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Magneto‑transport and Thermal 
properties of TiH diatomic molecule 
under the influence of magnetic 
and Aharonov‑Bohm (AB) fields
C. O. Edet  1,2,3*, R. Khordad4, E. B. Ettah3, S. A. Aljunid2, R. Endut2, N. Ali2,5*, M. Asjad5, 
P. O. Ushie3 & A. N. Ikot6

In this study, the effects of Aharonov-Bohm (AB) and magnetic fields on the thermodynamic and 
magneto-transport properties of TiH diatomic molecule using the Deng-Fan potential as a model are 
investigated. The functional analysis approach (FAA) is used to solve the Schrodinger equation in 
the presence of magnetic and AB fields with Deng-Fan potential. The energy equation, as well as the 
wave function, have been derived. The analytic expressions for the thermo-magnetic and transport 
properties of the Deng-Fan potential are derived using the energy equation and the partition function. 
These properties obtained are thoroughly analysed utilising graphical representations. Our analysis 
shows that the magnetic susceptibility of the TiH exhibits a diamagnetic behaviour, and the specific 
heat capacity behaviour agrees with the famous Dulong-Petit law when the system is subjected to AB 
field variations and a fixed magnetic field. Albeit, a slight anomaly is observed in the behaviour of the 
specific heat capacity. Our findings will be valuable in various fields of physics, including chemical and 
molecular physics and condensed matter physics, where the derived models could be applied to study 
other diatomic molecules and quantum dots, respectively.

Potential functions or models are analytical representations of physical forces acting on a particle within a defined 
region of space. It has been used to simulate a variety of physical processes. This is because it provides a rela-
tively cheaper technique for modelling relevant physical systems, especially when compared to experimental and 
advanced computational methodologies1–5. Modelling inter-atomic interactions in a diatomic molecular system 
has been done using several potential functions1–5. These potential functions vary depending on the nature of 
the interaction in the system5–7. Examples of such models are; harmonic oscillator, Morse potential, and several 
other potentials that have been proposed. Improvements to these models with multiple fitting parameters have 
also been recently proposed to study diverse physical systems8–10. These improvements have been inspired by the 
fact that molecular physicist has posited that potential models with numerous fitting parameter tend to agree with 
experimental data better than those with fewer parameters. This means that the search for new potential functions 
to propose will never cease11. One of this potential amongst the myriads of potentials that have been explored and 
proposed as an improvement to the potential as mentioned earlier is the Deng-Fan potential given as follows12–14;

where b = eηre − 1  De is the energy of dissociation, re is the equilibrium bond length, η is the screening parameter 
which determines the width of the well, and r is the inter-nuclear distance. It is customary to solve the relativistic 
and non-relativistic equations of interest with any interaction potential using advanced mathematical procedures 
to study these systems3,15–19. In modern spectroscopic studies, it has been pointed out that the Morse potential20,21 

(1)V(r) = De

(

1− b

(eηr − 1)

)2
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has a few shortfalls. Deng and Fan22 were motivated by these shortfalls to propose a new and improved potential 
called the Deng-Fan or generalized Morse potential23. The potential is an unsophisticated modification of the 
Morse potential and was presented in an attempt to find a more suitable diatomic molecular potential to describe 
the vibrational spectrum24. It is qualitatively similar to the Morse potential but has the correct asymptotic behav-
iour as the internuclear distance approaches zero25. Several non-relativistic and relativistic quantum mechanical 
studies have been carried out using the Deng-Fan potential12,24,26–29. In the light of the preceding, we are poised to 
study how perturbations (magnetic and Aharonov-Bohm (AB) fields) affect the thermal and magnetic properties 
of Titanium Hydride diatomic molecule modelled by Deng-Fan potential.

Titanium hydride (TiH) is selected in this study because of its outstanding ability of "hydrogen bonding ." 
Moreover, metal hydrides are generally exploited in several industrial applications, and amongst them is their 
hydrogen storage ability, which is one of the most significant30–32. It has been subjected to an intense theoretical 
and spectroscopic investigation, but not much information about the thermo-magnetic properties of this hydride 
is known. Because of the high level of interest in this molecule and its numerous uses in the industrial sector, it is 
necessary to investigate its transport and thermo-magnetic characteristics, particularly at higher temperatures, 
as well as other important features as this lacks greatly in literature.

It is established in the literature that some effects related to the magnetic field, such as; Zeeman, Rashba 
and Dresslhauss effects, have recently become particularly important in changing the behaviour of some quan-
tum systems33–36. The magnetic field’s elimination of degeneracy is notable among them37. Furthermore, it has 
recently been discovered that when the Aharonov-Bohm (AB) field is introduced to a system, it performs such 
a function37–41 Interestingly, several research focused on the impacts of this perturbing field on several systems 
have been presented in the past9,16,33,42–44. Edet et al.45 solved the position-dependent mass Schrödinger equation 
(PDMSE) for the screened Kratzer potential in the presence of AB and position-dependent external magnetic 
fields. Edet and Ikot46 studied the N2, I2, CO, NO and HCl diatomic molecules using the Hulthen-Kratzer poten-
tial (HKP) model in magnetic and AB fields. Given the preceding, this work intends to evaluate the impact of 
perturbing external fields on the thermodynamic and magnetic features of the Deng-Fan potential, following in 
the footsteps of prior investigations. As a result, the purpose of this study is to use a functional analysis method 
to solve the 2D SE with perturbations utilizing the Deng-Fan potential as the interaction potential. The energy 
derived will be used to investigate the thermal and magnetic properties of the TiH diatomic molecule, taking 
into account the impact of the magnetic and AB fields.

