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Nanoscale thermodynamics needs the concept of a disjoining chemical 2 
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Supplementary discussion 1. Exact pTN-ensemble statistical-mechanics results for an ideal gas 6 

in a slit-pore 7 

The statistical-mechanics calculations presented in this Supplementary Information are carried out 8 

for an ideal gas confined in a slit pore connected to a pressure reservoir treated on an equal footing 9 

of the confined gas, i.e., an explicit reservoir with NR particles (see Figure 1 in the main text). The 10 

whole composed system is in a canonical ensemble at temperature, T, with NT particles (NT =N+NR) 11 

in a total volume of VT. The interaction potential between a fluid particle and the two pore walls is 12 

given by, 13 

𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖) = 𝜙𝜙(𝑧𝑧𝑖𝑖) + 𝜙𝜙(𝑧𝑧𝑤𝑤 − 𝑧𝑧𝑖𝑖),               (1.1) 14 

𝜙𝜙(𝑧𝑧𝑖𝑖) = �
∞                    ,                  𝑧𝑧𝑖𝑖   < 0               
−𝜀𝜀                  ,             0 < 𝑧𝑧𝑖𝑖 < 𝑑𝑑             
0                      ,                  𝑧𝑧𝑖𝑖 > 𝑑𝑑                 

.           (1.2) 15 

The left wall is located at 𝑧𝑧 = 0 (fixed) and the right one at 𝑧𝑧 = 𝑧𝑧𝑤𝑤 can fluctuate. The value of ε  16 

can be positive (attractive fluid-solid interaction) or negative (repulsive fluid-solid interaction). The 17 

fluid-fluid interaction is neglected, i.e., an ideal gas being considered.  18 

Depending on the value of averaged pore width, 〈𝑧𝑧𝑤𝑤〉, we consider separately different situations: 19 

i) weakly and normally confined situations, i.e., 〈𝑧𝑧𝑤𝑤〉 ≥ 2𝑑𝑑 ( d : fluid-wall interaction range, see Eq. 20 

(1.2) and Fig. 1 in the main text); ii) strongly confined situation, i.e., 𝑑𝑑 ≤ 〈𝑧𝑧𝑤𝑤〉 ≤ 2𝑑𝑑; iii) extremely 21 

confined situation, i.e., 0 < 〈𝑧𝑧𝑤𝑤〉 ≤ 𝑑𝑑. 22 

Supplementary note 1.1. Weakly and normally confined situations (〈zw〉 ≥ 2d) 23 

1.1.1. Total partition function and Gibbs free energy of confined fluid (〈𝑧𝑧𝑤𝑤〉 ≥ 2𝑑𝑑) 24 

With the composed system depicted in Fig. 1 of the main text, we determine first the partition function 25 
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of the whole system from which Gibbs free energy of the confined fluid can be obtained. Since the 26 

composed system is in a canonical ensemble, its partition function is given by, 27 

𝑍𝑍𝑇𝑇 = 1
𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤�𝐴𝐴∫ 𝑑𝑑𝑑𝑑𝑧𝑧𝑤𝑤

0 𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)��
𝑁𝑁
�𝐴𝐴 ∫ 𝑑𝑑𝑑𝑑𝐿𝐿𝑇𝑇

𝑧𝑧𝑤𝑤
�
𝑁𝑁𝑅𝑅𝐿𝐿𝑇𝑇

2𝑑𝑑 ,        (1.3) 28 

where Λ and ΛW are respectively the thermal wavelengths of fluid particles and the fluctuating wall 29 

(piston), A surface area of one wall, LT width of the total system. In order to deal with only unitless 30 

quantities, we reduce all the length related quantity by the fluid thermal wavelength and the reduced 31 

quantities are denoted with a star. Thus, Eq. (1.3) becomes,           32 

𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ �𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁(𝐿𝐿𝑇𝑇∗ − 𝑧𝑧𝑤𝑤∗ )𝑁𝑁𝑅𝑅𝐿𝐿𝑇𝑇
∗

2𝑑𝑑∗   33 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ �𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁
�1 − 𝑧𝑧𝑤𝑤∗

𝐿𝐿𝑇𝑇
∗ �

𝑁𝑁𝑅𝑅𝐿𝐿𝑇𝑇
∗

2𝑑𝑑∗  .         (1.4) 34 

Now, the last factor of the integrant is rewritten as follows, 35 

   �1 − 𝑧𝑧𝑤𝑤∗

𝐿𝐿𝑇𝑇
∗ �

𝑁𝑁𝑅𝑅
= �1 − 𝑁𝑁𝑅𝑅𝐴𝐴∗𝑧𝑧𝑤𝑤∗

𝐴𝐴∗𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

�
𝑁𝑁𝑅𝑅

= �1 − 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗

𝑁𝑁𝑅𝑅
�
𝑁𝑁𝑅𝑅

= 𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ ) .      (1.5) 36 

When going to the before-last equality in Eq. (1.5), the equation of state of the ideal-gas in the 37 

reservoir is used, i.e., 𝛽𝛽𝑃𝑃𝑅𝑅 = 𝑁𝑁𝑅𝑅 (𝐴𝐴𝐿𝐿𝑅𝑅) = 𝑁𝑁𝑅𝑅 (𝐴𝐴𝐿𝐿𝑇𝑇)⁄⁄  , since 𝐿𝐿𝑅𝑅 ≈ 𝐿𝐿𝑇𝑇  when 〈𝑧𝑧𝑤𝑤〉 ≪ 𝐿𝐿𝑇𝑇 . The last 38 

equality in Eq. (1.5) is obtained in the thermodynamic limit, i.e., 𝑁𝑁𝑅𝑅 → ∞, 𝑉𝑉𝑅𝑅 = 𝐴𝐴𝐴𝐴𝑅𝑅 → ∞ with 39 

𝑁𝑁𝑅𝑅 (𝐴𝐴𝐿𝐿𝑅𝑅)⁄  remaining finite. Substituting Eq. (1.5) into Eq. (1.4), we obtain,   40 

𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ �𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝐿𝐿𝑇𝑇

∗

2𝑑𝑑∗      41 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤𝑤∗ )]𝐿𝐿𝑇𝑇

∗

2𝑑𝑑∗  ,                (1.6) 42 

where 43 

ℋ(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ − 𝑁𝑁𝑁𝑁𝑁𝑁�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��.             (1.7) 44 

Now, if N scales as A* and they are very large, the integral in Eq. (1.6) can be calculated by using 45 

Laplace method32 when ℋ(𝑧𝑧𝑤𝑤∗ ) has a maximum in the integration domain. 46 

ℋ′(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗ −
𝑁𝑁

𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1�
 .                (1.8) 47 

ℋ′′(𝑧𝑧𝑤𝑤∗ ) = 𝑁𝑁

�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1��
2 .                  (1.9) 48 

The first and second derivatives given in Eq. (1.8) and Eq. (1.9) show that ℋ(𝑧𝑧𝑤𝑤∗ ) has indeed a 49 

minimum at 𝑧𝑧𝑤̅𝑤∗ , i.e., 50 

𝑧𝑧𝑤̅𝑤∗ = 𝑁𝑁
𝛽𝛽𝛽𝛽𝛬𝛬3𝐴𝐴∗

− 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� ,                   (1.10) 51 



