerical coefficients in microns.

The first example is a WFE generating diplopia and
given by:

W= -052)+042,%+0.12], (5)

defined in a pupil radius of 3mm.

We carried out a singular point analysis of the WFE given
by Equation (5) in Figure 7.1t shows the G function map and
the critical set (red lines), cusp of Gauss (green dots) and

Critical set Cusp of Gauss

X=—T5 None

= o _Ta x=0

1/3 x=0

=(=

X‘<10)

y2 = 62 + 46x + 3x2 X=‘T25
y=0

y? = 6% + 26x — 3x2 X=§
y=0

umbilical points (cyan dots). There are five cusps of Gauss
points (A-B-C-D-E), of which only two (A and E) are close to
the critical lines.

These two fertile cusps of Gauss are the geometrical sig-
natures of the presence of two wave aberration germs giv-
ing rise to two PSF cores. It is easy to observe from Figure 7
that these points are indeed saddle critical points of the
absolute value of the G function as predicted. Figure 8
shows the caustic curves (red curves) at the retinal plane
and the mapping of the cusp of Gauss (green dots), and at
its side, the PSF associated with Equation (5). Geometrical
optics and physical optics calculations of the PSF are juxta-
posed in Figure 8 to emphasise a point noted earlier that,
according to wave optics, intensity along a caustic is not
uniform.”'® Nevertheless, both optical models show a PSF
that clearly contains two intensity cores corresponding to
the cusp of Gauss A and E. It is also clear (by comparison
with Figure 6) that the caustic events generating them are
out-of-focus hyperbolic caustics.

We note that if the pupil in this example constricts from
3-mm radius to 2mm, then the critical points A and E in
Figure 7 will lie outside the pupil and therefore make no con-
tribution to the retinal image. The resulting PSF is the same an-
nulus of light as Figure 8, but without the two high-intensity
cores at the ends of the major axis of the ellipse. This example
demonstrates that normal physiological constriction of the
pupil can eliminate diplopia, for the same reason it eliminates
starburst caustics>**' that exist when the pupil is dilated. We
take advantage of this observation in the Discussion to pro-
pose a possible treatment to eliminate ghosting.

A method for detecting an out-of-focus hyperbolic um-
bilical WFE germ by analysing locally the G function around
a cusp of Gauss isillustrated in Figure 9. On the left part, we
show the global G function map of the diplopia example.
Only one of the fertile cusps of Gauss (point A) is marked
with a green dot. We then selected a local circular region of
0.4-mm radius around that cusp of Gauss, and plotted its G
function and critical set in the right part of the Figure. A di-
rect comparison with the elementary critical line patterns
of Figure 5 shows that effectively the WFE behaves locally
as an out-of-focus hyperbolic umbilical WFE in that region.

A simulated retinal image of an eye chart (Figure 10a)
computed for an eye with a diplopic PSF (Figure 8) is shown
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FIGURE 5 Gfunction maps for each elementary catastrophe and out-of-focus perturbation of it. The critical set is plotted with red lines and the
cusp of Gauss with green dots or lines.
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TABLE 3 Caustic curves for the elementary wave aberration germs 0.4
of the five elementary catastrophes and its out-of-focus perturbations
0.3
In-focus
WFE Out-of-focus WFE 02
Fold E=0 _ 8.
=549 0.1
CUSp 520 — i#(_&)?}/z
Swallowtail E=0 = (=83 0
2(10)'/3 (=9)
Hyperbolic n= + é = —6x2— 66X — 82 -0.1
umbilic n= +2x+6)2 \3x +6
Elliptical umbilic &=0 = —6x2 —26x+ 82 =
n=0 = +2(x — 26) V&% — 26x — 6x2
03
Note: Negative values under square roots imply imaginary solutions, which in
physical terms means that the critical set is empty; that is, there are no critical
points. -0.4

Abbreviation: WFE, wavefront error function.