The magnetocaloric effect is another topic that is rarely investigated (MCE). MCE is the temperature variation 
of a material in response to a changing magnetic field. ��B47–49. MCE is described by the entropy and temperature 
variations because it may be observed when an entropy change �S the material exchanges heat through a tem-
perature change �T50–53. MCE is an interesting effect and it is defined as the intrinsic property of magnetic mate-
rials which is expressed by temperature change (ΔT) of a magnetic material due to the application of a magnetic 
field54,55. Some authors have studied this concept as applied to several scenarios. Rastegar-Sedehi33 studied the 
MCE in Rashba spin–orbit coupling and Zeeman splitting of a narrow nanowire quantum dot. Rastegar-Sedehi 
and Khordad56 studied the MCE, magnetic susceptibility and specific heat of tuned quantum dot/ring systems. 
To the best of our knowledge no study have considered the magnetocaloric effect of TiH diatomic molecule. 
This gap will be addressed in this study. To this end, the goal of this paper is in three-fold; (1) Solve the SE with 
the Deng-Fan potential in the presence of magnetic and Aharonov-Bohm fields using the functional analysis 
approach (FAA). (2) obtain the partition function of the system. (3) Employ the partition function to study the 
MCE, thermo-magnetic and transport properties of the TiH diatomic molecule.

In view of this, this paper is organized in the following order. In “Non-relativistic model and solutions” sec-
tion, the solutions of the Schrödinger equation (SE) with the Deng-Fan potential is presented. Evaluation of the 
partition function and thermo-magnetic properties of the system will be presented in “Magneto-transport and 
thermal properties of Deng-Fan potential (DFP) model” section. The application and discussion of results is 
presented in “Discussion and application of results” section. In “Conclusion” section, we present conclusions 
and future outlook.

Non‑relativistic model and solutions
Let us consider a non-relativistic system where the particle moves on a plane under the effect of Deng-Fan 
potential (DFP) in the presence of AB flux and an external magnetic field. In this case, one can employ stationary 
Schrödinger equation to investigate the system in polar coordinates

Here, E denotes the energy eigenvalues, and μ indicates the effective mass of the system. In this manuscript we 
intend to analyze the physical process under the effect of DFP as given in Eq. (1). It is worth noting that, under 
such consideration the momentum operator of the charged particle has to be modified. To this end, we minimally 
couple a four-vector to the momentum operator as follows:

To indicate the magnetic field and AB flux together, we express the vector potential, �A , as a superposition of 
two terms as −→A = −→

A 1 +
−→
A 2 . Then, we assume

(2)

[
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To represent φAB flux, we take

which satisfies 
−→∇ ×−→

A 1 =
−→
B  and 

−→∇ .
−→
A 2 = 0 . Therefore, total vector potential reads

In order to solve the stationary Schrödinger equation, we make ansatz

where m denotes the magnetic quantum number. After we substitute Eqs. (1), (6), and (7) in Eq. (2), we get the 
radial equation in the form of:

where Veff (r,ωc , ξ) is the effective potential defined as follows;

where ξ = φAB
φ0

 is an integer with the flux quantum φ0 = hc
e  and ωc = e�B

µc denotes the cyclotron frequency.
It is a very well known fact that, the presence of centrifugal term in the effective potential does not let us to 

get a solution for Eq. (9). Therefore, we employ the Greene and Aldrich approximation scheme57, which is only 
valid for small values of the screening parameter

to bypass the centrifugal term. Then, we introduce a new variable s = e−ηr , and rewrite Eq. (9) in terms of the 
latter notation. We get

For Mathematical simplicity, let’s introduce the following dimensionless notations;

In order to solve Eq. (11), we have to transform the differential Eq. (11) into a form solvable by any of the 
existing standard mathematical techniques. Hence, we take the radial wave function of the form

where

On substitution of Eq. (13) into Eq. (11), we obtain the following hypergeometric differential equation:

The form of Eq. (12) is solvable by the FAA method. However, by the quantization condition, we obtain

(4)
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which in turn transforms into the energy eigenvalue equation follows;

Substituting Eq. (12) into Eq. (17) and carrying out a simple manipulative algebra, we arrive at the energy 
eigenvalue equation of the EP in the presence of magnetic and AB fields in the form;

where

where Nnm is the normalization constant and 2F1(−n, 2(�+ η)+ n; 2�+ 1; s) is the hypergeometric function.

Magneto‑transport and Thermal properties of Deng‑Fan potential (DFP) model
On obtaining the approximate-analytic energy Eq. (18), we can proceed to obtain the partition function and 
other thermodynamic functions. The partition function Z(β) of the DFP at finite temperature T  is obtained 
using the Boltzmann factor as4,58,59;

with β = 1
kT  and with k is the Boltzmann constant.

Substituting Eq. (18) in (21), we have;

where n is the vibrational quantum number, n = 0, 1, 2, 3...ω , ω denotes the upper bound vibration quantum 
number. We have introduce the following notations:

The maximum value nmax can be obtained by setting dEn
/

dn = 0 ,

Replacing the summation in (22) by an integral, we have;

If we set � = n+ K̃ , we can rewrite the above integral in Eq. (25) as follows;
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On evaluating the integral in Eq. (26), we obtain the partition function of the DFP in magnetic and AB fields 
as follows;

Free energy.  The Helmholtz free energy is a thermodynamic potential that determines an estimate of the 
useful work obtained from a thermodynamic system that is closed and maintained at a constant temperature59. 
The free energy is computed using the expression given below17;

Substituting Eq. (28) into Eq. (29), we obtain the free energy for the TiH diatomic molecule modelled by the 
Deng-Fan potential as follows;

Entropy.  Entropy is the measure of the amount of a system’s thermal energy per unit temperature that cannot 
be used to perform any productive work. The amount of entropy in a system can be thought of as a measure of 
the molecular disorder, or unpredictability, of the system as a whole due to the fact that work is obtained from 
the orderly motion of molecules. The idea of entropy offers profound insight into the course of spontaneous 
change for a wide variety of phenomena encountered daily58,60. The entropy is computed using the expression 
given as60;