 

3 

ℋ(𝑧𝑧𝑤̅𝑤∗ ) = 𝑁𝑁 − 𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

− 2𝑑𝑑∗𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� .              (1.11) 52 

Expanding ℋ(𝑧𝑧𝑤𝑤∗ ) around 𝑧𝑧𝑤̅𝑤∗  in a Taylor series to the second order, we obtain, 53 

ℋ(𝑧𝑧𝑤𝑤∗ ) = ℋ(𝑧𝑧𝑤̅𝑤∗ ) + 1
2
ℋ′′(𝑧𝑧𝑤̅𝑤∗ )(𝑧𝑧𝑤𝑤∗ − 𝑧𝑧𝑤̅𝑤∗ )2.                 (1.12) 54 

Substituting Eq (1.12) into Eq (1.6), we obtain, 55 

   𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑒𝑒𝑒𝑒𝑒𝑒 �−

1
2
ℋ′′(𝑧𝑧𝑤̅𝑤∗ )(𝑧𝑧𝑤𝑤∗ − 𝑧𝑧𝑤̅𝑤∗ )2�𝐿𝐿𝑇𝑇

∗

2𝑑𝑑∗  ,           (1.13) 56 

In the limits, 𝑁𝑁 → ∞ and 𝐿𝐿𝑇𝑇 → ∞, the integral on the RHS of Eq (1.13) becomes a Gaussian one 57 

and we obtain finally, 58 

   𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ )  59 

      =
𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑅𝑅

∗ 𝑁𝑁𝑅𝑅�1+〈𝑧𝑧𝑤𝑤
∗ 〉
𝐿𝐿𝑅𝑅
∗ �

𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ ) 60 

      = 𝑍𝑍𝑅𝑅
𝐴𝐴∗𝑁𝑁

𝑁𝑁!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ ) + 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3〈𝑧𝑧𝑤𝑤∗ 〉𝐴𝐴∗]

𝛬𝛬
𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ ) ,              (1.14) 61 

where 〈𝑧𝑧𝑤𝑤∗ 〉 is the average width of the slit pore (to be calculated in the next subsection) and 𝑍𝑍𝑅𝑅 is 62 

the partition function of the reservoir, i.e., 63 

𝑍𝑍𝑅𝑅 = 𝐴𝐴𝑁𝑁𝑅𝑅𝐿𝐿𝑅𝑅
𝑁𝑁𝑅𝑅

𝛬𝛬3𝑁𝑁𝑅𝑅𝑁𝑁𝑅𝑅!
.                        (1.15) 64 

When going to the last equality of Eq (1.14), the thermodynamic limit is taken, i.e., 𝑁𝑁𝑅𝑅 → ∞ and   65 

(𝐴𝐴𝐿𝐿𝑅𝑅) → ∞ with 𝑁𝑁𝑅𝑅 (𝐴𝐴𝐿𝐿𝑅𝑅)⁄ = 𝛽𝛽𝑃𝑃𝑅𝑅 remaining finite. Now, we obtain the Gibbs free energy of the 66 

confined fluid by subtracting the Gibbs free energy of the reservoir from that of the total system, i.e., 67 

𝛽𝛽𝛽𝛽(𝑇𝑇,𝑃𝑃,𝑁𝑁,𝒜𝒜) = 𝛽𝛽(𝐺𝐺𝑇𝑇 − 𝐺𝐺𝑅𝑅) = 𝛽𝛽(𝐹𝐹𝑇𝑇 − 𝐹𝐹𝑅𝑅 + 𝑃𝑃〈𝑧𝑧𝑤𝑤〉𝐴𝐴) = −𝑙𝑙𝑙𝑙 𝑍𝑍𝑇𝑇
𝑍𝑍𝑅𝑅

+ 𝛽𝛽𝛽𝛽〈𝑧𝑧𝑤𝑤〉𝐴𝐴  68 

      = 𝑁𝑁𝑁𝑁𝑁𝑁(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� .             (1.16) 69 

The term involving ℋ′′(𝑧𝑧𝑤̅𝑤∗ ) becomes negligible in the thermodynamic limit, 𝑁𝑁 → ∞ and 𝐴𝐴 → ∞, 70 

thus it does not contribute to the Gibbs free energy.  71 

1.1.2. Average pore width and adsorption strain (〈𝑧𝑧𝑤𝑤〉 > 2𝑑𝑑) 72 

The average pore width, 〈𝑧𝑧𝑤𝑤∗ 〉  can be obtained by first carrying out the easier calculation of        73 

〈𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�〉, i.e., 74 

   〈𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�〉 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ �𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁+1
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝐿𝐿𝑇𝑇

∗

2𝑑𝑑∗  75 
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                     = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
�
�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1��

𝑁𝑁+1
𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ ��

2𝑑𝑑∗

𝐿𝐿𝑇𝑇
∗

−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗
 76 

           + 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ �𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��
𝑁𝑁
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝐿𝐿𝑇𝑇

∗

2𝑑𝑑∗ � 77 

         = 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

.               (1.17) 78 

When the following limits are taken, i.e., 𝑁𝑁 → ∞ and 𝐴𝐴∗ → ∞ with 𝑁𝑁 𝐴𝐴∗⁄  remaining finite, the 79 

first term after integration by part vanishes and we obtain the final result in Eq (1.17), which gives 80 

immediately, 81 

〈𝑧𝑧𝑤𝑤∗ 〉 = 𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

− 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� = 𝑧𝑧𝑤̅𝑤∗ .  (compare this equation with Eq. (1.10))   (1.18) 82 

In all the above calculations for the partition function and the average pore width, we assumed that 83 

〈𝑧𝑧𝑤𝑤∗ 〉 > 2𝑑𝑑∗, this sets the following condition on the pressure,  84 

    𝛽𝛽𝑃𝑃𝑅𝑅𝑑𝑑𝑑𝑑
𝑁𝑁

< 1
2𝑒𝑒𝛽𝛽𝜀𝜀

.                   (1.19) 85 

The integral adsorption strain, Δ�, is defined as the variation of the thickness of the slip pore with the 86 

confined fluid with respect to that of the bulk counterpart with the same quantity of fluid (i.e., same 87 

fluid number) and same surface area. From Eq. (1.18), we obtain immediately, 88 

    Δ� = 1
2
�〈𝑧𝑧𝑤𝑤〉 −

𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴

� = −𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� .                (1.20) 89 

Eq. (1.20) shows that Δ� depends neither on A nor on 𝑁𝑁, so we have Δ� = Δ in this case. 90 

1.1.3. Differential and integral chemical potentials (〈𝑧𝑧𝑤𝑤〉 > 2𝑑𝑑) 91 

From Eq. (1.16), we obtain immediately the following result for differential chemical potential, 92 

𝛽𝛽𝜇𝜇 = �𝜕𝜕(𝛽𝛽𝐺𝐺)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝒜𝒜

= 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3),                     (1.21) 93 

which is equal to that of the bulk fluid in the reservoir, 𝜇𝜇 = 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏. Thus, the disjoining chemical 94 

potential is zero in this case, 𝜛𝜛 = 0 , corresponding to the case of vanishing disjoining pressure,  95 