=

Hyperbolic umbilic Out-of-focus hyperbolic umbilic

Elliptic umbilic Out-of-focus elliptic umbilic

FIGURE 6 Caustic curves (red) for hyperbolic and elliptical
umbilical catastrophe and perturbation of it. The mapping of the cusp
of Gauss at the observation plane is plotted with green dots.

in Figure 10b. Because the PSF has two cores of equal inten-
sity, convolution of the PSF with the letter chart produces
two copies of the letter chart with the same contrast, a
phenomenon clinically called ‘ghosting’. Notice that the
centre-to-centre separation of each letter and its ghost is
equal to the separation between PSF cores, independent
of letter size. Consequently, ghosting may have a minor ef-
fect on legibility for small letters that do not overlap with
their ghost, but a larger effect on legibility for larger letters
that partially overlap their ghosts. This is a seemingly par-
adoxical situation compared with normal clinical experi-
ence, in which optical blurring has a greater effect on small
letters than on large letters.

The second example, shown in Figure 11, is a WFE that
generates triplopia and is given by:

-3 -2 -1 0 1 2 3
Pupil coordinates (mm)

FIGURE 7 G function map (mm™) with singular point analysis of

the diplopia example. The critical set is plotted with red lines. The cusp
of Gauss and umbilical points are denoted with green and cyan dots,
respectively.

W=0220-02723+032, ©)

defined in a pupil radius of 3mm. The combination of trefoil

and spherical aberration in lenses, which has been reported
in some cases of mild nuclear cataracts, has been hypothe-
sised as a cause of monocular triplopia.”

Figure 11 shows the G function map and, above it, the
critical set (red lines), cusp of Gauss (green dots), and um-
bilical points (cyan dots).

There are seven cusps of Gauss points, of which only
three (B, E and F) are close to the critical lines. Again, no-
tice these are the only cusps of Gauss that are critical sad-
dle points of the G function. Figure 12 shows the caustic
curves (red curves) at the retinal plane and the mapping
of the cusps of Gauss (green dots) and at its side the PSF
associated with Equation (6). Now, the PSF presents six
intensity cores. However, three of them are brighter than
the other three, specifically, those associated with cusps
of Gauss marked by letters B, E and F. As in the diplopia
example, it is also clear (by comparison with Figure 6) that
the caustic events generating them are out-of-focus hy-
perbolic caustics. The other three, less intense, peaks are
due to the crossing of fold caustics. However, as we already
discussed when describing the swallowtail caustic, these
intersections do not involve new catastrophes because
the coalescing rays come from distinct parts of the wave-
front.” This explains why the intensity at those points is
slightly lower.

Convolution of the PSF in Figure 12 with the letter chart
in Figure 13aresults in a strongly degraded image shown in
Figure 13b for which letters of all sizes are difficult to iden-
tify. This optical effect is important functionally because
poor letter recognition due to changes in spatial form of
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(a) Caustic pattern plot of the diplopia example. Mapping of the cusps of Gauss at the retinal plane is denoted with A-E green circles.

Only two of them are fertile cusps of Gauss: A and E. In addition, (b) the geometrical optics point spread function (PSF) and (c) the wave optics PSF.

Dimensions of PSF are given in arcmin.
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(a) G function map (mm™) with the critical set (red lines) and the fertile cusp of Gauss A for the whole pupil (3 mm) of the diplopia

example. (b) G function map (mm™) of a 0.4-mm circular region centred at the fertile cusp of Gauss A of the diplopia example.

text, in turn, impacts word recognition, which has conse-
quences for further linguistic processing by the visual sys-
tem and the strategic programming of eye movements
during active reading.*®

ON THE THEORETICAL
POSSIBILITIES OF POLYPLOPIA
CORRECTION THROUGH PHASE-
MASKING TECHNIQUES

The results presented above suggest that eliminating the
WFE regions giving rise to PSF cores could be applied to
correct polyplopia. Here, we explore, through computer
simulations, the potentials of a phase-masking technique
for this purpose.