Substituting Eq. (28) into Eq. (31), we obtain the entropy for the TiH diatomic molecule modelled by the 
Deng-Fan potential as follows;
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Internal energy.  The energy contained within a thermodynamic system is referred to as its internal energy. 
Internal energy is constant in an isolated system. It is the energy required to develop or prepare the system in its 
current internal state. It does not contain the system’s overall kinetic energy, but it includes the kinetic energy of 
the particles inside the system. It keeps track of the system’s energy gains and losses due to changes in its internal 
condition45,59. The internal energy can be evaluated using the expression below36;

Substituting Eq. (28) into Eq. 33), we obtain the internal energy for the TiH diatomic molecule modelled by 
the Deng-Fan potential as follows;

Specific heat capacity.  The specific heat capacity of material in thermodynamics is the heat capacity of 
a sample of the substance divided by its mass, also known as massic heat capacity. Loosely, the quantity of 
heat must be added to one unit of mass of the substance to generate one unit of temperature increase. Spe-
cific heat capacity frequently changes with temperature and depends on the state of materials56,61. Substituting 
Eq. (28) into Eq. (33), we obtain the specific heat capacity for the TiH diatomic molecule modelled by the Deng-
Fan potential as follows56,61;

However, due to the complicated nature of the analytical expressions, the graphic representations are shown.

Magnetic properties at T  = 0.  In this section, the magnetic properties of TiH diatomic molecule at finite 
temperature are considered;

Magnetization.  Magnetization, also known as magnetic polarisation, is a vector quantity that represents the 
density of permanent or induced dipole moments in a magnetic material. As we know, magnetization is caused 
by the magnetic moment, which is caused by the mobility of electrons in atoms or the spin of electrons or nuclei. 
It is a very important quantity. Substituting Eq. (28) into Eq. (33), the magnetization at finite temperature for the 
TiH diatomic molecule modelled by the Deng-Fan potential is evaluated using the expression given below56,56,61;

Magnetic susceptibility.  Magnetic susceptibility is a measure of how much a substance will become magnetized 
in an applied magnetic field in electromagnetism. This quantity allows a straightforward categorization of most 
materials’ responses to an applied magnetic field into two categories: alignment with the magnetic field called, 
paramagnetism, or alignment against the field called diamagnetism. Substituting Eq. (28) into Eq. (37), the mag-
netic susceptibility at finite temperature for the TiH diatomic molecule modelled by the Deng-Fan potential is 
evaluated using the expression given below56,56,61;
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Persistent current.  A persistent current is a thermodynamic quantity. It is the continuous electric current that 
does not require an external power source. Such a current is usually said to be unachievable in standard electri-
cal equipment since all commonly used conductors have a non-zero resistance, and any such current would 
quickly dissipate as heat. However, due to quantum phenomena, persistent currents are feasible and observed in 
superconductors and some mesoscopic devices. Because of size effects in resistive materials, persistent currents 
can emerge in microscopic samples. Persistent currents are commonly employed in superconducting magnets. 
Substituting Eq. (28) into Eq. (38), the persistent current at finite temperature for the TiH diatomic molecule 
modelled by the Deng-Fan potential is evaluated using the expression given below56,56,61;

Due to the complicated nature of the analytical expressions, the graphic representations are shown for the 
magnetic properties at finite temperature.

Magnetic properties at T = 0.  In this section, the expressions for evaluating the magnetic properties at 
zero temperature are presented below.

Magnetization.  The magnetization at zero temperature is evaluated at zero temperature using the expresssion 
given below and Eq. (18)45.

Magnetic susceptibility.  The magnetic susceptibility at zero temperature is evaluated at zero temperature using 
the expression given below and Eq. (18)45.

Persistent current.  The persistent current at zero temperature is evaluated at zero temperature using the 
expresssion given below and Eq. (18)62.

Again, we point out here that due to the complicated nature of the expression, the graphical representations 
are presented.

Magnetic entropy change.  The magneto temperature effect (MCE) is the sensitivity of a magnetic mate-
rial to an applied magnetic field at a specific temperature. The ability of magnetic materials to regulate their tem-
perature or swap heat with a thermal reservoir in response to a changing magnetic field is a remarkable attribute 
of magnetic materials. The magnetocaloric effect is studied by considering the magnetocaloric potential (S) and 
the change in temperature (T). Because of this, we must first determine the entropy both with and without a 
magnetic field to compute the magnetic entropy change. To calculate S in an isothermal process, one uses the 
formula. To calculate the magnetic entropy change, the entropy is first calculated with and without magnetic 
field. For an isothermal process, the quantity ΔS is given by40,56,63:

Discussion and application of results
In this section, we have carried out the numerical calculations for a TiH diatomic molecule. We use the following 
fitting parameters;De = 2.05 , re= 1.781 Å, η= 1.32408 Å−1 and µ = 0.987371 amu64.

In Fig. 1a, the partition function is plotted against β
(

K−1
)

 with varying magnetic field 
(�B(T)

)

 . The parti-
tion function increases with temperature when �B = 15T but shows a quasi-constant (invariant) trend when 
�B = 0& �B = 10T . This means that to raise the partition function, the magnetic field must be sufficiently high. 
In Fig. 1b, the partition function is plotted against β

(

K−1
)

 with varying Aharonov-Bohm (AB) field (ξ) . The 
partition function decreases with temperature when ξ = 0, ξ = 10T &ξ = 20 . The three cases considered shows 
a uniform influence of the AB field on the partition function.

Figure 2) shows the plot of the free energy versus temperature with varying magnetic field. The free energy 
upsurges in a monotonic manner with rising temperature. It is clearly seen that the free energy was higher when 
the magnetic field is low and the converse is true. This means that the free energy of the TiH rises when the 

(37)χm(β) =
∂M(β)

∂ �B
.

(38)I(β) = − e

hc

∂F(β)

∂m
.

(39)Mnm = −∂E

∂ �B
.

