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In this work, we solve a system of fractional differential equations utilizing a Mittag-Leffler type kernel
through a fractal fractional operator with two fractal and fractional orders. A six-chamber model

with a single source of chlamydia is studied using the concept of fractal fractional derivatives with
nonsingular and nonlocal fading memory. The fractal fractional model of the Chlamydia system can

be solved by using the characteristics of a non-decreasing and compact mapping. A suggested model
with the Lipschitz criteria and linear growth is studied both qualitatively and quantitatively, taking into
account boundedness, uniqueness, and positive solutions at equilibrium points with Leray-Schauder
results under time scale concepts. We examined the framework of local and global stability and insight
into Lyapunov function properties for the infectious disease model. Chaos Control will employ the
regulate for linear responses approach to stabilize the system following its equilibrium points. This

will take into consideration a fractional order framework with a managed design, where solutions

are bounded in the feasible domain and have a greater impact at the lower minimum infectious rate.
To illustrate the implications of fractional and fractal dimensions with varying interest rate values
through simulations with Newton’s polynomial method under the Mittag-Lefller kernel. Additionally,
a comparative analysis of results is also derived by employing power and exponential decay kernels at
various fractional orders.
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The most common bacterial sexually transmitted infection in the UK is called Chlamydia trachomatis. The age
groups with the highest prevalence of chlamydial infection include women between the ages of 16-19 years and
men between the ages of 20-24 years. Since most women with chlamydial infection are asymptomatic, some of
them end up developing pelvic inflammatory disease as a result of not receiving treatment'. In 1999, there were
approximately 92 million cases of chlamydia worldwide, comprising 42 million cases in men and 50 million
cases in women?. Even though genuine resistance to Chlamydia trachomatis is uncommon, cases of recurrent
Chlamydia infections are still being reported after treatment with a single one-gram dose of azithromycin or a
week’s worth of doxycycline. This raises concerns regarding the possibility of azithromycin treatment failure.
Even though reinfections account for most repeat positive cases, new research suggests that treatment failure
might also be a factor in®. A unique developmental cycle and obligatory intracellular lifestyle are shared by
the evolutionary distinct group of eubacteria known as the chlamydiae, which have been thoroughly studied
in* under ideal cell culture conditions. We design and assess a Chlamydia trachomatous vaccination model
with cost-effectiveness optimum control analysis. In® shows that the model’s disease-free equilibrium is locally
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asymptotically stable when the reproduction number is less than unity. This allows researchers to examine
the impact of various treatment combinations on the host dynamics of chronic genital chlamydial infections,
which are characterized by the presence of IFN-v induced chlamydial persistence. Akinlotan et al. create a
mathematical framework of within-host Chlamydia dynamics. A mathematical model that describes the kinetics
ofa Chlamydia trachomatous infection in a human carrier is described by Emuoyibofarhe et al.”. Relevant features
like drug administration-assisted recovery were included in the model. The real solution looked at the model’s
solutions’ existence and uniqueness. We analyze the model’s stability both locally and globally. Researchers have
provided a model to assess chlamydia therapeutic options in®!!, where they have presented some innovative
studies on an epidemic model. Atangana'? combined the two relevant fields of fractional and fractal calculus
into a new class of concepts known as fractal-fractional ideas. These operators have two components: the fractal
dimension and the order. Differential equations with fractal-fractional derivatives, according to'*!*, convert
the dimension and order of the putative system into a rational system. It takes fractional calculus to solve issues
in the real world. It is frequently used in many different fields related to science, engineering, and finance. The
characteristics of the fractional calculus that set it apart comprise fractional order derivatives and fractional
integrals. The area of fractional calculus and its diverse aspects have garnered greater attention from scholars in
recent times. This is because genetic mutations are an essential tool for understanding how various biological
systems operate dynamically. The non-local characteristics of these component operators, such as the integer
separator operator'>~20, give them their strength. The COVID-19 transmission pattern was examined in three
severely affected nations in order to provide context for the modeling of COVID-19 transmission in?!. For the
time discretization and spatial discretization, respectively??~2%, has used redefined extended B-spline functions
and the Caputo time fractional derivative. In this work, we constructed several fractal fractional operators and
employed various fractal differential operators. The duration of the fractional advection diffusion equation’s
approximate solution. Further information is provided in?*-32,

Since fractional mathematical models are more realistic and useful than the traditional integer-order models,
fractional calculus has garnered a lot of attention from researchers. Generally speaking, the memory and learning
mechanisms are not covered by the integer-order model. If not, take into account the distributed and past effects
of any model since the fractional order derivatives and integrals have nonlocal characteristics. According to
the nonlocal property, a model’s subsequent state depends on all of its previous states in addition to its current
state’3~%. The governing equations have been subjected to the recently described fractal-fractional differential
operator approaches, particularly Atangana-Baleanu and Caputo-Fabrizio fractal-fractional differentiations. The
dynamic reactions of a magnetized and non-magnetized conductive fluid model are examined by mathematical
analysis based on equilibrium points and stability criteria. Through the use of Adams techniques, often known
as the explicit scheme of the Adams-Bashforth approach, numerical simulations have been carried out®*-*4. It is
remarkable to note that the techniques used in the study of epidemiological problems are designed to identify
the root causes of diseases and other health issues in populations. In epidemiology, the patient represents the
population, and researchers view people holistically. The aforementioned branch has garnered significant
attention from researchers over the past several decades. Different diseases have been modeled using various
concepts of mathematics. Because mathematical models are powerful tools increasingly used to describe real-
world problems. For instance, we refer some applications of mathematical models as**~*°.

A potential approach with several benefits is the use of fractal fractional operators with fractional and
dual fractal orders in research studies. This method captures complicated patterns and abnormalities that
other methods would miss, allowing for a more nuanced and detailed depiction of complex problems by
simultaneously exploiting two orders. This improves our comprehension of complex processes and makes it
easier to create more reliable mathematical models that are applicable to a wide range of academic fields. Using
fractal fractional operators could transform a variety of industries, from image analysis to signal processing,
by providing a flexible toolkit to tackle problems requiring a greater understanding of complex, multi-fractal
phenomena. Accepting this novel paradigm opens up new avenues for research and discoveries by promoting a
more exact and comprehensive approach in scientific studies. In this case, we analyze a fractal fractional model
of contaminated lakes in terms of several distinct attributes.

The following are the remaining sections of this study article: An introduction is given in Section Introduction.
The proposed framework and a number of fundamental fractional order derivatives that are useful in addressing
the epidemiological framework are thoroughly presented in Section Chlamydia viral mathematical model with
FFM. Section Qualitative evaluation of the Chlamydia framework provides a generalized version of the system
and examines the qualitative features of the suggested model, such as existence and uniqueness, sensitivity
analysis, and illness-free equilibrium. Section Stability analysis of the Chlamydia model examines the stability
research of the proposed framework, including Lyapunov stability. We examine the numerical scheme of the
Mittag-Leffler kernel in section Numerical scheme with generalized form of fractal fractional operator. Sections
Results and discussions and Conclusions include the numerical simulations and findings, respectively.

Chlamydia viral mathematical model with FFM

A deterministic compartmental system of the dynamics of Chlamydia illness transmission is presented.
Researchers are looking into the causes and recurrence of potential epidemics. In order to understand viral
transmission, let’s examine the Vellappandi et al.>® compartmental mathematical epidemic system and a few of
its notable features. Using fractional calculus, a mathematical method that deals with derivatives and integrals of
non-integer order, systems are analyzed. Patterns and structures that repeat at various scales are the focus of fractal
analysis, which has applications in complex systems such as biological ones. Applying fractal fractional analysis
to different compartments within a biological system appears to produce consistent and dependable results.
This implies that it works well for various components or elements of the system. Long-term consequences of
epidemics frequently extend beyond the scope of the original outbreak. These long-term dynamics, such as the
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possibility of repeat outbreaks, endemic states, and the effects of interventions over protracted periods of time,
are better captured by fractal fractional order models. These models can improve the prediction accuracy of
epidemic propagation, peak timings, and overall impact by including fractional order derivatives. The followm%

set of nonlinear ordinary differential equations can be used to illustrate the framework with 7%V LD o

represents the (o, k1) fractal-fractional derivative with Mittag-Leffler type kernel of fractional and fractal
orders a; € (0,1] and &, € (0, 1], respectively.