We simulated the effect of introducing an amplitude
circular binary mask (amplitude takes one value inside

and zero outside) centred on one fertile cusp of Gauss that
multiplies the pupil function. We applied it for the diplo-
pia example presented in the previous section. Figure 14
shows the resulting PSF and its convolution with a refer-
ence image for different values of the mask circular radius.

Figure 14 clearly shows that diplopia perception is
cancelled using a mask around one of the fertile cusps of
Gauss (point E). However, such a mask also introduces un-
desired effects. Besides the decrease in image contrast due
to energy loss, a small circular mask also induces a typical
Airy disk diffraction pattern (Figure 14a), then blurring the
image too much. This leads to a trade-off problem about
the size of the mask as a design parameter. In this specific
example, the optimum mask size is a value around 2.5 mm,
as revealed by Figure 14.

However, one may argue the following: Would it not be
possible to obtain the same results by centring the mask at
the pupil centre? If such a mask were small enough to block
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FIGURE 10 (a) Reference image; (b) convolved reference image with the point spread function (PSF) of wavefront error function (WFE) given by

Equation (5), that is the diplopia example.

Pupil coordinates (mm)

FIGURE 11 G function map (mm™2) with singular point analysis of
the triplopia example. The critical set is plotted with red lines. The cusp
of Gauss and umbilical points are denoted with green and cyan dots,
respectively.

12 arcmin

FIGURE 12

the two fertile cusps of Gauss, it would also prevent diplo-
pia at the expense of losing considerable light flux. To re-
veal the advantages of centring the circular mask around a
fertile cusp of Gauss instead of at the pupil centre, we com-
puted the PSFs and convolved images with the optimum
mask of 2.5mm centred now at the pupil centre. Figure 15
shows the results. Although the centring at the pupil cen-
tre effectively cancels diplopia by stopping most of the en-
ergy that forms the main image, the image with the mask
at the centre of the pupil shows slightly worse contrast as
compared to the mask centred at the fertile cusp of Gauss.
The reason is that centring at the cusp of Gauss optimises
the amount of energy not blocked by the mask and there-
fore implicitly optimises image contrast with respect to
centring the same mask in any other location of the pupil.

EXPERIMENTAL GENERATION OF
DIPLOPIA AND TRIPLOPIA EXAMPLES

An optical system has been used to test the theoreti-
cal predictions of multiplopia generation. Figure 16
shows a schematic sketch of the set-up used here, which

12 arcmin

(a) Caustic pattern plot of the triplopia example. Mapping of the cusps of Gauss at the retinal plane is denoted with A-G green circles.

Only three of them are fertile cusps of Gauss: B, F and E. In addition: (b) the geometrical optics point spread function (PSF) and (c) the wave optics PSF.

Dimensions of PSF are given in arcmin.
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FIGURE 13 (a) Reference image; (b) convolved reference image with the point spread function (PSF) of wavefront error function (WFE) given by
Equation (6), that is the triplopia example.
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FIGURE 14 Wavefronts with the circular masking around the cusp of Gauss E (the two fertile cusps of Gauss are green dots E and A), point spread
functions (PSFs) and convolved images (eye chart) in the diplopia example using circular masks of radius size: (@) 0.5mm, (b) 2.5 mm, (c) 3mm and (d)
5mm. Diplopia starts to appear in case (d) because the second fertile cusp of Gauss (point A) in that case is not blocked.
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FIGURE 15 Point spread function (PSF) (a, b) and convolved images (c, d) in the diplopia example using a circular mask of size 2.5 mm centred at

a fertile cusp of Gauss (a—c) or the pupil centre (b-d).

is similar to the system described previously.***® A CCD
camera (DC1645C-HQ, Thorlabs, thorlabs.com) with an
objective (AF NIKKOR 85 mm, Nikon, Nikon.com) was used
instead of an eye, to record the image of the eye chart gen-
erated in a microdisplay, and a beam splitter and a similar
camera placed near the wavefront sensor to capture the
PSF created by a laser with a wavelength of 633 nm.