(40)χm = ∂Mnm

∂ �B
.

(41)Inm = − ∂E

∂φAB

(42)�S = S(B �= 0,T)− S(B = 0,T).
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magnetic field is small. Figure 2b shows the plot of the free energy versus temperature with varying AB field. 
The free energy upsurges in a monotonic manner with rising temperature. Again a uniform influence of the AB 
field on the free energy is seen for ξ = 0, ξ = 10T &ξ = 20.

Figure 3a shows the plot a of entropy of the TiH versus temperature with varying magnetic field. The entropy 
of TiH decreases with rising β

(

K−1
)

 when �B = 8T . When �B = 0& �B = 4T , the entropy also decreases with 
surging temperature but shifts slightly above �B = 8T . However, on average, it won’t be out of place to posit that a 
low magnetic field is required to increase the entropy of the TiH diatomic molecule. To further buttress our point 
on the physical picture of this result, we note here that on application a magnetic field, the magnetic moments 
of TiH is able to lower the energy thereby leading to a lower entropy state where it is magnetized. In this case, 
the entropy decreases as magnetic field increase, at least when it is able to give away entropy to its environment. 
This effect is very important in magnetic refrigeration because the opposite is also true: a paramagnetic material 
tends to absorb entropy as the field is decreased.

Figure 1.   (a) Partition as a function of β varying magnetic field (b) Partition as a function of β varying AB field.

Figure 2.   (a) Free energy as a function of β varying magnetic field (b) Free energy as a function of β varying 
AB field.

Figure 3.   (a) Entropy as a function of β varying magnetic field (b) Entropy as a function of β varying AB field.
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Figure 3b shows the plot a of entropy of the TiH versus temperature with varying AB field. The entropy of 
TiH decreases with rising β

(

K−1
)

 when ξ = 0, ξ = 10T &ξ = 20 . However, on average, it won’t be out of place 
to posit that the higher the AB field higher the entropy of the TiH diatomic molecule.

The internal energy also known as the average energy of the TiH is plotted against a varying β
(

K−1
)

 with 
different values of �B in Fig. 4a. The internal energy decreases monotonically with rising temperature when 
�B = 8T . In the case where �B = 0& �B = 4T , it is seen that the internal energy of the TiH diatomic molecule is 
invariant but is higher than the case of �B = 8T . Again, a small amount of magnetic field is required to raise the 
internal energy. More so, it can be seen that when the magnetic field relatively low the influence is uniform as 
the influence shows an equally spaced internal energy profile when �B = 0& �B = 4T . The average energy of the 
TiH is plotted against a varying β

(

K−1
)

 with different values of ξ in Fig. 4b. The internal energy declines with 
rising temperature when ξ = 0, ξ = 10T &ξ = 20 . In addition, it can be seen that when the AB field rises, the 
internal energy rises and it shows a uniform pattern.

The specific heat capacity of the TiH diatomic molecule plotted against β
(

K−1
)

 with varying �B in Fig. 5a. 
When �B = 0 , it seen that the specific first rises and then reduces in a wave-like manner. Similar behaviour 
is observed when �B = 4T& �B = 8T . Generally, it is seen that the specific heat capacity exhibits an irregular 
behaviour which is almost contrary to the fundamental Dulong-Petit law9. This anomaly could be attributed to 
the Schottky anomaly which appears over a small range of temperatures65,66. The observation of this Schottky 
anomaly indicates that there are small number of discrete energy levels dominating the behaviour of the TiH 
diatomic molecule, and the spacing between these energy levels can be quantified. The specific heat capacity 
of the TiH diatomic molecule plotted against β

(

K−1
)

 with varying ξ in Fig. 5b. The specific heat upsurges with 
rising temperature with varying ξ = 0, ξ = 10T &ξ = 20 . It also rises with the rising AB field. In general, it 
is seen that the specific heat capacity exhibits a behaviour which is in consonance with Dulong-Petit law9,43.

The magnetization of the TiH diatomic molecule is plotted against temperature in Fig. 6a. The magnetiza-
tion decreases with increasing temperature when �B = 4T& �B = 8T . But increases with temperature monotoni-
cally when �B = 0 . Moreover, the magnetization is higher when �B = 4T& �B = 8T even though the trend is a 
declining one. It can be inferred that the magnetization can be raised high when the magnetic field is intense. 
The reason for this decrease in magnetization with temperature increase is attributed to the fact that thermal 
disorder (kT) increases and opposes the magnetic dipoles of TiH to align with the applied magnetic field, 
this leads to a decreased magnetization. The magnetization of the TiH diatomic molecule is plotted against 

Figure 4.   (a) Partition as a function of β varying magnetic field (b) Partition as a function of β varying AB field.

Figure 5.   (a) Specific Heat Capacity as a function of β varying magnetic field (b) Specific Heat Capacity as a 
function of β varying AB field.
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temperature with varying AB field in Fig. 6b. The magnetization increases with increasing temperature when 
ξ = 0, ξ = 10T &ξ = 20 . But decreases with the rising AB field. It can be implied that the magnetization can 
be raised high when the AB field is low.

In Fig. 7a,b, the plot of the magnetization at zero temperature (β = 0) are presented. In Fig. 7a, the magneti-
zation is plotted against �B(T) with a varying Aharonov-Bohm (AB) field (ξ) . The magnetization upsurges with 
the rising magnetic field and it also rise with different increasing values of the AB field. Figure 7b shows the 
magnetization plotted against ξ with varying magnetic field. The magnetization declines with the rising AB field. 
The magnetization of the TiH molecules tends to be higher in the absence of the magnetic or at low magnetic 
field. This is similar to what was observed when β  = 0.

Magnetic susceptibility versus temperature with the varying magnetic field is plotted in Fig. 8a. The mag-
netic susceptibility upsurges with rising temperature in a monotonic pattern and this is uniform for all the 
cases considered �B = 0, 4T& �B = 8T . From the plot, it can be deduced that the magnetic susceptibility will 
rise higher when the magnetic field is intense. Magnetic susceptibility versus temperature with varying AB field 

Figure 6.   (a) Magnetization as a function of β varying magnetic field (b) Magnetization as a function of β 
varying AB field. Both for β  = 0.

Figure 7.   (a) Magnetization as a function of �B(T) varying ξ-field (b) Magnetization as a function of ξ varying 
�B(T) . Both for β = 0.

Figure 8.   (a) Magnetic Susceptibility as a function of β varying magnetic field (b) Magnetic Susceptibility as a 
function of β varying AB field. Both for β  = 0.
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(ξ = 0, ξ = 10T &ξ = 20) is plotted in Fig. 8b. The magnetic susceptibility upsurges with rising temperature in a 
monotonic pattern and this is uniform for all the cases considered ξ = 0, ξ = 10T &ξ = 20 . From the plot, it can 
be deduced that the magnetic susceptibility will rise higher when the AB field is intense. In Fig. 9a,b, the plot of the 
magnetic susceptibility at zero temperature (β = 0) are presented. Magnetic susceptibility versus �B(T) with varying AB 
field (ξ = 0, ξ = 100T &ξ = 200) is plotted in Fig. 9a. The magnetic susceptibility upsurges with rising temperature 
in a monotonic pattern and this is uniform for all the cases considered. More so, the susceptibility is higher when the 
AB field is absent or low. The magnetic susceptibility against AB field with varying magnetic field is plotted in Fig. 9b. 
The magnetic susceptibility increases with AB field and magnetic field. We point out here that in all the cases considered 
(β = 0 & β �= 0) , the susceptibility of the TiH diatomic shows a diamagnetic behaviour since χ

(�B, ξ
)

< 0.
The persistent current (PC) of the TiH diatomic molecule is plotted against temperature in Fig. 10a. The persistent 

current decreases with increasing temperature when �B = 4T . The PC increases with temperature monotonically when 
�B = 0.4T& �B = 4T . Moreover, the persistent current is higher when �B = 4T even though the trend is a declining 
one. It can be concluded that the persistent current can be raised high when the magnetic field is intense. The persistent 
current of the TiH diatomic molecule is plotted against temperature with varying AB field (ξ = 0, ξ = 10T &ξ = 20) 
in Fig. 10b. The persistent current decreases monotonically with increasing temperature. In addition, the persistent 
current is higher when AB field is absent and low even though the trend is a declining one. It can be concluded that the 
persistent current can be raised high when the magnetic field is less-intense and absent.

In Fig. 11a,b, the plot of the persistent current at zero temperature (β = 0) are presented. Figure 11a shows the plot 
of the persistent current as a function of �B with varying AB field. The persistent current rises with rising magnetic and 
AB fields (in a uniform trend). We point out here that our understanding of the persistent current in diatomic molecular 
systems is far from complete, especially at finite temperatures. We note here again that the current can change its flux 
period and sign (diamagnetic or paramagnetic) as a function of temperature, features that can be attributed to changing 
confinement of the system. This work presents the properties of the persistent current of TiH which could be relevant 
for the interpretation of experiments on persistent currents in such diatomic molecules. Figure 11b shows the plot 
of the persistent current as a function of ξ . The persistent current decreases with rising AB field. The persistent 
current is higher in the absence or region of low magnetic field.

Figure 9.   (a) Magnetic Susceptibility as a function of �B(T) varying ξ-field (b) Magnetic Susceptibility as a 
function of ξ varying �B(T) . Both for β = 0.

Figure 10.   (a) Persistent current as a function of β varying magnetic field (b) Persistent current as a function of 
β varying AB field. Both for β  = 0.
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In Fig. 12a,b, the Magnetocaloric effect (MCE) of TiH is presented. The Magnetic entropy versus temperature 
with varying �B is presented in Fig. 12a. The magnetic entropy shows a decrease with rising temperature when 
�B = 4T . There is no discernible trend at �B = 0 & 0.4T . These findings could find possible applications in the 
fabrication of conventional cooling systems (air conditioners, refrigerators, and chillers) based on the MCE. These 
materials play an important role as coolants in adiabatic demagnetization refrigerators. The magnetic entropy 
versus temperature with varying ξ is presented in Fig. 12b. The magnetic entropy rises with rising temperature 
and the influence of the various of values of the AB field is seen to be uniform.

Conclusion
This work presents the thermal and magnetic properties of the TiH modelled by the Deng-Fan potential in the 
presence of magnetic and AB fields. The SE is solved using the FAA to obtain the approximate-analytic energy 
spectrum and wave function in terms of hypergeometric functions. The obtained energy equation is used to 
derive the analytic expressions for the thermo-magnetic properties. Graphical analysis are carried out exten-
sively to show the effects of the perturbations on the thermo-magnetic and transport properties. We have shown 
in this work that the system is highly sensitive to the presence of the Aharonov-Bohm field and behaves in an 
irregular pattern when subjected to the magnetic field. Our study revealed that the susceptibility is diamagnetic 
which is in agreement with literature. By adjusting the potential parameters, the obtained analytical expressions 
can be used to study other physical systems, further expanding the frontiers of knowledge. Chemical physics, 
condensed matter physics, atomic physics, and other fields will benefit from the findings of this research. For 
instance, in chemical and condensed matter physics, several potential models (such as exponential-type potential 
considered in our study) have been adopted to study energy spectra and thermodynamics properties of diatomic 
molecules and GaAs quantum dot respectively by several researchers59,67 (and the references therein). In view of 
the foregoing, our results could be applied to study such systems highlighted above bearing in mind the effects 
external fields which was hitherto not considered.

Data availability
The datasets used and/or analyzed during the current study are available from the corresponding author on 
reasonable request.

Figure 11.   (a) Persistent current as a function of �B(T) varying ξ-field (b) Persistent current as a function of ξ 
varying �B(T) . Both for β = 0.

Figure 12.   (a) Magnetic entropy as a function of β varying magnetic field (b) Magnetic entropy as a function of 
β varying AB field. Both for β  = 0.



13

Vol.:(0123456789)

Scientific Reports |        (2022) 12:15430  | https://doi.org/10.1038/s41598-022-19396-x

www.nature.com/scientificreports/

Received: 28 February 2022; Accepted: 29 August 2022

References
	 1.	 Jia, C.-S., Li, Y., Sun, Y., Liu, J.-Y. & Sun, L.-T. Bound states of the five-parameter exponential-type potential model. Phys. Lett. A 

311, 115–125 (2003).
	 2.	 Jia, C.-S., Chen, T. & Cui, L.-G. Approximate analytical solutions of the Dirac equation with the generalized Pöschl-Teller potential 

including the pseudo-centrifugal term. Phys. Lett. A 373, 1621–1626 (2009).
	 3.	 Jia, C.-S., Chen, T. & He, S. Bound state solutions of the Klein-Gordon equation with the improved expression of the Manning-

Rosen potential energy model. Phys. Lett. A 377, 682–686 (2013).
	 4.	 Jia, C.-S. et al. Partition function of improved Tietz oscillators. Chem. Phys. Lett. 676, 150–153 (2017).
	 5.	 Okorie, U. S., Ibekwe, E. E., Ikot, A. N., Onyeaju, M. C. & Chukwuocha, E. O. Thermodynamic properties of the modified Yukawa 

potential. J. Korean Phys. Soc. 73, 1211–1218 (2018).
	 6.	 Dong, S.-H. & Cruz-Irisson, M. Energy spectrum for a modified Rosen-Morse potential solved by proper quantization rule and 

its thermodynamic properties. J. Math. Chem. 50, 881–892 (2012).
	 7.	 Edet, C. O. & Okoi, P. O. Any l-state solutions of the Schrödinger equation for q-deformed Hulthen plus generalized inverse 

quadratic Yukawa potential in arbitrary dimensions. Revista mexicana de física 65, 333–344 (2019).
	 8.	 Khordad, R. & Mirhosseini, B. Application of Tietz potential to study optical properties of spherical quantum dots. Pramana 85, 

723–737 (2015).
	 9.	 Servatkhah, M., Khordad, R., Firoozi, A., Rastegar Sedehi, H. R. & Mohammadi, A. Low temperature behavior of entropy and 

specific heat of a three dimensional quantum wire: Shannon and Tsallis entropies. Eur. Phys. J. B 93, 1–7 (2020).
	10.	 Zhang, G.-D., Liu, J.-Y., Zhang, L.-H., Zhou, W. & Jia, C.-S. Modified Rosen-Morse potential-energy model for diatomic molecules. 

Phys. Rev. A 86, 062510 (2012).
	11.	 Edet, C. O. et al. Solutions of Schrodinger equation and thermal properties of generalized trigonometric Poschl-Teller potential. 

Revista Mexicana de Física 66(6), 824–839 (2020).
	12.	 Edet, C. O. et al. Thermal properties of Deng–Fan–Eckart potential model using Poisson summation approach. J. Math. Chem. 

58, 989–1013 (2020).
	13.	 Falaye, B. J. Any ℓ-state solutions of the Eckart potential via asymptotic iteration method. Cent. Eur. J. Phys. 10, 960–965 (2012).
	14.	 Hassanabadi, H., Yazarloo, B. H., Ikot, A. N., Salehi, N. & Zarrinkamr, S. Exact analytical versus numerical solutions of Schrödinger 

equation for Hua plus modified Eckart potential. Indian J. Phys. 87, 1219–1223 (2013).
	15.	 Abu-Shady, M., Edet, C. O. & Ikot, A. N. Non-relativistic quark model under external magnetic and Aharanov-Bohm (AB) fields 

in the presence of temperature-dependent confined Cornell potential. Can. J. Phys. 99, 1024–1031 (2021).
	16.	 Ikhdair, S. M. & Sever, R. Relativistic two-dimensional harmonic oscillator plus cornell potentials in external magnetic and AB 

fields. Adv. High Energy Phys. 2013, (2013).
	17.	 Ikot, A. N. et al. Thermodynamics properties of diatomic molecules with general molecular potential. Pramana 90, 1–9 (2018).
	18.	 Ikot, A. N. et al. Klein-Gordon Equation and Nonrelativistic Thermodynamic Properties with Improved Screened Kratzer Potential. 

J. Low Temp. Phys. 202, 269–289 (2021).
	19.	 Jia, C.-S. & Jia, Y. Relativistic rotation-vibrational energies for the Cs 2 molecule. Eur. Phys. J. D 71, 1–7 (2017).
	20.	 Morse, P. M. Diatomic molecules according to the wave mechanics II. Vibrational levels. Phys. Rev. 34, 57 (1929).
	21.	 Morse, P. M. & Stueckelberg, E. C. G. Diatomic molecules according to the wave mechanics I: Electronic levels of the hydrogen 

molecular ion. Phys. Rev. 33, 932 (1929).
	22.	 Deng, Z. H. & Fan, Y. P. A potential function of diatomic molecules. J. Shandong Univ. (Nat. Sci.) 1, (1957).
	23.	 Zhang, L.-H., Li, X.-P. & Jia, C.-S. Approximate solutions of the Schrödinger equation with the generalized Morse potential model 

including the centrifugal term. Int. J. Quantum Chem. 111, 1870–1878 (2011).
	24.	 Dong, S.-H. & Gu, X.-Y. Arbitrary l state solutions of the Schrödinger equation with the Deng-Fan molecular potential. in Journal 

of Physics: Conference Series, vol. 96, 012109 (IOP Publishing, 2008).
	25.	 Rong, Z., Kjaergaard, H. G. & Sage, M. L. Comparison of the Morse and Deng-Fan potentials for XH bonds in small molecules. 

Mol. Phys. 101, 2285–2294 (2003).
	26.	 Oyewumi, K. J., Oluwadare, O. J., Sen, K. D. & Babalola, O. A. Bound state solutions of the Deng-Fan molecular potential with the 

Pekeris-type approximation using the Nikiforov-Uvarov (N–U) method. J. Math. Chem. 51, 976–991 (2013).
	27.	 Omugbe, E. Non-relativistic energy spectrum of the Deng-Fan oscillator via the WKB approximation method. Asian J. Phys. Chem. 

Sci. 8, 26–36 (2020).
	28.	 Yazarloo, B. H., Lu, L., Liu, G., Zarrinkamar, S. & Hassanabadi, H. The nonrelativistic scattering states of the Deng-Fan potential. 

Adv. High Energy Phys. 2013, (2013).
	29.	 Dong, S.-H. Relativistic treatment of spinless particles subject to a rotating Deng—Fan oscillator. Commun. Theor. Phys. 55, 969 

(2011).
	30.	 Duz, V., Matviychuk, M., Klevtsov, A. & Moxson, V. Industrial application of titanium hydride powder. Met. Powder Rep 72, 30–38 

(2017).
	31.	 Gambini, M. et al. Hydrogen release from oxidized titanium hydride. in Materials Science Forum, vol. 941, 2203–2208 (Trans Tech 

Publ, 2018).
	32.	 Mei, L., Wang, C., Wei, Y., Xiao, S. & Chen, Y. Effects of hydrogen content on powder metallurgy characteristic of titanium hydrides. 

Int. J. Hydrog. Energy 43, 7102–7107 (2018).
	33.	 Rastegar-Sedehi, H. R. Magnetocaloric effect in Rashba spin-orbit coupling and Zeeman splitting of a narrow nanowire quantum 

dot. Eur. Phys. J. Plus 136, 514 (2021).
	34.	 Tavares, C., Oliveira, S., Fernandes, V., Postnikov, A. & Vasilevskiy, M. I. Quantum simulation of the ground-state Stark effect in 

small molecules: a case study using IBM Q. Soft Comput. 25, 6807–6830 (2021).
	35.	 Tokunaga, S. K., Dyne, J. M., Hinds, E. A. & Tarbutt, M. R. Stark deceleration of lithium hydride molecules. New J. Phys. 11, 055038 

(2009).
	36.	 Edet, C. O. et al. Thermal properties and magnetic susceptibility of hellmann potential in Aharonov-Bohm (AB) flux and magnetic 

fields at zero and finite temperatures. J. Low Temp. Phys. 202, 83–105 (2021).
	37.	 Ikot, A. N. et al. Thermodynamic properties of Aharanov-Bohm (AB) and magnetic fields with screened Kratzer potential. Eur. 

Phys. J. D 74, 1–13 (2020).
	38.	 Edet, C. O. & Ikot, A. N. Shannon information entropy in the presence of magnetic and Aharanov-Bohm (AB) fields. Eur. Phys. 

J. Plus 136, 1–11 (2021).
	39.	 Ikot, A. N. et al. Superstatistics of Schrödinger equation with pseudo-harmonic potential in external magnetic and Aharanov-Bohm 

fields. Heliyon 6, e03738 (2020).
	40.	 Negrete, O., Peña, F. & Vargas, P. Magnetocaloric Effect in an Antidot: The Effect of the Aharonov-Bohm Flux and Antidot Radius. 

Entropy 20, 888 (2018).
	41.	 Edet, C. O. et al. Persistent current, magnetic susceptibility, and thermal properties for a class of yukawa potential in the presence 

of external magnetic and Aharanov-Bohm Fields. Int. J. Thermophys. 42, 138 (2021).



14

Vol:.(1234567890)

Scientific Reports |        (2022) 12:15430  | https://doi.org/10.1038/s41598-022-19396-x

www.nature.com/scientificreports/

	42.	 Khordad, R., Mirhosseini, M. M. & Mirhosseini, B. Electronic, mechanical and thermodynamic properties of ceramic compounds. 
Iran. J. Sci. Technol. Trans. A Sci. 42, 2355–2363 (2018).

	43.	 Khordad, R. & Vaseghi, B. Magnetic properties in three electrons under Rashba spin-orbit interaction and magnetic field. Int. J. 
Quantum Chem. 119, e25994 (2019).

	44.	 Ikhdair, S. M., Falaye, B. J. & Hamzavi, M. Nonrelativistic molecular models under external magnetic and AB flux fields. Ann. 
Phys. 353, 282–298 (2015).

	45.	 Edet, C. O. et al. Thermo-magnetic properties of the screened Kratzer potential with spatially varying mass under the influence 
of Aharanov-Bohm (AB) and position-dependent magnetic fields. Phys. E 131, 114710 (2021).

	46.	 Edet, C. O. & Ikot, A. N. Analysis of the impact of external fields on the energy spectra and thermo-magnetic properties of N 2, I 
2, CO, NO and HCl diatomic molecules. Mol. Phys. 119, e1957170 (2021).

	47.	 Biswas, A. et al. Designed materials with the giant magnetocaloric effect near room temperature. Acta Mater. 180, 341–348 (2019).
	48.	 de Castro, P. B. et al. Machine-learning-guided discovery of the gigantic magnetocaloric effect in HoB 2 near the hydrogen lique-

faction temperature. NPG Asia Mater. 12, 1–7 (2020).
	49.	 Franco, V. et al. Magnetocaloric effect: From materials research to refrigeration devices. Prog. Mater Sci. 93, 112–232 (2018).
	50.	 Gottschall, T. et al. Magnetocaloric effect of gadolinium in high magnetic fields. Phys. Rev. B 99, 134429 (2019).
	51.	 Kadim, G., Masrour, R. & Jabar, A. Large magnetocaloric effect, magnetic and electronic properties in Ho3Pd2 compound: Ab initio 

calculations and Monte Carlo simulations. J. Magn. Magn. Mater. 499, 166263 (2020).
	52.	 Li, L., Xu, C., Yuan, Y. & Zhou, S. Large refrigerant capacity induced by table-like magnetocaloric effect in amorphous 

Er0.2Gd0.2Ho0.2Co0.2Cu0.2 ribbons. Materials Research Letters 6, 413–418 (2018).
	53.	 Li, Z. et al. Giant low-field magnetocaloric effect in Si alloyed Ni-Co-Mn-In alloys. Scripta Mater. 159, 113–118 (2019).
	54.	 Zhang, Y. et al. Study of the magnetic phase transitions and magnetocaloric effect in Dy2Cu2In compound. J. Alloy. Compd. 667, 

130–133 (2016).
	55.	 Zhang, Y., Hou, L., Ren, Z., Li, X. & Wilde, G. Magnetic properties and magnetocaloric effect in TmZnAl and TmAgAl compounds. 

J. Alloy. Compd. 656, 635–639 (2016).
	56.	 Sedehi, H. R. & Khordad, R. Magnetocaloric effect, magnetic susceptibility and specific heat of tuned quantum dot/ring systems. 

Physica E 134, 114886 (2021).
	57.	 Greene, R. L. & Aldrich, C. Variational wave functions for a screened Coulomb potential. Phys. Rev. A 14(6), 2363 (1976).
	58.	 Jia, C.-S., Zeng, R., Peng, X.-L., Zhang, L.-H. & Zhao, Y.-L. Entropy of gaseous phosphorus dimer. Chem. Eng. Sci. 190, 1–4 (2018).
	59.	 Wang, J. et al. Thermodynamic properties for carbon dioxide. ACS Omega 4, 19193–19198 (2019).
	60.	 Jia, C.-S. et al. Prediction of entropy and Gibbs free energy for nitrogen. Chem. Eng. Sci. 202, 70–74 (2019).
	61.	 Habibinejad, M. & Ghanbari, A. Enthalpy, Gibbs free energy and specific heat in constant pressure for diatomic molecules using 

improved deformed exponential-type potential (IDEP). Eur. Phys. J. Plus 136, 400 (2021).
	62.	 Edet, C. O. & Ikot, A. N. Effects of topological defect on the energy spectra and thermo-magnetic properties of $$ CO $$ CO 

diatomic molecule. J. Low Temp. Phys. 203, 84–111 (2021).
	63.	 Negrete, O., Peña, F., Florez, J. & Vargas, P. Magnetocaloric effect in non-interactive electron systems: “The Landau Problem” and 

Its extension to quantum dots. Entropy 20, 557 (2018).
	64.	 Oyewumi, K. J., Falaye, B. J., Onate, C. A., Oluwadare, O. J. & Yahya, W. A. Thermodynamic properties and the approximate solu-

tions of the Schrödinger equation with the shifted Deng-Fan potential model. Mol. Phys. 112, 127–141 (2014).
	65.	 Rastegar Sedehi, H. R., Arda, A. & Sever, R. Thermodynamic properties of a charged particle in non-uniform magnetic field. Opt. 

Quantum Electr. 53, 1–14 (2021).
	66.	 Hoi, B. D., Tung, L. V., Vinh, P. T., Khoa, D. Q. & Phuong, L. T. Electric field and charged impurity doping effects on the Schottky 

anomaly of β 12-borophene. Phys. Chem. Chem. Phys. 23, 2080–2087 (2021).
	67.	 Máthé, L. et al. Linear and nonlinear optical properties in spherical quantum dots: Inversely quadratic Hellmann potential. Phys. 

Lett. A 397, 127262 (2021).

Acknowledgements
C. O. Edet acknowledges eJDS (ICTP).

Author contributions
C.O.E., R.K. and E.B.E. conceived the idea, wrote the first draft of the introduction and  plotted some of the 
graphs. C.O.E. solved Schrodinger equation using FAA. S.A.A., R.E. and N.A. analyzed the results and did 
some computations.  M.A. and P.O.U. sourced most of the literature and plotted some graphs. and A.N.I.  wrote 
part of the introduction and  handled the discussion. All the authors read and approved the manuscript before 
submission to this journal.

Funding
This research has been carried out under LRGS Grant LRGS/1/2020/UM/01/5/2 (9012–00009) Fault-tolerant 
Photonic Quantum States for Quantum Key Distribution provided by Ministry of Higher Education of Malaysia 
(MOHE).

Competing interests 
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to C.O.E. or N.A.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations.

www.nature.com/reprints


15

Vol.:(0123456789)

Scientific Reports |        (2022) 12:15430  | https://doi.org/10.1038/s41598-022-19396-x

www.nature.com/scientificreports/

Open Access   This article is licensed under a Creative Commons Attribution 4.0 International 
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or 

format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the 
Creative Commons licence, and indicate if changes were made. The images or other third party material in this 
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the 
material. If material is not included in the article’s Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder. To view a copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

© The Author(s) 2022

http://creativecommons.org/licenses/by/4.0/

	Magneto-transport and Thermal properties of TiH diatomic molecule under the influence of magnetic and Aharonov-Bohm (AB) fields
	Non-relativistic model and solutions
	Magneto-transport and Thermal properties of Deng-Fan potential (DFP) model
	Free energy. 
	Entropy. 
	Internal energy. 
	Specific heat capacity. 
	Magnetic properties at . 
	Magnetization. 
	Magnetic susceptibility. 
	Persistent current. 

	Magnetic properties at . 
	Magnetization. 
	Magnetic susceptibility. 
	Persistent current. 

	Magnetic entropy change. 

	Discussion and application of results
	Conclusion
	References
	Acknowledgements


