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Methods for electro- or magnetoencephalography (EEG/MEG) based brain source imaging (BSI)
using sparse Bayesian learning (SBL) have been demonstrated to achieve excellent performance in
situations with low numbers of distinct active sources, such as event-related designs. This paper
extends the theory and practice of SBL in three important ways. First, we reformulate three
existing SBL algorithms under the majorization-minimization (MM) framework. This unification
perspective not only provides a useful theoretical framework for comparing different algorithms in
terms of their convergence behavior, but also provides a principled recipe for constructing novel
algorithms with specific properties by designing appropriate bounds of the Bayesian marginal
likelihood function. Second, building on the MM principle, we propose a novel method called
LowSNR-BS/ that achieves favorable source reconstruction performance in low signal-to-noise-
ratio (SNR) settings. Third, precise knowledge of the noise level is a crucial requirement for
accurate source reconstruction. Here we present a novel principled technique to accurately learn
the noise variance from the data either jointly within the source reconstruction procedure or using
one of two proposed cross-validation strategies. Empirically, we could show that the monotonous
convergence behavior predicted from MM theory is confirmed in numerical experiments. Using
simulations, we further demonstrate the advantage of LowSNR-BSI over conventional SBL in
low-SNR regimes, and the advantage of learned noise levels over estimates derived from baseline
data. To demonstrate the usefulness of our novel approach, we show neurophysiologically
plausible source reconstructions on averaged auditory evoked potential data.

Keywords

Electro-/magnetoencephalography; Brain source imaging; Type I/l Bayesian learning; Non-
convex; Majorization-Minimization; Noise learning; Hyperparameter learning

Introduction

Electro- and Magnetoencephalography (EEG/MEG) are non-invasive techniques for
measuring brain electrical activity with high temporal resolution. As such, both have become
indispensable tools in basic neuroscience and clinical neurology. The downside of both
techniques, however, is that their sensors are located far away from the neural generators of
the measured brain electrical activity. EEG/MEG measurements are therefore characterized
by low spatial resolution and highly overlapping contributions of multiple brain sources in
each sensor. The mathematical model of the EEG/MEG sensing procedure can be described
by the linear forward model

Y=LX+E, @

which maps the electrical activity of the brain sources, X, to the sensor measurements, Y.
The measurement matrixY € R™ % T captures the activity of M sensors attached at different
parts of the scalp at 7time instants, y(s) € RMX1 t=1 .. T whilethe source matrix,

X € RV XT  consists of the unknown activity of A/brain sources located in the cortical gray
matter at the same time instants, x() € RY %!, t=1, ..., 7. The matrix

E = [e(]),...,e(T)] € RM*T represents 7time instances of independent and identically
distributed (i.i.d.) zero mean white Gaussian noise with variance o2,
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e(r) € RMX 1~/V(0, (FZIM), t=1, ..., 7, which is assumed to be independent of the source

activations. The linear forward mapping from X to Y is given by the /ead field matrix

L € RM>N 'which is here assumed to be known. In practice, L can be computed using
discretization methods such as the Finite Element Method (FEM) for a given head geometry
and known electrical conductivities using the quasi-static approximation of Maxwell’s
equations (Baillet et al., 2001; Gramfort, 2009; Hdmal&inen et al., 1993; Huang et al., 2016).

The goal of brain source imaging (BSI) is to infer the underlying brain activity X from the
EEG/MEG measurement Y given the lead field matrix L. Unfortunately, this inverse
problem is highly ill-posed as the number of sensors is typically much smaller than the
number of locations of potential brain sources. Thus, a unique solution cannot be found
without introducing further mathematical constraints or penalties, which are often referred to
as regularizers. In addition, the leadfield matrix is typically highly ill-conditioned even for
small numbers of sensors, introducing numerical instabilities in the inverse estimates.

Interestingly, regularization can also be interpreted in a Bayesian framework, where the
regularizer introduces prior knowledge or assumptions about the nature of the true sources
into the estimation (Calvetti and Somersalo, 2018; Stuart, 2010). A common assumption is
that the number of active brain sources during the execution of a specific mental task is
small, i.e., that the spatial distribution of the brain activity is sparse. This assumption can be
encoded in various ways. Classical approaches (Matsuura and Okabe, 1995) employ super-
Gaussian prior distributions to identify solutions in which most of brain regions are inactive.

In these approaches Maximum-a-Posteriori (MAP) estimation, also termed 7ype-/ learning,
is used. Later work (Wipf et al., 2010) has shown that hierarchical Bayesian models achieve
better reconstructions of sparse brain signals by employing a separate Gaussian prior for
each brain location. The variances at each location are treated as unknown (hyper-)
parameters, which are estimated jointly with the source activity. This approach is called
Sparse Bayesian Learning (SBL), Type-11 Maximum-Likelihood (Type-I1 ML) estimation or
simply Type-1/ learning (Mika et al., 2001; Tipping, 2001; Wipf and Rao, 2004).

Type-11 learning generally leads to non-convex objective functions, which are non-trivial to
optimize. A number of iterative algorithms have been proposed (Mika et al., 2001; Tipping,
2001; Wipf and Nagarajan, 2009; 2010; Wipf et al., 2010; 2011), which, due to employing
distinct parameter update rules, differ in their convergence guarantees, rates and overall
computational complexity. Being derived using vastly different mathematical concepts such
as fixed point theory and expectation-maximization (EM), it has, however, so far been
difficult to explain the observed commonalities and differences, advantages and
disadvantages of Type-Il methods in absence of a common theoretical framework, even if
the properties of individual algorithms have been extensively studied (Wipf and Nagarajan,
2009).

The primary contribution of this paper is to introduce Majorization-Minimization (MM)
(Hunter and Lange, 2004; Sun et al., 2017, and references therein) as a flexible algorithmic
framework within which different SBL approaches can be theoretically analyzed. Briefly,
MM is a family of iterative algorithms to optimize general non-linear objective functions. In
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a minimization setting, MM replaces the original cost function in each iteration by an upper
bound, or majorization function, whose minimum is usually easy to find. The objective value
at the minimum is then used to construct the bound for the following iteration, and the
procedure is repeated until a local minimum of the objective is reached. Notably, MM
algorithms are popular in many disciplines in which Type-1I learning problems arise, such
as, e.g., telecommunications (Haghighatshoar and Caire, 2017; Khalilsarai et al., 2020;
Oguz-Ekim et al., 2011; Prasad et al., 2015; Shen et al., 2019) and finance (Benidis et al.,
2018; Feng et al., 2016). The concept of MM is, however, rarely explicitly referenced in
EEG/MEG brain source imaging, even though it has been used implicitly (Bekhti et al.,
2018; Hashemi and Haufe, 2018). We demonstrate here that three popular SBL variants,
denoted as EM, MacKay, and convex-bounding based SBL, can be cast as majorization-
minimization methods employing different types of upper bounds on the marginal
likelihood. This view as variants of MM helps explain, among other things, the guaranteed
convergence of these algorithms to a local minimum. The characteristics of the chosen
bounds determine the reconstruction performance and convergence rates of the resulting
algorithms. The MM framework additionally offers a principled way of constructing new
SBL algorithms for specific purposes by designing appropriate bounds.

Therefore, a second contribution of this paper is the development of a new SBL algorithm,
called LowSNR-BSI, that is especially suitable for low signal-to-noise ratio (SNR) regimes.
Real-world applications of EEG/MEG brain source imaging are often characterized by low
SNR, where the power of unwanted noise sources can be comparable to the power of the
signal of interest. This holds in particular for the reconstruction of ongoing as well as
induced (non-phase-locked) oscillatory activity, where no averaging can be performed prior
to source reconstruction. Current SBL algorithms may suffer from reduced performance in
such low-SNR regimes (Cai et al., 2021; Khanna and Murthy, 2017a; Owen et al., 2012). To
overcome this limitation, we propose a novel MM algorithm for EEG/MEG source imaging,
which employs a bound on the SBL cost function that is particularly suitable for low-SNR
regimes.

As a third contribution, this paper discusses principled ways to estimate the sensor noise
variance o which is assumed to be known in the first part of the paper. Determining the
goodness-of-fit of the optimal model, the value of this variable exerts a strong impact on the
overall reconstruction (Habermehl et al., 2014). Technically being another model
hyperparameter, the noise variance is, however, rarely estimated as part of the model fitting.
Instead, it is often determined prior to the model fitting from a baseline recording. This
approach can, however, lead to suboptimal results in practice or be even inapplicable, e.g.,
when resting state data are analyzed. Here we present a number of alternatives to estimate
the noise variance in Type-I and Type-I1I brain source imaging approaches. Building on work
by (Wipf and Rao, 2007), we derive an analytic update rule, which enables the adaptive
estimation of the noise variance within various SBL schemes. Moreover, we propose two
novel cross-validation (CV) schemes from the machine learning field to determine the noise
variance parameter.

We conduct extensive ground-truth simulations in which we compare LowSNR-BSI with
popular source reconstruction schemes including existing SBL variants, and in which we
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systematically study the impact of different strategies to estimate the noise level o2 from the
data.

The outline of the paper is as follows: In Section 2, a comprehensive review of Type-11 BSI
methods is presented. In Section 3, we unify the Type-1l1 methods described in Section 2
within the MM framework, and in Section 4, we derive LowSNR-BSI algorithm within the
same framework. Section 5 introduces numerous principled ways for estimating the sensor
noise variance. Simulation studies, real data analysis, and discussions are presented in
Sections 6, 7, and 8, respectively. Finally, Section 9 concludes the paper.

2. Bayesian learning

The ill-posed nature of the EEG/MEG inverse problem can be overcome by assuming a prior
distribution p(X) for the source activity. The posterior distribution of the sources after
observing the data Y, p(X|Y), is given by Bayes’ rule:

_ A 1X0p(%)
PO = T 000X

@

where the conditional probability p(Y|X) in the numerator denotes the /ikelihood, while the
term in the denominator, [p(Y | X)p(X)dX = p(Y), is referred to as /mode/ evidence or
marginal likelihood. However, note that the posterior is often not analytically tractable, as
evaluating the integral in the model evidence is intractable for many choices of prior
distributions and likelihoods.

Remark 1. Priors fulfill the same practical purpose as regularizers even if they are motivated
from a different perspective, e.g., the Bayesian formalism, in this paper. Besides, we regard
the Bayesian perspective as a helpful technical vehicle to inspire and generate flexible priors
for shaping more plausible solutions.

2.1. Type-l Bayesian learning

As the model evidence in Eqg. (2) only acts as a scalar normalization for the posterior, its
evaluation can be avoided if one is only interested in the most probable source configuration
X rather than the full posterior distribution. This point estimate is known as the maximum-a-
posteriori (MAP) estimate:

XMAP .~ arg max p(Y | X)p(X).

X S (3)
likelihood prior
Assuming i.i.d. Gaussian sensor noise, the likelihood reads:
T T
p(Y 1X) = [Trovo 1 x) = [ #(Lx.61), @

r=1 t=1

and the resulting MAP estimate (3) is given by
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T 2
XMAP .= arg max H exp —Lz yo» - Lx@| [|pX)
X /=1 20 2
T 2 ®)
_ .1 2l ey — ool
= arg min | = z y@) — Lx(0)|| |+ "% (X) = arg min & (X),
x [T~ ) X

where 2'(X) = log(p(X)) and ZXX) denotes the Bayesian Type-I learning (MAP) objective
function.

Note that this expression can be interpreted as a trade-off between two optimization goals,
where the first (log-likelihood) term in (5) penalizes model errors using a quadratic loss
function and the second (log-prior) term penalizes deviations of the solution from the
assumed spatial or temporal properties of the brain sources encoded in %'(X). The trade-off
between these two optimization goals is defined by the ratio of the noise variance o2 and the
variance of the prior distribution. As the latter is hardly known in practice, a regularization
parameter A &« o subsuming both variables is introduced, which can be tuned to adjust the
relative importance of both penalties in the optimization.