To generate the wavefronts of Equations (5) and (6),
firstly the deformable mirror corrected the small aberra-
tions of the system itself with a remaining total RMS of
0.039 microns for a 8.75-mm pupil. Secondly, the pupil
was reduced to 6 mm (remaining total RMS of 7 nm) and
the aberrations corresponding to Equation (5) (diplopia)
and Equation (6) (triplopia) were generated. The error in
the generation of the Zernike coefficients of Equations (5)
and (6) is within the order of nanometres, obtaining a
residual RMS wavefront error (RMS of the difference be-
tween the nominal and the generated wavefront) for the
diplopia and triplopia generation of 0.07 and 0.11 mi-
crons, respectively.

Figure 17 shows the PSFs of the WFEs given by
Equation (5) and Equation (6) and the associated eye-chart
images generated in a microdisplay.

PSF images obtained experimentally (Figure 17) show
large concentrations of light at the small areas of the
image predicted by the theory and computer simulations
(see Figures 8 and 12). Eye-chart images show the gener-
ated diplopia and triplopia, which is especially visible in

those letters small enough to separate the ghost images.
In the case of diplopia, the lower ghost letter has a higher
contrast because the corresponding PSF is slightly more
intense.

DISCUSSION

Monocular polyplopia and its optical origins were already
described in the late nineteenth century. As early as 1896,
Bull® stated that the perception of multiple images must
be traced to the distribution of the salient elements of
light and darkness in the ‘star’, which is characteristic of the
observed eye. When Bull writes ‘star’, he is referring to the
caustic pattern perceived by the human eye when a star is
seen; what now is called ‘starburst’.'®3%3! Bull and Verhoff'?
were already tracing the origin of multiple images to some
caustic intensity features. Their intuition predates the
mathematical theory developed of this paper that reveals
how optical aberrations contribute to the perception of
multiple images.

Early efforts by Verhoeff'? to connect caustics to per-
ceived diplopia employed the familiar example of a radi-
ally symmetric system with positive spherical aberration
and negative (hyperopic) defocus that produces an annu-
lar ring caustic in the retinal plane. To generate diplopia,
Verhoff introduced a meridional aperture that isolated two
cores along the annular PSF (see Figure 1 in Verhoff). The
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FIGURE 16

Schematic of the experimental set-up. L, laser; BS, beam splitter; B, Badal system; DM, deformable mirror; WS, wavefront sensor;

EC, eye chart; PSF-C, PSF image camera; EC-C, eye-chart image camera; S, stop; and F, neutral density filter. The dotted line indicates the closed-loop
operation mode. Red arrows show the path of the laser light, while grey arrows show the path of the light emitted by the microdisplay.

annular caustic produced by spherical aberration is cre-
ated by ray crossings at the perimeter of the beam of light
passed by the pupil (Figure 2 in Verhoff), and may be seen
in almost every entoptic PSF reported by Tscherning®' (e.g.,
figures 85-92). This common entoptic observation is un-
derstandable given the ubiquity of positive spherical ab-
erration in human eyes®’ and the commonplace hyperopic
defocus created by either hyperopia, presbyopia and/or
accommodative lag. In the absence of other higher-order
aberrations, the combination of positive spherical aberra-
tion and negative defocus will not generate isolated fertile
cusps of Gauss, and therefore will not create the multiple,
discrete PSF cores examined in this report. Nevertheless,
the retinal image will be corrupted in a way that superfi-
cially resembles diplopia. Convolution of an elliptical ring
PSF with objects containing straight lines and edges (e.g.,
a clinical letter chart) will smear the retinal image continu-
ously due to the superposition of a multitude of copies of
the object. Fortunately, image degradation created in this
way can be prevented by a conventional ophthalmic lens
that either corrects the hyperopia, or provides the pres-
byopic eye with sufficient additional power to focus near
targets.

