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We consider a new mathematical model for the COVID-19 disease with Omicron variant mutation. We
formulate in details the modeling of the problem with omicron variant in classical differential equations. We
use the definition of the Atangana-Baleanu derivative and obtain the extended fractional version of the omicron
model. We study mathematical results for the fractional model and show the local asymptotical stability of
the model for infection-free case if R, < 1. We show the global asymptotically stable of the model for the

disease free case when R, < 1. We show the existence and uniqueness of solution of the fractional model.
We further extend the fractional order model into piecewise differential equation system and give a numerical
algorithm for their numerical simulation. We consider the real cases of COVID-19 in South Africa of the third
wave March 2021-Sep 2021 and estimate the model parameters and get R, ~ 1.4004. The real parameters
values are used to show the graphical results for the fractional and piecewise model.

Introduction

COVID-19 has been a public health concern since its emergence
in Wuhan, China, in early December 2019 [1]. The disease has also
ravaged most of the world’s economy, closure of schools, public facili-
ties, etc. Currently, the uses of vaccination such as Pfizer, AstraZeneca,
Moderna, etc., are used to mitigate the spread of the disease to bring
this pandemic to an end through immunization against the virus [2].
The world is still facing the COVID-19 infection with their new variants
that caused human life in danger. There are so many variants of this
infection that have been reported in different parts of the world, such
as alpha, beta, etc., among these some were found very dangerous as
compared to the original virus. The delta virus is also one of the deadly
variants of the COVID-19 which provided a lot of death and infected
cases in many countries. The emergence of the new variant known as
the Omicron virus of the COVID-19 was reported in South Africa and
found very dangerous to human society. The most important features
of this virus are its fast spreading among the human population.

The SARS-CoV-2 virus can survive and mutate to different viruses
under different survivability or weather conditions, or temperatures
[3,4]. Following the advice of WHO’s Technical Advisory Group on
Virus Evolution, the world health organization (WHO) identified vari-
ant B.1.1.529 as a COVID-19 variant of concern on November 26, 2021,
and called it Omicron (TAG-VE). This decision was made based on
clinical information submitted to the TAG-VE showing Omicron has
multiple mutations that may have an impact on its behavior, such as
how quickly it spreads and the severity of sickness it produces when
compared to other mutations (Delta, Beta variants). Unlike previous
COVID-19 variants, Omicron infects persons who have antibodies to
earlier SARS-CoV-2 forms, which they acquired through infection or
immunization. It is claimed to be highly contagious, with heightened
transmissibility and the capacity to evade past infection or vaccination-
induced immunity (i.e., immune evasion) [5,6]. This latest mutant of
the COVID-19 is known as the Omicron variant has caused more loss
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of life to humans and poses a great to even in developed countries such
as the US, Canada, Australia, Europe [5,7].

Since the outbreak of coronavirus, several mathematical models
are proposed in various ways to control or reduce the risk of dis-
ease transmission worldwide. These includes the use integer and frac-
tional modeling frameworks for different countries incorporating non-
pharmaceutical interventions/vaccine [8], environmental factors [9,
10], dead compartments [11], Omicron variants [8,12-14], social dis-
tancing [15], optimal control [16,17], super spreaders [18]. In par-
ticular, authors in [15] used an integer order model to quantify the
effect of social distancing on the transmission dynamics of the coron-
avirus spread in South Africa. It suggest that a decrease in the social
distancing and relaxation of regulations result in an increase in the
number of infected individuals in the community, leading to more
infections. Authors in [18,19], used a fractional-order to model the
effect of environmental transmission on COVID-19 dynamics for a
case study focused on Indonesia and India, respectively. It was found
that reduction of environmental transmission parameters will lead to
lesser virus transmission in the population. Therefore, to eradicate or
control the COVID-19 disease spread, their modeling projects practice
proper hygiene, save burial, and other control measures to prevent the
spread of the disease. For more details on other models that have used
fractional derivatives to model COVID-19, see the following Refs. [11,
19-21]. Several other modeling frameworks have been carried out
since the emergence of the Omicron variant to look at various ways to
understand the disease’s transmissibility and controllability in several
countries worldwide. An epidemiological study were presented for the
case of England between December 2021 and April 2022 [12,22]. Even
in areas with high levels of immunity, like as England, the findings
imply that Omicron has the potential to cause significant increases
in cases, hospital admissions, and fatalities. In addition, other non-
pharmaceutical measures may need to be reintroduced to prevent
hospital admissions in England from exceeding those seen during the
previous peak in winter 2020-2021. Few other fractional models and
integer models [8,13,14] that have also modeled Omicron variant
incorporating non-pharmaceutical interventions and vaccine [13] while
in [8] the authors created and used real data from the United Kingdom
to investigate the spread of COVID-19 with and without the Omicron
variation and its connection with heart attack.