Π = 0, when the grand potential is considered. The integral chemical potential is given by, 96 

𝛽𝛽𝜇̂𝜇 = 𝛽𝛽𝛽𝛽
𝑁𝑁

= 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀−1�
𝑁𝑁

                   (1.22) 97 

In the case that N scale as A, the contribution of the second term on the RHS of Eq. (1.22) is 98 

nonnegligible and 𝜇̂𝜇 ≠ 𝜇𝜇. The results of Eq. (1.21) and Eq. (1.22) show that the relation between 99 

differential and integral chemical potentials given by Eq. 10 in the main text holds perfectly. 100 
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1.1.4. Differential and integral surface tensions (〈𝑧𝑧𝑤𝑤〉 > 2𝑑𝑑) 101 

Eq. (1.16) allows for obtaining immediately the following result for differential surface tension, 102 

𝛽𝛽𝛽𝛽 = �𝜕𝜕(𝛽𝛽𝛽𝛽)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝑁𝑁

= −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� .                   (1.23) 103 

If we decompose the Gibbs free energy into a bulk contribution and a surface contribution as follows, 104 

𝐺𝐺(𝑇𝑇,𝑃𝑃,𝑁𝑁,𝒜𝒜) = 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑇𝑇,𝑃𝑃)𝑁𝑁 + 𝛾𝛾�𝐺𝐺𝒜𝒜,                   (1.24) 105 

where 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑇𝑇,𝑃𝑃) is the chemical potential of the corresponding bulk fluid at the same T and p, 𝛾𝛾�𝐺𝐺 106 

is defined as the integral surface tension and the index G denoting it is defined from Gibbs free energy 107 

instead of grand potential. Comparing Eq. (1.24) and Eq. (116), we obtain immediately, 108 

𝛽𝛽𝛾𝛾�𝐺𝐺 = −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�.                      (1.25) 109 

Eq. (1.23) and Eq. (1.25) show that differential and integral surface tensions are identical for the 110 

weakly and normal confined situations. 111 

1.1.5. Fluid density profile, pressure tensor, surface tension from mechanical definition    112 

(〈𝑧𝑧𝑤𝑤〉 > 2𝑑𝑑) 113 

The fluid-wall interaction induces the inhomogeneity in the direction perpendicular to pore walls and 114 

the fluid density profile is given by, 115 

𝜌𝜌(𝑧𝑧) = �∑ 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥)𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦)𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁
𝑖𝑖=1 �  116 

= 1
𝑍𝑍𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁 ∑ 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥)𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦)𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
𝐿𝐿𝑇𝑇
2𝑑𝑑   117 

    = 𝑁𝑁𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)

𝑍𝑍𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁−1𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁−1
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
𝐿𝐿𝑇𝑇
2𝑑𝑑  118 

    = 𝑍𝑍𝑇𝑇(𝑁𝑁−1)
𝑍𝑍𝑇𝑇(𝑁𝑁)𝛬𝛬3

𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧) = 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧),              (1.26) 119 

where 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥) , 𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦) , 𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)  are Dirac δ-functions, V and VR are respectively the 120 

volumes of the pore and the reservoir, 𝑍𝑍𝑇𝑇(𝑁𝑁) and 𝑍𝑍𝑇𝑇(𝑁𝑁 − 1) are respectively the total partition 121 

function of the composed system with N and N-1 fluid particles in the slit pore.  122 

 Due to the inhomogeneity near the walls, pressure tensor has different transversal and normal 123 

components. Since there is no fluid-fluid interaction nor fluid-wall forces in the directions parallel to 124 

the walls, the transversal component contains only a kinetic contribution and is given by, 125 

𝛽𝛽𝑝𝑝𝑇𝑇(𝑧𝑧) = 𝜌𝜌(𝑧𝑧).                   (1.27) 126 

For the normal pressure, we have to deal with forces due to fluid-wall interactions. The normal 127 
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pressure exerting on a plan located outside the range of fluid-wall interaction, i.e.,              128 

𝑑𝑑 < 𝑧𝑧 < 〈𝑧𝑧𝑤𝑤〉 − 𝑑𝑑, has only a kinetic contribution, i.e., 129 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) = 𝛽𝛽𝑃𝑃𝑅𝑅                  𝑑𝑑 < 𝑧𝑧 < 〈𝑧𝑧𝑤𝑤〉 − 𝑑𝑑.            (1.28) 130 

In a region within the range of fluid-wall interactions, we have to take the fluid-wall interaction forces 131 

into account3 and a particular attention must be paid to treat properly the discontinuity in the square-132 

well potential. In the region, 0 < 𝑧𝑧 < 𝑑𝑑, we have, 133 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 �.             134 

     = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽
𝐴𝐴𝐴𝐴𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁 ∑ 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
𝐿𝐿𝑇𝑇
2𝑑𝑑135 

    = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝐿𝐿(𝑧𝑧1)〈𝑧𝑧𝑤𝑤〉
𝑧𝑧  136 

= 𝜌𝜌(𝑧𝑧) + ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒
−𝛽𝛽𝜙𝜙(𝑧𝑧1)

𝑑𝑑𝑧𝑧1

〈𝑧𝑧𝑤𝑤〉
𝑧𝑧            137 

 = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽𝑃𝑃𝑅𝑅 ∫ 𝑑𝑑𝑧𝑧1�1 − 𝑒𝑒𝛽𝛽𝛽𝛽�𝛿𝛿(𝑧𝑧1 − 𝑑𝑑)〈𝑧𝑧𝑤𝑤〉
𝑧𝑧            138 

= 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽 + 𝛽𝛽𝑃𝑃𝑅𝑅�1 − 𝑒𝑒𝛽𝛽𝛽𝛽� = 𝛽𝛽𝑃𝑃𝑅𝑅.              (1.29) 139 

where 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖) = −𝜙𝜙′(𝑧𝑧𝑖𝑖)  is the force exerted on the ith fluid particle by the left wall located at   140 

𝑧𝑧 = 0. In a similar way, we find the following result for 𝑝𝑝𝑁𝑁(𝑧𝑧) in the region, 〈𝑧𝑧𝑤𝑤〉 − 𝑑𝑑 < 𝑧𝑧 < 〈𝑧𝑧𝑤𝑤〉, 141 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝑅𝑅(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧 − 𝑧𝑧𝑖𝑖)𝑁𝑁

𝑖𝑖=1 �.           142 

     = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝑅𝑅(𝑧𝑧1)𝑧𝑧
0  143 

        = 𝜌𝜌(𝑧𝑧) − ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒
−𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)

𝑑𝑑𝑧𝑧1

𝑧𝑧
0        144 

    = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽𝑃𝑃𝑅𝑅 ∫ 𝑑𝑑𝑧𝑧1�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�𝛿𝛿(𝑧𝑧1 − 〈𝑧𝑧𝑤𝑤〉 + 𝑑𝑑)𝑧𝑧
0         145 

= 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽 − 𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� = 𝛽𝛽𝑃𝑃𝑅𝑅.            (1.30) 146 

where 𝐹𝐹𝑅𝑅(𝑧𝑧𝑖𝑖) is the force exerted on the ith fluid particle by the right wall located at 𝑧𝑧 = 〈𝑧𝑧𝑤𝑤〉. Eq. 147 

