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Supplementary discussion 1. Exact pTN-ensemble statistical-mechanics results for an ideal gas

in a slit-pore

The statistical-mechanics calculations presented in this Supplementary Information are carried out
for an ideal gas confined in a slit pore connected to a pressure reservoir treated on an equal footing
of the confined gas, i.e., an explicit reservoir with Nr particles (see Figure 1 in the main text). The
whole composed system is in a canonical ensemble at temperature, T, with Nt particles (Nt =N+NRg)

in a total volume of V+. The interaction potential between a fluid particle and the two pore walls is

given by,
Viw(2) = ¢(z) + d(z, — 2)), (1.1)
o8] , Z; <0
P(z) =4{—¢ , 0<z <d . (1.2)
0 ) Zi > d

The left wall is located at z = 0 (fixed) and the right one at z = z,, can fluctuate. The value of &
can be positive (attractive fluid-solid interaction) or negative (repulsive fluid-solid interaction). The
fluid-fluid interaction is neglected, i.e., an ideal gas being considered.

Depending on the value of averaged pore width, (z,,), we consider separately different situations:
i) weakly and normally confined situations, i.e., (z,,) = 2d (d : fluid-wall interaction range, see Eq.
(1.2) and Fig. 1 in the main text); ii) strongly confined situation, i.e., d < (z,,) < 2d; iii) extremely
confined situation, i.e., 0 <(z,) < d.
Supplementary note 1.1. Weakly and normally confined situations ({(z,,) = 2d)
1.1.1. Total partition function and Gibbs free energy of confined fluid ({z,,) = 2d)
With the composed system depicted in Fig. 1 of the main text, we determine first the partition function
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of the whole system from which Gibbs free energy of the confined fluid can be obtained. Since the

composed system is in a canonical ensemble, its partition function is given by,

1

N N
Zr = A3NA3NRAWN!NR!IZL61T dz,{A fOZW dz exp|—pBV5, (2)]} (A fZL‘Z dz) y (1.3)

where A and Aw are respectively the thermal wavelengths of fluid particles and the fluctuating wall
(piston), A surface area of one wall, Lt width of the total system. In order to deal with only unitless
quantities, we reduce all the length related quantity by the fluid thermal wavelength and the reduced

guantities are denoted with a star. Thus, Eq. (1.3) becomes,

Ly = IslN:' A/‘lﬁf dZ‘fV[z‘j‘V + Zd*(eﬁg _ 1)]N(L°§~ — 72 )VR
«N7,« NR LN
= e [ dzy [z, + 2a" (e - )] (1 - =) - (1.4)

Now, the last factor of the integrant is rewritten as follows,

(1-2)" = (1~ tmm)™ (3 BERLLEN o (R Az) (L)

When going to the before-last equality in Eq. (1.5), the equation of state of the ideal-gas in the
reservoir is used, i.e., BPr = Ng/(ALg) = Nr/(AL¢), since Lg = Ly when (z,) < Ly. The last
equality in Eq. (1.5) is obtained in the thermodynamic limit, i.e., Ny = oo, Vz = ALz — oo with

Ngr/(ALg) remaining finite. Substituting Eq. (1.5) into Eq. (1.4), we obtain,

ANTENR 4

Zr =~ f .dzy, |z, + 2d"(ePe - 1)] exp(—BPrA3A*z],
R!
«N1,+ NR
= e o dzyexpl-3t(zi)] (1.6)
where
H(z;) = BPrAPA"z), — Nin[z;, + 2d*(ePe — 1)]. (1.7)

Now, if N scales as A" and they are very large, the integral in Eq. (1.6) can be calculated by using

Laplace method? when #(z;,) has a maximum in the integration domain.

N

14 * — 3A*%
H'(zw) = BPrA”A zh+2d*(eBE-1)

(1.8)

N

H(z) = [z5,+2d* (eBe-1)]°

(1.9)

The first and second derivatives given in Eq. (1.8) and Eq. (1.9) show that #'(z;,) has indeed a
minimum at z,,, i.e.,
—2d*(ePe-1) (1.10)

—~ _ N
Zw = BPA3A*
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H(z;,) =N —Nin —2d*BPrA%AT(ePE - 1) | (1.11)

BPRr /13A*

Expanding # (z;,) around Z;, in a Taylor series to the second order, we obtain,
H(zy) = H(zy) + 5 }f”( W)z — 7). (1.12)

Substituting Eq (1.12) into Eq (1.6), we obtain,

AaNTENR

Zr = exp[—H(Z) 4= for. dzyexp [ 33" (7))@ = )] (1.13)

NINg!
In the limits, N - o and L; — oo, the integral on the RHS of Eq (1.13) becomes a Gaussian one

and we obtain finally,

2T

Ngp
exp[— }[(Zw)]_ PR

A*NTL;?NR(H@)”R
H _ A
= v exp—H(Z,)] -

2T
H'(Zy)

2n
}[II(Z—‘:/) 1

«N
= Zx Itv_! exp[—H (Z,) + BPrA3(z;,)A*] ﬁ (1.14)
where (z;,) is the average width of the slit pore (to be calculated in the next subsection) and Zy is
the partition function of the reservoir, i.e.,

Ng;NR
_ AVRLy
R ™ p3Ngppypr

(1.15)

When going to the last equality of Eq (1.14), the thermodynamic limit is taken, i.e., Ny = o and
(ALg) — oo with Ni/(ALg) = BP; remaining finite. Now, we obtain the Gibbs free energy of the

confined fluid by subtracting the Gibbs free energy of the reservoir from that of the total system, i.e.,
ﬁG(T,P,N,CA) = )B(GT - GR) = )B(FT - FR + P(ZW)A) = _lni_z-l_ﬁP(ZW)A