Several existing algorithms are characterized by different choices of a prior. For instance,
choosing a Gaussian prior distribution leads to the classical minimum-norm estimate
(H&maladinen and llmoniemi, 1994; Pascual-Marqui, 2007; Pascual-Marqui et al., 1994),

which also goes by the names f%-norm (or Tikhonov) regularization and “ridge regression” in

the statistics and machine learning literature. The choice of a Laplace prior leads to the
minimum-current estimate (Matsuura and Okabe, 1995), which is also known as £-norm
regularization or “LASSO” regression. Besides, hierarchical Bayesian priors with automatic
depth weighting have been used to infer brain activity from EEG/MEG data (Calvetti et al.,
2019). More complex priors have been also used to incorporate anatomical information of
the sources (Dale and Sereno, 1993; Pascual-Marqui et al., 2002; Trujillo-Barreto et al.,
2004) or to encode assumptions on the spatial, temporal and/or spectral structure of the
sources. Respective methods include FOCUSS (Gorodnitsky et al., 1995), S-FLEX (Haufe et
al., 2008; 2011), MXNE (Gramfort et al., 2012), irMxNE (Strohmeier et al., 2016), TF-
MXNE (Gramfort et al., 2013), irTF-MXNE (Strohmeier et al., 2015), and STOUT (Castafio-
Candamil et al., 2015), which all enforce sparsity in different domains such as Gabor frames
or cortical patches through appropriate norm constraints.

2.2. Type-ll Bayesian learning

While in the MAP approach the prior distribution is fixed, it is sometimes desirable to
consider entire families of distributions p(X|y) parameterized by a set of hyper-parameters

y. These hyper-parameters can be learned from the data along with the model parameters
using a hierarchical empirical Bayesian approach (Mika et al., 2001; Tipping, 2001; Wipf
and Rao, 2004). In this maximum-likelihood Type-11 (ML-II, or simply Type-Il) approach, ¥
is estimated through the maximum-likelihood principle:
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yH := arg max p(Y | y) = arg max /p(Y | X, 7)pX | y)dX. (6)
14 4

Computation of the conditional density p(Y|y) is formally achieved by integrating over all
possible source distributions X for any given choice of . The maximizer of Eq. (6) then
determines a data-driven prior distribution p(X|»'!). Plugged into the MAP estimation
framework Eq. (3), this gives rises to the Type-II source estimate X',

As the conditional density p(Y|y) for a given yis identical to the model evidence in Eq. (2),
this approach also goes by the name evidence maximization (Wipf and Rao, 2007; Wipf et
al., 2011). Concrete instantiations of this approach have further been introduced under the
names sparse Bayesian learning (SBL) (Tipping, 2001) or automatic relevance determination
(ARD) (Tipping, 2000), kernel Fisher discriminant (KFD) (Mika et al., 2001), variational
Bayes (VB) (Seeger and Wipf, 2010; Wipf and Nagarajan, 2009) and iteratively-reweighted
MAP estimation (Gorodnitsky et al., 1995; Wipf and Nagarajan, 2010). Interested readers
are referred to (Wu et al., 2016) for a comprehensive survey on Bayesian machine learning
techniques for EEG/MEG signals. To distinguish all these Type-11 variants from classical
ML and MAP approaches not involving hyperparameter learning, the latter are also referred
to as Type-I approaches.

Remark 2. The marginal likelihood formulation in Type-11 Bayesian learning, Eq. (6),
enables estimation of flexible priors with many parameters from data. This stands in contrast
to the use of classical cross-validation techniques to learn hyperparameters of regularizers,
which works for very few parameters only (in most cases only a single scalar regularization
constant).

2.3. Sparse Bayesian learning and Champagne

A Type-11 estimation framework with particular relevance for EEG/MEG source imaging is
SBL. In this framework, the &/ modeled brain sources are assumed to follow independent
univariate Gaussian distributions with zero mean and distinct unknown variances
yn:xn(t)~./l/(0, yn),n =1,...,N. Inthe SBL solution, the majority of variances is zero, thus

effectively inducing spatial sparsity of the corresponding source activities. Such sparse
solutions are physiologically plausible in task-based analyses, where only a fraction of the
brain’s macroscopic structures is expected to be consistently engaged. This consideration
has led (Wipf and Rao, 2004) to propose the Champagne algorithm for brain source
imaging, which is rooted in the concept of SBL. Compared to Type-I approaches achieving
sparsity through 4-norm minimization, Champagne has shown significant performance
improvement with respect to EEG/MEG source localization (Owen et al., 2012; Wipf et al.,
2010).

Just as most existing approaches, Champagne makes the simplifying assumption of
statistical independence between time samples. This leads to the following expression for
the distribution of the sources:
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T T
rX |y =[] rx =[] »o.1) ™

r=1 t=1

where y=[y1, ..., ¥al " and T = diag(). Note that, in task-based analyses, the noise
variance o can be estimated from a baseline (resting state) recording. In the first part of this
paper, it is, therefore, assumed to be known.

Remark 3. Electrophysiological data are known to possess a complex intrinsic
autocorrelation structure. Here, we consider priors that make the simplifying assumption of
independence between time samples, which is consistent with most existing works in the
field (Gramfort et al., 2012; Hamal&inen and IImoniemi, 1994; Haufe et al., 2008; Matsuura
and Okabe, 1995; Pascual-Marqui et al., 1994). Importantly, using such simplifying priors
generally does not prevent the resulting inverse solutions to have time structure.
Nevertheless, priors modeling the known properties of the latent variables more accurately
might lead to better reconstructions especially in low-sample regimes. Preliminary work
shows that priors modeling temporal structure with autoregressive models can indeed
improve the reconstruction of autocorrelated source (Hashemi and Haufe, 2018).

The parameters of the SBL model are the unknown sources as well as their variances. As
computation of the integral in Eq. (6) is infeasible, Champagne considers an approximation,
where the variances y,, n=1, ..., N, are optimized based on the current estimates of the
sources in an alternating iterative process. Given an initial estimate of the variances, the
posterior distribution of the sources is a Gaussian of the form (Wipf et al., 2010), (Sekihara
and Nagarajan, 2015, Chapter 4)

T
pX1Y.7) = [[ #X1).Z,). where @®)
r=1
(1) = I‘LT(Ey)_ly(t) ©
z, =r-TL'(z)'Lr (10)
z, = I+ LIL". (11)

The estimated posterior parameters x(r) and X are then in turn used to update the estimate of
the variances y, n=1, ..., Nas the minimizer of the negative log of the marginal likelihood
A(Y|7), which is given by Wipf et al. (2010):

T
1 -
L) = —log p(Y |7) = TIZI (O Z] 'y +loglE | (12)
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where |-| denotes the determinant of a matrix. This process is repeated until convergence.
Given the final solution of the hyperparameter »!!, the point estimate x!! of the source
activity is obtained from the posterior mean of the estimated source distribution: () = x(0).
Note that given the definition of the empirical sample covariance matrix as

C, = %Z?: YOy, the term %Z,l ly(t)TZ‘.;ly(t) in Eq. (12) can be rewritten as tr(CyE; 1)

so that Eq. (12) becomes (Wipf et al., 2010, Section I1)

Py = tr(CyZy_ ‘) + 1og|zy| . (13)
Note that, in this form, the loss function Eq. (13) bears an interesting similarity to the /og-

determinant (log-det) Bregman divergence in information geometry (James and Stein, 1992).
This perspective on Type-II loss function enables a common viewpoint for Type-I and Type-

Il methods.

By invoking mathematical tools based on Legendre-Fenchel duality theory, the cost function
Eq. (12) can be formulated equivalently as another cost function, #'"=*(X, y), whose
optimizers, { y*, X*}, are derived by performing a joint minimization over X and ¥ (Wipf et
al., 2011, see also Section I1-B), Bauschke and Combettes (2017); Rockafellar (1970):

7*, X* = arg miny S0.X> OZH_X(X,)'), where

T
My = %IZI v - Lxoll3 + o* 2" X, )
T N 2
T-x 1 ()
- 14
R X7) Ttgl nZI Y +log|)2y|, (14)

where %'I"%(X, y) denotes a regularizer that depends on the data, x(#), and where x,(#

denotes the activity of source nat time instant £ Then, as each source x,(# is also a function

x (0

of y,according to Eq. (9), the term goes to zero when y, — 0.

n
Remark 4. In contrast to standard MAP estimation, the effective priors obtained within our
hierarchical Bayesian framework, e.g., 2""=*(X,y) in Eq. (14), are not fixed. They depend on

parameters that can be tuned and learned from the data; thus, Type-Il priors have the ability
and flexibility to capture the actual properties of the observed real data.

We will use the formulation in Eq. (14) to derive alternative optimization schemes for
Champagne in Sections 2.3.2 and 2.3.3.
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2.3.1. EM Champagne—As the cost function Eg. (12) is non-convex in y, the quality of
the obtained solution depends substantially on the properties of the employed numerical
optimization algorithm. Crucially, algorithms might not only differ with respect to their
convergence properties but may also lead to different solutions representing distinct local
minima of Eq. (12). The first algorithm for mimimizing Eq. (12) has been introduced by
Wipf and Nagarajan (2009) and is an application of the expectation-maximization (EM)
formalism (Dempster et al., 1977). As can be shown, Egs. (9)—(11) correspond to the
expectation (E) step of the EM algorithms with respect to the posterior distribution p(X|Y,
¥). The maximization (M) step of the EM formalism with respect to y then leads to the
update rule

T
Pl [zf(]n o+ % > (i’;(t))z forn=1,....,N. (15)
’ t=1

Final estimates of both parameters are obtained by iterating the updates (9)—(11) and (15)
until convergence. The resulting algorithm is known as the EM variant of the Champagne
algorithm (Sekihara and Nagarajan, 2015, Chapter 4) (Wipf and Nagarajan, 2009) in the
field of brain source imaging.

2.3.2. Convex-bounding based Champagne—As the EM algorithm outlined above
has been shown to have slow convergence speed, alternative minimization strategies have
been proposed. Two such variants, a convex-approximation based approach and the so-called
MacKay update, have been proposed in Wipf and Nagarajan (2009) and further practically
investigated in Owen et al. (2012). Considering that the log-determinant in Eq. (14) is
concave, the convex-bounding based variant of Champagne constructs a linear upper bound
based on the concave conjugate of log|o?l + LTLT|, defined as w*(z),

10g|021 + LFLT| = 10g|021 +L diag(y)LT| = min zTy —w*(z). (16)
z>0

With this upper bound, and for a fixed value of y, the auxiliary variable z can be derived as
the tangent hyperplane of the log|Zy/:

2=V, 10g|o‘21 + LI‘LT‘ .

Note that the concave conjugate is obtained as a result of applying Legendre-Fenchel duality
theory (see, e.g., Bauschke and Combettes (2017); Rockafellar (1970)) on the concave

function log|o?l + LT'LT| as follows: w(z) = inf [yTz - w(y)], where a(y) = log|d?l +
y>0

LI'LT| denotes our target concave function.

By inserting Eq. (16) instead of log|Z| into Eqg. (14), the non-convex penalty function Eqg.
(14) is replaced by the convex function

Neuroimage. Author manuscript; available in PMC 2021 October 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Hashemi et al. Page 11

2
I N x0

2

T
i=1n=1 "n

@II_X(X, y) = min

T
+z 7y —w¥z)
conv 720,250

in each step of the optimization. The final estimates of X, yand z are obtained by iterating
between following update rules until convergence:

k _p T(yk)~!
g=L,(%) Lon=1,..N (17)

(18)

(19)

Here, L, in (17) denotes the 7-th column of the lead field matrix.