FF\[LD(ul M)S(t) ( O)A — M +wV — us,

FFMLp) ( l)V(f) —(p+w)V — M

FFU/D( () = T+1 VBET+) | 6 (1+£T) —EBlo+p) + (—p+1)0T + M

FEMLDIs) () — o B — (y+n+u+61)l+p9T-,
)
)

\ (1)
FEML D “‘ UT(t) = nz (W+0+06+7)T,
FF\[LD m R =~ — 683(5\T+1) +T7 — uR.
Where the starting circumstances are
S(0)=5">0,V(0)=V">0,7(0)=T">0,E(0) = E° > 0,1(0) = I" > 0, R(0) = R’ > 0. )

The proposed framework splits the entire population N into 6 parts at a particular time t. We developed the
Chlamydia virus model’s fractional order mathematical variant with vaccination in order to deal with the most
Chlamydia model by using the most effective individuals and accounting for six (6) parts of populations. S(¢)
symbolizes the people’s non-vaccinated susceptibility individuals over time f, V(f) represents the population’s
vaccinated susceptibility individuals over time ¢, E(f) represents the population’s exposed individuals over time
t, I(t) represents the population’s infected individuals over time ¢, T(t) represents the population’s treatment
individuals over time ¢ and R(f) represent the population’s recovery over time ¢, all the parameters are details
given in°>°!. Thus, everyone in the population is ascertained via

N(t)=V(t)+T(t)+S(t)+ R(t)+ E(t) + (). (3)

Fundamental ideas of the fractional operator
Firstly, we jot down the following fundamentals of fractional calculus that will be useful in our investigation.

Definition 2.1 Consider the continuous map % () : (b, ¢) — [0, 00), which has a fractal differentiable dimen-
sion of k1. In this case in!, the Riemann-Liouville (v, #;) fractal fractional derivative of .Z (¢) is provided by
given the generalized ML (Mittag-Leffler) type kernel of order o;.

FFML y(a1.61) g AB(ay) d /t a1 al o
D) 7 (1) = Eod— L (4 — @)y Z(P)dDP, 4
) = T2 [ B (= 20 L F(P) @

ok
where E,, is the Mittag-Leffler function E,, = > ;7 m and

F(t) — F(P)

AB(a1) = 1 — oy + g is the fractal derivative with AB(1) = AB(0).

( 1)

We also make use of the related concept of the fractal fractional integral in the following.

Definition 2.2 Consider the continuous map .% () : (b, c) — [0, 00), which has a fractal differentiable dimen-
sion of ;. In this case in°!, the Riemann Liouville (ay, k1) fractal fractional integral of .7 (¢) is given by given
the generalized ML (Mittag-Leffler) type kernel of order a.

Kk1—1
(Jq)lilt g

FFML (11"1)0‘“ _ i1k K — 1 a-1g (1 P
Jy! F(t) = o / P 2) F(P)dP + AB(ay F (), (5)

AB Oél

if it exists, where oy, k1 > 0.

Qualitative evaluation of the Chlamydia framework

We are currently conducting a qualitative analysis of our model of infectious disease with vaccination, which
is expressed as a frame work of nonlinear differential equations (1), to better understand its features and the
variables that govern the dynamics of infectious disease transmission.
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Existence of Chlamydia model in time scale
We start by demonstrating that our framework (1) has a solution. To that, we apply fixed point theory. Let us first
define the Banach space M = W9, where W = w(J, R), in order to perform our qualitative analysis.

HAHM = ||<S7 V717E7 T: R)”U = max{|C(t)| te ']}7 (6)

for |C(t)] = |V|+ |I| 4+ |S| + |E| + |T| + | R|. The fractal fractional Chlamydia viral system (1) on the right
side is rewritten as

Ql(t7 S<t>7 R(t)v T(t>> I(ﬂ: V(t)’ E(t>) (7¢ + 1) - %&1) +wV — S[L,

QZ(t7 S<t>7 R(t)v T(t>> I(ﬂ: V(t)’ E(t>) = ‘\¢ - V(/" + w) - w:

Qa(t, S(t), R(t), T(t), I(t), V(t), B(t)) = 2o/ TeD | SATEeD

—E(u+ o)+ (—p+ 1)T6 + 2T )
Qult, S(t), R(t), T(t), I(t),V(t), E(t)) = 0E — (v + 0+ pu+ 61) I + pbT,

Qs(t, S(t), R(t), T(t), I(t),V(t), E(t) =nl — (u+0+6,+7) T

Qo(t, S(t), R(t), T(t), I(t), V(t), B(t)) = Iy — ZETED 4 o7 — Ry,

The fractal fractional Chlamydia virus system (1) in this instance is changed into the system that follows.

ABRDYS(E) = kit Qu(t, (1), R(), T(1), 1(1), V), E (1)),
ABR[) I)V t) = Kyt 1@2(/
(

Dy;""V(
ABR[) aL 1)E(t)*/f1t“1 ng

(a1
(
ABRD( (®)
ABRp) (H M)T(t) = gyt 1Q5(
ABRD((H hl)B(t) — gyth1— 1@6(

We rebuild our tree-state system as the compact initial value conditionsin light of (8).

{ ABRD[(SI'KI)]W(t) _ Hltm—lQ(t’A(t», o)

A(0) = A,.

Where

and

~

SECESESRS RS

~

Q(t, At)) =

~

SSSSSS

~
T2

As per the definition of (9), we possess

AB d [! .
<a1)—/ E, ( P+ 1) L A(P)VADP = rst™71Q(t, Alt)). (12)
1— (05} dt 0 1-—
When we apply the fractional Atangana-Baleanu integral fractal to (11), we obtain

At = A0) + 135 Zi’“ e / PNt — PYIQP,AP)) AP

(1 — ap)mytri—t

ABr @t A).

The extended representation of (13) is given by
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S(t) = 5(0) + %Ql(f S(t), R(1), (1), I(t), V (1), E(1))
+amigia Jo 20— 2 IQI(‘] S(2), R(2), 1(2),V(2), E(2),T(Z))dZ,
V()= V() +%Qz<t S(0), B(1). T(1), 1(1), V (1), E(1)
+am g Jo 20— 2 le(«@ S(2), M), 1(2),V(2), E(2), T(2))dZ,
E(t) :E(U)Jr%%(t S(t), R(1), T(1), I(¢), V (1), E(1))
t it Jy 20— 292, S(2), R(P). 1(2),V(2), E(2), T(2))dP (14)
1(t) = 1(0) + MQN S(t), (1), T(1), 1(t), V (1), E(1))
+XBantan Zial m) s 27~ 1 ) 1Q4(3” S(2), R(Z), 1(2),V(2), E(2),T(2))dZ,
T(t) = T(0) + %Qa@ S(t), R(t), T(t), I(t), V1), E(t))
+amiga Jo 20— 2 lQ (9’ S(2), M), 1(2),V(2), E(2),T(2))dZ,
R(t) :R(OH%QN S(t), B(1), T(1), I(t), V (1), E(1))
ity Jy 20— 292, S(2), R(P). 1(2),V(2), E(P), T(2))dP
We now define the self-map F': M — M as follows in order to deduce a fixed-point problem
FA®) = A0+ =000l A) »

& l —1+r1(_ —14+m
F(al)AB(al)/o PP+ )P, AP)) AP

We employ the Leray Schauder theorem to demonstrate the existence of a solution to our fractal fractional
Chlamydia virus system (1).

Theorem 3.1 (Finite point theorem Leray-Schauder®?) Let H C G be an open set with 0 € H, G C M a closed
convex and bounded set, and M be a Banach space. Next, with respect to the continuous and compact mapping
F : H — @G, either

B; Theny € H exists such that y=F(y).
By In such case, y = uF(y) exists forany y € 0H and p1 € (0,1).

The Chlamydia virus system is limited in its existence since it simulates a real-world issue. These limitations,
which are represented as (Bs) and (B;) in Theorem 3.2, are essential in determining the dynamics and properties
of the system. To define and control the behavior of the Chlamydia virus system within the bounds of pragmatism
and realism, (B3) and (B,) are in fact essential. Acknowledging these limitations is crucial to building a thorough
comprehension of the system and creating successful tactics.

Theorem 3.2 (Finite point theorem Leray-Schauder®?) Suppose @ € C(J x M, M). If so,
Bj; Then there exist A € L!(J, R") and then there exist a; € C([0, 00), (0, 00)), where o non decreasing such
thatforallt € Jand A € M,

|Qt, A(D)| < aJA[D)A®)- (16)

By Then there exist ¥ > 0, u € (0,1) such that

v

> 1.
(1—ap)kytF11 e e e N 0 * (17)
AU + ALB((il) i\Bl(ul) (111+h11 A )G/(ﬂ)

Given | = sup,c s |A(t)], the fractal fractional Chlamydia virus system (1) may be solved.

Proof Let us first take F' : M — M, as defined by equation (15), and make the following assumptions
N, ={AeM:|A|u<r},

for a certain r > 0. It is obvious that since Q is continuous, so is F. Given (B;), we obtain
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[F(A®)] < |A0)]+ m | 7o e Az

(1 )lilt

+ W'Q(t AD)],

Q1K1

< A0+ g /O PP 1 )N P)a(|A(P)]) AP

(1 — on)rytm !
LTSN

(1 - Oq)/iltﬂl_l alﬁltaler_lF(Kl)

<A0)+ —FF——X ——— X} ,
= ( ) + AB(OQ) []Oé<7‘) + AB(Ch)F(:‘ﬁ 4 a1> ()Oé(T),
for A € N,. Hence

(1—ay)rt™ ™! oqkgt® 171 (k)
FA|y < Ag+
[FAlm < Ao { AB(a) AB(on)I' (k1 + an)

})\Ua( ) < o0. (18)
As a result, on M, F has uniform bounds. Now, let ¢, € [0, T] such that A € N, and ¢ < u. By indicating
Supr aerxn, |Q(t, A(t))] = Q" < o0,

we estimate

|F(A(u)) = F(A@))],

(1 —aq)kpumrt / (1 —oq)mptit a1k
> AB(O{l) Q(M7A(u>) - AB(OQ) Q(t7 A<t>> + AB(Ql)F<Oél)

h K1—1 7 ap—1 7 a1k1 ! rm=1p _ gpyai—1 G
| #tu- ez a@ir - gl [ ot oo a@yas|
(1 - Oél)/ilQ* K1— K1— al"le K1— (117
S ABay T BT (@) / P = P)TP

u (19)
7/ gszl(t _ (@)(’1*1(1(@ ;
0

(I —a)m@, . -
< ABla)

OélfilB(Oéh lﬁ)

_ tl&'l—l ay+r1—1 _ toq-H{l—l )
) ¥ AB{ay)a) | J

(—Oq + 1)/@1Q* (ume 3 t’“*l) 041K1Q*F</i1) [uaﬁ,ﬂq _ tu1+m—1] )
- AB(OQ) AB(OQ)F(OQ + :‘il)
Asu — t, we can observe that the right hand (RH) side of equation (19) approaches 0 independently of A. Thus,

| F(A(w)) — F(A() s — 0.

Asu — t. The Arzela-Ascoli theorem uses this to determine the equi-continuity of Fand, in turn, the compactness
of Fon N,. Given the fulfillment of Theorem 3.1 on F, we have (B;) or (By). We set from (Bs)

O:={AeM: Ay <w},

for some w > 0, such that

(1 — (X])H]Tﬁlil OqlilT(lerH'lle(/i]) "
ABla) AB(anT(ar 1y | 000 <@

A+ |:

From (Bs) and equation (18), we have

1— Tr1-1 Tort+r1-1p
1Al < Ao+ F s o (1)

B(al) * AB(OQ)F(OQ + K,l):| ASO‘(||AHV> (20)

Assume that A = pF(A) forall A € 99 and all 0 < p1 < 1.Next, we write using equation (20).

(1 — al)lﬁT'ﬂfl alHlTuﬁrﬁl—lF(Hl)
o[ Al ar)-
AB(on) AB(ap)D(oq + K1) Aoee([[Allar)

w=||Allxm = pl|FA||» < Ao+ {
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(1 — Oél)KlTH171 O[lfilT(ll+~171F(K1)

< A
T ABl@) ¢ AB(aT(ar + m)

Aa(w) < w,

which is untrue. Therefore, by Theorem 3.1, © admits a fixed point in © and ( Bs) is not satisfied. This demonstrates
that the fractal fractional Chlamydia virus system (1) has an answer. [J

Uniqueness of the Chlamydia system
To prove the uniqueness of our solution to our problem (1), we first examine a Lipschitz characteristic of the
fractal fractional Chlamydia viral system (1).

Theorem 3.3 Now consider S, V, E, R, T,1,S*, V* E* R*,T* I* € C = C(J, R), and consider
Dl HS” S /jl)HVH S ﬂQ;”EH S B?aHIH S 6—1)HTH S /))5) RH S Bﬁforsomeconstantﬂg,ﬂl,ﬂg),ﬂ4,ﬂ3,ﬂﬁ >0

.Then, using constants ky, ks, k3, k4, k5 and kg with regard to the pertinent components, Q1, @2, @3, Q4, Q5
and @) specified in system (7) meet the Lipschitz property, where

Br=phe=w+p, fs=c+pfi="v+n+p+d, Bs=p+0+05+70=p (21)

Proof Taking randomly S, S* € C' = C(J, R) for )1, we have

1Qu(t, V (1), S(t), T(t), (1), E(t), R(t)) — Qu(t, V(t), S*(t), T(t), I1(t), E(t), R(t))]l,
= [I(=pS@) = (=pS* @O,
<[ulIS@) =Sl
< BulIS(E) =S @) -

(22)

We determine that, with the constant 8, > 0, @); is Lipschitz with regard to S() based on equation (22).

Similarly, from equation (22) we find out all @2,Q3,Q4, Q5 and s is Lipschitz with regard to
V(¢), R(¢), I(t), T(t), E(t) under the constants 32, s, 54, 35, B3 > 0 respectively.
Therefore, the kernel functions @1, Q2, @3, Q4,5 and Qs are Lipschitz, respectively with constants

b1, B2, B3, B, Bs, B > 0.0

‘We now demonstrate the uniqueness of the solution to the fractal fractional problem (1) by using theorem 3.3.

Theorem 3.4 Let condition C hold. If

(1 — CJ(1)/€1TH171 n Oéll'ilT{”JrHlle(FLl)
AB(Oq) AB(OQ)F(OQ + /il)

Bi <1, (23)

with 8; € {1,2,3,4,5, 6} and the Lipschitz constants introduced by equation (21) set to 3; > 0, there is only one
solution for the fractal fractional Chlamydia virus system (1).

Proof By contradiction, we carry out the proof. Let us suppose that there is another solution, given starting
circumstances, to the fractal fractional Chlamydia virus system (1), which is

(S™(), V1), (), I"(1), T"(t), R*(1)).
V*(0) = V3,5°(0) = Sy, T*(0) = To,R*(0) = Ry, E*(0) = Eo,I(0) = L. (24)

From system of equation (15), we have

S*(t) = So + M(m, S0, B (8), V' (1), T(8), 1" (), B'(1) + Qi

AB(ay) (a1)AB(an)

t@”l’l(t - P)QU (P, SN (P), BN D), VH(P), T (P), I'(P), R (P))dP,

Similarly, we can developed for others compartments, this can be follow as for all, we estimate

Scientific Reports|  (2024) 14:25938 | https://doi.org/10.1038/s41598-024-77567-4 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

() = 50 < S 0ue, (0, Rlo), Vo), T(0). 0, E0)

—Qu (£, 8% (1), R* (1), V*(£), T*(t), I*(¢), E*(t)) ‘ n ﬁ

[ 7= 2007 012.52).v(2),52).102). 1), )

- QU2 VI(2),5(2), EN(2), I'(2), T(2), R(Z)) )d%

% (1 — al)ﬁlTﬁlil
1S(t) = S*(1)] < T AB(ay)

L ' L Y a;—1 o
+AB(a1)r<a1)/0‘@ (t = 2)"BuS () — S* ()]l d 2,

AulIS() = S* (@)

_ Kk1—1 ap+r1—1
|S<t> _ S*<t)| < (1 Oé])/{]T 1 OZ]K]T TR F(Ozl)

*[ AB(ay) +AB<a1)F<a1+m]51H5<t>—5*<t>u7

and so

(1 — Oél):“ilTKl*l alﬁlTalJrKl—lF(al) )
{1 - { AB(a) | AB(ay)l(a + ) }/31} 1S(t) — ™) < 0.

From equation (23), we can state that the inequality mentioned above is true if ||S(t) — S*(¢)]| =0 or

S(t) = S*(t).

Similarly, from equation (23) we can state that the inequality of the compartments like as V(t), E(t), I(t), T(¢)
and R(t) is true if ||V (t) = V*@)|| =0, |E®t) — E*@)|]| =0, |I(t)—I*®¢)|| =0, |T(t) —T*()|| =0 and
||R(t) — R*(t)|| = 0 respectively.

As a consequence, (S(t),V(t),E(t),1(t),T(t),R(t)) = (S*(t),V*(t), E*(t), I*(t), T*(t), R*(t)). It
demonstrates that the fractal fractional Chlamydia viral system may be solved (1) is unique. [J

Positivity and bounded of solutions

Given that the proposed model’s responses are bound and guaranteed to be positive, the study looks at the
conditions under which it can be applied to significant value real-world scenarios. Regarding classical derivatives,
we possess the subsequent information V¢ > 0.

Vi) > Vbe (ot EDETEDBy
E(t) > Egpe~ ),
I(t) > Ioef(”,ﬁ]ﬂ&ri])? (25)
T(t) > Toe—(;1+€+62+7')
R(t) > Ry (u+ (fTH)).
We must determine the norm
W||oo = sup |20(t)|.
20| te])Im| )l (26)
We discover
FF;WLD?LMS(t) _ A(*Q& + 1) o Sﬁ(‘[]\_]’_ Tg) erV _ /’LS~
I+T
> 78<L ; ) + 1),
I T
. _S<ﬂ(| |;| [9) + 1), (27)
= —(u+ B(sup [I] + Esup |T1))S,
teDy teT
—(p+ Bl ]oo + |T[c€)S.
For the classical derivative, the outcome is V¢ > 0.
S(t) > So(i_(ﬂuloo*{”loo*ﬂ)t. (28)
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While the next section discusses positive options with non-local operators, it states that the system’s (1) solutions
will undoubtedly remain positive when all of the beginning criteria for nonlocal operators are satisfied. For
Vt > 0, we build a fractal-fractional operator with a Mittag-Leffler kernel.

v g (oo BT |sof )L
S(t) 2 S(0)Ea, [ 1’1"B<a1>—<1—a1><\1\x3+|T\aos+u>} ’
o110y (o U= ET oot Toc) oy
V(t> ( ) o1 _A.B((vl)f(lfol)(uH»/H»i( f+1)d(\TJag£+\1\oc)) ’
_ ol F oy (o4p)t ]
E(t) ( ) aj A?(“l)félf(’l)(”*l;) ) (29)
v " "Lag (v tp0p) L
1) 2 1(0) B, |:7"(3(011)_(l_al)<’7+7l+#+5l):| ’
vl T o (p0+09+7)t1
T(t) T(())E(il [ ANB({vl) (1— “1)(</‘H‘>9+Tfrﬂ:|)a
vl =Py (u +7m+ infty )1
R(t) = R(0)Eq, {—AB(M%O o) (ot PETETY, |
where the time component is v.
Lemma 3.1 The region T, € RS
T ={(V(1), E(t),S(t), 1(t), R(t), T(t)) € R}} (30)

attracts all of system (1)’s solutions and, for the suggested system in R, is positively invariant when utilized with
initial constraints that are not negative.

Proof We will illustrate the framework (1) advantageous outcome, and the results are:

FEMEDEE™S(#)]s=0 = (1 — ¢)A > 0,
FFA‘[LDE)I}MV“HV:U — ¢A 2 0,

VB(—m+ 1)(TE+ 1) SBI+TE)
l[E=0 = N + N +(
FEMEDGYMI(#) 120 = Eo + pT6 > 0,

FFMLDS}‘MTU”T:(] — 77[ > 07
FEMEDEIMR(t) [reo = Iy + 7T > 0.

B +TE) o,

FFMLDS}‘ME@) N >

—p+1)TO+ 1)

In accordance with system (31), the vector field is situated in the area RS around every hyperplane encircling the
non-negative orthant about ¢ > 0. Therefore,

T = {(S<t> V<t)7 [(t)v T(t)v E(t)v R(t)) € Ri} (32)

is a positively invariant domain.

Remark 3.1 Lemma (3.1) states that for the suggested structure in R3, the region T is favorably uniform, de-
pendent on non-negative starting restrictions. Said another way, each solution to the system (1) will ultimately
come together to and stay within the region 71, guaranteeing the values of the compartments remain non-neg-
ative over the course of the system’s dynamics. This feature is crucial for analyzing the model’s behavior and its
durability over time because it makes sure the disease dynamics in the compartmental divisions won’t show
undesirable or non-material values.

Equilibrium points analysis
This section offers a thorough examination of equilibrium points. First, we solve the framework 1 for equilibrium
points. The areas devoid of illness are

By (S*, V", T". IR, E")
B <(u +w)(l—)A+pAw A
- (w+ p)p Tt w

,0,0,0,0).

The EEPs (Endemic Equilibrium Points) at this time are
E\ (S, V*,E*, I",T*,R"),

where
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(—p+ DA +wV™ oA nl*
Sty =~—"—— L T VM) = , T(t) = R
) (A + ) ) (I=mA* +p+w) ) e
[S* 4 (=7 + DV N 4 (—p + 1)T™ + eX™R™ B (™ +T*¢)
E(t) = ;A s
K N
. Ko N (4 eX™) [S™ + (1 —m)V™] . (Iay +nr) I
I7(¢) = R*(t) = —— 1 —
( ) K, ’ ( ) K3 (/l, + E/\**) ’

where, =0+ u, Po=n+pu+o+v,Ps=¢0+ u+ 7+,

Pi= [ (v+p+6)(Sa+p+7)+op(y+p+6)(p+p+7+8)+pon(u+d+7)
F N u(Y+p+06) O+ p+7)+eNTo (u+01) (L4 @+ g+ T) + eXTFon (1 + da)
+eX (1 —p) + pen(l —p)] -
Reproduction number
Taking the maximum eigen value of the spectral radius F'V ! yields the basic reproduction number 4.

o (nEBA+ BAGY)
(Gape (v + o+ 61) + (02 + pp + 7) (o0 + np) + nup(—p + 1)] N’

0

where, A:(S*+(*7T+1>V*>,J1:UJ+/L7J2:O'+p,.J3:77+[L+(51+’77J4:99+/L+T+(52,
N=S"+T"+E*+I"+V*+ R".

Fixed point theorems for unique and continuous of solution

In order to prove the existence of nonlinear systems, nonlinear functional analysis makes use of fixed-point
theorems. The system (1) is assured to have the minimum of one answer inside the range [0, T] by the fixed point
concept. The system (1) is considered to be

FFMLD?MLS(t) _ S[t
FFMLD?lMV(t) _ f/[ )
FFMLD;‘LMEU) _ E[

FF}WLDEUJ‘"’l[(t) — V[t’ (t ;

)
FEMEDRIST(G) = Tt T(1),
FFAJLD?L""IR( [

The following is a reformulation of (33) for the Mittag-Leffler kernel of proposed framework (1) as a fractal
fractional integral.

S(t) = S(0) + A S (t,S(t)) + AQ/O (t— “/)”717“‘3715“ (v, S(7)) dy = K1 + Ko,
V() =V(0)+ AV (£, V(1) + Ay /0'@ =)V (3, V() dy = X1+ xes

E(t) = E(0) + A E(t, E(1)) + Az/ (t=7)""TE (v, E() dy = p1+ pa,
o, (34)
I(t) = 1(0) + A E (8, I(1) + Az/o (t =" (v, I(y)) dy = p1+ pa,

T(t) =T(0) + AL E (8, T(1)) + Ay /0’<t =T (7, T(y)) dy = 1+ e,

R(t) = R(0) + A E (¢, R(t)) + Ay /0/(15 — )" R (v, ER(Y)) dy = p1+ pa-

B(1—a)tP~1 f
Where A, = % and Ay = Wiﬂw)

fundamental concept of concerning equations (34), which are expressed as P (k1, x1, p1) as contraction maps
and V (K2, X2, p2) as continuous compact integral portions.

. Krasnoselski’s fixed point theorem is utilized to illustrate the

Theorem 3.5 Mapping P (x1,x1, 1) : [0, T] — R? stated in (34) enables constants to have the Lipschitz con-
tractive condition M, M, M¢ > 0.

Proof Think about the operator P(k1, X1, p1) : [0, T] — R® defined on a space with full norms. Where the norm
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IS.V. £.1.T, Rl = mas (1), Rit). E(2).1(0).V(2). T(D)

(35)
S,R,E,V,I1,T € [0,T].
(i) First, we’ll demonstrate that P(x, x, p) is a map of contractions. In the case of S(f) and %, we have
[6(S, R, E,I,V,T)(t) = k(S, R, E, IV.T)t)|| = [{g + Z + (Y = m)X} = {q + Z + (Y —m)X}],
= (Y =m)(-=X + X), (36)

<IN = m)lII[(=X + Xl < M, || (-X + X)),

where M, = [|(||Y|| —m)||. By applying this strategy to all other compartments, we have
M, = |(JIX]|| = n)||, M, = ||p||- This suggests that, for the operator P(X, Y, Z), there are

[[P(S,R. E,I,V,T)(t) — P(S, R, E,1,V,T)|| = & tlll[[é)lbﬁ (S, T,E,I,V,R)(t) — (S, R, E, I,V,T)(t)],
0 (37)

< AI(S.R.EV.LT)(t) - B.REV. LT < MM,
where M = max[M,;, M,, Mc] < 1 exists as a Lipschitz constant. This suggests that P is limited.
(ii) Next, we'll demonstrate that V is continuously compact. All positively bound continuous operators’ absolute

modulus &, X, p, supplied by the positive, not equal to zero constants and stated in (34) ©,,0,,0,, ¥, ¥,, ¥,
showing the operator’s compactness by satisfying the following bounded inequalities:

|k(t, S)] < 6.S]] + U,,
X V) < OV + Wy,
lp(t, E)| < 9/}||EH + ¥, (38)
|<(t, D) < O] + W,
[v(t, T)| < O||T|| + U,,
lv(t, R)| < ©,||R|| +V,.
Assume that J has a closed subset called Z.
J=A{(r,x,p5,0,v) € 2[R, X, p, s, 0, v|| < 0,0 > 0} (39)
For (k, X, p,s,v,v) € J, we find
t
I (6, S)1 = mae |2a [ (¢ =" e, S0} .
: 0
g‘)a;ﬁ /g) s 1‘ ( s |d pa,ﬁ o v (40)
S — )y Bl e I C—"C Y
S TBlra) ), (o —7)"" 7, S(7)] dy TB@ra)

Show it in a similar fashion for the other compartments in the proposed model. This process leads us to the
maximal norm of ||7||, which we find as

I7(5, X, p, 5,0, V)|

<[O:i+6,+6,+0,+0,+0,J0+ U, + T, + VU, +V +V, 4+, =1, 1)
where 7) is a constant positive number. It follows that the operator ||7|| < n = 7 is constantly bounded.
We will show that 7 is now equi-continuous for ¢, < ¢, € [0, T]. We have for ¢; < ¢, € [0, T] for this reason.
| (t2, S) — K (t1,9)],
o ‘fg" (=7 + )"y k (, = Jy =)y [, S(y)] dy )

SA[[(*’V“‘IM] f(}ti a11n11:|<00.+qj>

Opk1+Vs a1,k a1,k
< kK1 OLRL 401k
S Tlanran 2 0]

Similarly,
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< Ok + ¥,
7AB((1) ()
< O,k1+ Y,
~ AB(a)I(«)
() H + W 1.k 1.,k
| < m(tzl' -t (43)
O,k1+ VY,
1 t‘7E — 1 f7 =~
[olta, B) = vt Tl < 2 She)
< O,k +V,
~ AB(a)T(w)

|X (Q,V) (fl, ) <t;1f1 _fr1v1f1>7

|p (t2, E) = p (t1, E)

(g g,
|§ (t27 [) - (fh )
(tgl,fq _ trlxl,if1> ’

[V (t2, R) — v (t1, R)

( r211.h",1 _ t(!l.f{l).

Since ty — t; is independent of (S, T, E, I, V, R). This implies
|I7(S, T, E,I,V,R) (ts) — 7(S,T, E,I,V,R) (t;)| — 0. (44)
= 7 is an equi-continuous.
= T, according to Arzela’s theorem, is relatively compact.
This leads to a Krasnoselski theorem, which states that the contraction and continuity of the P and V

guarantee the presence of a solitary, distinctive solution. (]

Theorem 3.6 There is a unique solution for model (1) if

A IS 45
AB(OQ)F(OQ) ( )

where M = max{M,, M, M,, M., M,, M, }.

Proof Establish an operator X = (X, X3, X2, X5, X4, Xg) : Z — Z utilizing (1) as

X1 (8) (1) = S(0) + Ak (1, S(1)) + A fy(t =)™y (3, S(3) dy,
Xa (V) (t) = V(0) + Arx (£, V(1) +A2ﬁ)(t Y1 (7, V() dy,
X3 (E)(t) = E(0) + A1p (t, E(t)) + Ay fu (f—“/ al Yyl (v, E(y)) d, (46)
Xy (I) (8) = 1(0) + Ags (8, 1()) + A [y (¢ — 7)1 191716 (3, I(7)) dy,
X5 (T) (t) = T(0) + Avv (£, T(1)) + Ao [ (t — 7)1 0 (4, T(7)) dn,
X5 (R) (1) = R(0) + Ay (t, R(t)) + Ay [5(t — 7)1y (4, R(y)) dn.
For (S,T,E,I,V,R),(S,T,E,I,V,R) € Z, and utilizing (46) we have,
X1 (5) (1) = X1 (S) @)|| = Av]|s (£, 5(8) — = (¢, S(t H
+ 4 / 15 (v, S() = & (3 S (¢ = ™ 717 (o, X ()
< MM, ||S - 5“*% N 47)
f\/ 1K1 . _
< {AleiAB(oq) <a1)} Mills =S|I
||S — EH — Owhen S — S. Hence
- yOLHL
X1 (S) (t) = X1 (S) (1)]| < {Al + m} M, <1, (48)
with
B . 70'1-,'%'1 V
1X41(5) (8) = X (5) (0 { (A1 + (041)> Mh} <0, (49)

Following this strategy, we discover
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N D (50)
= <Al * ABlanT(an)

The contraction maps S inherit the characteristics of Schauder’s and Krasnoselski’s theorems and verifies the
unique solution of system (1). O

Stability analysis of the Chlamydia model

We shall utilize a theorem in this part to demonstrate the mathematical model’s local stability. Using the equation
and the theorem, we may determine the model’s local stability. First, the stability characteristics of the chosen
model are investigated.

Local asymptotical stability
The system’s Jacobian matrix at the E* equilibrium point is

- w 0 _Tsj _6\55 0
—(1-m)V —(1—m)EpV
0o Ao 3 NWis) Bertnves) 0
J(E*) B 0 0 —Jy ((*WJ:V) +5) | ((7”4:“) +5) + (1 ]J)(,D 0 51)
0 0 o ~J3 2 0
0 0 0 n —Ji 0
0 0 0 ol T —u
The Jacobian matrix’s characteristic equation J(E™) is provided by
At X ( ij (a %ZH X
—T+ —7)EV L
VoA BU-rrOV+S) _ B(r+)V+8) !
O((—m b((—m V
o) = 0 0 AX+Jy — ¥ — ~ —(1=pgp O (52)
0 0 —0 A+ Js —p 0
0 0 0 -0 A+ Jy 0
0 0 0 y T A+ u
=4 @—y+nt+p+mA+ (np+pr —yn —xy — py +mn +ma +mp + 22° + xy + 1)A (53)
+mnp—ynp—ypx+mpx+2x2y+xyp+n+x.
The characteristic equation becomes for the equilibrium point £ and parameters m = 3,n =0.1,p =1
C(N) = X3 + 3.8664)\2 + 6.8450)\ + 3.6224 = 0, (54)
and eigenvalues of equation (54) are
A1 = —1.5116 + 1.4180c, Ay = —1.5116 — 1.4180:, A3 = —0.8433. (55)

Since the equilibrium point E; is asymptotically stable.

Global stability analysis
To begin, we will go over an essential Lemma to examine the global stability of the suggested system (1)
accordingly’!.

Lemma 4.1 Consider a continuous function G € R* in which for each ¢t > t;

G G* FFML
FEMLpytm (@ —G'—G'In @) < (1 - 6) D{VMG(t), G € RT,Vay, Ky € (0,1). (56)
0

We set all independent variables for the Lyapunov function. For {X,Y, Z}, G < 0 is the equilibrium.

Theorem 4.1 the reproduction number of a fractional order system is more than 1, its equilibrium points are
globally asymptotically stable.

Proof The Volterra-kind Lyapunov function has the following expression.
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% E
G(t) = v1(S — §* — S*log i*) Fug(=V*"+V = V*log —) + v3(=E" + E — E"log —)

I T R
+oy(=I"+1 —I"log F) +os(=T"+T —T"log ﬁ) +vs(—R"+ R — R"log ﬁ)7

where vy, v9, v3, vy, U5, Ug are positive constants that can be altered at a later time. When we plug equation (57)
into system (1), we get

M 1,k S - S* M a1,k V - V* M 1,k E - E* M a1,k
FFMLDf/ 1 'IG(t) < Ul( 3 )é’FMLDt LG ,(/,2( % >(1;7FMLDt LRy, US( = )é’FMLDt LR @
I-I R— R

_ T T* postiears (>8)
+’U4< - )(ITFMLD?LMI + U5< - )(I;"FMLD?LMT + U6<

FFMLyo1,K1
)() Dt R.

By putting, the values of compartments and fitting
S=5-S*V=V-VT=T-T"1=1-1"FE=F— E*R=R— R* after simplification, its hold
the stabling criteria. We have

FEMpOSg(s) = A — B. (59)

0

Numerical scheme with generalized form of fractal fractional operator

In this section, we construct numerical algorithm for simulations and results for new finance system (1) with
initial condition (2) by using the generalized form of fractal-fractional derivative in Mittag-Leffler function®'.
So, We can write the system as follows

FFMLD?l,m(S(t» — El (t7 p)7FFML D?M‘] (V(T)) — EQ (t, p)7FFML D?I‘M(E(t)) — 53 (t, 80)7

M ap,K — ap,K - M a1,k — (60)
FRMEDIY(I(8) = Za(t, 0) M DIT () = Z5(t, 0), "M E DIV (R(E) = Zo(t 0).
Where we defined p = (S, V, E, I, T, R), Applying associated integral, we have
L—an [l 1-# ¢—1
S (t,+1) =5+ 5 ty 151 (tp, p (t,)) + AB Z/ Si(r, )T " (tp —7)7dr,
(O‘l) r—=2 70
1— A1 g ? fot1 1—k r—1
Vt,+1) =W+ B t, "Vi(t,, p(t,)) +AB Z/ Vi, 0) T (tpy — 7)F 7 dr,
(al) r=2 Y10
1=, © o+l - -
E(t,+1)=E)+— t, "B (ty, 0 (t,) + AB Z / Ei(r,0) 7 " (typ1 — T)° dr,
AB(a) = Ju
1—ay - ¥ to+1 e o1
I(t;-‘rl) :]()+ = t\y:hl]l (t(p,p(t}g)) -‘rQ[%Z/ ]1 (T, @)7’ i (tszrl —7'>Q dT,
AB(al) r=2 Y10
1-— (5 Ty P a to+1 1—k r—1
T(t,+1) =Ty + — t, " (ty, o (t,)) +2AB Z/ Ty (7, 0) 777 (tpey — 7)7 L dr,
AB(OQ) r=2 710
l—a1 5 - o+t 1—k p—1
R(t,+1) =R+ — t, "Ry (ty 0 (t,)) +AB Z Ry (1, 0) 7 " (typ1 — 7)77 dr,
AB(Oél) —2 Jto
_ o .
where AB = —— EREAL By Newton polynomial
G(t, Sa T7 E, ]7 V R> %G(t¢—27 Sp—?v V@—Za E'p—27 IQ—Z’ T¢—27 R¢—2>
1
+ E [G<t¢717 S\pflv V;*l» E\,’)*17 I@*h walu R¢,1)
= Glty-,8p-2, Vo2, Epo, 1y 2, Ty o, Ry )| (T — ty—2) (61)

1
+ w [G(t%sw Vw Ew Isﬂv Tw Rv)
- QG(t’vz"*lv S\P*h V@*lv E’v/"*lv [L;fla Ttpflv RQ*1>
= Glty-,8p-2, V-2, Epn, Ipy2, Typon, Ry 2)] (T — tua)(T — tyo1).

After substituting the Newton polynomial into above system, the following is obtained:
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¥ t0+1
A1 g 1 K 1
t, "S5 (Sy) +2AB S1(Sy) !X / — )" dr
Blay (S) ;:2 1(Su)t, 5 t (tps1
1 1-k -k 10+1 a;—1

+ AB E Kt X [twl‘Sl (%2) —t¢711 Sl< X / T — tp 2) (t o+l — T) = dr

=2 (62)
/<.‘,1X1 (31) 1 h151< ) 1 h151< )]

S

®
(%) 1 1
+~7§ — ¢
AB(OQ) <(11) — At? |: 0

to+1
[ =t = ) (e - 1)

to

1— ) ¥ to+1 B
Vit,+1) = Vot — VA (S) +AB DY VA (St x / (tppr — 1) dr
AB(OQ) —2 to

1 L to+1 )
+ AB Z E X [t:?—hllvl <S2) 1 MVL ( % / (7_ _ t¢72) (t¢+1 _ 7_)(11 1d7’

1

S

—~
(=2
W

~

©
1 - K K
3 [TV (S1) —2 A (S) + 65V ()

to+1
></ (T = tpoo) (T — tp_1) (tps1 — 7)™ Ydr,

to
l—ay fU+1 -
E({,+1)=FEy+——t,"E (S) +2AB Y £ (S / — gy
(o 1) = Byt (34 Z (1) =
- to+1
+%%ZE>< [t};’ilEl (Sy) —tL- VB (S ></ (1 —tps) (tpr — 7)™ dr
r=2 to (64)
G
(65} |: 1—-k1 o~ 1—k1 1 hl
— |t E ~ E E
BT 2 2 L0 5 (1) —200 1 () + (5 ()

l—ay 4, 1 5 ZUH 1
I<t~+1):[0+ = t"hlll( +Q1% Il \S4 1></ 1*7’ Y dr
? AB(ay) * 2; o
c 1 1 K1 1 hl (x f0+1 1—1
+%%ZEX{ (D)~ x ) (e — 7)™ N dr
(65)
AB (a Z At2 |: hl[l ) —2t, Mll( ) 1 MIl( )i|
1) 2
to+1 .
[t (7= o) (g = )
to
T(t,+1)=Ty+ 1_a1t1’”1T1(%4)+91%i:T1 S 1"1></t0+1 L =) dr
. = _ L ’ 4 4
AB(O[ ) ’ r=2 to Ya
AB 1 m o 1— h] t0+1 a;—1
+ Z 71 (S9) —t, X —9) (tpy1 —7) dr
(66)
AB (1 Z At2 |:’1 thl ) —2t,” thl( ) to rlTl( >:|
1)
to+1 .
X / (T —tp2) (T — tpo1) (tps1 — ) dr,
to

Scientific Reports|  (2024) 14:25938 | https://doi.org/10.1038/s41598-024-77567-4 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

1 ) ¥ t0+1
R<t¢+1) :R0+A~B o t,};thl (%4)+Q%ZR1 %4 1ﬂ_"21 X / o+l —7' - 1d7’
17

(051) r=2 0
z 1 1-k 1-k fot+1 a;—1
+Ql%§§ X [t¢711R1 (%2) —t% 'R X/l T—tn,Q turl—T) dr (67)
©
3} 1 1-k 1 K 1 K
+—_ — |ty TRy (S 'R 'R
AB(an)l <(11>§;At2 [“ 1% - 1(S)+ 18 )}
to+1
[ ) = ) (= 1)
to
Where
Su= (t 75(/) (%)7E(W)v[(t¢)7T<tu):R(t¢>>;
S3 = (tpm2, 772, VP2 B2 I972 T2 RV,
- (68)
S = (tp-1, 57 } VLRSI TP R,
Sy = (.8, V,E I, T, R").
From above equations,
b (G = )T dr = S (= 7+ 10— (9= )],
o a1+ o
f;l')oﬂ (T —tp—g) (tpr — 7)™ 1d77%[(4p—r+1) Yo—1+3+20)
(o — )M — 69
t((fl T> ((p r+3+3a1)i|7 At)a1+2 ( )
(T —=tooa)(T —tp)(t, + 1 — )" ldr = m[@ —r+1)42(p —r)> + 203 + 9oy
+(Ba; +10) (¢ — 1) + 12 — (o — 1)12(p — )% + (5 + 10)(p — ) + 602 + 18a; + 12].
As a result, we obtain
1—0[1 1—k At al
Sty +1)=— "8 (Sy +~— Si( ;' x H
(t,+1) AB(av) * 1(34) AB(on a1+lz Jhgt
ag(At)™ P { 1-5 1
oS {819 — S (Sy) | x H 70
AB(al)F(al—s—Q)z::At —191(S2) 1(S3) 2 (70)
ap(At)M 1 {1, 1 1
£1771S) (S) — 2607718, (S) + 15181 (S }xH:.,
AB(al)F(al—&—?));QAt? 1(S4) 1'51(32) 2'51(3s) '
l—ar 4, ap(At)™ (o
Vit,+1) = ——t"1V1(Sy +— Vy( I'x H
<~P ) AB(OQ) ¢ 1< 4) AB(OQ 0(1+1 Z 1 r 2 !
o (At)] 1 { gl 1k
P k2 W V1i(Sn) — tL25V(S: } x H; 71
AB(al)F(al+2)ZAt 1(82) = 65 VaSs) g x o 7n
al(At)i} - 1 1— 1-k 1 K
+ — t, MV — 2t _7TV(S 5'Vi(S3) ¢ x Ha,
AB(al)F(a1+3)Z2At2{ 1(S1) = 26,7 Va(S2) + 1 s)} 3
l—o ., 1(At)M - (1w
Elt,+1)=— toME %,Jr— Eq( T x H
(te +1) AB(ay) ™ 1) AB(o)l (e + 1) Z 1(S)tes !
011(At)01 - 1 1 M 1-k
_— E —t, 5'E x H 72
AB(a)T (a1+2)ZAt{ 1(S2) i 3>} 2 (72)
(J‘l(A) - 1 { 1 1-k 1 K
+ FE(S) — 2 EN(Sy) + SRS }XH(,
(al)F(al-l—S)ZQAtQ 1(S) 1 Ea(S2) + 1(S3) s
(At -
I(t,+1 t“ll 3y +~— L(S)t 5 x H
(e +1) = AB(ay) ¥ 1(34) AB(a)D(ay + 1 Z b2 X
(At)x 1
+AB<M>—+QZ A (@)~ BB < Hy 73)
al 0(1 r=2
a1<A dl ‘ 1 { 1 1-k 11—k
+ et 3 AT (S) — 26571 (D) + 675 (D) b x Ha,
AB(ap)l(ay +3) s 2At2 ) 11i(S2) 2 il 3)} s

Scientific Reports|  (2024) 14:25938 | https://doi.org/10.1038/s41598-024-77567-4 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

1—&1 1— At A L 1}‘
T(t,+1 LTS, +—§: L% H
( )= AB(av) ¥ 1(S4) AB(an)l(an +1) = S > Hy
ap(At)™ 1 . 1—k
+~—§ T —t 5'T(S3) r x H 74
AB(on)T(o +2) & (T - S TS x B 74)

©

)
ai(At)™ 1 (1= 1k 1-5
+ — KT _otl-mp T « Ha,
AB(aq)l(aq +3) = Z QAH{ 1(S) 1 T1(S2) 1(\93)} 3

l-—on oy, a1 (At)y . -
R(t*j + 1) = ——1, MRl((\\ﬁl) + ~—>ZR1<C\\Y4) — 2] x Hiy

AB(ar) © AB(oq)l(a1 + 1) “=
ag(At)™M 1 (1 -
*WZM{ {Ra() 7 RS x 5
ap(At)* £ k1T (O 1—ry -
+ (m)F(oq +3) ¢ EQAtQ {t" Ri(S1) = 26, 7'Ra(So) + £, 5'R (\‘3>} x Hs.

Where

{lo=r+1)" —(p—r)"},
={le—r+1)"@—r+3+2m)—(p—r)"(¢—r+3+3m)},
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Results and discussions

A numerical simulation was conducted to analyze the control of the newly designed complicated fractional
chaotic sexually transmitted disease chlamydia in the United States using the fractal fractional approach.
S(0) = 23382406, T(0) = 250000, £(0) = 500000, V(0) = 1000000, 1(0) = 200904, and R(0) = 50000 are the
initial conditions of the proposed system. The variables S(¢), T(¢), I(t), V(¢), E(t), and R(?), respectively, indicate
susceptible individuals, treated humans, infectious peoples, vaccinated groups, exposed populations, and
humans with recovery. Using the proposed system’s fractal fractional derivative, we can easily see that, according
to data from different nations, a more accurate estimate of the minimum illness rate values from* is given by
vulnerable persons, vaccinated susceptible individuals, exposed people, infectious people, treated humans, and
humans with a recovery rate. Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 and 12 illustrate this impact at various fractal
and fractional order values at different dimensions. Using the FFM fractional derivatives, Figs. 1 and 7 simulate
S(t) shows a noticeable decrease in the susceptible population under the influence of control measures, Figs. 2
and 8 simulate V(f) shows a noticeable decrease in the vaccinated susceptible population under the effectiveness
of the implemented control is evident; Figs. 3 and 9 show a noticeable decrease in the exposed peoples increase
by fractional orders under the influence of control measures; Figs. 4 and 10 simulate I() shows a noticeable
increase in the infected population under the effectiveness of the implemented control is evident, Figs. 5 and
11 simulate T(f) shows a noticeable decrease in the treated humans population under the effectiveness of the
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Fig. 1. S(t) simulation using parametric values of dimension 1.
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Fig. 2. V(t) simulation using parametric values of dimension 1.
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Fig. 3. E(t) simulation using parametric values of dimension 1.

implemented control is evident, and Figs. 6 and 12 simulate T(¢) showing a noticeable increase in the recovered
humans population under the effectiveness of the implemented control is evident at different fractional orders
with different dimensions.

In Figs. 13, 14, 15, 16, 17 and 18, a comparison using a power law kernel, an exponential decay kernel, and
a Mittag-Leffler kernel in a fractal sense demonstrates the precision and quick convergence of the proposed
operator. Notable responses are obtained from the compartments of the constructed model. The relationship
between these variables is a growing or reducing factor with altering fractal values as well as fractional parameter
values. In Fig. 13 susceptible individuals rates start to rise in line with the initial conditions decreasing with
respect to time ¢. In Fig. 14, vaccinated individual rates start to rise in line with the initial conditions decreasing
with respect to time ¢. In Fig. 15, exposed group rates start to rise in line with the initial conditions decreasing
with respect to time ¢ under vaccination. In Fig. 16, infected individual rates start to decrease in line with the
initial conditions to rise with respect to time t. In Figs. 17 and 18, treated and recovered rates start decreasing to
rise in line with the initial conditions with respect to time ¢. The impact factor begins to decrease for those who
have received the recommended system’s vaccination, those who have been exposed, those who are infectious,
those who have had treatment, and those whose recovery rate is high. For non-integer time-fractional factors,
the complex chaotic fractional system is determined to be more appropriate and trustworthy compared to time-
integer factors. Comparison of compartments is demonstrated with the power law kernel and exponential decay
kernel at different fractional order values in Fig. 19. This study sheds light on how disease control is expected to
develop in the future and how we may improve our efforts to reduce the spread of infectious disease in society.
Compared to classical derivatives, fractal fractional analysis produces robust results for all compartments when
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Fig. 4. I(t) simulation using parametric values of dimension 1.
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Fig. 5. T(t) simulation using parametric values of dimension 1.

examining steady states with non-integer order derivatives. It’s also important to remember that fractional value
reduction improves the accuracy and reliability of solutions for every compartment. Memory influence can be
observed with a greater degree of freedom and a solution restricted to a steady state point that lies in a feasible
range by varying the fractal dimension. The fractional order results are more dependable than the integer order
ones due to the fractional order models’ ability to capture memory eftects in a system, despite the fact that both
models’ predictive strengths are rather equal.

Conclusions

This research investigates the transmission of Chlamydia in the United States with varying rates using a dynamic,
chaotic fractional order model with a fractal fractional derivative. Nonsingular and nonlocal kernels, which
emerge in the derivation of the generalized fractal operator, provide the foundation of this fractional model.
The uniqueness and positivity of the solutions that fall within the feasible zone were satisfied by the model. The
first and second derivative tests are also satisfied by local and global stability. Stable and chaotic Chlamydia
system behavior in conceivable locations are the results of the chaos control requirements being satisfied. The
Chlamydia model is examined theoretically and numerically using a fractal fractional operator understanding
of the Mittag-Leffler function at various fractal and fractional order values. The results are also compared using
the exponential decay kernel and power law kernel at various fractional order values, with the proportion of
minimum interest rates in various countries used as a proxy. The fractional-order Chlamydia model, which has
been adjusted with a fractal fractional derivative, is used to regulate the essential lowest infectious rate of the
disease, indicating strong consensus on the system’s Chlamydia disease management. Based on numerical data,
the model gives an effect analysis of the essential minimum infectious rate. The graph depicts the influence of
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Fig. 6. R(t) simulation using parametric values of dimension 1.
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variables on the quantity of the critical minimum infectious rate over time. This research approach has significant
results for disease coeflicients, rate of infection, and demand for recovery. As vaccination demand and infection
exponents begin to drop, infectious rates begin to rise in accordance with the initial conditions, exposing the
Chlamydia system’s true macroeconomic behavior. It is highlighted here that, for non-integer time-fractional
parameters, when compared to time-integer parameters, the intricate chaotic fractional structure yields more
reliable and suitable results.
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Fig. 8. V(t) simulation using parametric values of dimension 0.8.
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Fig. 9. E(t) simulation using parametric values of dimension 0.8.
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Fig. 11. T(t) simulation using parametric values of dimension 0.8.
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Fig. 12. R(t) simulation using parametric values of dimension 0.8.
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Fig. 13. Comparison S(t) between the Power law, Exponential Decay and Mittag Leffler kernel for order 0.9
with dimension 1.
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Fig. 14. Comparison V(t) between the Power law, Exponential Decay and Mittag Leffler kernel for order 0.9
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Fig. 15. Comparison E(f) between the Power law, Exponential Decay and Mittag Leffler kernel for order 0.9

with dimension 1.
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Fig. 16. Comparison I(t) between the Power law, Exponential Decay and Mittag Leffler kernel for order 0.9
with dimension 1.
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Fig. 17. Comparison T(t) between the Power law, Exponential Decay and Mittag Leffler kernel for order 0.9
with dimension 1.
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Fig. 18. Comparison R(t) between the Power law, Exponential Decay and Mittag Leftler kernel for order 0.9
with dimension 1.

Scientific Reports|  (2024) 14:25938 | https://doi.org/10.1038/s41598-024-77567-4 nature portfolio


http://www.nature.com/scientificreports

www.nature.com/scientificreports/

x10%

S()

(d) At S(¢) and T'(r)

S(t)

108

(b) At S(¢) and E(r)
5 x10°
2
u0 0‘5 1‘ 1‘5 2 25
108 s(t) x10%
(e) At S(t) and R(r)
10 10°
8
6
g 5
.
3
o

E®)

() AtV (z) and I(z)

)

Ity

() AtI(r) and E()

E®)

x10°

0]

(k) AtI(¢) and T (1)

(m) At 7 (¢) and E(r)

108

(n) At T(r) and R(r)

2 3 4

s 108

5 6 T 8 L] 10
0] x10%

(f) At V(¢) and E(t)

2 3 4

(i) AtV (t) and R(¢)

5 6 7 8 9 10
I(t) x10%

(1) AtI(r) and R(z)
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