= NIn(BPrA®) — 2dpPrA(efe — 1) . (1.16)
The term involving #''(Z;,) becomes negligible in the thermodynamic limit, N - co and A — oo,
thus it does not contribute to the Gibbs free energy.
1.1.2. Average pore width and adsorption strain ({z,,) > 2d)
The average pore width, (z;,) can be obtained by first carrying out the easier calculation of
(z;, + 2d"‘(eﬁ‘9 — 1)), ie.,

N
aNTENR
NINR!ZT A

(z3 +2d"(ePE— 1)) = f Lz |z, + 2d*(ePe — 1)] exp(—,[i’PR/l3A*ZJV
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N+1 Lt
A*NTL*TNRA [zi+2d*(eBe-1)]  exp(-BPRrA3A*zZ)) y

NINR!Zy Ay —BPRASA*
N 1 * *
BP ;3A*f dZW[ZW + 2d* (eﬁg — 1)] exp(—BPrA3A*z;, }
N+1
- BPRA3A* (117)

When the following limits are taken, i.e., N - o and A* - o with N/A* remaining finite, the
first term after integration by part vanishes and we obtain the final result in Eq (1.17), which gives

immediately,

(zw) =

ﬁp A3A* —2d*(ePe—1) =12z,  (compare this equation with Eg. (1.10)) (1.18)

In all the above calculations for the partition function and the average pore width, we assumed that

(z,,) > 2d, this sets the following condition on the pressure,

BPRdA 1
N 2eBe’

(1.19)

The integral adsorption strain, A, is defined as the variation of the thickness of the slip pore with the
confined fluid with respect to that of the bulk counterpart with the same quantity of fluid (i.e., same

fluid number) and same surface area. From Eq. (1.18), we obtain immediately,

B =3 [(zw) = 5] = —d(eP* - 1) . (1.20)

Eq. (1.20) shows that A depends neither on A nor on N, so we have A = A in this case.
1.1.3. Differential and integral chemical potentials ((z,,) > 2d)

From Eqg. (1.16), we obtain immediately the following result for differential chemical potential,

[a(ﬁc) = In(BPA?), (1.21)

which is equal to that of the bulk fluid in the reservoir, u = u?“*. Thus, the disjoining chemical
potential is zero in this case, @w = 0, corresponding to the case of vanishing disjoining pressure,

[T = 0, when the grand potential is considered. The integral chemical potential is given by,

Bi =2 = in(BPpA%) — 20T (1.22)

In the case that N scale as A, the contribution of the second term on the RHS of Eq. (1.22) is
nonnegligible and /4 # u. The results of Eqg. (1.21) and Eq. (1.22) show that the relation between

differential and integral chemical potentials given by Eq. 10 in the main text holds perfectly.
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1.1.4. Differential and integral surface tensions ({z,,) > 2d)

Eq. (1.16) allows for obtaining immediately the following result for differential surface tension,

2(BG)
py = |22 oo = dBPR(e = 1) (1.23)

If we decompose the Gibbs free energy into a bulk contribution and a surface contribution as follows,
G(T,P,N,A) = uP“*(T,P)N + P;A, (1.24)
where pP“*(T, P) is the chemical potential of the corresponding bulk fluid at the same T and p, 7,
is defined as the integral surface tension and the index G denoting it is defined from Gibbs free energy
instead of grand potential. Comparing Eq. (1.24) and Eq. (116), we obtain immediately,
B = —dBPp(ef® - 1). (1.25)
Eq. (1.23) and Eq. (1.25) show that differential and integral surface tensions are identical for the
weakly and normal confined situations.
1.1.5. Fluid density profile, pressure tensor, surface tension from mechanical definition
(zw) > 2d)
The fluid-wall interaction induces the inhomogeneity in the direction perpendicular to pore walls and

the fluid density profile is given by,

p(2) = (T, 8(xi = )8 — ¥)8(z; — 2))

1
~ ZpA3NA3NR A, NINR!

L —_BYyN .
Jy3 dzyy [, dr BIL, 606 = 2)6(y; = Y (z; — 2) e PEEVIwGD [ Ve

Ne BV fw@

Lr N-1,-B IV ew(z)) N
= i=1 YV fw\4i R
ZpA3NA3NR A, NINR! fzd Az fV dri"e fVR dr

_ Zr(N=D) BV, (2) — —BV (@)
= Zranas © W = BPrem I, (1.26)

where §(x; —x), 6(y; —y), 6(z; —z) are Dirac o&functions, V and Vr are respectively the
volumes of the pore and the reservoir, Z;(N) and Z;(N — 1) are respectively the total partition
function of the composed system with N and N-1 fluid particles in the slit pore.

Due to the inhomogeneity near the walls, pressure tensor has different transversal and normal
components. Since there is no fluid-fluid interaction nor fluid-wall forces in the directions parallel to
the walls, the transversal component contains only a kinetic contribution and is given by,

Brr(z) = p(2). (1.27)

For the normal pressure, we have to deal with forces due to fluid-wall interactions. The normal
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pressure exerting on a plan located outside the range of fluid-wall interaction, i.e.,
d < z <(z,) — d, has only a kinetic contribution, i.e.,

Bon(z) = p(z) = PPy d <z <(zy)—d. (1.28)
In a region within the range of fluid-wall interactions, we have to take the fluid-wall interaction forces
into account® and a particular attention must be paid to treat properly the discontinuity in the square-

well potential. In the region, 0 < z < d, we have,

Bon() = p(2) + 5 (T, Fi(2)0(z - ).