2.3.3. MacKay update for Champagne—The MacKay update proposed in (Wipf and
Nagarajan, 2009, Section I11.A-2) can be derived in a similar fashion as the convex-bounding
based update using different auxiliary functions and variables. By defining new variables x,
=log(y,) for n=1, ..., N, the non-convex term log|c?l + Ldiag(»)LT| in Eq. (16) can be
written as:

N
log|o?T + Ldiag(y)LT‘ =logl’l+ Y 7 L'L,
n=1

N
021 + Z exp(xn)LIL
n=1

=log al

Then, one can introduce another surrogate function (Wipf and Nagarajan, 2009, Appendix-
B)

N
log T+ Z exp(Kn)LILn

n=1

= max z log(y) — h*(z) (20)
z>0

for the log|o?l + LTLT|, where /(z) denotes the convex conjugate of
10g|02I +XN_ lexp(Kn)L;lan| in contrast to the concave conjugate counterpart, w*(z) used in
Eq. (16). Substituting (20) into Eq. (14) leads to a so-called min-max optimization program

for optimizing the non-convex penalty function 2"=%(X), which alternates between
minimizations over y and maximizations of the bound in (20):
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%,

1 T N
TIZI ngl Vn

%MacKay(X’ y) = min max + leog(y) — h*(z). (21)

conv 7>02>0

Let y’; denote the value of ¥, in the A-th iteration. Inserting ¥ into Eq. (21) and minimizing

with respect to yﬁ requires that the derivatives

9
k
(3}/”

T _k, Tk
1 X (1) X (t T k
T, Zl ()7/(() +z lOg(yn) —h¥@)| =0,

n

for n=1, ..., N, vanish. The resulting function is then maximized with respect to z (Wipf
and Nagarajan, 2009, Appendix-B), which leads to the so-called MacKay update for
optimizing Eq. (14) (Wipf and Nagarajan, 2009, Section A-2):

A7 =1 3 o)
t=1
T -
|7 2 (o Aney ) @
t=1
g B L o=

t=1

where g (1) is defined as follows: () := LI(}:’;)_Iy(z) forn=1,..., N.

3. Unification of sparse Bayesian learning algorithms with the
majorization-minimization (MM) framework

In this section, we first briefly review theoretical concepts behind the MM algorithmic
framework (Hunter and Lange, 2004; Jacobson and Fessler, 2007; Razaviyayn et al., 2013;
Wau et al., 2010). Then, we formally characterize Champagne variants as MM algorithms by
suggesting upper bounds on the cost function Eq. (14) that, when employed within the MM
framework, yield the same update rules as the original algorithms. The first three rows of
Table 1 list the update rules and mathematical formalism used in this section.

3.1. Majorization-Minimization

Majorization-minimization is a promising strategy for solving general non-linear
optimization programs. Compared to other popular optimization paradigms such as (quasi)-
Newton methods, MM algorithms enjoy guaranteed convergence to a stationary point (Sun
etal., 2017). The MM class covers a broad range of common optimization algorithms such
as proximal methods and convex-concave procedures (CCCP) (Sun et al., 2017, Section 1V),
Lipp and Boyd (2016); Yuille and Rangarajan (2003). While such algorithms have been
applied in various contexts, such as non-negative matrix factorization (Févotte, 2011) and
massive MIMO systems for wireless communication (Haghighatshoar and Caire, 2017,

Neuroimage. Author manuscript; available in PMC 2021 October 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Hashemi et al.

Page 13

Khalilsarai et al., 2020), their advantages have so far rarely been made explicit in the context
of brain source imaging (Bekhti et al., 2018; Hashemi and Haufe, 2018; Luessi et al., 2013).

We define an original optimization problem with the objective of minimizing a continuous
function fu) within a closed convex set 7" c R":

min f(u) subjecttoue 7. 23)
u
Then, the idea of MM can be summarized as follows. First, construct a continuous surrogate

function g(u|uX) that upper-bounds, or majorizes, the original function fu) and coincides
with fu) at a given point uX:

g(uk | uk) =f (uk) vk e 7 [A1]

g(u | uk) > f(u) Vu, vwer. [A2]
Second, starting from an initial value u®, generate a sequence of feasible points ul, u?, ...,
uk, uk*1 as solutions of a series of successive simple optimization problems, where

k+1 : k
' = arg min g(u |u ) [A3]
we?

Note that the performance of MM algorithms heavily depends on the choice of a suitable
surrogate function, which should, on one hand, faithfully reflect the behavior of the original
non-convex function Eq. (23) while, on the other hand, be easy to minimize.

Definition 1. Any algorithm fulfilling conditions [A1]-[A3] is called a Majorization
Minimization (MM) algorithm.

Corollary 1. An MM algorithm has a descending trend property, whereby the value of the
cost function f decreases in each iteration: fuk*l) < fuk).

Proof. The proof is included in Appendix B. O

While Corollary 1 guarantees a descending trend, convergence requires additional
assumptions on particular properties of fand g (Jacobson and Fessler, 2007; Razaviyayn et
al., 2013). For the smooth functions considered in this paper, we require that the derivatives
of the original and surrogate functions coincide at u*:

ve(u* [uf) = vi(u') vute7. [A4]

Then, the following, stronger, theorem holds.
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Theorem 1. For an MM algorithm that additionally satisfies [A4], every limit point of the
sequence of minimizers generated through [A3] Is a stationary point of the original
optimization problem Eq. (23).

Proof. A detailed proof can be found in (Razaviyayn et al., 2013, Theorem 1). O

Note that since we are working with smooth functions, conditions [A1]-[A4] are sufficient
to prove convergence to a stationary point according to Theorem 1 (see Hunter and Lange
(2004); Razaviyayn et al. (2013); Wu et al. (2010) and Dempster et al. (1977); Wu (1983))
for proofs of the convergence behaviour of other MM algorithms such as expectation
maximization.

Remark 5. Corollary 1 implies that if a surrogate function is constructed to fulfill conditions
[Al] and [A2], and if the next feasible point of the algorithm is always assigned as the
minimizer of the surrogate function based on [A3], the resulting MM algorithm decreases
fu) in each step. Although a weaker condition than [A3], i.e., g(uA*Y|u%) < g(uAuX), is
sufficient for a descending trend, we only consider MM| algorithms in this paper; thus,
condition [A3] is a crucial requirement. As we have shown in Theorem 1, [A3] is further
required to prove guaranteed convergence of an MM algorithm.

We now show that three algorithms that have been proposed for solving the SBL cost
function Eq. (12) can all be cast as instances of the MM framework invoking different
majorization functions on %II‘X(X). For the convex-bounding based approach as well as the
algorithm using MacKay updates, the full set of conditions [A1]-[A4] in Theorem 1 are
proven. Due to the considerations made above, we, however, only prove Corollary 1 for the
EM-based Champagne algorithm.

3.1.1. EM update as MM—It is known that the EM algorithm is a special case of MM
framework using Jensen’s inequality to construct the surrogate function (Sun et al., 2017;
Wau et al., 2010). Here, we work out the specific surrogate function for the SBL cost function
Eqg. (12) (i.e., the negative log marginal likelihood).

As Wipf and Nagarajan have shown (Wipf and Nagarajan, 2009, Section 111.A-1), the EM
algorithm for Type-I1 problems consists of the following two parts: For the E-step, the
posterior p(X|Y, 7/‘) is obtained given the value of yat 4-th iteration, yk The M-step then
solves:

k+1

Y = arg minyE [ —log p(Y,X | 7)], where

k
P(XlYJ’)
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T
T 1 _ 11—
—log p(Y,X | y) = 710g|l“| t3 2 () T7IX@)
=1
2 (24)

y(®) — Lx(1)

s

2

T ol
+7log|621| + ,;1 ?

which leads to the update rule in Eq. (15).

Proposition 1. The EM based Champagne algorithm is an MM algorithm fulfilling
Corollary 1, where the negative log-likelihood loss, — log (XY |y), is majorized by the
following surrogate function

T 1 N Tl
Ziulr 17Y) = SloglI'| + EP(X y Vk)lit; 0T 70
T T 1 2
il 2 - R (25)
+ loglo I|+EP(X|Y’7,<) t; |y -5 j
k
+ Ep(x | Y’yk)p(X 1Y.7").

Proof. A detailed proof can be found in Appendix C. O

Note that the £M algorithm is also equivalent to the restricted maximum likelihood (ReML)
(Friston et al., 2002) and dynamic statistical parametric mapping (dSPM) approaches (Dale
et al., 2000) for solving the sparse EEG/MEG inverse problem, which, thereby, can also be
interpreted as instances of minimization-majorization.

3.1.2. Convex-bounding based approach as MM—We start by recalling the non-
convex penalty 2''"%(X, y) as defined in Eq. (14):

1L 1 L
X =F 2

By setting x = X to the value obtained by the convex-bounding based method in the A-th
iteration, the following holds:

Proposition 2. The convex-bounding based Champagne algorithm is an MM algorithm
fulfilling Theorem 1, where®""=*(X, y)is majorized by the following surrogate function:

+log|gh| + tr[(z’;)‘lzy] - tr[(z’;)‘lz’;] . e

T k2
Rl o7 17°) = > )

1 Y, x5,
135

1n=1

Proof. A detailed proof is provided in Appendix D. O
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3.1.3. MacKay update as MM—Similar to convex-bounding, we can show that the
Mackay updates for Champagne can be viewed as an MM algorithm.

Proposition 3. The Champagne variant employing MacKay updates is an MM algorithm

fulfilling Theorem 1, where®" (X, y)is majorized by%ﬁonv(y | 7k).

Proof. The proof is similar to that of Proposition 2 and provided in Appendix E. O

To summarize this section, we have shown that three popular strategies for solving the SBL
problem in Eq. (12), namely the EM, the MacKay, and the convex bounding based
approaches, can be characterized as MM algorithms. Importantly, this perspective provides a
common framework for comparing different Champagne algorithms. For example, we can
derive and compare certain characteristics of Champagne algorithms directly based on the
properties of the majorization functions they employ. Conversely, it is also possible to design
specific majorization functions that are optimal in a specific sense, leading to new source
reconstruction algorithms.

4. LowSNR-brain source imaging (LowSNR-BSI)

Here, we assume a low-SNR regime, as it is common in BSI applications. SNR is defined in

E{ILxo)?)
Ll

o

sensor space as signal power, [E{||Lx(t)||2], divided by noise power, 5%: SNR = and

can be expressed in dB scale as SNRyg = 10logyp (SNR). In many practical applications, we
are interested in solving the BSI problem for SNRyg < 0; that is, when the noise power is
comparable to the power of the signal or even larger. Although the algorithms presented in
Sections 3.1.1-3.1.3 achieve satisfactory performance in terms of computational complexity,
their reconstruction performance degrades significantly in low-SNR regimes. This behavior
has been theoretically shown in (Khanna and Murthy, 2017a, Section VI-E) and has also
been confirmed in several simulation studies (Cai et al., 2021; Owen et al., 2012).

In order to improve the performance of SBL in low-SNR settings, we propose a novel MM
algorithm by constructing a surrogate function for Eq. (12) specifically for this setting.
Based on (Haghighatshoar and Caire, 2017), we propose the following convex surrogate
function:

T
SLWSNR(y | ) = w{LrLT) + 1 3 v "5y @7
t=1

The following proposition is based on results in (Haghighatshoar and Caire, 2017).

