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Abstract

The paper investigates a leader-following scheme for nonlinear multi-agent systems
(MASSs). The network of agents involves time-delay, unknown leader’s states, external per-
turbations, and switching graph topologies. Two distributed protocols including a consensus
protocol and an observer are utilized to reconstruct the unavailable states of the leader in a
network of agents. The H,.-based stability conditions for estimation and consensus prob-
lems are obtained in the framework of linear-matrix inequalities (LMIs) and the Lyapunov-
Krasovskii approach. It is ensured that each agent achieves the leader-following agreement
asymptotically. Moreover, the robustness of the control policy concerning a gain perturba-
tion is guaranteed. Simulation results are performed to assess the suggested schemes. Itis
shown that the suggested approach gives a remarkable accuracy in the consensus problem
and leader’s states estimation in the presence of time-varying gain perturbations, time-
delay, switching topology and disturbances. The H,, and LMIs conditions are well satisfied
and the error trajectories are well converged to the origin.

Introduction

Inspired by the energy-minimization strategy during bird migration, leader-following (LF)
consensus or coordinated tracking problem has been a topic of miscellaneous research spheres
in multi-agent systems (MASs) [1-3]. For instance, distributed tracking controllers have been
applied to the networked Euler-Lagrange systems with a leader [4, 5]. Recently, estimating the
attitude of each mobile robot via an observer and employing the leader-following strategy, tra-
jectory tracking of mobile robots has been analyzed [6]. Moreover, the consensus problem of
linear MASs under multiple targets/leaders has been investigated in [7]. Based on a sliding
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mode strategy (SMC), an adaptive distributed scheme has been designed in [8] for the LF con-
sensus problem. The consensus tracking problem of stochastic nonlinear MASs has been
investigated by utilizing event-triggered mechanisms in [9]. Recently, the LF consensus of
MASs with semi-Markov jump parameters has been analyzed by implementing a hybrid
event-triggered strategy to tackle the transmission frequency of surplus data packets [10]. The
LF problem of stochastic MASs subject to multiplicative noises has been studied via output
feedback control policies in [11]. The consensus tracking problem of MASs in the presence of
unknown dynamics/nonparametric uncertainties has been studied through designing a dis-
tributed control law in [12]. Based on an impulsive model, the fixed-time tracking control
problem has been studied for a set of planar agents in a surveillance network in [13].

Although fixed network topologies are primarily considered in research papers, packet
losses, channel fading, and data congestions may not be pragmatically fulfilled under this
restriction [14, 15]. Concerning this, time-varying switched network topologies with a finite
set of configurations are more realistic and demanding. Therefore, the consensus problem of
linear time-varying and time-invariant MASs under connected communication graph and
switching topologies (STs) have been studied [16-18]. A distributed adaptive protocol has
been suggested for the LF consensus issue of linear time-varying MASs under STs [19]. Fur-
thermore, the consensus of Lipschitz-type nonlinear MASs in second-order dimensions under
STs has been studied in the literature [20, 21]. Distributed control policies have been proposed
for mobile autonomous agents with leaders under switching directed network topologies in
[22]. Considering the static positions for leaders and an undirected switching graph topology
in [23], the convergence problem of followers to the convex hull has been studied. Based on a
distributed control scheme, the LF consensus of MASs with switching topologies and stochas-
tic disturbances has been analyzed in [24]. Utilizing an average dwell time condition and dis-
tributed control policies, the LF consensus problem of MASs with unknown control/output
directions and switching topologies has been studied in [25]. For MASs with one-sided
Lipschitz nonlinear dynamics, the LF consensus problem has been studied under switching
topologies in [26]. Moreover, the LF consensus problem for MASs has been analyzed by
designing an event-triggered control scheme in [27].

While in most of the above-mentioned contributions the leader’s states are accessible, in
actual operations, it is of utmost importance to fabricate a distributed state-estimation (DSE)
to approximate the leader states. By proposing an estimating strategy for leaders in [28], a
cooperative regulation scheme is scrutinized for linear MASs. An observer in the adaptive
scheme has been proposed in [29] to estimate both the system’s matrices and the leader’s
states. Although DSE mechanisms have been evolved for the target tracking problem of MASs,
there are still remarkable open issues including the LF consensus problem of nonlinear MASs
under STs.

On the other hand, the analysis becomes more complex if time-delay is involved in leader
states and followers. Since the delay phenomenon strikes the system’s performance and engen-
ders instability, an appropriate DSE and distributed controller should be applied to the MASs.
Lyapunov-Krasovskii functional (LKF) as a useful tool is utilized to investigate the stability of
time-delayed systems in [30-34]. LF consensus problem of time-delay double integrator sys-
tems under switching interconnection graphs has been investigated in [35]. Designing a dis-
tributed observer, the cooperative containment control of linear MASs with time-delay has
been studied in [36]. Moreover, a control protocol in a distributed scheme is presented in [37]
to study chaotic MASs subject to time-delay.

Based on the above arguments, this paper researches a novel distributed state observer
(DSO) and a distributed controller for nonlinear MASs under STs based on the consensus
strategies. Since transmission time-delay exists in the states of the leader and the followers, an
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appropriate LKF is employed. Simulations are accomplished to sketch the usefulness of the
designed approaches. The significant contributions are listed as:

« In comparison with the LF consensus problem analysis or tracking problem investigation
where the leader’s or target’s states are accessible, in this paper this assumption is violated
and they are completely inaccessible; hence, an observer in distributed form is designed to
reconstruct the leader states. Moreover, the network of the agents is subjected to time-delay.

The switching topologies are considered for the communication network. In addition, the
influence of delay in the states of the leader and each follower is investigated in this paper.
Furthermore, due to the actuator degradations, time-varying gain perturbation is considered
and robustness of the distributed controller for gain perturbations is studied.

o H, LF consensus problem of the time-delay nonlinear MAS with unknown leader’s states is
investigated based on a prescribed H, disturbance attenuation along with a DSO and a dis-
tributed controller.

Preliminaries and problem definition

Graph theory

A set of switching graphs o, with alteration which is adjusted by a switching signal 9(t) — 1 €
{1,2, ..., £}, represents interactions among a network of agents.

Let ag¢) (Byry» 7> Ag(s)) denotes the interaction network; y = {0, 1, . . ., N} represents the
node set, By C ¥ X ¥{(i, j) € y x 7} is the set of edges (where the pair of (i, j) € By if the inter-
connection between nodes i and j exists, where j-th node is the neighbour of i-th node, or in
other words i-th agent is able to attain information from j-th node, else (4, j) € Bg(y), and Ag,
= [ag(,;] € RVN denotes adjacency matrix. For element ay; of adjacency matrix Ay, it is
elucidated that ag ;; = 0, ag(s,;j > 0if (i, j) € By, and ag(y,;; = 0 otherwise. Furthermore, Ly,
= [y, € RN = Dy — Agqy is the Laplacian matrix, where D = diag{dim, dg(,), e, dﬁ’(t)}
and dfu(:) = Zjil Ay i The diagonal matrix Zg;) = diag{ag(,10» A9(1),205 - - -» A9(r),N0} denotes the
interconnection between the leader and the follower. If the i-th node receive data from the
leader then ag, ;o > 0 otherwise ag o = 0.

Assumption 1. [38]. Consider graph 0,(1 = 1, 2, .. ., £), the connections among in-neighboring
followers are assumed to be undirected.

Assumption 2. [19]. It is assumed that a directed spanning tree exists in ¢ = Ule a,, rooted
at leader.

Problem definition
Assume a network of time-delay agents with a LF framework within agents. The dynamics are
written as:

x,(t) = Ax,(t) + Ax,(t — ) + Ef (x,(t)) + Bu,(t) + Wd,(t), i=1,...,N (1)

where x;()/u;(t) denote the state/controller of the agent i, respectively. 7 stands for a given
time-delay, the external disturbance d,(f) materializes in I, ([0, 400); R?), and f(.) satisfies the
Lipschitz condition:

1 (v) = fl@)[ <ll(v - @) (2)
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where y is the Lipschitz constant. The leader’s dynamic is presumed to be as
%, (t) = Axy(t) + Ax,(t — 1) + Ef (x,(¢)) + A,r(¢) (3)
where x,(t) € R" is the leader’s state. The measurements are given as:
i(t) = Cx,(t) + C,v(1) (4)

where r(t) and v,(t) are white Gaussian noises.
Assumption 3. The pair (A, B)/(A, C) is considered to be stabilizable/observable.
Lemma 1. [39]. For any scalar € > 0 and vectors O, T € R", one has

20'T <eO"O+e'T'T (5)
Lemma 2. [40]. For any scalar a > 0 and real matrices 6, H, ] with appropriate dimensions
and J] < oI, the following inequality holds
6J]H + H'J'6" < a6 + apH'H (6)
The general scheme of deigned controller is depicted in Fig 1. The details are illustrated in
following sections.
Remark 1. In two Theorems, the asymptotic stability is proved. It is shown that by the

designed scheme, the followers asymptotically observe the leader, and the H,,-based leader fol-
lowing consensus is satisfied.

Main results

The principal strategy is to formulate the observer/controller in distributed scheme for
the MASs (1) to follow the state estimations of the leader (3). The suggested observer is written

d dN
ll 1 l
Time- Time-
Sentor delayed delayed Sensor
1 <4—— Nonlinear Switched Nonlinear ——» X
Agent Graph Policy ¢ Agent
oo s o0
%::’t':;:? ] Communicatio T Dpistributed xN
xI. — n Graph —— & Controller
1 1
N
7 2
T ‘,Bm T 0N
y] Distributed Z'O] Z 0j Distributed Y N
'—» Observer Observer <+————
1 N
Time-
delayed

Nonlinear
Leader

Fig 1. General diagram of controller.

https://doi.org/10.1371/journal.pone.0263017.g001
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;Co;'(t) = A"%Oi(t) + Aifc(]i(t - T) + Ef(fcm(t)) - ®<yi(t> - Cfc(]i)
+BK ay (2 (t) = %y(1)), i=1,...,N @)

JEN;

where ® € R"? denotes the gain matrix of observer which should be computed, x,(¢) € R"
represents the estimation of xo(¢), K € R"*™ is a matrix which is employed to achieve stability
conditions of suggested DSO scheme. The term (y,(¢) — Cx,,) is utilized to the estimator
updating and represents the function of measurement which has the new data. Moreover, the
term D g ;(X,(t) — X,;(t)) is utilized to employ the data of the neighbouring nodes for

the state estimations (see Fig 2).

Leader-following consensus

The following LF consensus protocol is implemented:

”i(t) = ¢(t) Za()(t),ij(xi(t) - xj(t)) + as(t)‘io(xi(t) - JACol‘(t)) (8)

i=1,...,N

where ¢(t) = ¢ + Ag(t), in which ¢ is the n x m feedback gain matrix which should be com-
puted and Ag is the controller gain perturbation which exists due to the sensing faults, actuator
degradations, and roundoff errors and may cause performance deterioration or even system

Leader’s dynamic
3,(t) = Az, (t) + Az, (t — 7) + Ef(z, (1)) + A r(t)

Distributed observer l
‘%m(t) = A, (t) + A 2, (t —7) + Ef(Z,,(?))
=Gy )= 6E (]SS5 ZM g0 5 (E0s(8) = 2,;(8))
Distributed controller l
u(t) = F(f) [Z]em By (t)- xl(t))
+a’9(z),7:0(xz' (t)— j(n‘(t))]
Follower’s dynamic l

&.(t) = Az () + Az (t — 1) + Ef(z,(t)) + Bu,(£) + Wd,(£)

v

y,(t) = Cz (t) + C v (2)

not

Fig 2. Proposed observer-based scheme.

https://doi.org/10.1371/journal.pone.0263017.g002
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destabilization. In this paper, the term Ag takes the following multiplicative form to endure
norm-bounded uncertainties and allocate safe tuning margins simultaneous with synthesizing
of the consensus protocol (8).

Ap = MA(t)N, AT(H)A(t) <1 (9)

in which A(#) denotes the unknown time-varying matrix whilst M and N of appropriate
dimensions represent known matrices.

Theorem 1. Consider network of agents (1) with time-delay and d(t) = 0 and (3) utilizing the
DSO (7) and the control policy (8) under switching graphs og(,. For given positive scalars €, : €4,
oy : 0, suppose that there exist symmetric matrices P >0, Q > 0, R > 0, S > 0, and the matrix X
with suitable dimensions such that:

[Q,, Cc'X* PA, 0 \/Y,PB JEPE \/y,PBM 0 0

* Q. 0 QA 0 0 0 V2LQB V2LMQE

* x —R 0 0 0 0 0 0

* * * =S 0 0 0 0 0

* * % ~1 0 0 0 0 <0

* * * * * —I 0 0 0 (10)
* * * * * * —I 0 0

* * * * * * * —I 0

| * * * * * * * * -1 |

Q,, =ATP+PA+ 92 I + R+ (0,)" + (1 + €,)o0, yu®)N'N
Q,=A"Q+QA+XCH+C'X" + (" + ¢ +€¢,)+S
Yo =20+ (L+e)(og" +og®), Yy =05" + (1 +¢)o;

where A = max{A,(L,)} and y = max{a, ;}.

Then, the followers asymptotically observe the leader (3) and the NMAS achieves the LF
consensus.

Moreover the feedback gain of the control policy (8) is achieved as ¢ = B'P and the DSO gains
in (7) are computed via K = B'"Qand®=Q' X.

Proof. By substituting (8) into (1), we obtain:

x( ) = Ax(1) + Ax(t — 1) +Ef(x,-(t))
B(g + Ap(£)Y a5 (x(1) = x,(8) + B(p + Ap(£)) g o(x,(1) — 2o (1)) (1)

JEN;

let v;(¢) = x(t) — xo(¢) and {,(¢) = x,(¢) — X,,(¢) be the consensus and estimation errors,
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respectively. Regarding (3), (7), and (11) one can achieve that

0,() =AU()+Av(f—f)+E(f( (1) = f(x(1))

+B(g + Ap(1))Y a4 (£)) + B9 + Ap(t))ay, o (v,(1) + {(2)
. S 12
L) =ALG() + ALt — 1) + E(f(x (1) — f(%0,(1))) + OC(v, (1) + (1)) -
+BK.Za9(t)1ij(Ci(t) - C](t))
where
O(x(t)) =
(f (x,(£) = flx,(8)"
(13)
(f e (1)) = F o (0)"
Y (x(t) =
(f(xo (1) = f (%1 (1))
(14)

(f(xo (1)) = f ()"
According to Kronecker product, the compact form of (12) is acquired as

o(t) = Iy @A) + (Iy ® A)v(t — 1) + (Iy @ E)D(x(¢))

+(Lyy ® Ble + Ap(t)))u(t) + () @ Blg + Agp(t)))v(t)

+(Ey) ® Blo + Ap(1)))L(1) (15)
() =y @A)+ (Iy ® A (t— 1) + (Iy ® E)¥(x(t))

+(Iy ® OC)v(t) + (Iy ® OC){(t) + (Ly, @ BK){(t)

Regarding Assumption (1), the matrix Ly, is symmetric. Hence, there exist an orthonormal
W such that Wi Ly Wy, = Ty = diag{y 1, Ay as - - - s Ay > in Which dg() ; are non-
negative real numbers.

Moreover, from £(t) = [e] (t)e T( )gf,(t)] = (Wj, ® I)v(t) and
&) = [E1 (&) ... & ()] = (W, » @ I,){(t), the consensus and estimation error systems

(15) can be written as
£(t) =y @Ae(t) + (Iy © A )e(t — 1) + (Wy, @ L) (Iy @ E)O(x(t))
+(Ty @ Blg + Ag(1)))£(t) + (W, E, t>W 0 © Blp + Ag(t)))e(t)
(Wi Eo Wy @ Blo + Ag(1)))<(1)
(1) = (Ly @A) + (Iy @ AE(E — 1) + (Wi, © ) (Iy © E)¥(x(t))
+(Iy ® OC)e(t) + (Iy @ OC)E(t) + (Ty,, @ BK)E(2)

(16)
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Consider the following LKF

V(t) =" (t)(Iy @ P)e(t) + &' (1) (Iy © Q)&(1)
+ [ _e"(0)(Iy ® R)e(0)d0 + [ ET(0)(I, ® S)&(0)do

The time derivative of V(¢) yields that

V(1)

€()(Iy ® P)e(t) + " (1) (Iy @ P)e(t) + (1) (Iy ® Q)E(1)

"(1)(1y ® QE(1) +€"(1)(Iy ® R)e(t) — €7 (t — 7)(Iy ® R)e(t — 1)

)Ty ® E(t) — &t — DIy @ S)e(t — 1)

' (t)(Iy ® (A"P + PA))e(1)

e"(1)(Ty,) @ (PB(g + Ag(1)) + (¢ + Ag(t)) 'B'P))e(1)

e (t)(W, .;(t) o Way ® (PB(9 + Ag(t)) + (¢ + Ag(t))"B"P))e(t)

26 (¢
(

+

< (
&

_l_

t

+

+ o+

) (Wi By Wy @ (PB(¢ + Ag(t))))<(t) 18)
)(Wi, @ PE)D(x(t)) + &' (£)(Iy @ (ATQ + QA))&(1)
Ty, ® (QBK + KTBTQ))&(t)
(Q®C +CTO'Q))E(t) + 2¢7(1)(Iy ® C"O'Q)E(1)
(W1, ® QE)¥(x(t)) + 26" (1) (I, ® PA )e(t — 1)
(

IN®QA) (t—1)

2e"(t
&(1)
(1)
+2£T(t
+2&7(

+

(
(Iy
)
t)

e'(t)
()

(Iy ® R)e(t) — &"(t — 1) (Iy ® R)e(t — 1)
(Iy ® &) = &'(t = DIy ® )e(t — 1)

Then, we further decompose (19) as

V(t) T(t)(I ® (ATP + PA))e(t) + &' (t)(Ty,) @ (PBp + ¢"B'P))e(t)

e7(t) (Wi Egpo ® (PBp + ¢"B"P))e(t)
sT(t)(W§ By ® (PBg))E(t)
+2eT () (W1, ®PE)(D( () + E"(t)(I, @ (ATQ + QA))E(1)

&)
&'(y)
+25T(t)( o ® QE)W(x(1)) + 27 (£)(Iy ® PA )e(t — 1) (19)
+2&" (1)1 ®QA) (t—1)
+e (1) Ly (PBA¢()+A¢T(t)BTP>)e(t)
+&7(t (Wf( = ® (PBAg(t) + Ag" (t)B"P))e(t)

+2e"(t)(W, E oy Wi ® (PBA@(t)))<(1)
+eT(t)<IN R)e () e’(t —1)(Iy ® R)e(t — 1)
+E (DI, ® S)E() = &' (1 — )Ty @ S)E(t — 1)

® (QBK + K'B'Q))&(t)

(T
(Iy (Q®C +CTOTQ)E(H) + 26" (1) Iy ® C"OQ)E(H)
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Based on the Lemma 1 and Lipschitz condition (2), and properties of the Kronecker prod-
uct, it can be deduced that

V(D)

< €"(t)(Iy ® (ATP + PA))e(t) +
+(1+6)e" ()((Wy, ® ") (Ey, ® L, )( s ® B'P)

+(Wyy ® PB)(Ey,) ® L) (Wy, @ 9))e(t)

+€,&7(t)(I ®PEETP) £(t) + e, y%e" (H)e(t)

E'(t)(Iy @ (ATQ + QA))&(1)

&'(1)(Ty, ® (QBK 4+ K"B"Q))&(t)

E()(I, ® (QOC + CTO'Q))&(t) + 2™ (1) (I, ® CTOTQ)&(1)
<+Q€T(0(I ® QEETQ)E(t) + (6,'7” + &' +¢,)E (H)E(t)
+26"(t)(I, ® PA,)e(t — 1)
+25T(t)( ® QA.)E(t — 1)

e'(t)(Iy, @ (PBAg(t) + Ap™(t)B'P))e(t)
+e" (1) ((Iy ®PBM>( s @ Ap(1))(Iy ® N)+
(Iy @ N')(Lyy @ Ag? ())( ® M"B'P))e(t)
+(1+€)e" (1) ((Wy, @ PBM)(Ey(,) ® Ag(t)) (W,
(Wi @ NT)(Eyy @ Ap™ (1)) (Wy, ®MTBTP))€( )
+e'(t)(Iy ® R)e(t) — e (t — 1)(Iy @ R)e(t — 1)
+E () (I @ )E() — &' (¢ — 1) (Iy ® S)E(t — 1)

' (t)(Ty) ® (PBp + ¢"B'P))e(t)

s @ N)+

In (20), we have an unknown parameter due to the existence of the parametric uncertain

matrix (norm-

bounded uncertainty in the gain of controller). To tackle this issue and achieve

an upper bound, and convert the problem and compute the gains in terms of LMIs for the sta-
bility analysis, we use Lemma 2. Moreover, by defining ¢ = B'P and K = B'Q, one can acquire:

v(t)

< e'(t)(Iy ® (AP + PA))e(t) + 2" (t)(Ty,, ® (PBB'P)e(t)
+(1 4 €;) (0" + ayu?)e” (1) (Iy ® PBB'P)e(t)
+e,e"(t)(Iy ® PEE"P)e(t) + €, 'y*e" ()e(t)

+1(1)(Iy ® (ATQ + QA))E(r)
+2¢"(1)(Tyy ® (QBBTQ))E(r)
& (1)(Iy ® (QOC + C'OQ))E(t) + 2" (1)(Iy ® C'O'Q)L(t)
+e2§ (£)(1y ® QEETQ)E() + (&7 + & + ) (1)E(1) (21)
+2e"(t)(Iy ® PA,)e(t — 1)
+28 (D) (Iy ® QA)E(t — 1)
+(oyt + (1 +¢,)o M )e" () (Iy ® PBMM'BTP)e(t)
(oA 4 (1 4 €,)o,1?)e™ (1) (Iy © NTN)e(t)
+eT(H) (I, ® R)e(t) — e™(t — 1) (I, @ R)e(t — 1)
+()(Iy @ &) — &'t = DIy @ S)E(t — 1)
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Therefore, considering (21), based on the definitions of the Kronecker product, and defini-
tion of A and y which are proposed in the Theorem 1, one can acquire the upper bound based
on the dynamics of consensus and estimation errors. Then, one can infer that

N
V() <> el(t)(A"P+PA+ (20 + (1 + ) (o' + oyu”) ) PBBP
i=1

+€,PEE'P + ¢,'y* I + R+ (o,' + (1 + ¢,)a; ') PBMM"B"P
(A" + (1 + €,)ot, ") NTN)e (£)
+&/ (1) (ATQ + QA + 20QBB"Q + QOC + C'"®"Q + ¢,QEETQ

22
(67" &'+ e+ 9)E(t) + 26/ (1(CTO'Q)E (1) -
+2e7(t)PAg,(t — 7) + 2] (1) QA& (t — 1)
+el (t— 1) (—R)g(t — 1) + & (t — 1) (=9)&(t — 1)
= 9! ()TIp,(1)
where ¢,(t) = [e! (1)¢] (el (t — 7)&] (¢ — 7)]" and
[11,, C'®'Q" PA, 0 ]
* I,, 0 QA
1T =
* * —R 0
L * * * -S|
(23)

I, =A"P4+PA+ (2h+ (1 +¢)(o;" + ayu®))PBB'P
+€,PEE"P + 'y I + R+ (05" + (1 + €)o7 ) PBMM'B'P
+(o,2* + (1 4 €,)o, u?)N'N

M,, =A"Q+QA+20.QBB"Q+ QOC+ C'"®'Q + ¢,QEE'Q

+e +et +e )+ S

Applying Schur Complement Lemma and using the change of variable Q® = X, the con-
straint IT < 0 is converted to the LMI (10).

Therefore, one can conclude that the followers in (1) asymptotically observe the leader (3)
via (7) and the NMAS achieves the LF consensus by employing the protocol (8). Therefore, the
proof is completed.

Remark 2. Although a distributed controller and observer under any arbitrary switching sig-
nals, determining the active communication graph topology, is designed in this paper, the pro-
posed protocols can apply to the system under a switching signal satisfying the specific dwell-time.

Remark 3. Since the robustness of the proposed controller is investigated, the consensus proto-
col (8) can be used in many practical operations when the actuator of every agent i suffers from
the attack. Therefore, the strategy of this paper can study resilient consensus of NMASs under
actuator attacks.
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H, Leader-following consensus

Sufficient conditions in terms of LMI are achieved for extending the LF consensus protocol (8)
to ensure the H,, disturbance attenuation level.

Theorem 2. Consider the network of agents (1) and (3) with time-delay, utilizing DSO
scheme of (7) and the control policy (8) under switching graphs og,. For given positive scalars €
: €4, O : O3, 3, suppose that symmetric matrices P> 0, Q > 0, R > 0, S > 0, and matrix X with
suitable dimensions can be found such that

Q, CX" PA, 0 /Y,PB JGPE \/Y,PBM 0 0 PW
£ Q, 0 QA 0 0 0 V2LQB V20LQE 0
* * —-R 0 0 0 0 0 0 0
* * * =S 0 0 0 0 0 0
* * * * -1 0 0 0 0 0
* * * * * -1 0 0 0 0
* * * * * * -1 0 0 0
* * * * * * * —I 0 0
* * * * * * * * —I 0
| x * * * * * * * * —p1

<0

Q,, =A"P+PA+ (7' + DI + R+ (a,)* + (1 +¢,)o,, fi?)N'N
Q,,=ATQ+ QA+ XC+C' X"+ (6" + ¢ + 6, ) +S (24)
Yr=20+ (1 +e)(o" + o), Yo =0,"+ (14€)o!

Then, the followers observe the leader (3) and the NMAS achieves the guaranteed-performance
H.,, LF consensus. Moreover the feedback gain of the control policy (8) is achieved as ¢ = B'P
and the DSO gains in (7) are computed via K = B'Qand®=Q' X.

Proof. Denoting d(t) = [dI (t)d} () ... dL(t)] " and considering d(t) # 0, the term (Iy ® W)
d(t) will be added to 0(¢) dynamics in (15). Now, using Lemma 1, inequality (21) is satisfied if
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the following inequality holds

V(1)

< £"(t)(Iy ® (AP + PA))e(t) + 27 (t)(T,,,, ® (PBB"P)e(t)
+(1 + &) (0" + agu®)e™ (¢)(I, @ PBB"P)e(t)
+6,7(t)(Iy ® PEE"P)e(t) + €, '9%€" (t)e(t)
+E(D)(Iy © (ATQ+ QA)
+2&"(1)(T (1) ® (QBB"Q)
(1)1, ® (QOC + CTO'Q
+626T( t)(Iy ® QEETQ)&(t) +
+2e7(£)(I, @ PA.)e(t
+2¢7 (1) (Iy ® QA,)E(t —
(" + (14 ¢,)o e (£) (I, © PBMMTBTP)e(t)
(o) 4 (1 + €)o 12)e" (1) (Iy @ N'N)e(1)
+eT(H) (I, ® R)e(t) — €™(t — 1) (I, @ R)e(t — 1)
+E (I @ 8)E() = & (¢ — 1) (Iy @ S)E(t — 1)
+eT(t)(Iy ® pPWWTP)e(t) + *d"(t)d(t)

)E(t
)E(t
VE(E) + 27 (1) (I, @ CTOTQ)E(t)

)
)
Q)
(67 + &' +e)E (D)

~— —

-7

T

—~ —

Concerning the H,, performance of the analogous consensus error system (15), J =

o

— B*d"(t)d(t))dt is designated as a cost function, and using nonsingular trans-

formatlon one can get that

J = [ (& e(t) -

prd' (H)d(1)dt (26)

Regarding (25) and considering zero initial condition, it can be acquired that

J

— BT (t)d(t) + V(¢))dt — V(oo
— BT (t)d(t) + V(1))dt

Iy ("(0)e(t)
< J, (€ (D=(r)

N 00
< Z/ (e (t)(A"P+ PA+ (20 + (1 + €;) (2" + o,1°) ) PBB"P
i=1 /0

) +V(0)

+6,PEE"P + (6;'y* + 1) + R+ (o' + (1 + €,)o; ' )PBMM"B"P
(0,A> + (1 + €,)o, 12 )NTN + B 2PWWTP)g,(t)

+&/ (1) (ATQ+ QA + 20QBB"Q + QOC + C"®"Q + ¢,QEE'Q
He'y + et + eI+ S)E (1) + 26 (H)(CTOTQ)E (1)

+2e] ()PA.g,(t — 7) + 25/ ()QA L (t — 1)

+el (t — 1) (—R)g;(t — 1) + & (t — )(=S)&,(t — 7))dt

=3 [ gromema
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where

(Y, C'@'Q" PA, 0

| * * * =S | (28)

Y,, =A"P+PA+ (2h+ (14 ¢)(x;" + o,u”))PBB'P
+€,PEE'P + (e;'9* + 1)I + R+ (o, + (1 +€,)o;; ') PBMM"B"P
+(o, A 4 (1 + €,)o, (i )NTN + B °PWW'P

Y,, =ATQ+ QA+ 2LQBB'Q+ QOC + C"®'Q + ¢,QEE"Q
+&g' + e +6)I+S

Applying Schur Complement Lemma and based on the change of variable QO = X, the con-
straint Y < 0 can be converted to the equivalent form of LMI (24) which implies that

T = [ (t)u(t) — pAd"(t)d(t))dt < 0 (29)

From (29), it is obvious that ||v(#)|| < B||d(#)|| holds for any d(t) # 0, in which
d(t) €, [O, +00); R™. Therefore, the followers in (1) observe the leader (3) via (7) and the
NMAS achieves the ensured-performance H,, LF consensus by employing (8). This completes
the proof.

Remark 4. The parameter £ is related to the cost function (26) and we try to reduce it in
order to reduce the effect of external disturbances on the consensus error dynamics. Moreover,
there is no restriction in the choice of ¢, since they can enable us to tackle the feasibility of the
problem/LMIs.

Simulations

In this section, a numerical study is simulated to assess the suggested strategy.

Consider the network of NMAS incorporating one leader and 5 followers. The interaction
graph is depicted in Fig 3 and the switching signal 9(¢) that determines the active graph topol-
ogy is demonstrated in Fig 4.

Although the spanning tree is not included in each graph 0,(1 = 1, 2, .. ., £), it exists in the

union & = |J'_, ¢,. In addition, the weight edges is considered to be 1. The system parameters

PLOS ONE | https://doi.org/10.1371/journal.pone.0263017  April 28, 2022 13/23


https://doi.org/10.1371/journal.pone.0263017

PLOS ONE

H,.-based control of multi-agent systems

®
G

3

Fig 3. Switching topologies of the graphs.

G
®

2@
©

https://doi.org/10.1371/journal.pone.0263017.9003

are given as

[0 1 0 0.2 0.1 0 0.06 0.01 0.02
A =[-3 -2 1 ]|,A,=(-01 02 02 [,A,=1]0.01 0.02 0.06
L 0 0 -1 02 01 -0.2 0.05 0.02 0.02
1 0 0 0 1.6 0.3 0.8
E ={({0 1 0|,B=1]01|,W=1]01 05 1
L0 0 1 0 0.7 04 02 (30)
_ 0 0 -
fx(1) = 0 S (% (8)) = 0
| —0.333sin(x;(t)) —0.333sin(x,(t)) _
- 2
C =1[06 08 05],C, =[001 002 0.01],d(t)=| sin(t)
L e~% sin(2t)
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5 T

\
—— Switching signal

al- _

0 2 4 6 Tlme(s) 10 12 14 16

Fig 4. Switching signal of the simulations.
https://doi.org/10.1371/journal.pone.0263017.9004

In addition, () : N(0,0.061,, ) and v,(¢) : N'(0,0.04L,,,). The time-delay is selected as 7
=200(ms), and one can achieve that A = 3, y = 1. It is to be noted that the Lipschitz constant
and design parameters are prescribed as ¢ = 0.333, o1 = 0.6, o, = 0.7, 013 = 0.5, €; = 6, €, = 0.1,
and €3 = €, = 2.

The first aim is to validate distributed observer (7) and controller (8) in the case of d,(t) = 0.
By solving the LMI of Theorem 1, one gets the feasible solution of LMI (10) as

[ 0.2610  —0.0236 —0.0012 [2.0229 —1.7578 0.0377

P =|-00236 05893 —00745|, Q= |-1.7578 5.7965 0.8021
| —0.0012 —0.0745  0.5326 | 0.0377  0.8021  3.6408
[ 4.3030 —2.5023 1.2936 [ 1.3956 —0.0789 0.1137

R = |-25023 65657 0.1353|, S= |—00780 3.5217 —0.2872 | (31)
| 1.2936  0.1353  4.4340 | 0.1137  —0.2872  2.9247
[—1.6848

X = |-13161
| —1.0911

The parameters involved in the controller gain A¢(t) in (9), considered as parametric
uncertainty, are selected as M = 0.2, N = [0.2 0.1 —0.2]. Regarding Theorem 1, the observer and
controller gains applied in (7) and (8) are computed as follows

¢=B'P =[—0.0024 0.0589 —0.0075]
K=B'Q =[-0.1758 0.5796 0.0802]

—1.3708 (32)
©=Q'X =|-06222

—0.1484

During the simulations, the time-varying gain perturbations of the consensus (8) is chosen
as Ag(t) = 0.5cos(t). The errors of the consensus are depicted in Figs 5-7 while Figs 8-10 dem-
onstrate the errors of the estimations of the leader’s states. Figs 5-7 exhibit the convergence of
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Fig 5. The first consensus errors of the agents.
https://doi.org/10.1371/journal.pone.0263017.9005
3 \ I 1
—— Agent; Agent, Agents Agent, Agent;
=
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6 8 10 12
Time(s)

Fig 6. The second consensus errors of the agents.

https://doi.org/10.1371/journal.pone.0263017.g006

the states of followers to the corresponding leader by applying the consensus protocol (8). It is
observed from Figs 8-10 that utilizing the DSO (7), the estimates of the leader’s states asymp-
totically track the leaders states under the influences of time-delay and switching topology.

The value of time-delay in this example is due to the feasibility of LMIs. For the practical
example, the value of time-delay is adjusted based on the physical structure of the model. It
should be noted that for a given time-delay the free parameters are obtained such that the
LMIs to be satisfied.

For the second objective, it is considered to authenticate the results of the Theorem 2 to
study the H., LF consensus problem. Let § = 0.5, then solving LMI (24) leads to the gains of

1.5 T T T T
—— Agent, Agenty Agents Agenty Agents
1 |
05 |
I
&
0.5 _
| _
1.8 I ! I I !
0 2 4 6 8 10 12
Time(s)

Fig 7. The third consensus errors of the agents.

https://doi.org/10.1371/journal.pone.0263017.9007
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3+ .|
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0 2 4 Time(s) 8 10 12
Fig 8. The first estimation errors.
https://doi.org/10.1371/journal.pone.0263017.9008
T | T T
L —— Agent; —— Agenty Agent; —— Agent, Agents | |

§ZZ(t)
I I T O

0 2 4 6 8 10 12
Time(s)
Fig 9. The second estimation errors.
https://doi.org/10.1371/journal.pone.0263017.g009
DSO (7) and controller (7) as follows
¢ =B'P =[-0.0080 0.0635 —0.0096]
K=B"Q =[-0.1780 0.8793 0.1427]
—3.3560 (33)
®=Q'X =|-1.1479
—0.2087

Applying the distributed consensus protocol (8) and DSO (7) to the system in the presence
of exogenous disturbances gives rise to appropriate consensus and estimation errors. Figs 11-

\ T
Agent; —— Agent,

|
i ‘ —— Agent; —— Agenty Agent; ‘
g ﬁ
wr
-1 -
-2 —
3 | | | 1 |
0 2 4 6 8 10 12
Time(s)
Fig 10. The third estimation errors.
https://doi.org/10.1371/journal.pone.0263017.g010
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Fig 11. The first consensus errors of the agents in the presence of external disturbance.

https://doi.org/10.1371/journal.pone.0263017.g011

T \
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Time(s)

Fig 12. The second consensus errors of the agents in the presence of external disturbance.

https://doi.org/10.1371/journal.pone.0263017.9012

13 indicates the errors of the consensus while Figs 14-16 illustrate the errors of the estimations
of the leader’s states in the presence of external disturbance. From Figs 11-13, one can perceive
that trajectories of followers well converge by applying the consensus protocol (8). Figs 14-16
reveal that employing the suggested observer (7) leads to a well estimation under the influences
of time-delay, external disturbance, and switching graph topology.

To better show the leader’s states estimation accuracy and also consensus performance, a
comparison with similar approaches are provided. The values of root-mean-square-errors for
SMC [41], L2-L, [42] and proposed approach are given in Table 1. The results of Table 1,
clearly show the superiority of the designed approach.

Remark 5. The results in Figs 3-16, show that the suggested controller well handles the
time-varying gain perturbations, and the designed observer well estimates the leader’s states.

15 :

T \ \
‘ —— Agent; —— Agenty Agent; —— Agent,

Agents ‘ )

€3 (t)

A5 1 1 1 I I
0 2 4 6 8 10 12

Time(s)
Fig 13. The third consensus errors of the agents in the presence of external disturbance.

https://doi.org/10.1371/journal.pone.0263017.9013
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Fig 14. The first estimation errors of the DSO of agents under external disturbance.
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Fig 15. The second estimation errors of the DSO of agents under external disturbance.

https://doi.org/10.1371/journal.pone.0263017.9015

In addition to perturbations, it is seen that the effect of time-delay and switching topology is
well tackled. Furthermore, the effects of external disturbances are handled by the designed
H,-based scheme. It is demonstrated that the suggested consensus scenario, is good effective
in the presence of external disturbance and other perturbations such as time-delay and switch-
ing topology. A suitable and desired convergence to zero level is seen in the error trajectories.
Remark 6. It should be noted that the distributed observer is designed to estimate the lead-
er’s states, and based on the estimation, the distributed controller is applied to the system to
solve the consensus problem. Therefore, the role of the observer with stability analysis of the
estimation error (error between the states of the leader and its estimations) is analyzed. To this

3 1
| —— Agent;

\ T
Agent, Agents Agent,

Agent; ‘7

&i(t)

3 I | | | I

6
Time(s)
Fig 16. The third estimation errors of the DSO of agents under external disturbance.

https://doi.org/10.1371/journal.pone.0263017.9016
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Table 1. Comparisons of RMSEs.

Error Proposed SMC [41] L2-L [42]
€11 0.4748 0.8701 0.4801
£12 0.3075 0.5407 0.4504
£13 0.2250 0.2147 0.6327
E14 0.4133 0.7414 0.5447
£15 0.4261 0.5784 0.6014

https://doi.org/10.1371/journal.pone.0263017.t001

end, Lyapunov-Krasovskii functional approach is considered and it is guaranteed that the
error converges to the origin.

Remark 7. It is worth recalling that the most important practical restrictions such as time-
delay, external disturbances, time-varying gain perturbations and switching topologies, have
been considered in the control design. Then, the suggested approach can be easily used in real-
world applications. For our future studies, the designed approach will be applied to a group of
searching robots.

Conclusion

In this paper, a DSO is presented to estimate the leader states in a class of nonlinear MASs.
Also, the switching graph topologies are investigated. Designing a distributed controller, the
LF consensus problem under the influences of time-delay in leader’s and followers’ states is
studied. Thanks to an appropriate LKF along with algebraic graph theory, sufficient conditions
in terms of LMI are acquired and solved to ensure the stability of the suggested distributed
observer and controller. The robustness of the proposed distributed control protocol against
gain perturbations is ensured. Furthermore, considering a prescribed H, disturbance attenua-
tion level, a robust H., distributed control policy is extended to preserve the robust perfor-
mance of the system against external disturbances. The feasibility of the LMI constraints and
efficiency of the proposed distributed algorithm are admitted and demonstrated through sim-
ulation results. It should be noted that the choice of design parameters is still a challenging
problem. For future studies, modern techniques such as neuro-fuzzy approaches can be devel-
oped for better tuning of these design parameters.
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