—_gyN .
=r) +AZ A3NA3NRA NI!Ng uf dwa drV YL, F(z)6(z, — 2) e BLizaVrwiz) fVR dr"'®

= p(@) + B [ dz1p(2))F, (21)

Bd(z1)
= p(2) + [} dz, PP p(z,) F—

= p(2) + Py fz(zw> dzy(1 - eP?)8(z, — d)

= BPrePe + P (1 — ) = BPg. (1.29)
where F,(z;) = —¢'(z;) is the force exerted on the ith fluid particle by the left wall located at
z = 0. In a similar way, we find the following result for py(z) in the region, (z,) —d < z < (z,,),

Bon(2) = p(2) — (T, Fr(2)6(z — 7).

= p(2) = B J, dz1p(21)Fr(21)

de—Bo{zw)-z1)

dz,

= p(2) — BPg [ dz;(eP* — 1)6(z; — (z,) + d)

= pPrePe — pPr(ePe — 1) = BPy. (1.30)

= p(Z) _f dzleﬁd)((ZW) Zl)p( )

where Fg(z;) is the force exerted on the ith fluid particle by the right wall located at z = (z,,). Eq.
(1.28) — Eq. (1.30) show that the normal pressure, py(2), is constant everywhere inside the slit pore
and equal to that in the reservoir as required with a pTN-ensemble.

From the mechanical definition, we obtain the following result for the surface tension,

(zw)

pyMect =L 1™ dalpy(2) - pr(2)]
PR ({zw) _

=2 (™ dz[1 — e V@] = —dpPy(ef* - 1). (1.31)
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where the factor 1/2 accounts for the two fluid-wall interfaces with a total area of 24. Eq. (1.31),
Eqg. (1.23) and Eq. (1.25) show that y™eé" y and 7, are all equal for weakly and normally
confined fluids.

Supplementary note 1.2. Strongly confined situations (d < (z,,) < 2d)

In this subsection, we consider the situation that the piston (right wall) is located in the region,
d <z, <2d. Thus, the fluid particles in the middle region, z, —d <z <d, interact
simultaneously with both the walls.

1.2.1. Total partition function and Gibbs free energy of the confined fluid (d < (z,,) < 2d)

As for the previous case, we start by determining the total partition function of the composed system,

A*NT ﬁEN A Zd* . . . N . .
Zp = N';R' —f . dzw[(Z — eﬁg)zw + 2d (935 — 1)] (Ly — z; )R
A*NTL* ReBeN 4 24* " . . N z Ng
N!Ng! de* dz;,[(2 — eF€)z;, + 2d*(ePe — 1)] (1 — ;)
« N * VR ﬁEN
=- TzanRe ™ Z*d dz,[(2 — eP)zy, + 2d° (P — 1)]" exp(—pPrA* A"z,
A*NTL* RgBeN 4 o4
= [ dzyep - H ()] (1.32)
where
H(zy,) = BPrA*A*z,, — Nln[(Z - eﬁ‘g)Z‘} + Zd*(e[”‘S - 1)] , (1.33)
The integral in Eq. (1.32) is again calculated with the help of Laplace method.
FroxN 3 4% _ N(Z—eﬁ‘g)
f]'[ (ZW) - ﬁPRA A (Z—eBE)Z‘:/-FZd*(eBS—l) ’ (1.34)
neox N\ N(Z—EBE)Z
H @) = ez el (1.35)
—~ _ N 2d*(ePe-1)
“w = phpaiar | 2-ebe (1.36)
* 34%(eBe— _pBe
H(z) = N — 2d*BPrA3A*(ePi-1) NlnN(z ehe) (1.37)

2—eBe BPRA3A* '

Zp = AT E 4 N -3
T = "Nna o, &XplBe (Z)] m

a Nt NR(1+(Z‘”))
_ L /
- NINg! exp [ﬁSN }[(Zw)] HII(Z )

A*NTL* NR<1+NRA (ZW))

_ A* LRNR
= P exp[ﬁsN H(z;)] /}[—”(z 3
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[BeN + BPeAlz,) — HZ) A |2 (1.38)

where
Zo = s (1.39)
Now, the Gibbs free energy of the confined fluid can be readily obtained,
BG(T,P,N,A) = B(Fr — Fgr + PRA(z,,)) = —ln + BPrA(z,,)
= InN! — NInA* — BeN + H(Z},)
= NIn 2220 gen — 2apPrA(ehe-1) (1.40)

2—eBe

It is important to note that due to the presence of the term, In(2 —e#¢), Eq. (1.40) gives physically
meaningful results only under the following condition when &> 0 (attractive fluid-wall

interactions),

BT, L (1.41)

& n2

In the present study, we will consider always temperatures satisfying this inequality when & > 0.
1.2.2. Average pore width and adsorption strain (d < (z,,) < 2d)

To obtain the average pore width, (z;,), we calculate first ((2 — e¢)z;, + 2d* (e — 1)),

A*NT gBeN

]N+1
NINR!Zt A

(2 —eP)zy, + 2d*(ePe — 1)) =

dzw[(z — Pz, + 2d*(ePf - 1)

* * \N
(LT _Zw) R

A*NTL* ReﬁsN A
NINR!Zp ax

dz;,[(2 — eP®)z;, + 2d"(ePe — 1)] ex'p(—ﬁPRA3A*Z{;,

N+1 2d
A*NTL’%NReBSNi [(2—eP®)z;,+2a* (eFe-1)] exp(—BPRA3A*z{;,)’d*

NINR'Z7 Ay —BPRA3A*

(N+1)(2-eP?)