Proposition 4. The surrogate functionEq. (27)majorizes the Type-11 loss functionEq.
(12)and results in an MM algorithm that fulfills Theorem 1. For SNR — 0, Eq. (12)
converges to Eq. (27):

L) = 2w Ry 1 77) + O(SNR) . (28)

conv
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Proof. A detailed proof of this result is presented in Appendix F. The main idea is to first
normalize the sensor and source covariance matrices by o2 and then consider the eigenvalue
decomposition of tr(LTLT) as LTLT = UPUT with P = diag(py, ..., pay). These two steps
result in the following equality: log || = log I + UPUT). Finally, the proof is completed by
leveraging the concavity of the log(:) function and using a Taylor expansion around the
eigenvalues of LTLT, i.e., p; fori=1, ..., M. O

Note that, as a result of Proposition 4, the behaviour of the non-convex SBL cost function

Eqg. (12) is more and more well approximated in the vicinity of the current estimate by the
proposed surrogate function Eq. (27) as the noise level increases, which sets it apart from

existing surrogate functions. Therefore, the proposed bound is particularly suitable in low-
SNR regimes.

In contrast to the original SBL cost function Eq. (12), the surrogate function Eq. (27) is
convex and has unique minimum that can be found analytically in each iteration of the
optimization. To find the optimal value of 3= [y1, ..., ¥a] ", we first take the derivative of
(27) with respect to each y,for n=1, ..., N, and then set it to zero, which yields the
following closed-form solution for = [y1, ..., ¥al":

LN (29)

A detailed derivation of Eq. (29) can be found in Appendix G. We call the algorithm
obtained by iterating between (9)-(11) and (29) LowSNR-Brain Source Imaging (LowSNR-
BSI). In practice, values exactly equal to zero may not be obtained for the y,. Therefore, an
active-set strategy is employed. Given a threshold ihresh, those variances y, for which y, <
Ythresh holds are set to zero in each iteration of the algorithm. Algorithm 1 summarizes the
steps of LowSNR-BSI. Table 1 allows for a direct comparison of the LowSNR-BSI update
rule (last column) and the corresponding update rules of other Champagne variants derived
within the MM framework.

Algorithm 1: LowSNR-BSI algorithm.

Input: The lead field matrix L € RM*N  the measurement vectors
y(r) € RM*! y = 1, ..., T, and the noise variance ¢2.
Result: The estimated prior source variances [y, ....yy17, the
posterior mean X(t) and covariance E, of the sources.
1 Set a random initial value for y = [y,..... 7] and construct
I' = diag(y).
2 Calculate the statistical covariance Z, = 1+ LILT.

3 Initialize k «— 1

Repeat
4 Calculate the posterior mean as (1) = niz;‘ym.
5 Update y, forn =1, ..., N based on Eq. (29).

6 Recalculate the active set of brain sources by selecting the
values of y, that are greater than a pre-defined threshold:
Yo > Yitipests M= 1, 0., VL
7 k+—k+1
Until stopping condition is satisfied: Hi:*"' - i‘”; Seork=kpg:
s Calculate the posterior covariance as E, =I' = TLTE; 'L
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5. Automatic estimation of the noise level

5.1. Adaptive noise learning

It is common practice to estimate the noise variance o2 from baseline data prior to solving
the EEG/MEG inverse problem (Bijma et al., 2003; Cai et al., 2018; De Munck et al., 2002;
Engemann and Gramfort, 2015; Huizenga et al., 2002; Jun et al., 2006; Plis et al., 2006).
However, a baseline estimate may not always be available or may not be accurate enough,
say, due to inherent non-stationarities in the data/experimental setup. Here, we argue that
estimating the noise parameter from the to-be-reconstructed data can significantly improve
the reconstruction performance even compared to a baseline estimate. To this end, we here
derive data-driven update rules that allow us to tune estimate the noise variance, o2 within
the source reconstruction procedure using the Champagne and LowSNR-BSI algorithms,
where we build on prior work by Mika et al. (2001); Tipping (2001); Wipf and Rao (2007);
Wu and Wipf (2012); Zhang, Rao, 2011. Practically we introduce the shortcut A = o2 to
underscore that A is a tunable parameter whose estimate can substantially deviate from the
baseline estimate in practice. We then treat A as another model hyperparameter, similar to
the source variances y,. Thus, in each step of learning cycles of the Champagne and
LowSNR-BSI algorithms, we also minimize the loss function %" with respect to A, where
the remaining parameters I' and X are fixed to the values obtained in the preceding iteration.
This leads to the following theorem:

Theorem 2. The minimization of#" (2ywith respect to A,

>

T
_ . | PPN |1 Te—1
A% = arg mmﬂg (4) = arg min , TIZI y(@) Ey y(@) + 10g|2y‘

yields the following update rule for A at the (k + 1)-th iteration, assuming T and 2:';i be fixed

values obtained in the (K)-th iteration:

k+1 — %Zth 1 ”y([) - Lik(ﬁ“;
M= N (2507

(30)

where N denotes the number of non-zero voxels identified at iteration k through an active-
set strategy.

Proof. A detailed proof can be found inAppendix H. O

As shown in Algorithm (1), our implementation uses an active-set strategy that only selects
the non-zero voxels at each iteration based on a threshold. Therefore, at the initial steps of
the algorithm, A% = N/since all source variances are initialized randomly. But, when the
algorithm proceeds, the number of non-zero voxels decreases as a result of our active-set
strategy, which results in smaller values for A
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5.2. Cross-validation strategies

In the previous section, we proposed to estimate the noise variance A = o2 in-sample such
that the SBL likelihood according to Eq. (12) was maximized, which led to an analytic
update rule. As, under our assumption of homoscedastic sensor noise, A is only a single
scalar parameter, it moreover becomes feasible make use of robust model selection
techniques employing the concept of cross-validation (CV), whose aim it is to maximize the
out-of-sample likelihood (Bishop, 2006; Hastie et al., 2009; Shalev-Shwartz and Ben-David,
2014). To this end, the data are split into two parts. On the so-called #raining set, the model
parameters is fitted for a wide range of possible values of A, which are fixed within each
individual optimization. The likelihoods of the fitted models are then evaluated on the held-
out data parts, called the fest sets. The choice of A that maximizes the empirical likelihood
on the test data is then used as an unbiased estimate of the noise variance. It is well-known
from the field of machine learning that cross-validation effectively overcomes the problem
of model overfitting in small samples. Here, we introduce two CV strategies employing
different ways of splitting the data.

5.2.1. Temporal cross-validation

In temporal CV, the temporal sequence of the data samples is split into & different
contiguous blocks (folds)(Blankertz et al., 2011; Lemm et al., 2011). Here, we use k= 4.

o train t train_temp i .
Three folds form the training set, Y'"*"-“"P ¢ R , on which we fit the

Champagne and LowSNR-BSI models for a range of As. On the remaining fold,

MXxT

test_temp

ylesttemp o pM xT the Type-11 log-likelihood (c.f. Egs. (12) and (13))
i 1 T _
:—fll(Ytram_temp’ Ytest_temp) — TZ, _ 1ytest_temp(t)széain_temp test_temp( t)
-1
+10g Eytrain_temp = tr(Cytest_tempzytrain_temp) (31)

+log

Eytrain_temp

is then evaluated. Note that in Eq. (31) the model covariance © that has been

train_tem,
y _temp

determined on the training data Yrain_temp js combined with the empirical covariance of the
hold-out data Y®st_temp which were not used during model fitting. Thus, Eq. (31) is the out-
of-sample Type-I1 log-likelihood. It has been theoretically shown (Friedman et al., 2008;
Khanna and Murthy, 2017a) that the Type-I1 log-likelihood function is a metric on the
second-order information of the sensors closely related to the log-det Bregman divergence
(discrepancy) between statistical (model) and empirical covariances (Bregman, 1967; James
and Stein, 1992). The choice of A that minimizes that discrepancy on hold-out data is,
therefore, a sensible estimate for the true noise variance. We provide further details on the
relation between the SBL likelihood and the log-det Bregman divergence in Appendix A.

5.2.2. Spatial cross-validation—In spatial CV, the data are not split into temporal

segments but by dividing the available EEG/MEG sensors into the training and test sets. This
variant has been proposed by Habermehl et al. (2014); Haufe et al. (2011). Here, we again

Neuroimage. Author manuscript; available in PMC 2021 October 01.



1duosnuen Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Hashemi et al.

Page 20

use k= 4 folds, where we randomly assign 75% of the sensors to the training set,

ytrain_spat ytest_spat

ylrainspat ¢ g *T and the remaining 25% to the test set, Y'**'-5P3 ¢ R xT,
On the training sensors, Champagne and LowSNR-BSI are fitted using the corresponding
portion of the leadfield matrix, Lain_sPat for the same range of As as used in temporal CV.
The sources, X"@"-sPat ¢ VX T estimated from the fitted models are then mapped back to
the sensor space, and the out-of-sample Type-I log-likelihood (c.f. Eq. (5)) is evaluated on

the hold-out (test) sensors:

T
. 1 . 2
gI(Ytramispat’ Ytestfspat) — - z : ||ytest7spat(t) _ Ltestfspatxtramispat(t)”2
t=1 (32)

W ”Ytest_spat _ Ltest_spatxtrain_spat||2
= P

Note that, while the Type-II log-likelihood has an interpretation as a Bregman divergence

between model and empirical covariance matrices, the Type-I log-likelihood is the Frobenius
2

norm or mean-squared error (MSE) || - || of the model residuals, i.e., the average squared

F
Euclidean distance between empirical and modeled observation vectors. Thus, while the
Type-I1 likelihood compares model and observations in terms of their second-order statistics,
the Type-1 likelihood uses only first-order information. As in temporal CV, the value of A
that minimizes the MSE on the test sensors is selected as the final noise estimate.

6. Simulations

We conducted an extensive set of simulations, in which we compared the reconstruction
performance of the proposed LowSNR-BSI algorithm to that of Champagne and two
additional widely-used source reconstruction schemes for a range of different SNRs. We also
tested impact of the proposed noise learning schemes (adaptive, temporal CV and spatial
CV) on the source reconstruction performance compared to estimating the noise level from
baseline data.

6.1. Pseudo-EEG signal generation

Forward modeling—Populations of pyramidal neurons in the cortical gray matter are
known to be the main drivers of the EEG signal (Nunez et al., 2006). Here, we use a realistic
volume conductor model of the human head to model the linear relationship between
primary electrical source currents in these populations and the scalp surface potentials
captured by EEG electrodes. The New York Head model (Huang et al., 2016) provides a
segmentation of an average human head into six different tissue types. In this model, 2004
dipolar current sources were placed evenly on the cortical surface and 58 sensors were
placed on the scalp according to the extended 10-20 system (Oostenveld and Praamstra,
2001). In accordance with the predominant orientation of pyramidal neuron assemblies, the
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orientation of all source currents was fixed to be perpendicular to the cortical surface, so that

only scalar source amplitudes needed to be estimated. Finite-element modeling was used to

IRS 8 %2004

compute the lead field matrix, L € , Which serves as the forward model in our

simulations.

Source generation—We simulated a sparse set of A = 3 active sources, which were
placed at random positions on the cortex. The temporal activity of each source was
generated by a univariate linear autoregressive (AR) process, which models the activity at
time tas a linear combination of the P past values:

P
x(D= Y apx{t—p)+E, fori=1,2,3.
p=1

Here, a(p) for /=1, 2, and 3 are linear AR coefficients, and Pis the order of the AR model.
The model residuals £4:) for /=1, 2 and 3 are also referred to as the innovation process;
their variance determines the stability of the overall AR process. We here assume
uncorrelated standard normal distributed innovations, which are independent for all sources.
In the following, we use stable AR systems of order P=5.

Noise model—To simulate the electrical neural activity of the underlying brain sources, 7
= 20 data points were sampled from the AR process described above. Corresponding dipolar
current sources were then placed at random locations, yielding sparse source activation
vectors X(4). Source activations X = [x(1), ..., x(7)] were mapped to the 58 EEG sensors
through application of the lead field matrix L:

Ysignal - LX (33)

Next, we added Gaussian white noise to the sensor-space signal. To this end, noise was
randomly sampled from a standard normal distribution and normalized with respect to its
Frobenius norm. A weighted sum of signal and noise contributions then yielded the pseudo-
EEG signal

v Ysignal noise
- ta ||Yn0ise||F’ (34)

where a determines the signal-to-noise ratio in sensor space. For a given a, the noise

noise

variance is obtained as o = 1/Mtr [Z], for X, = Cov , and the SNR (in dB) is

(l” noise ”
Y F

calculated as SNR = 201og10(||YSignal I F/a). Since our goal is to investigate the effect of noise

variance estimation on the performance of the proposed algorithms, we fixed the noise
variance in each set of simulations so as to obtain distributions of performance metrics for a
number of similar effective SNR values. We conducted four sets of simulations using a =
{2, 1.5, 1, 0.5}, corresponding to average noise variances of o2 = {37. 4 x 1073, 21. 0 x
1073, 9. 4 x 1073, 2.3 x 1073} and average SNRs of SNR = {0.33, 2.17, 4.87, 11.40} (dB).
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Each set of simulations consists of 100 experiments, in which source locations and time
series as well as noise realizations were randomly sampled.

In addition to the pseudo-EEG signal, a pseudo baseline measurement containing only noise
but no signal was generated. The sole purpose of this measurement was to provide an
empirical estimate of the noise variance as a baseline for our joint source reconstruction and
noise estimation approaches, which estimate the same quantity from the summed pseudo-
EEG signal. To ensure sufficiently precise baseline estimation, 300 noise samples were
generated, normalized, and scaled by a as in Eqg. (34) for each experiment.

6.2. Source reconstruction

We applied Champagne and LowSNR-BSI to the synthetic datasets described above. The
variances of all voxels were initialized randomly by sampling from a standard normal
distribution. The optimization programs were terminated either after reaching convergence
(defined by a relative change of the Frobenius-norm of the reconstructed sources between
subsequent iterations of less than 1078), or after reaching a maximum of Amax = 3000
iterations.

In each experiment, we evaluated the algorithms using 40 predefined choices of the noise
variance ranging from A = 1362 to A = 3042. In addition, A was estimated from data using
the techniques introduced in Section 5. We observed that the variance estimated from
baseline data, 5> (averaged over all EEG channels) was typically almost identical to the
ground-truth value A = &2 used to simulate the data. The reconstruction performance
obtained using this value was therefore included in the comparison as a baseline.
Performance at baseline noise level was compared to the performance obtained using
adaptive learning of the noise using Eq. (30) as well as using spatial or temporal cross-
validation. Note that, for temporal CV, we generated 7 =80 samples, so that we obtained 60
samples in each training set and 20 samples in each test fold. Due to the increased number of
training samples, this method, therefore, has an advantage over the remaining ones. For
spatial CV, due to the spatial blur introduced by volume conduction, there is a limit on how
focal the measured sensor-space electrical potentials or magnetic fields can be, and the
signal will usually be distributed over all sensors. Therefore, a setting in which all ‘signal-
carrying’ electrodes will end up either in the training or test set is unlikely to occur in
practice. Using, for example, A= 4 random splits, it is ensured that the training set will
typically capture the signal pattern well. The test set in this approach is only used to evaluate
the out-of-sample likelihood on the remaining sensors, while no model fitting needs to take
place. Therefore, missing certain aspects of the signal pattern in the test set does not pose a
critical problem, especially if multiple splits are conducted.

Remark 6. The fact that real M/EEG data have time structure is acknowledged in our
simulation setting by modeling source time courses as AR processes. The resulting samples
of the training and test sets thereby become dependent. Technically, this violates the i.i.d.
assumption underlying the theory of CV. However, one can argue that training and test sets
are de-facto independent since the leakage from one set to another is small compared to the
length of the data. In the spatial CV approach, in contrast, the sensors of the training and test
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sets are strongly dependent on another, because of the spatial blur introduced by volume
conduction. Nevertheless, as we observe in Sections 6.4 and 7, spatial CV works very well
both in simulations and real data analysis. This observation suggests that the cross-validation
approach can work even if the i.i.d. assumption is violated, in line with previous literature
(Habermehl et al., 2014; Hastie et al., 2009; Haufe et al., 2011; Kohavi et al., 1995).

In addition to Champagne and LowSNR-BSI, two non-SBL source reconstruction schemes
were included for comparison. As an example of a sparse Type-I method based on £-norm
minimization, S-FLEX (Haufe et al., 2011) was used. As spatial basis functions, unit
impulses were used, so that the resulting estimate was identical to the so-called minimum-
current estimate (Matsuura and Okabe, 1995). In addition, the eLORETA estimate (Pascual-

Marqui, 2007), a smooth inverse solution based on weighted f%-norm minimization was

used. eLORETA was used with 5% regularization, whereas S-FLEX was fitted so that the
residual variance was consistent with the ground-truth noise level. Note that the 5% rule is
chosen as it gives the best performance across a subset of regularization values ranging
between 0.5% to 15%.

6.3. Evaluation metrics

Source reconstruction performance was evaluated according to the following metrics. First,
the earth mover’s distance (EMD, Haufe et al. (2008); Rubner et al. (2000)) was used to
quantify the spatial localization accuracy. The EMD metric measures the cost needed to
transform two probability distributions, defined on the same metric domain, into each other.
It was applied here to the N/ x 1 amplitude distributions of the true and estimated sources,
which were obtained by taking the voxel-wise 4-norm along the time domain. EMD scores
were normalized to be in [0, 1]. Second, the error in the reconstruction of the source time
courses was measured. To this end, Pearson correlation between all pairs of simulated and
reconstructed (i.e., those with non-zero activations) sources was measured. Each simulated
source was matched to a reconstructed source based on maximum absolute correlation. Time
course reconstruction error was then defined as one minus the average of these absolute
correlations across sources. Finally, the runtime of the algorithms was measured in seconds

(9).

6.4. Results

Fig. 1 shows the EMD (upper row), the time course reconstruction error (middle row) and
the negative log-likelihood loss value (lower low) incurred by Champagne and LowSNR-
BSI for two SNR settings (SNR = 0.33 dB and SNR = 11.40 dB). Four different schemes of
estimating the noise level from data (estimation from baseline data, adaptive learning, spatial
CV, and temporal CV) are compared. Note that we found previously that the ground-truth
noise variance A = o2 used in the simulation is generally accurately estimated from baseline
data, which is referred to as *baseline’ in the figure, 1 = 52, Interestingly, however, this
baseline is optimal only for LowSNR-BSI, and only with respect to temporal source
reconstruction. For Champagne, and with respect to the spatial source reconstruction
performance of LowSNR-BSI, the choice of the baseline noise variance turns out to be
suboptimal, as it is outperformed by all three proposed schemes that estimate the noise
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variance from the actual (task) data to be reconstructed (‘Adaptive Learning’, ‘Spatial CV’
and ‘Temporal CV”). Interestingly, noise levels estimated using Spatial CV lead to near-
optimal reconstruction performance in a broad variety of settings, in line with observations
made in Habermehl et al. (2014); Haufe et al. (2011). All proposed noise learning schemes
converge to points in the vicinity of the minimum of the SBL loss function Eq (12).

The EMD in our setting only depends on the spatial distribution of the sources. Therefore,
the EMD is not able to fully capture potential advantages resulting from modeling temporal
characteristics of the correlated EEG/MEG time courses. As a result, it is not highly aligned
with the values of the loss. This explains the observed discrepancies between the loss
function and the EMD values of Champagne and LowSNR-BSI in Fig. 1. To assess the
reconstruction of the temporal characteristics of the brain sources, we also measure the time
course error. All four variants of LowSNR-BSI algorithms not only outperform their
Champagne counterparts but also approach the minimal achievable time course error. High
EMD performance of Champagne with Spatial CV does not lead to high performance in
terms of time course error as well as regarding the negative log-likelihood loss. For all
algorithms, regularization values resulting in a smaller EMD metric can be found. However,
this observation does not imply a practical benefit of any algorithm as the ground-truth is
unknown in real-world situations.

Fig. 2 further compares the source reconstruction performance of the four noise estimation
variants separately for Champagne and LowSNR-BSI for a range of four SNR values. As
already observed in Fig. 1, all three proposed approaches for noise variance estimation
(adaptive learning, spatial CV, and temporal CV) lead to better source reconstruction
performance than the estimation from baseline data. Overall, spatial CV for Champagne and
temporal CV for LoWSNR-BSI achieve the best combination of spatial and temporal
reconstruction performance.

The superior performance of CV techniques, however, comes at the expense of higher
computational complexity of the source reconstruction. As Fig. 2 demonstrates, using CV
techniques with the specified numbers of folds increases the runtime of Champagne and
LowSNR-BSI by approximately two orders of magnitude (103 s~ 104 s) compared to the
runtimes of eLORETA, S-FLEX, and the baseline and adaptive learning variants of
Champagne and LowSNR-BSI (1 s~ 10 s).

Fig. 3 provides an alternative depiction of the data presented in Fig. 2, which allows for a
more direct comparison of Champagne and LowSNR-BSI. As benchmark algorithms,
eLORETA (Pascual-Marqui, 2007) and S-FLEX (Haufe et al., 2011) are also included in the
comparison. It can be seen that LowSNR-BSI in the baseline mode, using adaptive noise
learning, and using temporal CV consistently outperforms Champagne in terms of spatial

localization accuracy, in particular in low-SNR settings. This behavior indeed confirms the

Low-SNR
conv

approximation of the non-convex SBL cost function in low-SNR regimes, as presented in
Section 4. Consequently, as the SNR decreases, the gap between LowSNR-BSI and
Champagne further increases. In terms of the time course reconstruction error, LowSNR-BSI
shows a similar improvement over Champagne when the SNR is low. However, the

advantage of the surrogate function, & (y | yk), which is designed to provide a better
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magnitude of this improvement is not as pronounced as observed for the EMD metric. The
only setting in which Champagne consistently outperforms LowSNR-BSI is when spatial
CV is used to estimate the noise variance, and spatial reconstruction performance is
evaluated.

Note that the LowSNR-BSI surrogate function in the baseline mode can provide a tight
upper-bound for the original non-convex function only when SNR is equal to zero. For non-
zero SNR, the current theory unfortunately does not apply; however, it is clear from our
empirical results that the LowSNR-BSI surrogate function remains advantageous also in
non-zero low-SNR regimes. As Fig. 3 demonstrates, we observe performance improvements
of LowSNR-BSI over Champagne in the baseline mode for SNRs up to around 8 dB. After
this point, the surrogate functions of LowSNR-BSI and Champagne both appear to be able
to approximate the non-convex loss with a similar degree of precision; thus, their
performance with respect to the evaluation metrics overlap as can be seen in the right
column of Fig. 1.

It can further be observed that S-FLEX yields higher spatial localization accuracy (lower
EMD) than eLORETA, while eLORETA vyields higher temporal accuracy (lower time course
error) than S-FLEX across all SNR values. With respect to spatial accuracy, both
approaches, however, are consistently outperformed by Champagne and LowSNR-BSI. Note
that the superior spatial reconstruction of sparsity-inducing algorithms (Champagne,
LowSNR-BSI and S-FLEX) compared to eLORETA is expected here, because the simulated
spatial distributions are indeed sparse. The superiority of SBL methods (Champagne,
LowSNR-BSI) over S-FLEX that is observed here confirms observations and theoretical
considerations made in Cai et al. (2021); Owen et al. (2012); Wipf et al. (2010). eLORETA
shows comparable temporal reconstruction performance as LowSNR-BSI and Champagne,
while S-FLEX is outperformed by all other methods.

The convergence behavior of the different SBL variants discussed and introduced in Sections
3-5is illustrated in Fig. 4. LowSNR-BSI variants have faster convergence rates at the early
stage of the optimization procedure compared to standard Champagne as well as
Champagne with MacKay updates. They, however, reach lower negative log-likelihood
values eventually, which indicates that they find better maxima of the model evidence.
Furthermore, the adaptive-learning variants of Champagne and LowSNR-BSI reach lower
negative log-likelihood values than their counterparts estimating the noise variance from
baseline data, suggesting that learning the noise variance, or in other words overestimating
the noise variance, improves the reconstruction performance through better model evidence
maximization.

Note that the plots in Fig. 4 demonstrate the convergence behaviour of MM algorithms for
only one single experiment. We conducted another experiment (see Appendix I), in which
the simulation was carried out 100 times using different instances of source distributions and
initializations. The final negative log-likelihood loss — attained after convergence — and
runtimes of all methods were calculated. The median and inter-quartile ranges over 100
randomized experiments of these performance metrics are reported in Fig. 8, which confirms
the observations made here.
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7. Analysis of auditory evoked fields (AEF)

The MEG data used here were acquired in the Biomagnetic Imaging Laboratory at the
University of California San Francisco (UCSF) with a CTF Omega 2000 whole-head MEG
system from VSM MedTech (Coquitlam, BC, Canada) with 1200 Hz sampling rate. The
neural responses of one subject to an Auditory Evoked Fields (AEF) stimulus were
localized. The AEF response was elicited with single 600 ms duration tones (1 kHz)
presented binaurally. The data were averaged across 120 trials (after the trials were time-
aligned to the stimulus). The pre-stimulus window was selected to be —100 ms to 5 ms and
the post-stimulus time window was selected to be 5 ms to 250 ms, where 0 ms is the onset of
the tone. Further details on this dataset can be found in Cai et al. (2021); Dalal et al. (2011);
Owen et al. (2012). The lead field for each subject was calculated with NUTMEG (http://
bil.ucsf.edu) using a single-sphere head model (two spherical orientation lead fields) and an
8 mm voxel grid.

The results presented in Section 6 have been obtained for the scalar setting, where the
orientation of the brain sources are assumed to be perpendicular to the surface of cortex and,
hence, only the scalar deflection of each source along the fixed orientation needs to be
estimated. In real data, surface normals are hard to estimate or even undefined in case of
volumetric reconstructions. Consequently, we model each source here as a full 3-
dimensional current vector. This is achieved by introducing three variance parameters for

each source within the source covariance matrix, P = d1ag(y3D) =[P ]

As all algorithms considered here model the source covariance matrix I' to be diagonal, this

extension can be readily implemented. Correspondingly, a full 3D leadfield matrix,

L3P e RM*3N s ysed.

Fig. 5 shows the reconstructed sources of the AEF of one subject using conventional
Champagne with pre-estimated 4 = &, adaptive noise learning, and spatial CV. LowSNR-

BSI with pre-estimated 1 = 2 was also included in the comparison. Shown in the top panel
are the reconstructions at the time of the maximal deflection of the auditory N100
component (shown in bottom panel).

All reconstructions are able to correctly localize bilateral auditory activity to Heschel’s
gyrus, which is the location of the primary auditory cortex. Note that an additional source in
the midbrain, which is indicated by all three Champagne variants, is absent for LowSNR-
BSI.

We tested the reconstruction performance of all methods for random subsets of 10, 20, 40,
60, and 100 trials. As Fig. 6 shows, the proposed noise learning variants of Champagne as
well as LowSNR-BSI can correctly localize bilateral auditory activity to Heschl’s gyrus even
when using as few as 10 trials. Focusing on the low-SNR regime, Fig. 7 shows seven
reconstructions for random selections of 10 trials. LowSNR-BSI as well as all proposed
noise learning variants of Champagne consistently show sources at the expected locations in
the left and auditory cortices, where both cortices are jointly identified in the majority of
experiments.
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8. Discussion

We have provided a unifying theoretical platform for deriving different sparse Bayesian
learning algorithms for electromagnetic brain imaging using the Majorization-Minimization
(MM) framework. First, we demonstrated that the choice of upper bounds of the Type-II
non-convex loss function within the MM framework influences the reconstruction
performance and convergence rates of the resulting algorithms. Second, focusing on
commonly occurring low-SNR settings, we derived a novel Type-I1 Bayesian algorithm,
LowSNR-BSI, using a novel convex bounding MM function that converges to the original
loss function as the SNR goes to zero. We demonstrated the advantage of LowSNR-BSI over
existing benchmark algorithms including Champagne, eLORETA and S-FLEX. Consistent
with the theoretical considerations, the advantage of LowSNR-BSI over Champagne
decreases with increasing SNR. Third, we have derived an analytic solution that allows us to
estimate the noise variance jointly within the source estimation procedure on the same (task-
related) data that are used for the reconstruction. We have also adopted cross-validation
schemes to empirically estimate the noise variance from hold-out data through a line search.
We have proposed spatial and temporal CV schemes, where either subsets of EEG/MEG
channels or recorded samples are left out of the source reconstruction, and where the noise
variance is selected as the minimizer of a divergence between model and hold-out data. We
also demonstrate that precise knowledge of the noise variance is required in order to
determine the optimal algorithm performance. Finally, according to our empirical results, all
three proposed techniques for estimating the noise variance lead to superior source
reconstruction performance compared to the setting in which the noise variance is estimated
from baseline data.

8.1. Cross-validation vs. adaptive noise learning

Spatial CV for Champagne and Temporal CV for LowSNR-BSI achieved the best
performances and are generally applicable to any distributed inverse solution. Their long
computation time can, however, be challenging as their computational complexity is
drastically higher (around two orders of magnitude) than using baseline data or adaptive
learning schemes. The high complexity of CV techniques is a potential limitation in settings
where the efficiency of the algorithm or immediate access to the outcome is crucial. What is
more, this approach quickly becomes infeasible if more than one parameter needs to be
estimated through a grid search. In contrast, the computational complexity of the proposed
noise level estimation scheme using adaptive learning is of the same order as the complexity
of the baseline approach. Moreover, we have successfully extended this approach to the
estimation of heteroscedastic noise, where a distinct variance is estimated for each M/EEG
sensor (Cai et al., 2021). Hence, the adaptive-learning approach can be seen as an
advancement of the baseline algorithm that combines performance improvement and
computational efficiency. It is also worth noting that the computational complexity of CV
techniques heavily relies on tunable parameters such as the number of folds/splits of the data
and the total number of candidate points in the grid search.
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8.2. Interpretation of Type-l and Type-Il loss functions as divergences

We have pointed out (see Section 5.2 and Appendix A) that Type-I and Type-Il Bayesian
approaches implicitly use different metrics to compare the empirical sensor-space
observations to the signal proportion explained by the reconstructed brain sources. Type-I
approaches measure first-order differences between modeled and reconstructed time series
using variants of the MSE, while Type-Il approaches amount to using the log-det Bregman
divergence to measure differences in the second-order statistics of the empirically observed
and modeled data as summarized in the respective covariance matrices. While the
connection between the Type-11 loss function and the log-det Bregman divergence has been
investigated and exploited in numerous forms such as Stein’s loss (James and Stein, 1992) or
the graphical Lasso (Friedman et al., 2008; Mazumder and Hastie, 2012; Ravikumar et al.,
2011), and has found applications in disciplines such as information theory and metric
learning (Davis et al., 2007; Zadeh et al., 2016), wireless communication (Khalilsarai et al.,
2020), and signal processing (Khanna and Murthy, 2017a; 2017b; Wiesel et al., 2015), it has
not received much attention in the BSI literature to the best of authors’ knowledge. Here, we
have used this insight to devise a novel cross-validation scheme, temporal CV, in which
model fit is measured in terms of the log-det Bregman divergence (or, Type-II likelihood) on
held-out samples. In contrast, the previously introduced spatial CV uses the mean-squared
error to measure out-of-sample model fit. Importantly, however, this difference does not
imply that the application of spatial CV is restricted to Type-I approaches or that the use of
temporal CV is restricted to Type-11 approaches. Rather, both approaches are universally
applicable. In fact, it is straightforward to evaluate the Type-I likelihood based on the source
times series reconstructed with Type-I1 methods. Conversely, it is also possible to estimate
the Type-II likelihood for Type-1 approaches such as S-FLEX. Here, the model source and
noise covariances are first estimated from the reconstructed sources as ' = Cov[x(¢)] and

F=1uUMy, [Cy - LfLT][m, .y after which X, can be calculated. The optimal Type-|

regularization parameter is then selected as the minimizer of zn(Y‘mi“Jemp, y'esLemP) jn
Eg. (31).

8.3. Limitations and future work

One limiting assumption of the current work is that the activity of the sources is modeled to
be independent across voxels, spatial orientations, and time samples. Analogously, the noise
is assumed to be independent across times samples, and homoscedastic (independent with
equal variance across sensors). These assumptions merely act as prior information whose
purpose is to bias the inverse reconstruction towards solutions with lower complexity. Thus,
they do not prevent the reconstruction of brain and noise sources with more complex
structure if the observed data are inconsistent with these priors. On the other hand, modeling
dependency structures that are in fact present in real data has the potential to substantially
improve the source reconstruction. We have recently proposed adaptive noise learning
algorithms that relax the rather unrealistic assumption of homoscedastic noise (Cai et al.,
2021). Going further, it would be possible to also model spatial covariances of the sources
between voxels and/or between source orientation within voxels, which would encode the
realistic assumption that individual brain regions do not work in isolation. Similary, the
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spatial covariance structure of the noise could be modeled in order to accommodate spatially
distributed artifacts due to, for example, heart beat or line noise interference. Finally,
electrophysiological data are known to possess a complex intrinsic autocorrelation structure,
which is not modeled by the majority of existing BSI algorithms. We have recently proposed
ways to also learn temporal correlations within the Type-I1 framework and have obtained
promising results with respect to time course reconstruction (Hashemi and Haufe, 2018;
Hashemi et al., 2021).

9. Conclusion

We have provided a unifying theoretical platform for deriving different sparse Bayesian
learning algorithms for electromagnetic brain imaging using the Majorization-Minimization
(MM) framework. This unification perspective not only provides a useful theoretical
framework for comparing different algorithms in terms of their convergence behavior, but
also provides a principled recipe for constructing novel algorithms with specific properties
by designing appropriate bounds of the Bayesian marginal likelihood function. Building on
MM principles, we then proposed a novel method called LowSNR-BS/ that achieves
favorable source reconstruction performance in low signal-to-noise-ratio settings.
Recognizing the importance of noise estimation for algorithm performance, we present both
analytical and cross-validation approaches for noise estimation. Empirically, we show that
the monotonous convergence behavior predicted from MM theory is confirmed in numerical
experiments. Using simulations, we further demonstrate the advantage of LowSNR-BSI over
conventional Champagne in low-SNR regimes, and the advantage of learned noise levels
over estimates derived from baseline data. To demonstrate the usefulness of our novel
approach, we show neurophysiologically plausible source reconstructions on averaged
auditory evoked potential data.

Our characterization of the Type-I1I likelihood as a divergence measure provides a novel
perspective on the construction of BSI algorithms and might open new avenues of research
in this field. It is conceivable that alternative divergence metrics can be used for solving the
M/EEG source reconstruction problem in the future by modeling specific
neurophysiologically valid aspects of similarity between data and model output. Promising
metrics in that respect are information divergences such as Kullback-Leibler (KL) (Wei et
al., 2020), Rényi (Khanna and Murthy, 2017b), Itakura-Saito (IS) (Févotte et al., 2009) and S
divergences (Cichocki and Amari, 2010; Eguchi and Kato, 2010; Févotte and Idier, 2011;
Samek et al., 2013) as well as transportation metrics such as the Wasserstein distance
between empirical and statistical covariances (e.g., (Gramfort et al., 2015; Janati et al., 2020;
Peyré et al., 2019; Villani, 2008)).

Although this paper focuses on electromagnetic brain source imaging, Type-11 methods have
also been successfully developed in other fields such as direction of arrival (DoA) and
channel estimation in wireless communications (Gerstoft et al., 2016; Haghighatshoar and
Caire, 2017; Khalilsarai et al., 2020; Prasad et al., 2015), Internet of Things (10T) (Fengler et
al., 2019a; 2019b), robust portfolio optimization in finance (Feng et al., 2016), covariance
matching and estimation (Benfenati et al., 2020; Greenewald and Hero, 2015; Meriaux et al.,
2020; Ollila et al., 2020; Ottersten et al., 1998; Tsiligkaridis et al., 2013; Werner et al., 2008;
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Zoubir et al., 2018), graph learning (Kumar et al., 2020), and brain functional imaging (Wei
et al., 2020). The methods introduced in this work may also prove useful in these domains.
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Appendix A.: Bregman Divergence Formulation of the Type-Il Loss

Function

We start by recalling the definition of log-det Bregman matrix divergence - also known as
Stein’s loss (James and Stein, 1992) - between any two M x M positive semidefinite (PSD)
matrices Q and W:

D10g-det(Q: W) = tr (QW™) - logQW!| - m, (35)

where the “log-det” Bregman matrix divergence in (35) is an special case of Bregman matrix
divergence (Bregman, 1967), where — log || is selected as a strictly convex function. By
substituting Cy and Z in (35) instead of Q and W, the /og-det Bregman matrix divergence
can be written as follows (Davis et al., 2007; Friedman et al., 2008; Jalali et al., 2017;
Khalilsarai et al., 2020; Khanna and Murthy, 2017a; Mazumder and Hastie, 2012;
Ravikumar et al., 2011; Tsiligkaridis and Hero, 2013; Zadeh et al., 2016):
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Dog-det (Cy, zy) - tr(CyZ;l) —1og|cy2;l -M

= tr(CyZ;I) + 10g|2y| - log|Cy| -M

= log[Z,| + tr(C X, ') + —log|C,| - M,

const

(36)

where (36) is the same as (13) up to a constant. Note that log|Cy| does not depend on y and
is, therefore, treated as a constant value here.

Appendix B.: Proof of Corollary 1

Proof. To verify the descending trend in the MM framework, it is sufficient to show that
Ruk*1) < fuk).To this end, we have fuX*1) < g(u¥*|u) from condition [A2]. Condition
[A3] further states that g{uX *1|u%) < g{uAuX), while g(uXuX) = fu*) holds according to
[A1]. Putting everything together, we have:

. f(uk + 1) [A2) g(uk 1, uk) (A3 g(uk | uk) [Al] f(u"),

which concludes the proof. O

Appendix C.: Proof of Proposition 1

Proof. We first show that the objective function of the M-step is derived by upper-bounding
the negative log-likelihood, — log p(Y]y), using Jensen’s inequality (J):

P(X Y. 7" )p(Y | X, 7)

—log p(Y |y) = —log Ep(X | y)P(Y | X,7)= —log Ep(x 17)

p(X1Y.7)

O _ p(Y | X.7)

= —log Ep(X | Y,yk) p(X Y, yk)P(X I 7))
9 p(Y1X,7) €1
: EP(X | Y,yk) . p(X Y, yk)p(X | y)]

@ _ K

u EP(X | Y’yk)log p(Y.X | 7)+ EP(X | Y’yk)log p(X1Y.7)

b const ]

= Ziu(r 17Y).

The resulting bound is a majorizing function for — log p(Y|), so that condition [A2] holds.

Note that the term E p(X 1Y, yk) does not depend on y and, therefore, does not
P(X1Y.7"]

influence the optimization. According to the definition of Jensen’s inequality, the equality
constraint — condition [A1] — holds if and only if the argument of the convex function is a
constant. Therefore, to establish the equivalence of both sides of (J) when = »X, itis
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p(Y1X.7)

(X 1Y.7")

sufficient to show that the argument of the log function, p(X | y), is constant when

y = K This can be verified by invoking Bayes rule:

pY 1%

p(X 1Y, yk;p(x ! 7k) = I’(Y | 7k).

Since p(Y|»%) is a constant, equality condition [A1] holds.

After inserting the analytic form of — log p(Y, X|y) in Eq. (24):

2
y(®» - Lx(»)

5

T T
“log p(Y,X | 7) = g log|T| +% Y x0T 50 + glog‘2nzl‘ + Y iz
t=1 t=10

we are ready to prove that #y,(y | *) fulfills condition [A3]. We have:

T
% > =) 1'% (@) | + const, (38)

t=1

Znlr 17°) o loglr] + E v

where const comprises all terms of Eq. (25) that are not a function of y. To prove that

:Z’If:M(y | yk) satisfies condition [A3], we need to show that :ZIEM(;' | yk) reaches to its global

minimum in each MM iteration. This can be easily guaranteed if Eq. (38) is convex. While
the second term in (38) is convex, the first term, log ||, is in fact concave, which hampers
conclusions concerning the convexity of their sum. However, we can use the concept of
geodesic convexity or g-convexity from non-Euclidean and geometric optimization, which
enables us to prove that any local minimum of Eq. (38) is actually a global minimum. For
the sake of brevity, we will omit a detailed theoretical introduction of g-convexity, and only
borrow the following required propositions, Propositions 5 and 6, from the literature (an
interested reader can refer to (Wiesel et al., 2015, Chapter 1) for a gentle introduction to this
topic, and to (Papadopoulos, 2005, Chapter 2) (Ben-Tal, 1977; Bonnabel and Sepulchre,
2009; Liberti, 2004; Moakher, 2005; Pallaschke and Rolewicz, 2013; Rapcsak, 1991;
Vishnoi, 2018) for more in-depth technical details). Now, we state the following preliminary
results: O

Proposition 5. The functionlog |['| is g-convex inT', whereT belongs to the manifold of
positive definite (PD) matrices.

Proof. A detailed proof can be found in (Wiesel et al., 2015, Lemma. 1.13). The main idea is
to leverage the geodesic Q= VDN, g€ [0, 1] between two matrices, Qo = VV T and Q;
=VDVT, in order to transfer the problem into the following form:

f(Qq) = log |VDqVT‘ =2 log [V]+¢ log D],
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where Q) is a linear function and, therefore, convex in g. O

Remark 7. The log-determinant function is concave in classical Euclidean analysis.
However, Proposition 5 demonstrates that it is g-convex with respect to the PD manifold.

Proposition 6. Any local minimum of a g-convex function over a g-convex set is a global
minimum.

Proof. A detailed proof is presented in (Rapcsak, 1991, Theorem 2.1).

Given that g-convexity is an extension of classical convexity to non-Euclidean geometry, it is
straightforward to show that all convex functions are also g-convex, where the geodesics
between pairs of matrices are simply line segments. Therefore, given Proposition 5, we can

conclude that Eq. (38) is g-convex; hence, any local minimum of zEM(y |y ) is a global

minimum according to Proposition 6. This proves that condition [A3] is fulfilled and
completes the proof of Proposition 1. O

Appendix D.: Proof of Proposition 2

Proof. We start by recalling 2"=*(X, ) in Eq. (14):

Based on (Sun et al., 2017, Example 2), [A2] can be directly inferred from the concavity of
the log-determinant function and its first-order Taylor expansion around the value from the

previous iteration, E’;, which leads to the following inequality:

loglE, | 510g|2’;|+tr[( Oz z")]
(39)
10g|2k|+tr[ =) zy] tr[(z’;)'lz’;].

Note that the first and last term in (39) do not depend on y; hence, they can be ignored in the
optimization procedure. Conditions [Al] and [A4] are automatically satisfied by
construction because the majorizing function is obtained through a Taylor expansion around

E’;. Concretely, [A1] is satisfied because the equality in Eqg. (39) holds for z = 2’;.
Similarly, [A4] is satisfied because the gradient of log|Zy] at point 2’;, (E’;)_l, defines the
linear Taylor approximation 10g|2§‘ + tr[(EI;)_l(Zy - 2’;)] Thus, both gradients coincide in E’;
by construction Now, we show that [A3] can be satisfied easily using standard optimization

algorithms by proving that %

conv(7 | yk) is a convex function with respect to . To this end,

we rewrite Eq. (26):

Neuroimage. Author manuscript; available in PMC 2021 October 01.



1duosnue Joyiny 1duosnuey Joyiny 1duosnue Joyiny

1duosnuen Joyiny

Hashemi et al. Page 34

k P PR A 40k k -1 K=ok
.%conv(ﬂy ): 7[; n§1 - +log‘2y +tr[(2y) zy] tr[(Ey) zy},
as follows:
k K\ _ 1 -1, 4
R Conv(y |7 ) = diag[U]y~ " + diag[V]y + const, (40)

where U := %Zth . [ik(t)Ti"(t)] and V := LT(E’;)_IL are defined as parameters that do not

depend on y. The term const also collects constant terms in (39), i.e.

1

-1 . o T
const := 10g|21;‘ + aztr[(z’;) ] — M. Besides, y~! = [}/1 I ...,le] is defined as the element-

wise inversion of . The convexity of @fonv(y | 7k) can be directly inferred from the

convexity of diag[U]y1 and diag[V]y with respect to y (Boyd and Vandenberghe, 2004,
Chapter. 3). The convexity of Fk (y | yk), which ensures that condition [A3] can be

conv
satisfied using standard optimization, along with fulfillment of conditions [A1], [A2] and
[A4], ensure that Theorem 1 holds.

In order to establish the equivalence of the MM algorithm using the majorization function
Eqg. (26) and the convex-bounding based Champagne variant presented in Section 2.3.2, we
here decompose Z into rank-one matrices as introduced in (Sun et al., 2016). The first term
of Eg. (26) can be reformulated as follows:

ul(2)7'5,| = o (=8)7 (e’ + LrLT)| -
o] (54 EFLT] = g E7(x) '] .

where T = diag(y, ... 7, P 52), and T = [L, I]. Since we are optimizing Eq. (26) with

respect to y,, for n=1, ..., N, the elements of T and L related to the sensor noise o2 vanish.
Thus, by inserting Eq. (41) into Eqg. (26), taking the derivative with respect to y,, for n=1,
..., V, and setting it to zero,

Il
(=)
g
=
N
Il
—
=z

where L, denotes the 7~th column of the lead field matrix, we obtain an update rule in terms
of the original variables T and L:
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(42)

which is identical to the update rule of the convex-bounding based approach discussed in
Section 2.3.2, Egs. (17)—(19). O

Appendix E.: Proof of Proposition 3

Proof. The proof that conditions [A1]-[A4] are satisfied is directly analogous to that of
Proposition 2; therefore, it is omitted here. The equivalence of the Champagne variant based
on MacKay updates (Wipf and Nagarajan, 2009, Section 111.A-2) presented in Section 2.3.3
and the solution derived within the MM framework can be derived by transforming the
update rule Eq. (42) into a fixed-point iteration of the form yk"l = I(;/‘), which is an
alternative way of minimizing the same surrogate function (Eg. (26)). By squaring the left

%+ 1 and re-interpret the term

and right hand sides of Eq. (42) , one can divide both sides by y

on the right hand side as the estimate from the previous (4-th) iteration:

T
7 & Fo)
t=1

for n=1, ..., M. This is indeed identical to the MacKay update in Eq. (22), which concludes
the proof. O

-1 -1
A= (=l L, (43)

n =

Appendix F.: Proof of Proposition 4

Proof. (following (Haghighatshoar and Caire, 2017, Appendix C-A)) Without loss of
generality, we here consider the case o2 = 1, which can be obtained by normalizing the
sensor and source covariance matrices by o T' <— I/o?, £, <~ L,/c® = 1 + LTLT. Also,
due to the concavity of the log(:) function and by using a Taylor expansion around point &,
we have:

log(x) =log a + % — 14+ 6(x), Va > 0. (44)

Assuming that LTL T has an eigenvalue decomposition LTLT = UPUT with P = diag(py,

..., Pa), the majorizing function y&;:vv'SNR(y | 7k) as well as Eq. (28) are derived as follows:

M M
10g|2}y| = 10g|I + UPUT| Q z log(1 + p;) @ Z p;i+0(p)) )
i=1 i=1

= t(LIL") + 6(SNR),

where the p;, for /=1, ..., M denote the diagonal elements of P, which are equivalent to the
eigenvalues of LTLT. The term @(p ) represents the second and higher-order residuals of the

i
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Taylor expansion. Note that (45)-(1) is obtained by expanding P over its diagonal elements,
while (45)-(11) is derived by exploiting the concavity of the log(.) function and its first-order
Taylor expansion around a = 1 based on Eq. (44). Given the eigenvalue decomposition of
LI'LT = UPUT and the normalization with respect to the noise variance, the sum over all

eigenvalues of LTLT, i.e., Zﬁw: | P;» represents the ratio between the power of the signal and
the power of the noise; hence, one can replace Zﬁ"’: 1@(pl.) in Eq. (45) with 6(SNR). To
elaborate this more, note that given o® = 1, we have SNR « E{ [ Lx(1)[|*} = «{LILT), where
[E{x(t)x(t)T} T = diag([yl, ...,}/N]T) due to the independence between voxels. Therefore,

SNR « tr(LFLT) = 2?4: | P;» @ the sum of the eigenvalues of a matrix is equal to its trace.

As we have shown that log‘2y| = tr(LI‘LT) + O(SNR), condition [A2] holds and ' (y)

converges to gggg'SNR(y | 7k) when SNR — 0.
Moreover, as Eqg. (28) is constructed using a linear Taylor approximation, [Al] and [A4]
hold due to the same arguments made in the proof of Proposition 2. It remains to be shown

that condition [A3] can be easily fulfilled due to the convexity of Lo SNR(y | 4*). To this

conv
end, we exploit the following key relationship between the sensor and source space
covariances:

2
%Hy(r) - Li"(r)H2 +30 T %0 . (46)

| - | -
PRI STOES-DY
t=1 t=1

N

By replacing %ZL ly(t)TE; ly() in Eq. (27) with its source space equivalence in (46), we

have:

conv

T
gLow-SNR(Y | yk) _ tr(LFLT) " % Z () T =4 (¢) + const, (7)
t=1

where const denotes the terms that do not depend on . Reformulating (47) as

Low-SNR
conv

<z (y | yk) = diag[W]y + diag[Q]y_1 + const,

withw=LTL, Q == %Z,T: 1[§k(z)Ti"(z)] andy~! = [yl_l, y;,l]T proves the convexity of

gLow-SNR

cony (y | yk) using the same arguments made for proving convexity in Proposition 2.

Thus, we have shown that conditions [A1]-[A4] hold, which concludes the proof. O

Appendix G.: Detailed Derivation of the LowSNR-BSI Algorithm

. . _ . - L _SNR k .
To find the optimal value of ¥=[y1, ..., ¥a] ", We take the derivative of S’chx (7 |y ) in

(27) with respect to each y,for n=1, ..., M
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a%zgggs“( Iy) 3 [tr LILT)+ TZ y(t)TE y(t)]

d N o1

a_yn[Zn—1 nL;Ln]"'a_},n[TZt_l (t)TZ y(t)]
L, + i >, %[%Hy(t) — L0 + 50 TR @)

{n LILn+[%Z "‘(z)( 2 )—"(r)]

T pI (_ﬁ(’))z]’

[C]

(48)

where Eq. (48)-1 is derived based on a sum-of-rank-one matrices reformulation of the term
tr(LTLT) by exploiting the diagonal structure of I'. Equality (48)-11 is the direct implication
of the duality between y-space and X-space that has been pointed out in (14). Finally,

l2||y(t) - Lik(t)||§ does not appear in (48)-111 and is ignored since it does not depend on y.

Setting the derivative in Eq. (48) to zero yields the following closed-form update for y =
71 vl ™

which is identical to the update rule in Eq. (29). This completes the derivation of the
LowSNR-BSI algorithm.

Appendix H.: Proof of Theorem 2

Proof. We start by taking the derivative of ''(1) with respect to A:

20y = loglg) + 2 Zy(r)Tz ol (@9)

We first calculate the first term, ﬁ(log‘z |) Using the matrix inversion equality

L L+T

log‘Ey‘ =log1+LIL| =

log 1‘ + log|['| +log |1},

we have

(log‘Z D (Mlog/1+10g‘/1L L+T 1‘)— 9

aa (M log 1 + 10g|2 |),

where the term log|I| is omitted since it is does not depend on A. Then, the derivative of log|
Zy| with respect to A can be obtained as follows:
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sl = - [z ) ®

where the second term in (50) is derived according to the equality £ ! (F‘l + LTL)

which holds for the inverse of the posterior covariance in Eq. (10) (Sekihara and Nagarajan,
2015, Chapter 4):

0
ﬂ(log|2 tr[Z

-1
xa/lx -

s 9
X 04
s (

(r +IL L)]

= tr| )trE L L

In the next step, we calculate the derivative of the second term in Eq. (49) using the
following key relation between the sensor and source space covariances presented in
Appendix F. Given (46), we have

T T
=7 % D yn'Z | = (—%)% 3y - Lz 0|5, 1)
i=1 i=1

where the term X "~ '%*(1) is neglected since it does not depend on A. Let ¥ and =¥ be

fixed values obtained in the (A)-th iteration. Then, by substituting Egs. (50) and (51) into Eq.
(49), we have:

szﬂ(z) (1og|z |)

Z YO E; 'y

(52)
T
- (%)tr[EiLTL] + (—%)% 3 v - Lo ll3.
t=1

By expressing tr[ZI;LTL] in terms of the values at the (A)-th iteration according to the

following matrix equality (Zhang, Rao, 2011):

wl=ba e = ufba (=) - () o

Eq. (52) can be reformulated as follows:

a—jkyn( k) i/llc—(/lll{)ztr[ﬂklNk +Ltr[/1"(z’;)(rk)_l} L Z lyco) - Lx (t)” .

[y [

Note that A% denotes the number of non-zero voxels at the (A)-th iteration. Now by setting
the derivative to zero, the update rule for A at the (k+ 1)-th iteration is obtained as
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Y po-180)

R SN

—k, 2
k+1

This completes the proof. O

Appendix |.: A Statistical Analysis of Computational Complexity and

Convergence Behaviour of MM Methods

Here, we conducted an experiment, in which the simulation presented in Fig. 4 was carried
out 100 times using different instances of source distributions and initializations. The final
negative log-likelihood loss — attained after convergence — and runtimes of all methods were
calculated. The median and inter-quartile ranges over 100 randomized experiments of these
performance metrics are reported in Fig. 8.

As demonstrated in Fig. 4, the EM algorithm indeed needs a larger number of iterations for
convergence than its peer MM variants, which eventually results in longer runtimes and
higher computational complexity if we measure runtime in units of seconds, demonstrated in
Fig. 8-(A). The overall computation complexity in each iteration of the EM, however, is
comparable to the other MM variants. Even though an additional operation for calculating
the posterior matrix of the sources, Zx, is involved in each iteration of the EM algorithm —
which operates in the high-dimensional source space, efficient implementation techniques

can drastically reduce the computational complexity of this operation, e.g., from @(Nz) to

O(N), since only the main diagonal elements of Zx are required in the update rule, i.e.,
[E’;] Therefore, the overall computational complexity of the EM algorithm at each
n,n

iteration is dominated by %Z,T: 1(?’;(;))2, which is a common term in all other MM-based

approaches, e.g., convex bounding, MacKay, and LowSNR-BSI. Interested readers can refer
to (Zumer, Attias, Sekihara, Nagarajan, 2007) for a computational analysis of EM and other
Type-1l methods. Fig. 8-(B) also depicts the median and inter-quartile ranges of the final
negative log-likelihood loss — attained after convergence — of different variants of LowSNR-
BSI and Champagne as well as Champagne using EM and MacKay updates.
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Fig. 1.
Source reconstruction performance of Champagne and LowSNR-BSI in two different SNR

regimes (low SNR: 0.33 dB, left column; high SNR: 11.4 dB, right column). Spatial
reconstruction error is measured in terms of the earth-mover’s distance, and is shown in the
upper row, while time course reconstruction error is shown in the middle row. The lower row
demonstrates the negative log-likelihood loss, SBL loss function Eq. (12), incurred by
Champagne and LowSNR-BSI algorithms.
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Fig. 2.

Source reconstruction performance of four different variants of LowSNR-BSI (upper row)
and Champagne (lower row). The noise variance was estimated from baseline data (ground
truth), using adaptive learning, or using spatial or temporal cross-validation. Performance
was evaluated for four SNRs (SNR = {0.33, 2.17, 4.87, 11.40} dB) and with respect to three
different metrics (spatial reconstruction according to the earth-mover’s distance — left
column, time course reconstruction error — middle column, and computational complexity
according to the runtime (in seconds) — right column).
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Fig. 3.

Sc?urce reconstruction performance of Champagne (dashed line) and LowSNR-BSI (solid
line) for four SNR values (SNR = {0.33, 2.17, 4.87, 11.40} dB). The noise variance was
estimated from baseline data as well as using adaptive learning, spatial and temporal CV.
Spatial reconstruction error was measured in terms of the earth-mover’s distance and is
shown in the upper row, while time course reconstruction error is shown in the lower row.
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Fig. 4.

anvergence behavior of LowSNR-BSI as well as Champagne using the standard (convex-
bounding based) updates (Champagne) as well as EM and MacKay updates. For standard
Champagne and LowSNR-BSI, the use of a fixed noise variance estimated from baseline
data is compared with adaptive noise learning. LoWSNR-BSI variants have faster
convergence rate at early stages of the optimization procedure, but later converge to less
optimal log-likelihood values. Adaptive learning variants of Champagne and LowSNR-BSI
reach better log-likelihood values than their counterparts using a fixed noise variance
estimated from baseline data.
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Fig. 5.

Ar?alysis of auditory evoked fields (AEF) of one subject using conventional Champagne with
pre-estimated 4 = &, adaptive noise learning, and spatial CV as well as LowSNR-BSI.
Shown in the top panel are the reconstructions at the time of the maximal deflection of the
auditory N100 component (shown in bottom panel). All reconstructions show sources at the
expected locations in the left and right auditory cortex.
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10 trials

Fig. 6.
Analysis of auditory evoked fields (AEF) of one subject using conventional Champagne with

pre-estimated 1 = &, adaptive noise learning, and spatial CV as well as LowSNR-BSI, tested
with the number of trials limited to 10, 20, 40, 60, and 100. All proposed noise learning
reconstructions show sources at the expected locations in the left and right auditory cortices.
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Fig. 7.

Ar?alysis of auditory evoked fields (AEF) of one subject using conventional Champagne with
pre-estimated 1 = &, adaptive noise learning, and spatial CV as well as LowSNR-BSI, tested
with the number of trials limited to 10. Each column shows an experiment with a random
selection of 10 trials. LowSNR-BSI as well as all proposed noise learning variants of
Champagne always show sources at the expected locations in the left or right auditory
cortex. In the majority of experiments, both cortices are jointly identified.
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Fig. 8.

(A?) Runtime and (B) Type-II negative log marginal likelihood loss attained after
convergence of different variants of LowSNR-BSI and Champagne, as well as using EM and
MacKay updates. Shown are the median and inter-quartile ranges over 100 randomized
experiments.
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