Fractional calculus has a memory effect, which aids in correctly pre-
dicting physical systems or mathematical models. This has led to new
advancements in developing new operators such as Riemann-Liouville-
Caputo, Atangana-Baleanu (ABC), and Caputo-Fabrizio fractional-
order derivatives in integer and non-integer orders that have been
proposed to be applied to solve real-world problems, for example, the
applications in integrodifferential equations [23], the new advance-
ment and development in fractional operators [24,25], application to
epidemiology [26-31], application to wave dynamics equations, [32,
33] and other physical problems [34-36] etc. Some recent applica-
tions of fractional calculus in physical sciences has been discussed
by the authors recently [37-39]. The COVID-19 infection using the
Legendre spectral method has been discussed in [37]. The authors
in [38] used the fractal-fractional approach to study the Michaelis—
Menten Enzymatic Reaction in the fractional derivative. The fractional
reaction diffusion problem has been analyzed by the authors in [39].
In the present study, we develop and analyze a mathematical model
by applying the Atangana-Baleanu fractional derivative to study the
potential impact of the Omicron variant of the COVID-19 virus and
suggest possible strategies to reduce its risk of transmission in any
community induced by the virus emergent.

The rest of the parts of this manuscript is arranged as follows.
Section “Model description” gives the model formulation followed by
fractional-order mathematical preliminaries in Section “Preliminaries”.
While in Section “Mathematical analysis of the model”, we present
the mathematical analysis of the model in detail. The new concept of
the piecewise modeling approach and their related results has been
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given in Section “Piecewise model”. We consider the real data of the
South Africa to estimate the model parameters and obtain their graph-
ical results in Section “Numerical simulation”. Section “Conclusion”
concludes the paper with some discussion on the results.

Model description

The omicron variant which is the new variant of the SARS-CoV-2
originally discovered in South Africa in November 2021. The virus is
more dangerous than the original virus of SRAS-CoV-2, so the mathe-
matical modeling and its understanding is very important for the public
health authorities. So, we develop a deterministic model for COVID-19
infection which consist of the human population and the SAR-CoV-2
mutant variant Omicron (O) (individuals infected with the new variant
known as Omicron infected). The human population is then sub-divided
into the susceptible (5), Exposed, (E), Asymptomatic (A), Infectious (1),
Omicron infected (O), Hospitalized (H), Dead (D) and the Recovered
(R). Therefore, given a total population

NO =SSO+ EM®+ AW+ 1)+ O@) + H(t) + R(t) + D(1).

at any time 7. Humans are recruited into the population at rate A and
then becoming susceptible to COVID-19 disease at rate

_ KA+ b+ 50+ [ H
= ~ ,
after been exposed. g; for i = 1, ..., 4 are the disease transmission rates.
Here, 4 is the force of infection which considers that only individuals in
A, I, O or H compartments can transmit the disease. The interaction
of the healthy people with the individuals that do not show symptoms
(asymptomatic people) become infected and spread the infection fur-
ther in the population. It is documented that the asymptomatic people
have strong immunity and a rare cases of death can be occurred for
them, so, we do not add the disease related mortality of the asymp-
tomatic people in our model. The interaction of the healthy people with
the individuals that have clear disease symptoms, omicron infected
and those hospitalized individuals infect healthy people and spread the
infection further, so #,, p; and g, measure their disease transmission.
The exposed individuals are exposed can then progress to become
asymptomatic at the rate §x or into the Omicron compartment at rate
¢$ while the reminder becomes infectious and develops symptoms at
the rate (1 — k — ¢). The death rate of the symptomatic, omicron
infected and the hospitalized individuals are shown respectively by d,,
d, and d;. y; for i = 1,...,4 respectively show the recovery of the
asymptomatic, symptomatic, omicron and hospitalized individuals. The
symptomatic and omicron infected people are hospitalized at the rate
respectively given by ¢, and ¢,. We assume that each class of the model
has a natural death rate p while the recruitment rate of the healthy
population is given by A. The descriptions of the model classes and
their parameters flow are shown in detail in Fig. 1.

A combination of our model assumptions, description, and Fig. 1
yields the following systems of the set of 8 ordinary differential equa-
tions:

ds

A

2 - a- NS, 1
o (u+2) (@)
4E _ 1S —(u+6)E, ®)
dt
dA
E8 = GRE—(utwA, ®)
dl
ar =(l—-k—=@)YE—-(u+y,+d +q))l, 4)
do
a PSE — (u+ w3 +dy +¢,)0, 5)
dH
7=q11+420—(/4+w4+d3)H, (6)
dR

=y A+ y, Il +y3;0+y,H — uR, 7)

dr
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Fig. 1. The diagram describing the transmission dynamics of COVID-19 incorporating the Omicron compartment, (O), in the human population N(¢). The solid arrows represent

the transitions from distinct compartments to another.
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Fig. 2. Data versus model fitting.

‘2—? = dI+d,0 +d, H, ®)

subject to the intimal conditions

S50)>0, E(0)=0, A0) =0, 1(0) =0, 0(0) =0,
H(0) >0, R(0)>0, DO)>0.
We assume that the recovered and the dead compartments do not

involve the disease progress. So, in the absence of the equation R and
D our model equations (1)—(8) can be reduced to the following system:

Table 1
Details of the model parameters and their numerical value.