(1.28) – Eq. (1.30) show that the normal pressure, 𝑝𝑝𝑁𝑁(𝑧𝑧), is constant everywhere inside the slit pore 148 

and equal to that in the reservoir as required with a pTN-ensemble.  149 

From the mechanical definition, we obtain the following result for the surface tension, 150 

𝛽𝛽𝛾𝛾𝑀𝑀𝑀𝑀𝑀𝑀ℎ = 𝛽𝛽
2 ∫ 𝑑𝑑𝑑𝑑[𝑝𝑝𝑁𝑁(𝑧𝑧) − 𝑝𝑝𝑇𝑇(𝑧𝑧)]〈𝑧𝑧𝑤𝑤〉

0          151 

   = 𝛽𝛽𝑃𝑃𝑅𝑅
2 ∫ 𝑑𝑑𝑑𝑑�1 − 𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)�〈𝑧𝑧𝑤𝑤〉

0 = −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�.         (1.31) 152 
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where the factor 1 2⁄  accounts for the two fluid-wall interfaces with a total area of 2𝐴𝐴. Eq. (1.31), 153 

Eq. (1.23) and Eq. (1.25) show that 𝛾𝛾𝑀𝑀𝑀𝑀𝑀𝑀ℎ , 𝛾𝛾  and 𝛾𝛾�𝐺𝐺  are all equal for weakly and normally 154 

confined fluids. 155 

Supplementary note 1.2. Strongly confined situations (𝑑𝑑 < 〈zw〉 < 2d)  156 

In this subsection, we consider the situation that the piston (right wall) is located in the region,    157 

𝑑𝑑 < zw < 2d . Thus, the fluid particles in the middle region, zw − 𝑑𝑑 < 𝑧𝑧 < d , interact 158 

simultaneously with both the walls. 159 

1.2.1. Total partition function and Gibbs free energy of the confined fluid (𝑑𝑑 < 〈zw〉 < 2d) 160 

As for the previous case, we start by determining the total partition function of the composed system, 161 

𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁(𝐿𝐿𝑇𝑇∗ − 𝑧𝑧𝑤𝑤∗ )𝑁𝑁𝑅𝑅2𝑑𝑑∗

𝑑𝑑∗   162 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁
�1 − 𝑧𝑧𝑤𝑤∗

𝐿𝐿𝑇𝑇
∗ �

𝑁𝑁𝑅𝑅2𝑑𝑑∗

2𝑑𝑑∗      163 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )2𝑑𝑑∗

𝑑𝑑∗    164 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤𝑤∗ )]2𝑑𝑑∗

𝑑𝑑∗ ,               (1.32) 165 

where 166 

ℋ(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ − 𝑁𝑁𝑁𝑁𝑁𝑁��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�� .         (1.33) 167 

The integral in Eq. (1.32) is again calculated with the help of Laplace method.   168 

ℋ′(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗ −
𝑁𝑁�2−𝑒𝑒𝛽𝛽𝜀𝜀�

�2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1�
 ,             (1.34) 169 

ℋ′′(𝑧𝑧𝑤𝑤∗ ) = 𝑁𝑁�2−𝑒𝑒𝛽𝛽𝜀𝜀�
2

��2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1��
2 ,               (1.35) 170 

𝑧𝑧𝑤̅𝑤∗ = 𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

− 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

 ,                   (1.36) 171 

ℋ(𝑧𝑧𝑤̅𝑤∗ ) = 𝑁𝑁 − 2𝑑𝑑∗𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

− 𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁�2−𝑒𝑒𝛽𝛽𝜀𝜀�
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

 ,                 (1.37) 172 

   𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
𝑒𝑒𝑒𝑒𝑒𝑒[𝛽𝛽𝛽𝛽𝛽𝛽 −ℋ(𝑧𝑧𝑤̅𝑤∗ )]� 2𝜋𝜋

ℋ′′(𝑧̅𝑧𝑤𝑤∗ )    173 

      =
𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑅𝑅

∗ 𝑁𝑁𝑅𝑅�1+〈𝑧𝑧𝑤𝑤
∗ 〉
𝐿𝐿𝑅𝑅
∗ �

𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
𝑒𝑒𝑒𝑒𝑒𝑒[𝛽𝛽𝛽𝛽𝛽𝛽 −ℋ(𝑧𝑧𝑤̅𝑤∗ )]� 2𝜋𝜋

ℋ′′(𝑧̅𝑧𝑤𝑤∗ )          174 

      =
𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑅𝑅

∗ 𝑁𝑁𝑅𝑅�1+𝑁𝑁𝑅𝑅𝐴𝐴
∗〈𝑧𝑧𝑤𝑤∗ 〉

𝐴𝐴∗𝐿𝐿𝑅𝑅
∗ 𝑁𝑁𝑅𝑅

�
𝑁𝑁𝑅𝑅

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
𝑒𝑒𝑒𝑒𝑒𝑒[𝛽𝛽𝛽𝛽𝛽𝛽 −ℋ(𝑧𝑧𝑤̅𝑤∗ )]� 2𝜋𝜋

ℋ′′(𝑧̅𝑧𝑤𝑤∗ )          175 
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      = 𝑍𝑍𝑅𝑅
𝐴𝐴∗𝑁𝑁

𝑁𝑁!
𝑒𝑒𝑒𝑒𝑒𝑒[𝛽𝛽𝛽𝛽𝛽𝛽 + 𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴〈𝑧𝑧𝑤𝑤〉 −ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ ) ,          (1.38) 176 

where 177 

𝑍𝑍𝑅𝑅 = 𝐴𝐴𝑁𝑁𝑅𝑅𝐿𝐿𝑅𝑅
𝑁𝑁𝑅𝑅

𝛬𝛬3𝑁𝑁𝑅𝑅𝑁𝑁𝑅𝑅!
.                         (1.39) 178 

Now, the Gibbs free energy of the confined fluid can be readily obtained, 179 

𝛽𝛽𝛽𝛽(𝑇𝑇,𝑃𝑃,𝑁𝑁,𝒜𝒜) = 𝛽𝛽(𝐹𝐹𝑇𝑇 − 𝐹𝐹𝑅𝑅 + 𝑃𝑃𝑅𝑅𝐴𝐴〈𝑧𝑧𝑤𝑤〉) = −ln 𝑍𝑍𝑇𝑇
𝑍𝑍𝑅𝑅

+ 𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴〈𝑧𝑧𝑤𝑤〉  180 

  = ln𝑁𝑁! − 𝑁𝑁ln𝐴𝐴∗ − 𝛽𝛽𝛽𝛽𝛽𝛽 + ℋ(𝑧𝑧𝑤̅𝑤∗ )  181 

                = 𝑁𝑁ln 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3

2−𝑒𝑒𝛽𝛽𝜀𝜀
− 𝛽𝛽𝛽𝛽𝛽𝛽 − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀−1�

2−𝑒𝑒𝛽𝛽𝜀𝜀
  .    (1.40) 182 

It is important to note that due to the presence of the term, ln�2 − 𝑒𝑒𝛽𝛽𝜀𝜀�, Eq. (1.40) gives physically 183 

meaningful results only under the following condition when 𝜀𝜀 > 0  (attractive fluid-wall 184 

interactions), 185 

𝑘𝑘𝐵𝐵𝑇𝑇
𝜀𝜀

> 1
𝑙𝑙𝑙𝑙2

  .                            (1.41) 186 

In the present study, we will consider always temperatures satisfying this inequality when 𝜀𝜀 > 0. 187 