One motivation for the present study was to explore the
possibility that optical analysis of caustics in the PSF will
reveal ways to predict the presence and number of mul-
tiple retinal images to be expected for an eye with known

wavefront aberrations. Using the mathematical concepts and
tools of catastrophe theory, we have shown that computa-
tion of fertile cusps of Gauss from the eye's wavefront aber-
rations can predict the generation of PSF cores responsible
for polyplopia. The number and location of these cores are
thus a potentially useful metric for the existence and sever-
ity of polyplopia in spatial vision. Moreover, we have shown
that the most likely event giving rise to PSF cores is associated
with out-of-focus hyperbolic, or less probably elliptical, caus-
tics. It is worth mentioning that recently it has been proved
that the hyperbolic umbilic caustic is a stable catastrophe
caustic in its free propagation along the propagation axis.”’

We have shown that the wave aberration germ gener-
ating the hyperbolic caustic comprises a pair of hyperbolic
critical curves close to a cusp of Gauss. Therefore, such local
patterns within the global wave aberration can be used to
identify and describe the appearance of PSF cores. The
proximity of pairs of hyperbolic critical curves will deter-
mine theirimpact on vision quality, something to be quan-
tified through computational simulations or visual optics
experiments.

We point out the peculiar fact, proven in the singular
analysis of elementary catastrophe germs, that while a
geometrical optical analysis reveals the presence of mul-
tiple PSF cores, the precise location and intensity of local
maxima of a PSF are determined by the diffractive pat-
tern of the caustic. We might say that geometrical optics,
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FIGURE 17 Experimentally recorded point spread functions (PSFs) of the wavefront error functions (WFEs) given by Equations (5) and (6),

generating diplopia (a) and triplopia (b), respectively. Eye-chart images for the diplopia (c) and the triplopia (d) examples.

as explained by the stationary phase principle, provides
the ‘bone structure’ of the PSF and wave optics the ‘flesh’.
These details of the PSF structure® are not just secondary
effects but are essential determinants of PSF maxima. For
this reason, our investigation of polyplopia relied mainly
upon physical, not geometrical, optical analysis.
Comparing our computer simulations and experimen-
tal recordings, we observe that the match between theory
and the experiment is high although not perfect (espe-
cially for triplopia), perhaps because the experiment used a
deformable mirror with just 52 actuators, generating a WFE
that contains some residual aberrations with respect to the
one that was being simulated. Small deformations of the
wavefront can induce changes in the intensity of the PSF
cores, thereby affecting contrast of the multiple images.
Our discovery of the local geometrical features generat-
ing ghosting opens new potential strategies to relieve the
visual asthenopia associated with ghosting. The appearance
of multiple differentimages (often onein-focus and the other
out of focus) is a familiar experience of presbyopic or pseu-
dophakic patients fitted with multifocal corrections.*™* It
has been proposed*® that the visual impact of ghost images
can be reduced by controlling levels of spherical aberration
within multifocal lens designs. As revealed in Figures 1, 8,
10, 12, 13 and 17, and associated with Equations (5) and (6),
polyplopia is most striking when opposite sign defocus and

spherical aberration are combined with, for example, astig-
matism (Equation (5)) or trefoil (Equation (6)), and therefore,
polyplopia may be avoided by ensuring that spherical aber-
ration and defocus share the same sign.*’

Our analysis reveals two possible strategies for avoiding
multiple images based on either wavefront phase manip-
ulation,*®*° or some customisation of the pupil amplitude
function, for example masking those regions of the pu-
pil*°~2 responsible for the extra PSF cores. To be successful,
the masking strategy must resolve collateral effects of re-
duced retinal illuminance and added diffraction associated
with mask edges. Diffraction effects of small masks can
be ameliorated by applying Gaussian rather than binary
transmission transitions. The pupil-masking technique
could be implemented using artificial apertures included
within contact lenses,” the cornea (e.g. corneal inlays54 or
tattoos>) or intraocular lenses containing opaque outer
regions.sz'56
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