BPRA3A* fz*d* dZ{,'],[(Z - eBE)Z\; + Zd*(eﬁg - 1)]Nexp(—ﬁPR/l3A*Z\tv }

_ (N+1)(2-eP?)
"~ BPRrA3A* (1.42)
We obtain the final result in Eq. (1.42) if the first term of the integration by part vanishes, Now, we

examine in more details the conditions under which this term indeed vanishes.

* * N+1 * % Zd*
[(2-eP®)ziy+2a*(eF*-1)]"" exp(-pPra’A ZW)|d* _ a)N*lexp(-2pPrata’d’)

—BPRA3A* —BPRA3A*
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d*N+1exp[ BPRrAA*d* +(N+1)B£]

+
BPRA3A*

(1.43)

The first term on the RHS of Eq. (1.43) vanishes in the limits, N - c0 and A* — oo, with
n* = N/A* remaining finite. If € < 0 (repulsive fluid-wall interaction), the second term on the
RHS of Eq. (1.43) vanishes also in the thermodynamic limits. But, for € > 0 (attractive fluid-wall
interaction), the second term on the RHS of Eq. (1.43) vanishes in the thermodynamic limits under

the following additional condition,

,BPRAd

e > fe, > 0. (1.44)

We will need this condition in some later discussions.

From Eqg. (1.42), we obtain readily,

N+1 2d*(ePe-1)
BPRA3A*  2-ePe

(zw) =

= Zy,. [compare with Eq. (1.36)] (1.45)

It is recalled that we consider here the pore width in the region of d* < (z;,) < 2d*, so we have,

N+1  2(efe-1)
BPRrAd 2—eBe

1< <2, (1.46)

which can be rewritten as,

2-ePE  pprrAd _ 2-ePe
2 N+1 ePe ’

(1.47)

For attractive fluid-wall interactions (& > 0), the inequality (1.44) must be satisfied also. The

inequalities (1.44) and (1.47) can hold simultaneously under the following condition,

2— eﬁf

£ < = ePe¢ +2Be <2 . (1.48)
Be

The above inequality holds for ef¢ < 1.37015. Finally, we find the following conditions for the pore

width to be in the region of d* < (z;,) < 2d*,

2-ePE  prrAd _ 2-ePe 1
2 N+1 eBe ln137015k3

= 3. 1754— (1.49)

From Eqg. (1.45), we obtain readily the following result for integral adsorption strain,

d(efe-1)

A= [an) ~ gl =~ S (1.50)

Eq. (1.50) shows that A depends neither on 4 nor on N, so we have again A = A for the strong
confined situation.

1.2.3. Differential, disjoining and integral chemical potentials (d < (z,,) < 2d)

From Eqg. (1.40), we obtain readily the following result for differential chemical potential,

9
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[a(/m o = I(BPRA®) = Be — In(2 — %) = n(BPrA®) + fw (1.51)

which is not equal to the chemical potential of the corresponding bulk fluid. We define the difference
as disjoining chemical potential, i.e.,

W =—€— kBTln(Z — eﬁg) : (1.52)
It is to note that disjoining chemical potential is only a function of temperature but does not depend
on pressure. Eq. (1.51) shows that the differential chemical potential is only function of T and Pr but

does not depend on N /A. From Eq. (1.40), we obtain readily the integral chemical potential,

R ﬁG BPRrA3 _ZdﬂPRA(eBS—1)_ _ZdBPRA(e5£—1)
ph ==~ Be G-cfn  ~ PH = ey

2dBPrA(ePE-1
= Bubutk 4 Boy — (ziegef)zv ) (1.53)

The above results show that for strongly confined fluids, the three chemical potentials are all different
from each other, i.e., u # uP%¥ = g.
1.2.4. Differential and integral surface tensions (d < (z,) < 2d)

From Eqg. (1.40), we obtain immediately the following result for the differential surface tension,

_ dppr(efe-1)

_ [o(B&) _
By = [—M ]T‘PR,N = T (1.54)
The integral surface tension is given by,
" G—ubuky dBPr(efe-1 N
o = ) _ ST e tn(2 - o)) = py + 25" (159

This relation shows that the disjoining chemical potential allows for relating the differential surface
tension to the integral surface tension, thus confirms Eq. 12 in the main text derived from
thermodynamics. Eq. (1.55) shows clearly that the integral surface tension depends not only on T and
P but also on N/A. In our recent work!, we have obtained the following result for integral surface

tension from grand potential,

v eBu

Bq = — AA3(ﬁf—1)[1+(——1) ] . (1.56)
Now, we will show that ¥, is different from 7. For this, it is necessary to rewrite Eq. (1.55) in
terms of pand V instead of N and Pr. First, we can express the pressure in terms of chemical potential

with the help of Eq. (1.51), i.e.,

eB(u+e)

BPe ="~ (2= %) . (1.57)

10
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Then, using Eq. (1.45) and Eq. (1.57), we can express N /A interms of volume, V and L, i.e.,

= ﬁPR 4 dﬁPZR(Zgz—l) eﬁ;ﬂ) [% (2 — ePe) + d(ePe - 1)] ' (1.58)

Eq. (1.57) is used when going to the second equality of Eq. (1.58). Substituting Eq. (1.57) and Eq.
(1.58) into Eq. (1.55), we obtain,

Bie =~ L [d(efs ~ 1)(1 ~ ) — (2 — e#9) Y]
=—%eﬁ(#+6)(e”’£ )[—(1 pw) — ﬁw(ZBfﬁl)]. (1.59)

Comparing Eq. (1.59) with Eq. (1.56), we see that 7, # ¥q, this confirms the ensemble-dependence
of integral surface tension. Unlike differential surface tension, the integral surface tension calculated
for a specific ensemble cannot be used for another ensemble. The formal relation between ¥, and

Vo given by Eq. 41 in the main text holds perfectly, i.e.,

~ “ NBw+BIV BIIV dpPgr(efe-1) v eﬁ#
Ba = Big — LW — gy BNV GBPRlCTN) L V (gpe _q)?et

A 2—eBe
= — eﬁ(u+e) (eﬁg — 1) +— ( e 1)2 eh
g gt ] s

To obtain the final result in Eq. (1.60), we used Eq. (1.57) to express Pr in terms of chemical potential
and the following result for the disjoining pressure obtained in Ref. (1),

= —(efr—1)’2L . (1.61)
The final result in Eq. (1.60) is indeed identical to Eq. (1.56).

Taking derivative on the both sides of Eq. (1.54) with respect to pressure, we obtain,

o _ _ d(eFe-1) _
[a(ﬁpR)]T = e A (1.62)

From Eg. (1.55), we obtain,

57 0 = 7l = (169

(note that A = A for the model considered here). The validity of the new generalized adsorption
equations (Eqg. 18 and Eqg. 21 in the main text) are perfectly illustrated by Eq. (1.62) and Eq. (1.63).
1.2.5. Fluid density profile, pressure tensor, surface tension from mechanical definition
(d < (zw) < 2d)

The fluid density profile is given by,
1
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Zr(N-1) BV, (z) — __PPRr —BV £ (2)
p(z) = Zr(N)A3 oot eﬁs(z_eﬁs)e 4 : (1.64)

Although the expression after the first equality is formally the same as that in Eq. (1.26),
Zr(N —1)/Z;(N) gives a different result for the strongly confined situation considered here
(comparing the final result in Eq. (1.64) with that of Eg. (1.26)).

Since there is no fore in the direction parallel to wall surfaces, the transversal component of the
pressure tensor has only the kinetic contribution, i.e.,

Brr(z) = p(2). (1.65)
Due to fluid-wall interactions, we need to calculate again the normal component of the pressure tensor
in three different regions. In the region 0 < z < (z,,) — d, only the interaction between the fluid and

the left wall contributes, the normal component of the pressure tensor is given by,

Bon() = p(2) + 5 (T, Fi(2)0(z - 2).

B 2d _gyN .
=p(2) + AZ PN 3NR A NING] J; dzy, [, drV ¥ F(2)0(z;, — 2) e BrizaVrwz) fVR drii

=p(@) + B [, dz,p(2,)Fy (2)

Bd(z1)
= p(2) + [} dz, PP p(z,) F—

=p(2) + Lﬂmd eBO(zw)— z1>(1 — eP)5(z, — d)

ePe(2-ebe) )z
_ BP BP _
= 5o + oo (1= €F) = BPr. (1.66)

In the region d < z < (z,,), only the interaction between the fluid and the right wall contributes, we

obtain the following result for py (2),
Bon(2) = p(2) = E(EL, Fa(z)0(z = 2)).

=p(2) — B f, dz1p(21)Fr(21)

Bo((zw)-21)
f p(z) _f dZ eﬁ(l)((ZW) Zl)p( )u

dzy

BP de—ﬁ¢((zw>—21)
= p(Z) - WR‘?BE)I leeB¢(Z )& -

le

=p(z) — — eﬁff dzl(eﬁs - 1)5(21 (z,,) +d)

_ ﬁPR _ _BPr_ ( Be _ 1) = BPs. (1.67)

—eBe 2 _ebe

12
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In the middle region (z,,) — d < z < d, we have to take into account the interaction of the fluid with

both walls for py(2), i.e.,
Bon(2) = p(2) + E (S, (2062 — 2)) — £ (T, F(206(z - 2).

= p(2) + B [ dz1p(21)F,(21) — B f;] dz:p(2:) Fr(2:)

= p(2) + [ dz,ePP @ p(z, ) T [ dzgePoanmp( )&:Mﬂ
= p(2) +#P’?eﬁg)f(z”d 2, eBPUzw)- zl)(l _ eﬁe)5(21 d)
%] dz,eP?@)(efe — 1)5(z, — (z,,) + d)
= OPne | BPR (1 — obe) — LPR (o _ 1) = gp, . (1.68)

The results of Eq. (1.66) — Eqg. (1.68) show that the normal component of the pressure tensor is
constant everywhere inside the slit pore and equal to that of the reservoir as we can anticipate for a
pTN-ensemble.

Now, we calculate also surface tension from the mechanical definition, i.e.,

pyMeet = £ [ da[py(2) - pr(2)]

_ BPr ((zw) 1 V@
= zf dz[l eﬁS(z—eﬁS)e f

__ BPRr (zw)—d  (2d—(zy,)ePE  (zy)-d
- _[< W> T 2—eBe 2—eBe B 2—e5£]

_ _% , (1.69)
This is the same result as that given in Eq. (1.54), so the mechanical definition gives the differential
surface tension. In grand canonical ensemble, we found also that the mechanical definition gives
differential surface tension® and this shows its ensemble-independence.
1.2.6. Different thermodynamic potentials and Legendre transforms (d < (zy) < 2d)
Now, we will discuss some issues concerning the environment-dependence (or ensemble-dependence)
of thermodynamics for small systems. First, we examine the question if all the thermodynamic
potentials describe equally well a given small system. For thermodynamics of macroscopic systems,
different thermodynamic potentials are related through various Legendre transforms. We know now

13
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that for thermodynamics of small systems, there are two types of intensive variables, i.e., differential
and integral ones. The present work shows that only differential thermodynamic variables are
ensemble-independent. So, it is natural that such variables should be used for Legendre transforms
but not the integral thermodynamic variables. Now, we illustrate this by two successive Legendre
transforms which allow for obtaining grand potential from Gibbs free energy, i.e.,

BUT, 1V, A) = B[G — PRV — uN] . (1.70)
Substituting Eqg. (1.40), Eqg. (1.51) and Eq. (1.58) into the RHS of Eqg. (1.70), we obtain,

Be_
BA(T, 1V, A) = —N = —ppy — 2Errdale )

2—eBe
__ eﬁ(u+8) ( _ eﬁg)V _ eﬁ(u+s) ZdA(eﬁg _ 1)
—_ eﬁ;”f) {1+ (E-1)(efe-1)]. (1.71)

Eq. (1.58) is used when going to the second equality on the RHS of Eq. (1.70), then Eq. (1.57) is used
to replace Pr in terms of chemical potential. The final result in Eq. (1.71) is precisely that obtained
in ref. (1) from the grand canonical ensemble.

Supplementary note 1.3. Extremely confined situations (0 < (z,,) < d)

1.3.1. Total partition function and Gibbs free energy of confined fluid (0 < (z,,) < d)

With the composed system depicted in Fig. 1 of the main text, we determine first the partition function
of the whole system from which Gibbs free energy of the confined fluid can be obtained. Since the

composed system is in a canonical ensemble, its partition function is given by,

N N
7, = A3NA3N;AWNWR! [y dz,{A [} dz exp[~BVy, (D]} (4 I dz) " (1.72)

where A and Aw are respectively the thermal wavelengths of fluid particles and the fluctuating wall
(piston), A surface area of one wall, Lt width of the total system. In order to deal with only unitless
quantities, we reduce all the length related quantity by the fluid thermal wavelength and the reduced

guantities are denoted with a star. Thus, Eq. (1.72) becomes,

« N
AT T ZBSN A x* N * * \N
= —_ — R
ZT NINg! f d ZwZyw (LT Zw)

* N N
A TL*RZI*SNAI dzt 7z N 1_zWNR
- NN A WZW L
R w T

N N
A* TL* R 2[38N A « + N 3 k%
T—f dZWZW exp(—BPrAA*z;,

14



352

353
354

355

356

357

358

359

360

361

362

363

364
365

366

367

368

369
370
371

372

373

374
375

A NTL* NRg2BeN 4

NI —f dz;,expl-H(z;,)] | (1.73)

where
H(z,,) = BPrA3A*z), — Ninz,. (1.74)
H'(z.,) = BPA3A" — % . (1.75)
H"(z) = % . (1.76)

Eqgs (1.75) and (1.76) show that #(z;,) has a minimum at Z,,

_* N

2w = ppasan (1.77)
H(z;,) =N — Nlnﬁp Yo (1.78)
Expanding # (z;,) around Z;, in a Taylor series to the second order, we obtain,
H(zy) = H(zy) + 5 }f”( W) (0 — 7). (1.79)
Substituting Eq (1.79) into Eq (1.73), we obtain,
ANT VR e2BeN o A dt Lo pos g o
Zp = NTT}:exp[—}[(zw)] Efo dz,exp [—57—[ (Zp)(z), — ZW)Z] , (1.80)

In the limits, N - co and L; — oo, the integral on the RHS of Eq (1.80) becomes a Gaussian one

and we obtain finally,

_arNT VR g2peN 2
Zr=—waexpl- }[(Zw)] e
B A*”TLENR(H%)NR(;ZBEN L
- NINg! exp[—H (Z, )] Aw 7{”(2 )
= Zx —exp[ H(zy,) + BPrA(z;,)A" + ZﬁeN] ’% (1.81)

When going to the last equality of Eq (1.81), the thermodynamic limit is taken, i.e., N, —» o and
(ALg) —» oo with Np/(ALg) = BP; remaining finite. We obtain the Gibbs free energy of the
confined fluid by subtracting the Gibbs free energy of the reservoir from that of the total system, i.e.,

BG(T,P,N,A) = B(Gr — Gg) = B(Fr — Fg + Pr{z,)A) = —ln +,3PR(ZW)A

= NIn(BPrA3) — 2B<N . (1.82)
The term involving #''(Z;,) becomes negligible in the thermodynamic limit, N - co and A — oo,

thus it does not contribute to the Gibbs free energy.
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1.3.2. Average pore width and adsorption strain (0 < (z,,) < d)

A*NTL NR ZBEN A

*\ x _x N+1 3 A%, %
(z5) = NIz —f dzwzw exp(—BPrA3A*z;,
ANTNRo2BeN g [q*N*Loxp(—pPRa®a*a®) N+1  d* , » 4N N
= — [ dz},z," exp(—BPrA3 A"z,
NNR'Zr Ay —BPRA3 A" BPRA3A* 0
N+1
- N+ (1.83)
BPRA3A*

When the following limits are taken, i.e., N - o and A* - o with N/A* remaining finite, the
first term after integration by part vanishes and we obtain the final result in Eq (1.83), which is the
same as Eq (1.77). Since Eq (1.83) is the same as the equation of state of a bulk ideal gas, the integral
adsorption strain vanishes, i.e.,

A=0. (1.84)
1.3.3. Differential and integral chemical potentials (0 < (z,,) < d)

From Eqg. (1.82), we obtain the following result for differential and integral chemical potential,
- [WG) = In(BPxA3) — 2Be = £2 = gp. (1.85)

Although the differential and the integral chemical potential are the same in this case, they are not
equal to that of the bulk ideal gas. So, the disjoining chemical potential is not zero and given by,

@ = fu — In(BPrA3) = —2B¢ (1.86)
1.3.4. Differential and integral surface tensions (0 < (z,,) < d)

Eq. (1.82) shows immediately that the differential surface tension is zero, i.e.,

[6(“) . (1.87)

T,PR, N

If we decompose the Gibbs free energy into a bulk contribution and a surface contribution as follows,
G(T,P,N,A) = uP* (T, P)N + y;A, (1.88)

where pP“*(T, P) is the chemical potential of the corresponding bulk fluid at the same T and p, 7,

is defined as the integral surface tension and the index G denoting it is defined from Gibbs free energy.

Comparing Eqg. (1.88) and Eq. (1.82), we obtain immediately,

@wN

Bve = —Zﬁ = (1.89)
Although the differential surface tension is zero in this case, the integral surface tension does not

vanish. It is also to note that 7, does not depend on the pressure. From Eqgs (1.89) and (1.84), one

can check readily that the generalized Gibbs adsorption equation Eq 21 in the text holds also in this
16



403

404

405
406
407
408
409

410

411

412

413
414
415
416
417
418
419
420
421
422
423

424

425

case, i.e.,

(%)T@ =4=0. (1.90)

1.3.5. Fluid density profile, pressure tensor, surface tension from mechanical definition
(0 <(zy,) <d)
In this case, the fluid-wall interaction becomes constant. So, it does not induces any inhomogeneity

and the fluid density becomes constant also,

p(2) = (ZiL; 8(xi = 0)8(yi — ¥)8(z; — 2))

1
"~ ZpA3NA3NRA, NINR!

d —gyN .
fo dZW fV drN ?]=1 6(xi - x)(S(YL - 3’)5(21 - Z) e ﬁzplva(ZL) fVR drNR

Ne BV fw@

d N-1
— N-1,-f Zi=1 Vfw(ZL') NRr
ZpA3NA3NR A, NINR! fO Az fV dri"e fVR dr

Zr(N-1) _ -
- Z;(N)A3 e PVrw®) = gppePVrw®) = gppehe, (1.91)

where §(x; —x), 6(y; —y), 6(z; —z) are Dirac o&functions, V and Vr are respectively the
volumes of the pore and the reservoir, Z;(N) and Z;(N — 1) are respectively the total partition
function of the composed system with N and N-1 fluid particles in the slit pore.

Since there is no fluid-fluid interaction nor fluid-wall forces in the directions parallel to the walls,
the transversal component contains only a kinetic contribution and is given by,

Brr(z) = p(2). (1.92)
In the current case, the constant fluid-wall interaction does not give any force in the direction
perpendicular to the pore walls. So, the normal component of the pressure tensor is also given by the
fluid density, i.e.,

Bon(z) = p(2) 0<z<d. (1.93)

Thus, we obtain immediately that surface tension from the mechanical definition is zero, i.e.,

pyMeet = [ dalpy(2) - pr(@2)] =0 . (1.94)

So, the mechanical definition gives again the differential surface tension in this case.
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Supplementary discussion 2. Some supplementary thermodynamic results based on grand

potential

In this supplementary discussion, we give some additional results about the adsorption equation for

7a, Which were not presented in ref. [1]. From Eq. 20 in the main text, we obtain readily,

07a _
[E L (2.1)

Then, Eq. 20 in the main text and Eqg. (2.1) lead to,

~ ~[oy
y=7q- 2|22 o 2.2)

Although this relation is perfectly compatible with the following one derived in ref. [1], i.e.,

o [
y =T +A [ - 2.3)

Eq. (2.2) is a more practical one since 7, is a function of T, pand 2 but does not depend on V and

A separately. From Eq. 19 in the main text, we derive now the following adsorption equation for ¥,

(o) =-"E—=-t (2.4

ou A !
which is more practical than the following one derived previously ?,

(%)W =T (2.5)

If we define the differential adsorption as follows,

N
r=r-2 [ﬁ]w , (2.6)
the uTV-ensemble adsorption equation for differential surface tension becomes,
ay _
(Ge), =T @)

It is to be emphasized that Eq. (2.7) is identical to the original Gibbs adsorption equation only when
y =9 and T' = T. To close this digression, it is quite gratifying to see that the present study with

pTN-environment is also helpful to improve our understanding of uTV-environment.
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Supplementary discussion 3. Sorting out stable and metastable states of a compression-

expansion isotherm: A quasi Maxwell construction

The illustration given in Fig. 2 of the main text shows that Eq. 28 of the main text gives not only the
Gibbs free energy for stables states but also that for metastable states. For a given pressure, the stable
state has the lowest Gibbs free energy, i.e., that on the black curve in Fig. 2. Here, we show that it is
also possible to sort out stable and metastable states from the compression-expansion isotherm with
the help of a “Maxwell Construction” to as shown in Fig. 3 in the main text.

Supplementary note 3.1. Calculation of the pressure at the crossing points of Gibbs free energy
From Eq. 28 in the main text, we obtain the following result for the pressure at the crossing point of

the large and middle branches of Gibbs free energy (i.e., the first and the second lines of Eg. 28),

_ (2-eFP%)[Be+In(2-eP?)] .

DPc1 = 2(335—1)2 (31)
The pressure at the crossing point of the narrow-pore and middle-pore branches is given by,
_ (2-eP#)[pe-In(2-eP?)]
P2 = 2(835_1) . (32)

It is to note that there is a logarithm singularity on the RHS of Eqg. (3.1) and Eq. (3.2). So, they
give physically meaningful results only for ef¢ < 2. Since Be+1In(2—ef®) <0 when ef¢ <2, Eq.
(3.1) gives always a positive result under this condition. With the help of Eq. (29) in the main text,
we can show that the large and the middle branches of the Gibbs free energy crosses in the cases of
an attractive fluid-wall interaction for e#¢ < 2 and in the case of a repulsive fluid-wall interaction for
any temperature. The condition for a hysteresis loop occurring in the compression-expansion isotherm
near p. Is p'(2d") <p*(2d™) . Eq. (29) in the main text gives p(2d~)=1/(2e¢) and
p*(2d*) = (2 — eP€) /2. Although these results satisfy always the inequality p*(2d*) < p*(2d™), p*(2d*)
is positive only for ef¢ < 2. The condition for a hysteresis loop occurring near p., IS p*(d*) <p*(d™).
Eqg. (29) in the main text gives p*(d™) =1 and p*(d*) = (2 — eP*)eP¢. For a repulsive fluid-wall
interaction, i.e., 0 <ef® <1, p*(d*) <p*(d~) holds for any temperature while for an attractive fluid-
wall interaction 1 < ef¢ < 2, the inequality is not satisfied for any temperature (the narrow-pore and
the middle pore branches of the Gibbs free energy does not cross in this case). Since only the

illustrations for a repulsive fluid-wall interaction are given in the main text, we restrict our
19
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consideration to this case in the following discussions.

Supplementary note 3.2. A quasi Maxwell construction

Now, we show analytically that a Maxwell construction allows for resorting out stable and metastable
states in a compression-expansion isotherm, i.e., placing the horizontal lines corresponding to p.,
and p., so that the corresponding turquoise and pink zones have the equal area as illustrated by Fig.
3 of the main text. Let L;, denote the intercepting point of the horizontal line p., with the middle
branch of the compression-expansion isotherm (see Fig. 3 in the main text), which gives the lower
integration limit for calculating the area of the turquoise zone. Using p., given by Eq. (3.1) and Eq.

29 in the main text (the second line on its RHS), we obtain,

1 2(efe-1) 2(efe-1) 2(ePe-1) _ 2(ePf-1) ePe—1

L= = T (2-eBe)[pe+in(2-eBE)] 2-eBe 2-eBe pe+In(2—-ePe)

. (3.3)
The intercepting point of the horizontal line p., with the large pore branch of the compression-
expansion isotherm (the first line on the RHS of Eq. 29 in the main text) gives the following result

for the upper integration limit for calculating the area of the pink zone,

2(efe-1)"

1p = le —2(eff-1) = - (2—eP%)[Betin(2—cP)] 2(ef -1)
2_%[2_&”%] . (3.4)
The area of the turquoise zone below p., is given by,
Sie = [ dl [pcl - l+2(e35—11)/(2—eﬁ£)] =pa(2—L5) —1In [2 + 1)] +1n [L T;”]
= P2~ L3) ~In [z-zeﬁe] +In (Z—eﬁf)z[(—e;::lln)(z—eﬁf)] ' (3.5)

The area of the pink zone above p., is given by,

Sip = szw dl [m — pcl] = pear(2 —L3p) + InfLi, + 2(ePe — 1)] —In[2 + 2(eP® — 1)]

ePe_1)”
=pa(2-1},)—Pe—In2+1In (z—eﬁE)z[(—ﬁs—lln)(z—eBS)] , (3.6)
S1t—S1p = 'pcl(Ljp — L’;t) + fe+ 1n(2 — eﬁs) . (3.7)
From Egs. (3.3), (3.4) and (3.1), we obtain,
T A T EECe (38)
ePe)[Be+In(2—eh¢ eBe— <
pe(Ly = L) = ~ AT — g in(2 - 5] 39
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Eqgs. (3.7) and (3.9) lead to s, = S;,,.
Now, we show that the area of the turquoise zone below p,, is also equal to the area of the pink
zone above p., (see Fig. 3 in the main text). The lower and upper integration limits are given

respectively by,

1 2(ePe-1)

bae = 3 = e lpetn(z—eP)] (3.10)
. _ 1 2(efe-1) 2(efe-1) _ 2(ePE-1) _ 2(ePE-1) 1 _
Ly, T P 2z-ePe  (2-eP%)[Be—In(2-eP)]  z-ePe  2-ePe |Be-In(z-ePe) 1 . (3.11)
The area of the turquoise zone below p., is given by,
! 1] . 2(ePe-1)
Szt = Jjy, Al [Pz =] = P2l = Lo +In g Sy (3.12)

The area of the pink zone above p., is given by,
L 1
Sap = f1 Tl [l+2(e35—1)/(2—eﬁ€) B pcz] = pcz(l -

_ s 2(efe-1) _ ebe
=pe (1 LZP)+ln(2_eﬁs)[ﬁ£_1n(2_eﬁs)] In——z

. . 2(efe-1) z(e £-1)
2p)+1n[2p+ 5 ] In [1+ e

2(ePe-1)

=pc1(1-L3) +1n ePe[Be—In(2—eF?)] * (3.13)

St = Szp = Pea(Lyp — Lye) + P& — In(2 — eP¢) . (3.14)
From Egs. (3.10), (3.11) and (3.2), we obtain,

pea(Lyp — L) = — LGt 2 (e —in(2 - )] (3.15)

Egs. (3.14) and (3.15) lead to s,, =S,,. The above results show that it is possible to determine
graphically the crossing points of the G-p plot from the compression-expansion isotherm, i.e., the p-v
plot (v: volume). However, we prefer to call this procedure a quasi Maxwell construction since the
two end points of the discontinuous volume jump do not have the same chemical potential. Thus, they

are not two coexisting phases of a first-order phase transition.
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