1.2.2. Average pore width and adsorption strain (𝑑𝑑 < 〈zw〉 < 2d) 188 

To obtain the average pore width, 〈𝑧𝑧𝑤𝑤∗ 〉, we calculate first 〈�2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�〉,  189 

〈�2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�〉 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁+1
×2𝑑𝑑∗

𝑑𝑑∗190 

                                                                                            (𝐿𝐿𝑇𝑇∗ − 𝑧𝑧𝑤𝑤∗ )𝑁𝑁𝑅𝑅  191 

         = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��

𝑁𝑁+1
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )2𝑑𝑑∗

𝑑𝑑∗  192 

           = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽𝛽𝛽

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
�
��2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1��

𝑁𝑁+1
𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ ��

𝑑𝑑∗

2𝑑𝑑∗

−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗
 193 

               + (𝑁𝑁+1)�2−𝑒𝑒𝛽𝛽𝜀𝜀�
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ ��2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ + 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀 − 1��
𝑁𝑁
𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )2𝑑𝑑∗

𝑑𝑑∗ � 194 

             = (𝑁𝑁+1)�2−𝑒𝑒𝛽𝛽𝜀𝜀�
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

.    (1.42) 195 

We obtain the final result in Eq. (1.42) if the first term of the integration by part vanishes, Now, we 196 

examine in more details the conditions under which this term indeed vanishes. 197 

 
��2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑧𝑧𝑤𝑤∗ +2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1��

𝑁𝑁+1
𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ ��

𝑑𝑑∗

2𝑑𝑑∗

−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗
= (2𝑑𝑑∗)𝑁𝑁+1𝑒𝑒𝑒𝑒𝑒𝑒�−2𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑑𝑑∗�

−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗
 198 
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                                        + 𝑑𝑑∗𝑁𝑁+1𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑑𝑑∗+(𝑁𝑁+1)𝛽𝛽𝛽𝛽�
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

.    (1.43) 199 

The first term on the RHS of Eq. (1.43) vanishes in the limits, 𝑁𝑁 → ∞  and 𝐴𝐴∗ → ∞ , with      200 

𝑛𝑛∗ = 𝑁𝑁 𝐴𝐴∗⁄   remaining finite. If 𝜀𝜀 < 0  (repulsive fluid-wall interaction), the second term on the 201 

RHS of Eq. (1.43) vanishes also in the thermodynamic limits. But, for 𝜀𝜀 > 0 (attractive fluid-wall 202 

interaction), the second term on the RHS of Eq. (1.43) vanishes in the thermodynamic limits under 203 

the following additional condition, 204 

   𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴𝐴𝐴
𝑁𝑁+1

> 𝛽𝛽𝛽𝛽,         𝜀𝜀 > 0.          (1.44) 205 

We will need this condition in some later discussions.  206 

   From Eq. (1.42), we obtain readily, 207 

   〈𝑧𝑧𝑤𝑤∗ 〉 = 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

− 2𝑑𝑑∗�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

= 𝑧𝑧𝑤̅𝑤∗ .         [compare with Eq. (1.36)]    (1.45) 208 

It is recalled that we consider here the pore width in the region of 𝑑𝑑∗ < 〈z𝑤𝑤∗ 〉 < 2d∗, so we have, 209 

   1 < 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴𝐴𝐴

− 2�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

< 2,       (1.46) 210 

which can be rewritten as, 211 

   2−𝑒𝑒
𝛽𝛽𝜀𝜀

2
< 𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴𝐴𝐴

𝑁𝑁+1
< 2−𝑒𝑒𝛽𝛽𝜀𝜀

𝑒𝑒𝛽𝛽𝜀𝜀
.       (1.47) 212 

For attractive fluid-wall interactions (𝜀𝜀 > 0 ), the inequality (1.44) must be satisfied also. The 213 

inequalities (1.44) and (1.47) can hold simultaneously under the following condition,  214 

   𝛽𝛽𝜀𝜀 < 2−𝑒𝑒𝛽𝛽𝜀𝜀

2
 ,             ⟹               𝑒𝑒𝛽𝛽𝜀𝜀 + 2𝛽𝛽𝜀𝜀 < 2 .    (1.48) 215 

The above inequality holds for 𝑒𝑒𝛽𝛽𝛽𝛽 < 1.37015. Finally, we find the following conditions for the pore 216 

width to be in the region of 𝑑𝑑∗ < 〈z𝑤𝑤∗ 〉 < 2d∗, 217 

   2−𝑒𝑒
𝛽𝛽𝜀𝜀

2
< 𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴𝐴𝐴

𝑁𝑁+1
< 2−𝑒𝑒𝛽𝛽𝜀𝜀

𝑒𝑒𝛽𝛽𝜀𝜀
  ,            𝑇𝑇 > 1

𝑙𝑙𝑙𝑙1.37015
𝜀𝜀
𝑘𝑘𝐵𝐵

= 3.1754 𝜀𝜀
𝑘𝑘𝐵𝐵

 .       (1.49) 218 

From Eq. (1.45), we obtain readily the following result for integral adsorption strain, 219 

    Δ� = 1
2
�〈𝑧𝑧𝑤𝑤〉 −

𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴

� = −𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

 .              (1.50) 220 

Eq. (1.50) shows that Δ� depends neither on 𝒜𝒜 nor on 𝑁𝑁, so we have again Δ� = Δ for the strong 221 

confined situation. 222 

1.2.3. Differential, disjoining and integral chemical potentials (𝑑𝑑 < 〈zw〉 < 2d)    223 

From Eq. (1.40), we obtain readily the following result for differential chemical potential, 224 
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𝛽𝛽𝜇𝜇 = �𝜕𝜕(𝛽𝛽𝐺𝐺)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝒜𝒜

= 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) − 𝛽𝛽𝛽𝛽 − 𝑙𝑙𝑙𝑙�2 − 𝑒𝑒𝛽𝛽𝜀𝜀� = 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) + 𝛽𝛽𝛽𝛽 ,       (1.51) 225 

which is not equal to the chemical potential of the corresponding bulk fluid. We define the difference 226 

as disjoining chemical potential, i.e., 227 

𝜛𝜛 = −𝜀𝜀 − 𝑘𝑘𝐵𝐵𝑇𝑇𝑇𝑇𝑇𝑇�2 − 𝑒𝑒𝛽𝛽𝜀𝜀� .                    (1.52) 228 

It is to note that disjoining chemical potential is only a function of temperature but does not depend 229 

on pressure. Eq. (1.51) shows that the differential chemical potential is only function of T and PR but 230 

does not depend on 𝑁𝑁 𝒜𝒜⁄ . From Eq. (1.40), we obtain readily the integral chemical potential, 231 

   𝛽𝛽𝜇̂𝜇 = 𝛽𝛽𝛽𝛽
𝑁𝑁

= 𝑙𝑙𝑙𝑙 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3

2−𝑒𝑒𝛽𝛽𝜀𝜀
− 𝛽𝛽𝛽𝛽 − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀−1�

�2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑁𝑁
= 𝛽𝛽𝛽𝛽 − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀−1�

�2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑁𝑁
    232 

      = 𝛽𝛽𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 + 𝛽𝛽𝛽𝛽 − 2𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅𝐴𝐴�𝑒𝑒𝛽𝛽𝜀𝜀−1�
�2−𝑒𝑒𝛽𝛽𝜀𝜀�𝑁𝑁

.    (1.53) 233 

The above results show that for strongly confined fluids, the three chemical potentials are all different 234 

from each other, i.e., 𝜇𝜇 ≠ 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 ≠ 𝜇̂𝜇. 235 

1.2.4. Differential and integral surface tensions (𝑑𝑑 < 〈zw〉 < 2d) 236 

From Eq. (1.40), we obtain immediately the following result for the differential surface tension, 237 

   𝛽𝛽𝛾𝛾 = �𝜕𝜕(𝛽𝛽𝛽𝛽)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝑁𝑁

= −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

 .     (1.54) 238 

The integral surface tension is given by, 239 

   𝛽𝛽𝛾𝛾�𝐺𝐺 = 𝛽𝛽�𝐺𝐺−𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑁𝑁�
𝒜𝒜

= −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

− 𝑁𝑁
𝒜𝒜
�𝛽𝛽𝛽𝛽 + 𝑙𝑙𝑙𝑙�2 − 𝑒𝑒𝛽𝛽𝜀𝜀�� = 𝛽𝛽𝛾𝛾 + 𝛽𝛽𝜛𝜛𝜛𝜛

𝒜𝒜
 .    (1.55) 240 

This relation shows that the disjoining chemical potential allows for relating the differential surface 241 

tension to the integral surface tension, thus confirms Eq. 12 in the main text derived from 242 

thermodynamics. Eq. (1.55) shows clearly that the integral surface tension depends not only on T and 243 

P but also on 𝑁𝑁 𝒜𝒜⁄ . In our recent work1, we have obtained the following result for integral surface 244 

tension from grand potential, 245 

𝛽𝛽𝛾𝛾�Ω = − 𝑉𝑉
𝒜𝒜
𝑒𝑒𝛽𝛽𝜇𝜇

𝛬𝛬3
�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� �1 + �𝑑𝑑𝒜𝒜

𝑉𝑉
− 1� 𝑒𝑒𝛽𝛽𝛽𝛽� .              (1.56) 246 

Now, we will show that 𝛾𝛾�𝐺𝐺, is different from 𝛾𝛾�Ω. For this, it is necessary to rewrite Eq. (1.55) in 247 

terms of µ and V instead of N and PR. First, we can express the pressure in terms of chemical potential 248 

with the help of Eq. (1.51), i.e., 249 

𝛽𝛽𝑃𝑃𝑅𝑅 = 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜀𝜀)

𝛬𝛬3
�2 − 𝑒𝑒𝛽𝛽𝜀𝜀� .                 (1.57) 250 
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Then, using Eq. (1.45) and Eq. (1.57), we can express 𝑁𝑁 𝒜𝒜⁄  in terms of volume, V and µ, i.e., 251 

   𝑁𝑁
𝒜𝒜

= 𝛽𝛽𝑃𝑃𝑅𝑅
𝑉𝑉
𝒜𝒜

+ 𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

= 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜀𝜀)

𝛬𝛬3
�𝑉𝑉
𝒜𝒜
�2 − 𝑒𝑒𝛽𝛽𝜀𝜀� + 𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�� .       (1.58) 252 

Eq. (1.57) is used when going to the second equality of Eq. (1.58). Substituting Eq. (1.57) and Eq. 253 

(1.58) into Eq. (1.55), we obtain, 254 

   𝛽𝛽𝛾𝛾�𝐺𝐺 = −𝑒𝑒𝛽𝛽(𝜇𝜇+𝜖𝜖)

𝛬𝛬3
�𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�(1 − 𝛽𝛽𝛽𝛽) − 𝛽𝛽𝛽𝛽�2 − 𝑒𝑒𝛽𝛽𝜀𝜀� 𝑉𝑉

𝒜𝒜
�  255 

       = − 𝑉𝑉
𝒜𝒜
𝑒𝑒𝛽𝛽(𝜇𝜇+𝜖𝜖)

𝛬𝛬3
�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� �𝑑𝑑𝑑𝑑

𝑉𝑉
(1 − 𝛽𝛽𝛽𝛽) − 𝛽𝛽𝛽𝛽 �2−𝑒𝑒𝛽𝛽𝜀𝜀�

𝑒𝑒𝛽𝛽𝜀𝜀−1
� .         (1.59) 256 

Comparing Eq. (1.59) with Eq. (1.56), we see that 𝛾𝛾�𝐺𝐺 ≠ 𝛾𝛾�Ω, this confirms the ensemble-dependence 257 

of integral surface tension. Unlike differential surface tension, the integral surface tension calculated 258 

for a specific ensemble cannot be used for another ensemble. The formal relation between 𝛾𝛾�𝐺𝐺 and 259 

𝛾𝛾�Ω given by Eq. 41 in the main text holds perfectly, i.e., 260 

𝛽𝛽𝛾𝛾�Ω = 𝛽𝛽𝛾𝛾�𝐺𝐺 −
𝑁𝑁𝑁𝑁𝑁𝑁+𝛽𝛽Π𝑉𝑉

𝒜𝒜
= 𝛽𝛽𝛽𝛽 − 𝛽𝛽Π𝑉𝑉

𝒜𝒜
= −𝑑𝑑𝛽𝛽𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀−1�

2−𝑒𝑒𝛽𝛽𝜀𝜀
+ 𝑉𝑉

𝒜𝒜
�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�

2 𝑒𝑒𝛽𝛽𝜇𝜇

𝛬𝛬3
  261 

       = − 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜖𝜖)

𝛬𝛬3
𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� + 𝑉𝑉

𝒜𝒜
�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�

2 𝑒𝑒𝛽𝛽𝜇𝜇

𝛬𝛬3
  262 

       = − 𝑉𝑉
𝒜𝒜
𝑒𝑒𝛽𝛽𝜇𝜇

𝛬𝛬3
�𝑒𝑒𝛽𝛽𝜀𝜀 − 1� �𝑑𝑑𝒜𝒜

𝑉𝑉
𝑒𝑒𝛽𝛽𝛽𝛽 − 𝑒𝑒𝛽𝛽𝛽𝛽 + 1� .       (1.60) 263 

To obtain the final result in Eq. (1.60), we used Eq. (1.57) to express PR in terms of chemical potential 264 

and the following result for the disjoining pressure obtained in Ref. (1), 265 

𝛽𝛽Π = −�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�
2 𝑒𝑒𝛽𝛽𝜇𝜇

𝛬𝛬3
 .                  (1.61) 266 

The final result in Eq. (1.60) is indeed identical to Eq. (1.56). 267 

 Taking derivative on the both sides of Eq. (1.54) with respect to pressure, we obtain, 268 

   � 𝜕𝜕(𝛽𝛽𝛾𝛾)
𝜕𝜕(𝛽𝛽𝑃𝑃𝑅𝑅)�𝑇𝑇

= −𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

= Δ .     (1.62) 269 

From Eq. (1.55), we obtain, 270 

   �𝜕𝜕(𝛽𝛽𝛾𝛾�𝐺𝐺)
𝜕𝜕(𝛽𝛽𝑃𝑃𝑅𝑅)�𝑇𝑇,𝑁𝑁 𝒜𝒜⁄

= � 𝜕𝜕(𝛽𝛽𝛾𝛾)
𝜕𝜕(𝛽𝛽𝑃𝑃𝑅𝑅)�𝑇𝑇

= Δ ,     (1.63) 271 

(note that Δ� = Δ for the model considered here). The validity of the new generalized adsorption 272 

equations (Eq. 18 and Eq. 21 in the main text) are perfectly illustrated by Eq. (1.62) and Eq. (1.63). 273 

1.2.5. Fluid density profile, pressure tensor, surface tension from mechanical definition          274 

(𝑑𝑑 < 〈zw〉 < 2d) 275 

The fluid density profile is given by, 276 
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    𝜌𝜌(𝑧𝑧) = 𝑍𝑍𝑇𝑇(𝑁𝑁−1)
𝑍𝑍𝑇𝑇(𝑁𝑁)𝛬𝛬3

𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧) = 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝜀𝜀�2−𝑒𝑒𝛽𝛽𝜀𝜀�

𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧) .           (1.64) 277 

Although the expression after the first equality is formally the same as that in Eq. (1.26), 278 

𝑍𝑍𝑇𝑇(𝑁𝑁 − 1) 𝑍𝑍𝑇𝑇(𝑁𝑁)⁄   gives a different result for the strongly confined situation considered here 279 

(comparing the final result in Eq. (1.64) with that of Eq. (1.26)). 280 

 Since there is no fore in the direction parallel to wall surfaces, the transversal component of the 281 

pressure tensor has only the kinetic contribution, i.e., 282 

𝛽𝛽𝑝𝑝𝑇𝑇(𝑧𝑧) = 𝜌𝜌(𝑧𝑧).                    (1.65) 283 

Due to fluid-wall interactions, we need to calculate again the normal component of the pressure tensor 284 

in three different regions. In the region 0 < 𝑧𝑧 < 〈𝑧𝑧𝑤𝑤〉 − 𝑑𝑑, only the interaction between the fluid and 285 

the left wall contributes, the normal component of the pressure tensor is given by, 286 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 �.             287 

     = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽
𝐴𝐴𝐴𝐴𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁 ∑ 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
2𝑑𝑑
𝑑𝑑  288 

       = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝐿𝐿(𝑧𝑧1)〈𝑧𝑧𝑤𝑤〉
𝑧𝑧     289 

= 𝜌𝜌(𝑧𝑧) + ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒
−𝛽𝛽𝜙𝜙(𝑧𝑧1)

𝑑𝑑𝑧𝑧1

〈𝑧𝑧𝑤𝑤〉
𝑧𝑧            290 

 = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝛽𝛽�2−𝑒𝑒𝛽𝛽𝛽𝛽� ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)�1 − 𝑒𝑒𝛽𝛽𝛽𝛽�𝛿𝛿(𝑧𝑧1 − 𝑑𝑑)〈𝑧𝑧𝑤𝑤〉

𝑧𝑧        291 

= 𝛽𝛽𝑃𝑃𝑅𝑅
2−𝑒𝑒𝛽𝛽𝛽𝛽

+ 𝛽𝛽𝑃𝑃𝑅𝑅
2−𝑒𝑒𝛽𝛽𝛽𝛽

�1 − 𝑒𝑒𝛽𝛽𝛽𝛽� = 𝛽𝛽𝑃𝑃𝑅𝑅.               (1.66) 292 

In the region 𝑑𝑑 < 𝑧𝑧 < 〈𝑧𝑧𝑤𝑤〉, only the interaction between the fluid and the right wall contributes, we 293 

obtain the following result for 𝑝𝑝𝑁𝑁(𝑧𝑧), 294 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝑅𝑅(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧 − 𝑧𝑧𝑖𝑖)𝑁𝑁

𝑖𝑖=1 �.           295 

     = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝑅𝑅(𝑧𝑧1)𝑧𝑧
0  296 

        = 𝜌𝜌(𝑧𝑧) − ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒
−𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)

𝑑𝑑𝑧𝑧1

𝑧𝑧
0        297 

        = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝛽𝛽�2−𝑒𝑒𝛽𝛽𝛽𝛽� ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1) 𝑑𝑑𝑒𝑒−𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)

𝑑𝑑𝑧𝑧1

𝑧𝑧
0        298 

    = 𝜌𝜌(𝑧𝑧) − 𝛽𝛽𝑃𝑃𝑅𝑅
2−𝑒𝑒𝛽𝛽𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�𝛿𝛿(𝑧𝑧1 − 〈𝑧𝑧𝑤𝑤〉 + 𝑑𝑑)𝑧𝑧

0         299 

        = 𝛽𝛽𝑃𝑃𝑅𝑅
2−𝑒𝑒𝛽𝛽𝛽𝛽

− 𝛽𝛽𝑃𝑃𝑅𝑅
2−𝑒𝑒𝛽𝛽𝛽𝛽

�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� = 𝛽𝛽𝑃𝑃𝑅𝑅.             (1.67) 300 
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In the middle region 〈𝑧𝑧𝑤𝑤〉 − 𝑑𝑑 < 𝑧𝑧 < 𝑑𝑑, we have to take into account the interaction of the fluid with 301 

both walls for 𝑝𝑝𝑁𝑁(𝑧𝑧), i.e., 302 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝐿𝐿(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 � − 𝛽𝛽
𝐴𝐴
�∑ 𝐹𝐹𝑅𝑅(𝑧𝑧𝑖𝑖)𝜃𝜃(𝑧𝑧 − 𝑧𝑧𝑖𝑖)𝑁𝑁

𝑖𝑖=1 �.     303 

     = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝐿𝐿(𝑧𝑧1)𝑧𝑧𝑤𝑤
𝑧𝑧 − 𝛽𝛽 ∫ 𝑑𝑑𝑧𝑧1𝜌𝜌(𝑧𝑧1)𝐹𝐹𝑅𝑅(𝑧𝑧1)𝑧𝑧

0  304 

 = 𝜌𝜌(𝑧𝑧) + ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒
−𝛽𝛽𝜙𝜙(𝑧𝑧1)

𝑑𝑑𝑧𝑧1
− ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)𝜌𝜌(𝑧𝑧1) 𝑑𝑑𝑒𝑒

−𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)

𝑑𝑑𝑧𝑧1

𝑧𝑧
0

〈𝑧𝑧𝑤𝑤〉
𝑧𝑧  305 

 = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝜀𝜀�2−𝑒𝑒𝛽𝛽𝜀𝜀�

�∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1) 𝑑𝑑𝑒𝑒−𝛽𝛽𝜙𝜙(𝑧𝑧1)

𝑑𝑑𝑧𝑧1
− ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1) 𝑑𝑑𝑒𝑒−𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)

𝑑𝑑𝑧𝑧1

𝑧𝑧
0

〈𝑧𝑧𝑤𝑤〉
𝑧𝑧 � 306 

 = 𝜌𝜌(𝑧𝑧) + 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝜀𝜀�2−𝑒𝑒𝛽𝛽𝜀𝜀� ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(〈𝑧𝑧𝑤𝑤〉−𝑧𝑧1)�1 − 𝑒𝑒𝛽𝛽𝛽𝛽�𝛿𝛿(𝑧𝑧1 − 𝑑𝑑)〈𝑧𝑧𝑤𝑤〉

𝑧𝑧   307 

  − 𝛽𝛽𝑃𝑃𝑅𝑅
𝑒𝑒𝛽𝛽𝜀𝜀�2−𝑒𝑒𝛽𝛽𝜀𝜀� ∫ 𝑑𝑑𝑧𝑧1𝑒𝑒𝛽𝛽𝜙𝜙(𝑧𝑧1)�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�𝛿𝛿(𝑧𝑧1 − 〈𝑧𝑧𝑤𝑤〉 + 𝑑𝑑)𝑧𝑧

0   308 

 = 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒𝛽𝛽𝛽𝛽

2−𝑒𝑒𝛽𝛽𝜀𝜀
+ 𝛽𝛽𝑃𝑃𝑅𝑅

2−𝑒𝑒𝛽𝛽𝜀𝜀
�1 − 𝑒𝑒𝛽𝛽𝛽𝛽� − 𝛽𝛽𝑃𝑃𝑅𝑅

2−𝑒𝑒𝛽𝛽𝜀𝜀
�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� = 𝛽𝛽𝑃𝑃𝑅𝑅 .        (1.68) 309 

The results of Eq. (1.66) – Eq. (1.68) show that the normal component of the pressure tensor is 310 

constant everywhere inside the slit pore and equal to that of the reservoir as we can anticipate for a 311 

pTN-ensemble. 312 

Now, we calculate also surface tension from the mechanical definition, i.e., 313 

𝛽𝛽𝛾𝛾𝑀𝑀𝑀𝑀𝑀𝑀ℎ = 𝛽𝛽
2 ∫ 𝑑𝑑𝑑𝑑[𝑝𝑝𝑁𝑁(𝑧𝑧) − 𝑝𝑝𝑇𝑇(𝑧𝑧)]〈𝑧𝑧𝑤𝑤〉

0           314 

   = 𝛽𝛽𝑃𝑃𝑅𝑅
2 ∫ 𝑑𝑑𝑑𝑑 �1 − 1

𝑒𝑒𝛽𝛽𝜀𝜀�2−𝑒𝑒𝛽𝛽𝜀𝜀�
𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)�〈𝑧𝑧𝑤𝑤〉

0   315 

   = 𝛽𝛽𝑃𝑃𝑅𝑅
2
�〈𝑧𝑧𝑤𝑤〉 −

〈𝑧𝑧𝑤𝑤〉−𝑑𝑑
2−𝑒𝑒𝛽𝛽𝜀𝜀

− (2𝑑𝑑−〈𝑧𝑧𝑤𝑤〉)𝑒𝑒𝛽𝛽𝜀𝜀

2−𝑒𝑒𝛽𝛽𝜀𝜀
− 〈𝑧𝑧𝑤𝑤〉−𝑑𝑑

2−𝑒𝑒𝛽𝛽𝜀𝜀
�   316 

   = −𝑑𝑑𝑑𝑑𝑃𝑃𝑅𝑅�𝑒𝑒𝛽𝛽𝜀𝜀−1�
2−𝑒𝑒𝛽𝛽𝜀𝜀

 .                (1.69)  317 

This is the same result as that given in Eq. (1.54), so the mechanical definition gives the differential 318 

surface tension. In grand canonical ensemble, we found also that the mechanical definition gives 319 

differential surface tension1 and this shows its ensemble-independence. 320 

1.2.6. Different thermodynamic potentials and Legendre transforms (𝑑𝑑 < 〈zw〉 < 2d) 321 

Now, we will discuss some issues concerning the environment-dependence (or ensemble-dependence) 322 

of thermodynamics for small systems. First, we examine the question if all the thermodynamic 323 

potentials describe equally well a given small system. For thermodynamics of macroscopic systems, 324 

different thermodynamic potentials are related through various Legendre transforms. We know now 325 
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that for thermodynamics of small systems, there are two types of intensive variables, i.e., differential 326 

and integral ones. The present work shows that only differential thermodynamic variables are 327 

ensemble-independent. So, it is natural that such variables should be used for Legendre transforms 328 

but not the integral thermodynamic variables. Now, we illustrate this by two successive Legendre 329 

transforms which allow for obtaining grand potential from Gibbs free energy, i.e., 330 

𝛽𝛽Ω(𝑇𝑇, 𝜇𝜇,𝑉𝑉,𝒜𝒜) = 𝛽𝛽[𝐺𝐺 − 𝑃𝑃𝑅𝑅𝑉𝑉 − 𝜇𝜇𝜇𝜇] .             (1.70) 331 

Substituting Eq. (1.40), Eq. (1.51) and Eq. (1.58) into the RHS of Eq. (1.70), we obtain,  332 

 𝛽𝛽Ω(𝑇𝑇, 𝜇𝜇,𝑉𝑉,𝒜𝒜) = −𝑁𝑁 = −𝛽𝛽𝑃𝑃𝑅𝑅𝑉𝑉 −
2𝛽𝛽𝑃𝑃𝑅𝑅𝑑𝑑𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀−1�

2−𝑒𝑒𝛽𝛽𝜀𝜀
    333 

      = − 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜀𝜀)

𝛬𝛬3
�2 − 𝑒𝑒𝛽𝛽𝜀𝜀�𝑉𝑉 − 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜀𝜀)

𝛬𝛬3
2𝑑𝑑𝑑𝑑�𝑒𝑒𝛽𝛽𝜀𝜀 − 1�  334 

      = − 𝑒𝑒𝛽𝛽(𝜇𝜇+𝜀𝜀)

𝛬𝛬3
𝑉𝑉 �1 + �2𝑑𝑑𝑑𝑑

𝑉𝑉
− 1� �𝑒𝑒𝛽𝛽𝜀𝜀 − 1�� .         (1.71) 335 

Eq. (1.58) is used when going to the second equality on the RHS of Eq. (1.70), then Eq. (1.57) is used 336 

to replace PR in terms of chemical potential. The final result in Eq. (1.71) is precisely that obtained 337 

in ref. (1) from the grand canonical ensemble. 338 

Supplementary note 1.3. Extremely confined situations (0 < 〈zw〉 ≤ d) 339 

1.3.1. Total partition function and Gibbs free energy of confined fluid (0 < 〈zw〉 ≤ d) 340 

With the composed system depicted in Fig. 1 of the main text, we determine first the partition function 341 

of the whole system from which Gibbs free energy of the confined fluid can be obtained. Since the 342 

composed system is in a canonical ensemble, its partition function is given by, 343 

𝑍𝑍𝑇𝑇 = 1
𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤�𝐴