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P H Y S I C S

Temporal teleportation with pseudo-density operators: 
How dynamics emerges from temporal entanglement
Chiara Marletto1,2,3*, Vlatko Vedral1,2,3,4, Salvatore Virzì5, Alessio Avella5, Fabrizio Piacentini5, 
Marco Gramegna5, Ivo Pietro Degiovanni5,6, Marco Genovese5,6

We show that, by using temporal quantum correlations as expressed by pseudo-density operators (PDOs), it is 
possible to recover formally the standard quantum dynamical evolution as a sequence of teleportations in time. 
We demonstrate that any completely positive evolution can be formally reconstructed by teleportation with 
different temporally correlated states. This provides a different interpretation of maximally correlated PDOs, as 
resources to induce quantum time evolution. Furthermore, we note that the possibility of this protocol stems from 
the strict formal correspondence between spatial and temporal entanglement in quantum theory. We proceed to 
demonstrate experimentally this correspondence, by showing a multipartite violation of generalized temporal 
and spatial Bell inequalities and verifying agreement with theoretical predictions to a high degree of accuracy, in 
high-quality photon qubits.

INTRODUCTION
Pseudo-density operators (PDOs) were introduced in (1) to express 
quantum spatial and temporal correlations on an equal footing. In 
usual quantum theory, quantum states, represented as density oper-
ators, are given at a fixed time and then evolved in time through some 
completely positive (CP) map (2). This is at odds with relativity, where 
the line of simultaneity is observer-dependent: It therefore represents 
a problem that hinders quantization of general relativity (3). The 
PDO formulation seeks to rectify this by representing statistics from 
events with a unique mathematical object, the PDO, irrespective of 
whether the events are space-like, time-like, or light-like. Applica-
tions of this powerful logic recently led to an experimental simulation 
to show that the PDO may be a fruitful mode of description even 
when it comes to esoteric space-times such as the ones that contain 
open and closed time–like loops (4) or black hole horizon (5). The 
interested reader is referred to the articles in (6, 7) for the most up-
to-date results on the PDO formalism [see also (8–11) for different 
approaches to temporal quantum correlations].

Given that PDOs encode both spatial and temporal correlations, 
a natural question arises: How can quantum dynamics be phrased 
within such a formulation? As far as this question goes, the state of 
the art is to assume that the PDO provides a completely static pic-
ture of the universe (6, 7). Similarly to the relativistic block universe 
picture, where all the events are laid out in space-time, there is little 
place for dynamics here: All that matters are space-time relationships 
between events, which are all encoded in the PDO (12). To make 
progress, here, we introduce a formal procedure to obtain quantum 
dynamics from the PDO description, by generalizing the procedure 
of quantum teleportation to the time domain. In our approach, the 
temporal correlations of PDOs can be used as a resource to map any 
state of a qubit to any other, effectively “teleporting” it from one 
time instant to the next, just like spatial entanglement can be used 

in entanglement-based quantum computing to teleport any quantum 
state from any spatial location to any another. Quantum dynamics 
is formally recovered as a sequence of teleportations in time, given 
a particular PDO, used as a resource. Note that the teleportation in 
time cannot be physically realized as we imagine it with PDOs, 
because it would require us to have a projective measurement onto 
states that are not necessarily positive. Rather, it can be interpreted 
as a primitive, novel conceptual tool, from which dynamics can be 
derived. Here, we further note that the possibility of this formal 
analogy between spatial and temporal teleportation is based on 
the perfect correspondence between spatial and temporal quantum 
correlations, which is a fundamental principle of quantum theory. 
We lastly experimentally demonstrate this formal correspondence by 
violating spatial and temporal generalized Clauser-Horne-Shimony-Holt 
(CHSH) inequalities, showing their agreement with the theoretical 
predictions to a high degree of accuracy.

We believe that our reformulation of quantum dynamics in 
terms of PDOs may be relevant from the relativistic perspective too. 
Quantum field theory has provided a remarkably successful union 
of quantum physics and special relativity; however, it is fraught with 
difficulties. Quantum fields are plagued by various divergences, but 
it is still a matter of debate whether they are able to describe gravity 
within the same unified framework. One might speculate that this is 
because space and time are treated as background parameters in 
quantum field theory, whereas the quantum nature of general rela-
tivity might require us to quantize space-time itself (whatever this 
might mean). It is possible that this would also result in our need to 
reformulate the core notion of relativity, namely, that of causality. 
Could it be that, at some microscopic scale, the distinction between 
space-like, time-like, and null events evaporates and becomes fuzzy 
through the application of the quantum superposition principle? 
PDOs would in that case offer us a way out, since they are a unified 
way of talking about correlations irrespectively of their origin and 
of whether or not they represent causation, as explained in (1). The 
notion of causation is encoded in a PDO in the following way: 
When a PDO has a negative eigenvalue, that means that time-like 
events must have contributed to the statistics, because the same system 
measured repeatedly must conform to the quantum complementarity 
relations. However, if the PDO is positive, then no definitive 
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conclusion can be reached, since this could be both because of space-
like and time-like separated measurements. In that sense, the nega-
tivity is a witness of causality, so causation is a special case of the 
general correlations expressible within the PDO formalism.

Teleportation in time as a formal procedure to  
recover quantum dynamics
The logic of deriving dynamics from a given PDO can be illustrated 
with a simple example, proceeding in perfect analogy with spatial 
teleportation. To that end, one needs to introduce a set of temporally 
maximally correlated pseudo-density matrices, in analogy with the 
Bell basis, as follows.

First, let us summarize the principles of the PDO formalism. 
Suppose a single qubit, initially in a maximally mixed state, is then 
measured at two different times (time a and time b). Each measure-
ment is performed in all three complementary bases X, Y, and Z 
(represented by the usual Pauli operators). The evolution is trivial 
between the two measurements, i.e., the identity operator. Suppose 
now that we would like to write the statistics of the measurement 
outcomes in the form of an operator, generalizing the quantum 
density operator. Because the state describing these statistics, as we 
shall see, is Hermitian and unit trace, but not positive, we refer to it 
as a “pseudo-density operator” (1).

The state can be represented in the following way

	​​  1 ─ 4 ​ { I + ​X​ a​​ ​X​ b​​ + ​Y​ a​​ ​Y​ b​​ + ​Z​ a​​ ​Z​ b​​} ​	 (1)

where a and b are two distinct subsystem, associated each to a 1-qubit 
Hilbert space, and represent two different times. This operator looks 
very much like the density operator describing a singlet state of two 
qubits; however, the correlations all have a positive sign (whereas for 
the singlet state, they are all negative, 〈XaXb〉 = 〈YaYb〉 = 〈ZaZb〉 = − 1). 
This is a consequence of the fact that it is not a density matrix be-
cause it is not positive (i.e., it has one negative eigenvalue). We can 
however trace label b out and obtain one marginal, i.e., the “reduced” 
state of subsystem a. This itself is a valid density matrix (corre-
sponding to the maximally mixed state I/2), likewise for the sub-
system b. Therefore, the marginals of this generalized operator are 
actually both perfectly allowed physical states (just like for a maxi-
mally entangled state of two qubits), but the overall state is not 
(unlike the maximally entangled state of two qubits).

The simple reason why an operator describing temporal correla-
tions cannot always be written as a density matrix is that the out-
comes of measurements performed consecutively in the same basis 
are always perfectly correlated. That means that we would have the 
correlation signature of the kind: 〈XaXb〉 = 〈YaYb〉 = 〈ZaZb〉 = 1. 
However, as we said, there is no allowed density matrix with this 
signature of correlations: This violates one of the principles of quantum 
mechanics because it would require the observables XaXb, YaYb, and 
ZaZb all to be simultaneously correlated [which is forbidden by com-
plete positivity of the density operator (1)]. Therefore in a PDO, 
although different instances in time can be treated as different sub-
systems, the price to pay is that the resulting overall state can have 
negative eigenvalues [which, therefore, could not be interpreted as 
probabilities, at least if we think of probabilities either as representing 
frequencies or degrees of belief. They can also be interpreted as nega-
tive probabilities, as already envisaged by Feynman (13)]. There is a 
set of four maximally correlated PDOs (6), which can be considered 
as a temporal equivalent of the Bell basis

	​​ R​ab​ (1)​  = ​  1 ─ 4 ​ { I + ​X​ a​​ ​X​ b​​ + ​Y​ a​​ ​Y​ b​​ + ​Z​ a​​ ​Z​ b​​}​	 (2)

	​​ R​ab​ (2)​  = ​  1 ─ 4 ​ { I + ​X​ a​​ ​X​ b​​ − ​Y​ a​​ ​Y​ b​​ − ​Z​ a​​ ​Z​ b​​}​	 (3)

	​​ R​ab​ (3)​  = ​  1 ─ 4 ​ { I − ​X​ a​​ ​X​ b​​ + ​Y​ a​​ ​Y​ b​​ − ​Z​ a​​ ​Z​ b​​}​	 (4)

	​​ R​ab​ (4)​  = ​  1 ─ 4 ​ { I − ​X​ a​​ ​X​ b​​ − ​Y​ a​​ ​Y​ b​​ + ​Z​ a​​ ​Z​ b​​}​	 (5)

These PDOs are “orthogonal” in the sense that ​Tr { ​R​ab​ ()​ ​R​ab​ ()​} = ​​ ​​​. 
We shall now use them to reproduce the teleportation protocol in 
the time domain. Here, we will be using these states purely as prim-
itive computational tools to generate the dynamics. As far as their 
physical meaning is concerned, it is possible to conjecture that these 
states describe states of physical qubits that undergo a dynamical 
evolution, which is possible in chronology-violating regions of 
space-time, involving open time-like curves, as we outlined in (4). 
This conjecture, although speculative, is motivated by the idea that 
a qubit and its replica in the open time–like curve exhibit super-
quantum correlations of the kind represented by these four states. 
Whether these four configurations are distinguishable in the stan-
dard quantum theory sense is an open question, which goes beyond 
the scope of this paper.

RESULTS
We proceed to demonstrate how the general temporal evolution of 
a qubit from one state (at time ta) to another (at time tb), given by 
some map (), can be formally represented as teleportation in time, 
using (say) a maximally correlated PDO as a resource. We will need 
three subsystems, labeled as ta, A, and tb; the intermediary sub-
system A is an ancilla qubit that, in analogy with spatial teleporta-
tion, is formally needed to aid the temporal teleportation from ta to 
tb. First, imagine that  is the identity channel and that the initial 
state of the qubit (to be evolving in time) is ta = 1/2(Ita + rxXta + 
ryYta + rzZta). Then, we note the following formal identity

	​​
​Tr​ ​t​ a​​A​​((​R​​t​ a​​A​ (1) ​ ⊗ ​I​ ​t​ b​​​​ ) (​​ ​t​ a​​​​ ⊗ ​R​​At​ b​​​ 

(1) ​ ) ) = ​​ ​t​ b​​​​ =​   
= 1 / 2(​I​ ​t​ b​​​​ + ​r​ x​​ ​X​ ​t​ b​​​​ + ​r​ y​​ ​Y​ ​t​ b​​​​ + ​r​ z​​ ​Z​ ​t​ b​​​​) 

  ​​	 (6)

This identity is formally equivalent to that underlying standard 
teleportation; in this case, it is to be interpreted as teleportation in 
time from instant ta to instant tb, which describes the evolution of a 
qubit from a state ta (at time ta) to the state tb = (ta) (at time tb). 
The maximally temporally correlated PDO ​​R​A​t​ b​​​ 

(1) ​​ is necessary to 
achieve teleportation, just like a Bell pair is needed in the spatial case. 
The subsystems ta and A are now formally “projected” onto the 
temporally maximally correlated PDO ​​R​​t​ a​​A​ (1) ​​ (the formal temporal 
equivalent of a Bell measurement). The outcome of this projection 
is the density matrix tb at instant tb. Therefore, this procedure re-
covers formally the dynamical evolution where a qubit has evolved 
through time from the instant ta to the instant tb under the identity.

In analogy with the spatial case, one can also wonder about tele-
portation deploying projections on one of the other three maximally 
correlated PDOs. We recall that, in the standard teleportation pro-
tocol, Alice performs a projective measurement on two qubits in the 
Bell basis. There are four possible outcomes, each of which requires 
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Bob to perform a different operation on his qubit to obtain the orig-
inal state of Alice’s. The maximally entangled temporal states are not 
physical states, as they are not positive operators. Therefore, in this 
context, the projection onto one of them must be intended exclu-
sively as a formal procedure that does not have a physical implemen-
tation. For example, if we were to project on ​​R​​t​ a​​A​ (2) ​​, we would obtain

	​​
​Tr​ ​t​ a​​A​​(​R​​t​ a​​A​ (2) ​ ⊗ ​I​ ​t​ b​​​​ ) (​​ ​t​ a​​​​ ⊗ ​R​ ​At​ b​​​​ ) = ​U​ x​​ ​​ ​t​ b​​​​ ​U​x​ −1​ =

​    
= 1 / 2(​I​ ​t​ b​​​​ + ​r​ x​​ ​X​ ​t​ b​​​​ − ​r​ y​​ ​Y​ ​t​ b​​​​ − ​r​ z​​ ​Z​ ​t​ b​​​​)

  ​​	 (7)

where Ux is a rotation about the x axis and so on. Therefore, one can 
interpret projections on different PDOs within the basis ​​R​ab​ ()​​ as 
corresponding to the same dynamical evolution, up to a local rota-
tion on the original qubit.

What about a more general dynamics? Without loss of generality, 
we can assume that the density matrix has evolved in the way that 
the Bloch components (rx, ry, rz) have changed into (xrx, yry, zrz), 
where, because of the restriction of the complete positivity of the 
evolution, we have ∣1 ± z∣≥∣x ± y∣. To achieve this evolution, 
we need a PDO of the form

	​​ R​ A​t​ b​​​​  = ​  1 ─ 4 ​ { I + ​η​ x​​ ​X​ A​​ ​X​ ​t​ b​​​​ + ​η​ y​​ ​Y​ A​​ ​Y​ ​t​ b​​​​ + ​η​ z​​ ​Z​ A​​ ​Z​ ​t​ b​​​​}​	 (8)

This is again in direct analogy with spatial teleportation, where, 
if a nonmaximally entangled channel is used, the teleported state 
would be related to the original one by a CP map reflecting the non-
maximality of the channel (14). This procedure recovers the most 
general evolution of a quantum system (a CP map). Fixing the PDO 
selects which particular map is implemented, just like fixing the 
Hamiltonian (or the Lindblad operators for open system dynamics) 
fixes the dynamics in the standard Schrödinger equation (or mas-
ter equation for open systems).

Therefore, any two-time qubit evolution in time can be formally 
represented by a teleportation through a suitably chosen PDO that 
involves three subsystems, as explained. This implies that a two-time 
dynamical evolution for any system of any dimension can be thus 
reconstructed, as we can always approximate it arbitrarily well with a 
sufficient number of qubits, by universality (15). It is straightforward 
to extend the procedure to n times, having demonstrated it for two 
times. Given that the teleportation has occurred between time tn − 1 
and tn, it is sufficient to run the same protocol once more, with a 
new resource PDO RAtn + 1.

Correspondence between spatial and temporal  
quantum correlations
The possibility of formally representing dynamics as teleportation 
in time arises from the formal correspondence between temporal 
and spatial correlations in quantum mechanics. We would like now 
to express this correspondence formally by considering the general-
ized Bell-type inequalities in space and time.

Incidentally, in literature, Leggett-Garg inequalities (8) have 
sometimes been dubbed “temporal Bell inequalities”. Nonetheless, 
they have been built for a rather different purpose with respect to 
“traditional” Bell inequalities (16), i.e., for studying macroscopic 
coherence by testing two general assumptions: macroscopic realism 
and noninvasive measurability at the macroscopic level. Their exper-
imental investigation has been conducted also with photons (17–19) 
but always addressing the former assumptions. For the purpose of 

this work, instead, we first generalize genuine Bell-type inequalities 
to the temporal domain (9).

In particular, consider the case of multiparameter CHSH spatial 
inequalities—where, in a bipartite system, Alice and Bob can 
each choose one of n possible measurement settings (i.e., Boolean 
observables) A1, A3, …, A2n − 1, and B2, B4, …, B2n. We define the 
spatial correlation function

	​​ ​S​​ (S)​(n ) = ​C​​ S​(​A​ 1​​, ​B​ 2​​ ) + ​C​​ S​(​B​ 2​​, ​A​ 3​​ ) + …​   
+ ​C​​ S​(​A​ 2n−1​​, ​B​ 2n​​ ) − ​C​​ S​(​B​ 2n​​, ​A​ 1​​)

  ​​	 (9)

where CS(A, B) is the spatial correlation function between two 
measurement settings A and B, chosen as described above.

The multiparameter CHSH inequality can be written as

	​​ S​​ (S)​(n ) ≤  (2n − 2) ​	 (10)

In quantum theory, the above inequality is violated; as n → ∞, 
for suitably entangled states, the above quantity can be made arbi-
trarily close to 2n (16, 20). The violation of this generalized inequality 
has been recently demonstrated by highly accurate experiments with 
photons (21).

For the temporal case, one can define an analogous temporal 
correlation function by considering the observables Ai and Bi as de-
scribing two sets of n possible settings, one for each of the two mea-
surements executed in sequence on the same qubit

	​​ ​S​​ (T )​(n ) = ​C​​ T​(​A​ 1​​, ​B​ 2​​ ) + ​C​​ T​(​B​ 2​​, ​A​ 3​​ ) + …​   
+ ​C​​ T​(​A​ 2n−1​​, ​B​ 2n​​ ) − ​C​​ T​(​B​ 2n​​, ​A​ 1​​)

  ​​	 (11)

where, this time, CT(A, B) is the temporal correlation function be-
tween outcomes of observables A and B each measured at two times.

The generalized CHSH inequality in time can be written as

	​​ S​​ (T )​(n ) ≤  (2n − 2) ​	 (12)

with a perfect formal parallel with the spatial case. One can show 
that the above inequality is violated in quantum mechanics. This 
follows from the fact that the two-point temporal correlation func-
tion has the same expression as the spatial two-point correlation 
when computed for maximally entangled states (9). We can express 
this with the PDO formalism. We define the temporal average of 
two observables A (measured at time ta) and B (measured at time tb) 
as 〈〈A, B〉〉 ≡ Tr((A ⊗ B)Rab), where Rab is the relevant PDO as de-
fined above. As n increases, ​​∑ i=1​ n  ​​ 〈〈 ​A​ 2i−1​​, ​B​ 2i​​ 〉〉 − 〈〈 ​B​ 2n​​, ​A​ 1​​ 〉〉​ can be 
made arbitrarily close to 2n. Note that one could argue that this fact 
is not so unexpected because it expresses the well-known fact that 
measurements cause irreducible perturbations on the quantum state; 
however, what is interesting is that the way the inequalities are vio-
lated by quantum theory is the same in space and time.

This notable correspondence between the CHSH violation in space 
and time is the key to explain why quantum correlations in space 
and time can be used to achieve, respectively, spatial and temporal 
teleportation. The former is a well-defined physical protocol, and the 
latter is a formal construction that allows one to reinterpret quan-
tum dynamics as emerging from a timeless PDO. As experimental 
demonstration of this correspondence, we shall now test the temporal 
and spatial CHSH inequality violations in photonic systems.
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The experiment
For our experimental demonstration, we exploit the setup shown in 
Fig. 1, with which we produce the singlet state ​∣​​ −​​⟩= ​ 1 _ 

​√ 
_

 2 ​
​(∣HV⟩ − ∣VH⟩)​ 

(being H and V the horizontal and vertical polarization components, 
respectively) by exploiting degenerate type II spontaneous parametric 
down-conversion (SPDC); see Materials and Methods for details.

The results of our experiment are reported in Fig. 2. In addition 
to the temporal (T ) and spatial (S) multiparameter CHSH inequal-
ities, we evaluate a third set of inequalities in a sort of “hybrid” do-
main (H), i.e., considering half of the measurements belonging to 
the temporal domain and half to the spatial one

	​​ ​S​​ (ℋ)​(n ) = ​C​​ T​(​A​ 1​​, ​B​ 2​​ ) + … + ​C​​ T​(​B​ n​​, ​A​ n+1​​ ) +​   
+ ​C​​ S​(​A​ n+1​​, ​B​ n+2​​ ) + … − ​C​​ S​(​B​ 2n​​, ​A​ 1​​)

  ​​	 (13)

Figure 2 shows the violations of the classical bound S(l)(n) = 
S(l)(n) − (2n − 2) obtained for the three cases (l = S, T , H). For each 
case, together with the experimental results (dots, with the bars ac-
counting for statistical uncertainties), the expected theoretical behavior 

(solid curve) is reported. While, for the temporal domain, we con-
sider perfect correlation among measurements, for the spatial one 
we have to deal with the imperfections of the generated entangled 
state, inevitably degrading the correlations: For this reason, the 
theoretical curves were evaluated considering the estimated visibility 
(VS = 0.982) of the realized ∣−⟩ state for spatial correlations and 
VT = 1 for the temporal ones.

As evident, the results are in good agreement with the theoretical 
expectations. The function S(T )(n) keeps growing with n, asymptot-
ically reaching the upper limit 2n, as expected from theory, when n 
tends to infinity and the angle between measurements settings Ai 
and Ai + 1 is vanishingly small. In the experiment, from n = 10 onward, 
S(S)(n) begins shrinking because of the imperfections of the entangle-
ment produced, becoming more and more relevant as the number 
of measurements grows. Obviously, in the hybrid case, these imper-
fections only partially affect the CHSH inequalities, and we obtain a 
sort of plateau region for 10 ≤ n ≤ 16.

DISCUSSION
We have proposed a scheme to reconstruct quantum dynamics as 
teleportation in time using PDOs. We have also demonstrated ex-
perimentally the property that powers this effect, namely, the corre-
spondence between spatial and temporal entanglement in quantum 
theory. There are several directions in which this work can open up 
new avenues. Our proposed formal procedure gives us an alterna-
tive way of interpreting what PDOs are: as resources needed to in-
duce dynamics in a static universe using the temporal teleportation 
protocol. In this sense, one important step to move in future work is to 
understand this formal proposal as defining a new type of dynamical 
resource (22). A key open question here is what the free states and 
operations are, to form a resource theory of PDOs for teleportation 
in time, also considering how the fidelity of the teleportation is linked 
with the quality of the PDO used as a resource.

Fig. 1. Experimental setup. Entangled photons at 808 nm are produced by means 
of degenerate type-II SPDC, occurring in a –barium borate crystal pumped by a 
76-MHz–pulsed laser at 404 nm. To measure the multiparameter CHSH inequality 
violations in both the temporal and spatial domain, photon on channel 1 (CH1) goes 
through a double polarization projection stage, each composed of a half-wave 
plate (HWP) and a polarizing beam splitter (PBS), while photon on CH2 enters a 
single (identical) stage. Afterward, each photon is addressed to an interference 
filter (IF) and a lens (L), coupling it into a single-mode fiber feeding a silicon 
single-photon avalanche diode.

Fig. 2. CHSH inequality violation in the spatial and temporal domain. Classical 
bound violation S(l)(n) = S(l)(2n) − (2n − 2) (l = T, ℋ, S) for the multiparameter 
CHSH inequalities in the temporal (red), spatial (gray), and hybrid (blue) domains. 
The dots represent the experimental results, with the uncertainty bars evaluated as 
statistical fluctuations among repeated measurement sets, while the solid curves 
show the theoretically expected values (for the correlations belonging to the spatial 
domain, deviations from the ideal case due to the VS = 0.982 estimated visibility of 
the generated ∣−⟩ state were considered).
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In addition, as already mentioned, it could constitute a first step 
toward generalizing quantum field theory to scenarios where the 
distinction between time-like and space-like coordinates becomes 
fuzzy, as in quantum gravity or in the presence of irregular space-
times. To this end, it would be crucial to extend the current con-
struction from finite to infinite-dimensional systems, following the 
steps outlined for general PDOs in (23). The problem of quantizing 
gravity would then become the problem of reconstructing the PDO 
of the universe, which would unify not only space and time but also 
states and dynamics. Several possible proposals have been put for-
ward to deal with these issues; see, e.g., (24–26). With our work, we 
hope to have offered a glimpse of how a possible approach to some 
of these problems could be, through our theory and experimentation, 
although much work clearly needs to be done to complete this vision.

MATERIALS AND METHODS
In our experimental setup, reported in Fig. 1, polarization-entangled 
photon pairs at 808 nm are produced via degenerate type II SPDC 
in a 0.5-mm-thick –barium borate crystal pumped by a frequency-
doubled Ti:Sapphire mode-locked laser (repetition rate: 76 MHz). 
The down-converted photons undergo both temporal and phase 
compensation, and the singlet state ​∣​​ −​​⟩= ​ 1 _ 

​√ 
_

 2 ​
​(∣HV⟩− ∣VH⟩)​ is ob-

tained. For each entangled pair, the photon on channel 1 (CH1) 
meets two identical measurement stages in a row, each composed of 
a half-wave plate (HWP) and a polarizing beam splitter (PBS), while 
its twin on CH2 undergoes a single polarization measurement, again 
realized by a HWP followed by a PBS. After the polarization projec-
tions, the photons are spectrally filtered by means of interference 
filters (IFs; centered onto  = 808 nm and with a full width at half 
maximum of 3 nm), coupled to single-mode fibers and addressed to 
two silicon single-photon avalanche diodes, whose output is sent to 
the coincidence electronics.

To evaluate the multiparameter CHSH inequalities in the spatial 
domain, for each n value, the first measurement stage in CH1 and 
the one in CH2 realize the set of projections allowing to reach the 
maximum for S(S)(n), while the second measurement stage on CH1 
implements the same projection as the first one, leaving the photon 
unperturbed. Concerning the temporal domain, instead, maximal 
S(T )(n) values are obtained by selecting, for each n, the proper pro-
jections in the two measurement stages of CH1 (the HWP in the 
second stage is also responsible for counter-rotating the photon after 
the first projection). To erase the information on the projection 
occurred in CH2, we sum the results of two different acquisitions 
obtained with the CH2 measurement stage realizing orthogonal 
projections (i.e., ∣H⟩⟨H∣ and ∣V⟩⟨V∣).
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