Notation  Descriptions Value Ref
A Birth rate 2559 Estimated

1 .
u Natural death rate ey Estimated
A Contact rate due to A 0.2235  Fitted
B Contact rate to [ 0.0763 Fitted
Py Contact rate due to O 0.8303 Fitted
A Contact rate due to H 0.3142  Fitted
q Hospitalization rate of symptomatic people 0.0100  Fitted
a4 Hospitalization rate of omicron infected people  0.5384 Fitted
) Incubation period 0.5239 Fitted
K Progress to A 0.2599 Fitted
¢ Progress to O 0.7356 Fitted
" Rate of recovery of asymptomatic 1/(5.1) [40-42]
W, Rate of recovery of symptomatic 1/10 [40-42]
v Rate of recovery of omicron infected 0.6912  Fitted
A Rate of recovery of hospitalized people 1/8 [41]
d Death rate due to infection at I 0.015 [40-42]
d, Death rate due to infection ar O 0.0100 Fitted
ds Death rate due to infection at H 0.04 [41]
ds
— =A-(u+ 1S,
0 (u+4)
dE
— = AS - QyE,
dr Q
dA
— =06kE - QA,
dr o

)

dl
— =1 -x—-¢)E - 0,1,
dt
dO
— =¢6E - 050,
ar ¢ o
dH
i =ql+¢0-0,H,




X.-P. Li et al.

Results in Physics 38 (2022) 105652

where
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Jb 4,= 0.0235| | 7,= 0.0235
6F 1 ar 1
5| 1
w < 3t 4
4 1
3r 1 2F 1
o 1
ik J
B &; K
0 . . . . | 0 . !
0 50 100 150 200 250 300 0 100 150 200 250 300
t-days t-days
(a) (b)
5
16000 - - - - - 310 - - - - -
—‘h"z 0.2235 d1= 0.2235
14000 - ———,= 0.1235| 7 ———,= 0.1235
25f ! 1
3= 0.0235 /3= 0.0235
12000 1
o J
10000 .
— 8000 1 O 15F 1
6000 1
s J
4000 1
05 1
0 . . . . ! 0 . ’
0 50 100 150 200 250 300 0 100 150 200 250 300
t-days t-days
(c) (d)
5
g 10 : : : : :
B,= 0.2235
8l J
———5,= 01235
St f3,= 0.0235| |
s J
5k J
T
s J
3l J
Py J
" k
0 | . . . !
0 50 100 150 200 250 300
t-days

(e)

Fig. 3. The effect of g, on the infected compartments.

OQy=W+06), Oy =(u+wy)), Oy =(u+y,+d| +q),
O3 =+y; +dy+q) and Oy = (u + wy + d3).

Preliminaries

A background materials for the construction of Atangana-Baleanu
derivative model, we supply some related results in the following:

Definition 1. Assume that ¥(t) € H'({), &), for & > ¢, 0 < p < 1,
then the Atangana-Baleanu .ABC derivative is defined by,
AB
ABCppg(r) = 250 LR @[~ 72— orae 10)
Definition 2. The integral for the derivative in (10) is
anc gy = S P + / (1 — &7 go)de. an
AB(p) AB(ﬂ)f ()]



X.-P. Li et al. Results in Physics 38 (2022) 105652

x10° x10°
3,=0.8303 ———3,=0.8303
8
s ———3,=0.7303
7 - 3,=0.6303
,=0.5303

6 4
5
w <3
4
3 2
2
J
1
0 0
0 50 100 150 200 250 300
t-days
(b)
5
16000 . . . . . 310 . . . . .
—— 3,=0.8303
14000 [ /3,=0.7303 | |
25f R
- 3,=0.6303
12000 [ ———3,=0.5303 |
ok ]
10000
— 8000 O 15F R
6000
s ]
4000
05} ]
2000
0 L L L L : 0 L L L L .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
t-days t-days

(c) (d)

x10°

———— ,=0.6303
———6,-0.5303

0 50 100 150 200 250 300
t-days

(e)

Fig. 4. The effect of f; on the infected compartments.
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Omicron ABC model and its properties

We apply the definition of the Atangana-Baleanu derivative to the
system (9), we then get the following generalized model:
05CDIS = A~ (u+ 1S,

05 D/E = AS - Q) E,
045D’ A = 6kE — Q| A,
05D T = (1 — x — $)SE — O, 1,
045D 0 = ¢S E - 030,
0D/H = g, 1 +¢,0 - O,H,

12)

where p € [0, 1] defines the fractional order. The initial conditions for
the system (12) are given by,

04BCDPS(0) > 0, 0PCDPEW©) 20, 01PCDPA©) >0,
045D 1(0) > 0, 04D 0(0) >0, 04D/ H(0) > 0. a3

We note that all the model parameters in (12) are non-negative. We
define £ to be the invariant region for our model equation and let

N(@) < Ny&, 1 (=put?) + mt? &, 1) (= pt?).
Then the biological feasible region for model (12) is given by
5 . A
Q ={ (S(f), E@), A@®), 1(1), HO)) ER; N —,
U
Agd
OMmeR, : 00— ;.
() eR, : O®) 20 }

3

We establish the positivity of the fractional .ABC model (12) solutions
in the following:

Theorem 1. For the initial conditions stated in (13) for every t > 0, the
set Q attracts all positive solutions associated to the model (12).

Proof. It follows from the model (12) that

045D S| = A >0,
_ BA+bI + B0+ H >0
= N >0,

0 DY E| g
0ABCDY Al 4oy = 6KE > 0,
0BCD I g = (1 —k — H)SE > 0,
045D’ 0] oy = $SE 2 0,
05D H| o = g, 1 + ¢,0 > 0.

(14)

Eq. (14) prove the positivity of solution with the initial conditions given
in (13) remains in Q for every t > 0. []

Mathematical analysis of the model

The purpose of this section is to explore the mathematical analysis
of the model (12) based on their possible equilibrium points, that will
be obtained in the following:

Disease-free equilibrium (DFE)

First, we find the disease-free equilibrium (DFE) of the model (12)
denoted by E; and can be obtained by using E* = A* = I" = O0* =
H* =0, Therefore, the DFE E(’)‘ is given by:

Eg = (S*,E*’A*, 1*,0*7}1*) = <£’0,0,0’ 0,0>7
U
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The basic reproduction number

The basic reproduction number is an important threshold quantity
which is useful to study the model stability at their equilibrium points.
We follow [43] to compute the basic reproduction number of the model
(12) denoted by R,,. Here, R is defined to be the average number of
new infections generated by an infectious individual during the course
of disease progression by direct or indirect contact with a COVID-19
wholly susceptible population with a high possibility of having the
Omicron variant causative agent. A next-generation matrix approach
given in [43] can be used to get the basic reproduction number R, for
the system (12) as follows: The matrices F and V that define the new
infections and transfer of the .4BC model (12) respectively evaluated
at the DFE and given by:

0O B B B B
o 0 0 0 O
F=|0 0 O 0 O and
o 0 0O 0 o0
o 0 0 0 0
Qp 0 0 0 0
—6K 0, 0 0 0
V=l-l-xk—-¢)5 0 0, 0 0
-6 0 0 03 0
0 0 —-q -9 04

R, is the spectral radius of the matrix p,(FV 1), which is given by
Ry = p1(FV™) =Ry, + Ror + Roo + Roy»

Ry = ok PO k=) piéd
000, 0,0, 0003 (15)
B18(6a:,05 + 0:03(1 — k — §))
0,0,0,0, '

In expression (15), we have that R4, Rg;, Rog. Rgo are individual
contributions to the R, by A, I, O and H compartments respectively.

Endemic equilibrium

The model endemic equilibrium point is obtained by solving model
(12) when the disease is at its endemic state. We therefore obtain
the omicron endemic equilibrium denoted by GT* = (S**, E**, A, [**,
O**, H**) where

S = QOEW _ A
ek = }‘*/*11** (” + i**)
(u+ )0y’

A = O E™, 0 (16)
I = QﬁE**,

O** — Q7E**,

H* = QSE**'

1—x—
In Eq. (16) we have that Qs = §—K Q¢ = M 0; = @ Qg =
0, 0, 03

(1096 + 9,07) a
0Oy

}'** _ ﬁlA** + ﬂzl** + ﬁ30** + ﬂ4H**

Substituting (16) into (17) we get the

nd

a7

FO) =@ (A7) + @y (A7) =0,

for

w, = AQy(1 — Ry),

w = A(Qs5 + Q¢ + 07 + Oy).

Clearly both w, and w, are positive whenever R, < 1. The solution
ket

4 = —2 s negative and hence we conclude that there is no endemic

!
equilibrium if R, < 1. Note that E** exist if A** > 0 and when 1** =0
gives the DFE.
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Stability of the DFE

We establish the stability results of the system (12) at the disease
free case. The following theorems and their proof are given in details.

Theorem 2. Consider that ¢|,¢, € % such that gcd(¢,,¢,) = 1 and

4
d= ?/71 If Ml = ¢,, then, the DFE of the model (12) is locally asymptotically
2

stable (LAS) if |arg(y)| > 2%” for every roots of y of the characteristics
Eq. (18) of the matrix J(ES)’

det(diag[;/l 250 75 45 40 ]) - ']Eg =0. (18)

Proof. Evaluating the Jacobian matrix of system (12) gives the follow-
ing matrix

—H 0 -b ) =P —Ps
0 Qo B b B B4
0 ok -0, O 0 0
.= , 19
JIr; 0 -(l-x-¢6 0 -0, O 0 (19)
0 ) 0 0 -0 0
0 0 0 q 173 N
with the associated characteristics polynomial of J(Ej) given by
G (2 ar e e a) =0 (20)

The arguments of the root of the equation (y’1 + y) is

T 2rk L3 L3
arg(Il,) = — + =22 > 2 5 2|
sl =% 7> >

where k = 0,1,...,(¢; — 1). The eigenvalues of Eq. (20) consist of —,

and those obtained from the solutions of the polynomial,

P(y) = <)(5f1 +a i a0 a0 a0 ao)

where

a = Q0Q1Q2Q3Q4(1 - RO)’

a; =Q1Q2Q3Q4+ﬂ45Q1(¢42+41(1—K—¢))
+00010,05(1 = R4Yy) +00Q,0,04(1 - Ryr 1)
+Q0Q1Q3Q4(1 - ROOYZ) + Q0Q2Q3Q4(1 - ROHY3)5

ay =010,03+ 000,04+ 000,04 + 00,04 + 0y030,
+0,0304 + Q0Q1Q2(1 - ROAY4)

+002,03(1 =Ry Ys) + Qp010;(1 — RypYs)

+010304(1 - Ry QyQ,).

a3 =010+ 0204+ 0103+ 0,03+ 0004 + 0104 + 0,0,
+000; (1 = Roy) + Q0> (1 = Roy)

+000;3(1 - Rgo),
ay =(Qp+ Q) +0,+03+0Qy),

In the above expression

Y. = (Q2(Q3 +04) +03) Y, = (Q1(Q3 + 04) + 030y)

0 0,0; ! 0,0, ’

(01(Q7 + 0y) + 0,04)
Y, = ,
0,0,
+0;+
Y3 =(01(Q2 + Q) + 0204), Yy = (ng—3QAO,
2
Ys = (0, +0,+0y)
0;

andYé _ (O +0,+0y) )

0,

All the constants a; > 0 for i = 1,2,3,4 are positive when R, < 1.
Therefore, following the Routh-Hurwitz criterion the function P(y)
have eigenvalues with negative real parts since a; > 0 and a;a,a; >
a3 + aja,. On the other hand, using the fact that ¢; > 0 it can then
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be easily established that second condition of Routh-Hurwitz criterion
(ayay — as)(ajagas — a% - a%a4) > as(aya, — a3)® + alag is satisfied which
guarantees the stability of the DFE whenever R, < 1. Hence, the
conditions require for the eigenvalues of the characteristics equation

larg()| > % holds. Thus, Eg isLASif Ry <1. [
Global stability of the DFE

We begin by stating the theorem which necessary for the global
stability of Ej.

Theorem 3. The model given in (12) at the DFE is globally asymptotically
stable (GAS) whenever R < 1.

Proof. Assume a C' Lyapunov function defined by
L@ = E@®) +n AW + m I @) +n300) + n, H(D),

comprising of all the compartments that taking part in the disease
spread directly, where the non-negative constants #;,#,,#3, 14 shall be
determined. Then, the ABC derivative of L(t) gives

045Dl L(r) = 0MBCDIE®) + 1,015 DY A + m, 0P DI 1 (1)

+n3045C DL O(t) + 0, 0APC DY H (1),
= (JS - QOE) +1,(6kE — 0, A)
+1,((1 = k = $)SE = Oy 1) + 13 (¢S E — 030)

+ny(q T + 9,0 -0, H),
_ (ﬁlA + /Il +p0+p,HS

— —Q0E> +1,(6kE — 0, A)
+m((1 =k = P)SE — Q,1)
+13(PSE — Q30) + ny(q, I + 9,0 — O, H),

< (A =m0 )+ (B =m0y +mia )1

+(ﬂ3 -m0s;+ '74‘12)0 + (ﬂ4 - '14Q4)H

+ (mKs +m(l =k = @)+ 15 - 0y ) E.

21

Setting the coefficients of H, A,O and I to zero, we solve for #; for
i=1,2,...,4, which yields
_ b _ (BsQu+PBsq) (B304 + Pagn) _
=—, M= = and n, = —-
0, 0,0, 030, Q4
Upon substitution of #; into the last term in expression (21) we obtain

By

m

0D L) < QO(RO - 1)E. 22)

Therefore, whenever R, < 1, we have that #5¢D/L(r) is negative
and zero if R, = 1. Thus, using the result of LaSalle’s invariant
principle [44], the model at E] is GAS in the invariant region. []

Existence and uniqueness of solutions

It is obvious that the model (12) is a highly nonlinear model and its
exact solution is very difficult to its nonlinearity, so, the existence and
uniqueness criteria will ensure that the model will solution exists and
shall be unique. If possibly there may be a method developed in the
future to solve the nonlinear model, then the existence and uniqueness
criteria will ensure it. In order to do this, we apply the fixed point
theory to have results of the existence and uniqueness of solutions of
the system (12) in the following:

JECDIF()
F(0)

g, F),

2
Fo. for0<t<T < o0 (23)
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for (1) = (S,E,A,1,0,H) and G been the continuous vector function
defined by

G1(X) A=(u+DSO),
Go(X) AS(1) = QoE(),

Cy() sKE) — 0y AQ),
=\ = . 24
9= g0 | 7| -k = pr6E®) - 0210, 29
Cy() $SE(t) — 03000,
¢o)) a10)+ 0000 - 0, H.

with an initial conditions G,(r) = (:5(0), E(0), A(0), 1(0), 0(0), H(0)). The
function G is said to satisfy Lipschitz conditions for uniform continuity
stated below

6@, F1(®) - 6. F()ll < MIIF (D) = FL0)l. (25)

The theorem stated below that guarantees about the existence and
uniqueness of the system (24).

Theorem 4. Existence and uniqueness
The fractional system (24) in ABC possess a unique solution if the
condition in the following is satisfied,

A=, _»
B(p)  Bpr(p) "

< 1.

Proof. We apply the AB-integral on the system (23), and obtain the
following:

(1-p) »
L F
5o """ B

Ft) =Fo + (t=8GE& FEnds.  (26)

0

Setting # = (0,T) and considering the operator @ : C(7,R% —
C(7,R®), which is defined by
_ (1-p)

D(F(1) =F) + B0o) (1, F (1)

’ @

ld — 57D 5 F(E)d
+ By (9] p(&FE)ds O
0
Eq. (26) yields

F(1) = ®[F()]. (28)

Therefore, the supremum of 7, |.| 5 is
IFOl 7 = supe 7 IFOIl, F1) € C

where C(#,R%) with the norm ||.|| 7 represents the Banach space. Fur-
thermore,

t
H / D(t — &F (©)dé|| <
0

for G(t) € C(#,R%), D(1,z) € C(#2, R so that

TID@ Ol 4 IFOI 29

D@, 2)ll; = sup; - ¢ 1D, 2.
Upon employing @ we get

(1-p
B(p)

H [ow.Fio) -2 m0)|| < |S2260Fi0) - 6, Py
S

t
_® _ £)(-D
T Bar@ Jo T

x[ce. 1.6 - 6. 20| d:”
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Applying the Lipschitz conditions in (25), results from (29) and com-
bine with the principles of triangular inequality, we obtain:

16(G, (1) = DGOl 7 < [B( GG 000+ b BT ]
fo (1= &G, - G0

following some algebraic simplification. Hence,

1 @) = @Gy < B|6i0 — @ -

in which
(1-p 4 P
= M+ MT oy
B(p) B(a)r(p) max

So, the operator @ should be a contraction if the condition (25) satisfy
C(7.R®). Conclusively, with the Banach fixed-point theorem our model
(24) has a unique solutions and exist.

Model numerical scheme using ABC

With the help of the Adams-Bashforth method shown in [45], we
present a numerical algorithm for the solution of the omicron model
(12). To achieve this, we re-write (23) as follows,

JEDIS() = H, (1, S, E, A, 1,0, H),
JPCDVE®) = Hy(1, S, E, A, 1,0, H),
JPCDIA(r) = Hy(t, S, E, A, 1,0, H),
JPCDI () = Hy(t, S, E, A, 1,0, H),
JPCDIOG) = Ms(t, S, E, A, 1,0, H),
JPCDYH (1) = He(t, S, E, A, 1,0, H).

(30)

Next, we convert Eq. (30) into a Volterra type integral considering the
fundamental theorem of fractional calculus, which yields

_ 1-p __r
St = SO ey 1S TnepirG)
Tjiyl
XY, f (t1 = O THL (€, $)dE
1,=0 '
B l-p P
E(t;,) = E((Z) + ABC( )Hz( o)+ ABC(p)I (p)
xz f (teyr =& M6 E)dé,
1;=0 i
B l-p __r
Aty = A((Z) A BC( e At T
XY, _[ (tg1 = O H5(E, A)de
t;=0""J
j (€20)]
B P
It )= 10)+ ABC( )H4(tk’ D+ ABC(p)I (p)
xz / (e — O HY(E, DdE,
1;=0 i
_ I
Oty 1) = 0(2) + ABC( )HS( O+ ABC(p)I (p)
1
x) [ (tr = O/ H5(E, 0)de,
;=01
_ I
H() = H©O)+ A B0 )Hﬁak’ M+ Bcoro

K Jj+1
XZ;),[j (trs1 — EP 7V H(E, H)dE,

It is of great importance to note that all the integrals in Eq. (31) were
approximated using the interpolation polynomial and hence provides
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the numerical scheme for the Omicron model (12). After some al-
gebraic manipulation, finally, we get the numerical scheme for each
compartment of the model:

Sty = SO+ ——

ABC( ) (e S)

) WH (), S)
T ABET) ; [ T(o+2)
(k= Pk~ j+2+29)

WH, (1), S) . A A
—W<(k+l—])ﬂ —(k—J)p(k—J"'l"'ﬂ)) )

k+1=j)(k—j+2+p)

Et,.)= E©O+ H,(ty, E)

h?H,(t;, E)
p 2V
" ABC(p)r(m;,[ T+
~(k = (k= j+2+2p)

h?H,(t;, E) . ' .
_W((k+l_1)p+ _("‘J)”(k—1+1+p)>],

ABC( )

(k+1—-j)k—j+2+p)

At )= A0+ H; (1, A)

hPH;(t;, A)
p 3V
+
ABC(p)F(p)tlzz‘g[ I'(p+2)
—(k=j)f(k—j+2+2p)

h”H3(tj,A) ol ) )
B el (CRR G UG +p))],

1-
ABC( )

(k+1—=j)k—j+2+p)

Ity)= 10+ —— H4(tk, I

» Z ROH,(1;, 1)
TABCOT (o A T+
k- 52420
RPH, (¢, T

D
e o 1_ _ _
oy (1= — = Yk J+1+p>)],

.ABC( )

k+1=j)yk—j+2+p)

Ot )= 00+

ABC( )H‘(t"’o)
h?Hs(t;, 0)
p SV
+ABC(p)r(p>,;)[ T(p+2)
~(k = j)P k= j+2+2p)
WHs 1, 0) o
~Toay (k+1-ir —(k—1)ﬂ(k—;+1+p>)],

(k+1-j)yk—j+2+p)

H(t )= H©O)+

ABC( )Hﬁ(’k’H)
hWH(t;, H)
14 67
+ABC(p)F (P),lzz‘f)[ T'(p+2)
—(k = j)?(k = j +2+2p)
hH(t;, H) . ' .
_W(”‘“‘W —k=pk=j+1+p) |,

k+1=j)y(k—j+2+p)

(32)

for our ABC model. The numerical scheme presented (32) is now used
to simulate our model in the next section with p as the .ABC operator
over the modeling time.

Piecewise model
This section study the model with piecewise differential equations.

The piecewise differential equation model is useful when there is multi-
layer data which is not easy to obtained their fitting with the ordinary
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differential equation. So, the piecewise modeling approach is novel
and recently reported to obtain reasonable analysis of epidemic models
as well as other physical problems. We extend the model (9) into
piecewise differential equations given by

‘fjf_A—(y+A)S

L =15 -0y

#:ME—QIA

U= (1 —x=p)E -0y, (33)
L = ¢6E - 050

%=Q11+420—Q4H

%=W1A+W2[+W3O+W4H‘I4R'

In model (33), we use 0 <
following model:

t < T,. When T} <t < T,, we give the

ABC -

ABEDIS = A—(u+ S,

ABC =

GBCDE = A4S — Qo E

ABCD]A=6kE - Q1A

ABCDIT =(1 -k - $)SE — Q1. (34

ABC Py —
6 - D;O=¢sE - Q30
gBCDfH=q11+q20—Q4H
(';‘BCD;OR =y A+yrl +y30+y, H — uR.

When T, <t < T, we give the following model:

S=(A=(u+A)S+0,SdB, ),
L2 = )S = QyE) + 0, Ed By (),
A = (5kE — Q, A) + 63Ad B5(1),
3dI = ((1 — k — P)SE — Qy 1) + 6,d B, (1), (35)
= ($5E — 030) + 650d Bs(1),
= (g1 + 4,0 — Q4 H) + 064 Hd Be(0),
=W A+yl +y30 +yy H — uR) + 0,Rd B;(1).

Here o; for I = 1,...,7 denotes the intensity constants of the
.,6 are the standard

Brownian motion. Next, we consider an efficient numerical approach

stochastic environment and B(r) for | =

to solve numerically the piecewise system using the approach given in
details in the following:

dU;(t) _ .
T —f(t,Ui), lfOStSTl

U(0)=U,g,i=12,...,n
n,5°DU 0 = f (1,U;), if Ty <t <T,

(36)
U (T)) =U,,.
dU,( = f (t,U;) dt + o, U,dBy(t), if T, <t <T
U; (Tz) =Up.

The numerical scheme considered here is basically comes from [46,46,
471 and the application of this scheme can be seen in [48]. According
to this rule, we divide [0, 7] into the following,

S
IA
IA

tg<t; <+ < ;ml
Sz‘m1+

ﬂ

1< tm1+2 << lmz =T < Im2+1 < lm2+2 <= tm3 =T.

After some algebraic manipulations, we obtain the final scheme given
by the following:

—U(O)+Z[

+f(

(/1’ Jl) - %f (tjl—l’Ujl—l)

Uj - )]AI,OSISTI
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Fig. 5. The effect of g, on the infected compartments.
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Jo=n1+3
n
p(41)? [ (
SR I (1m0 Uit ) = £ (120U ) | K
AB(p)F(p+2)j;+3 Ja=1> ¥ =1 J2=2> Y jp=2 2
=Ny

+ % . 22: 7 (%) =27 (11 Xm0

Jo=n1+3
+f (tjz*Z’Xjrz)] K,
T, <t<T,,
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5

n3
23 4
U =U (T)+ [ﬁf (tja’U/s)‘ 3/ (t/é—l’U/'z—l)

J3=my+3
5
+of (zjs_z, Uj3_2)] At
n3
+o, Y UP (3{3 - 3{3‘1),T2 <i<T,
Jj=np+3
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where
K, = [(”2—j2+1)p—(”2—/2)p],
K, = {(nz—jz-lf1‘)’p(n2—-j2+3+2p)}’
— (=) (my = jp+3+3p)
v [2(m=0)? + B +10) (my - o)
(n2 12+1) [ +2p2 +9p+ 12
K; =

2
e [2(m =)+ Gp+10) (ny — jy)
(n2=12) [ +6p2 + 18p + 10

Numerical simulation

This section studies the parameter estimations of the model (9) and
their numerical solution. We consider the reported cases of COVID-19
infection in South Africa from March 202 to September 2021. These
cases are taken from [49] on daily basis, so we consider the time unit
per day. We consider the total population of South Africa in 2021 to be
N(0) = 60140000, where the other variables of the model with their
initial conditions are estimated to be S(0) = 60093251, E(0) = 40000,
A(0) = 6000, 1(0) =599, O(0) = 100, H(0) = 50 and R(0) = 0. Among
the model parameters, some of them are estimated, such as the average
life expectancy in South Africa per day is (1/(64.38 * 365)) and the birth
rate is obtained through the relation A = uN(0) ~ 2559. The estimated
and fitted parameters obtained after the data fitting to the model (9)
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Fig. 10. The behavior of the fractional AB model for different value of p.

using the nonlinear least-square fitting are given in Table 1, while
the fitting of the data to the model is given in 2. We performed the
experiments until the desired fitting is obtained. The data is and their
fitting show good agreement with each other. The basic reproduction
number obtained approximately R, ~ 1.4004.

Numerical results

We solve the model (9) using the values of the parameters shown
in Table 1 and obtain the graphical results given in Figs. 3-6. In Fig. 3,
taking into account the infected populations and obtain their graphical
results with the variations on g;. We observe if the individuals maintain
social distances, wear face masks, avoid social gatherings, etc, the
number of cases decreases, and also, in the future the cases will be less.
The parameter f; with different variations decrease better the infected
population, see 4. Decreasing the contact between the healthy and the
hospitalized individuals can better decrease the population of infected
individuals, see Fig. 5. The proportion of exposed individuals and
their distribution upon the successful completion of their incubations
decrease will the infective populations, see for details Fig. 6. One of
the most important features of the omicron virus, is the past spreading
among individuals, whether the individuals show disease symptoms
or not, or if it is vaccinated or not. So, careful attention is required
from the Government agencies, and the community help to decrease
the infected cases while following the standard procedures suggested
by World Health Organization (WHO). We simulate the piecewise
model given in (33)-(35) using the same initial conditions and the
values of the parameters and obtain some of the graphical solutions
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for it using the scheme obtained in (37), see Figs. 7-9. Fig. 7 shows
the graphical solution of the piecewise model of the total infected
compartments in the presence of the stochastic noises for different
values of f; and g,. It can be observe that the decrease in the value of
p, and p,, there is obviously decrease in the number of total infected
cases very faster. In other words, the contact among the asymptomatic
and hospitalized with healthy people can decrease the infected cases
while maintaining the social distances, using face masks, getting the
vaccine, etc. Similarly, the impact of the parameters p;, 6, x and ¢
also contribute in infection reduction of the total infected cases, see
respectively Figs. 8 and 9. The behavior of the infected compartment
of the Atangana-Baleanu model for different values of p is been given
in Fig. 10.

Conclusion

We presented a new mathematical model for SARS-CoV-2 with an
omicron variant. We formulated the model by using the assumptions
of the omicron variant in the presence of hospitalized individuals. The
classical model is extended to Atangana-Baleanu differential equation
model and presented their mathematical results in detail. We studied
the local and global asymptotical results for the omicron model when
Ry < 1 (local asymptotical stability disease-free case), and R, < 1
(global asymptotical stability disease free case). We studied the exis-
tence and uniqueness of the solution of the Atangana-Baleanu model.
A numerical scheme to solve the Atangana-Baleanu model has been
given in detail. Further, we used the new concept of the piecewise
stochastic fractional differential equations which was recently reported



X.-P. Li et al.

has been used to extend the model into the piecewise fractional stochas-
tic Atangana-Baleanu stochastic differential equation model. A useful
algorithm to solve the piecewise model has been given. Considering
the reported cases of the COVID-19 in South Africa, we obtained the
estimation of the parameters using the least-square fitting. We solved
the model with the Atangana-Baleanu derivative and with a piecewise
differential equation model numerically and presented a number of
graphical results. The graphical results suggest that infection in South
Africa with the Omicron variant can be minimized if the individuals in
the community follow the recommendations of the WHO and also use
the vaccinations.
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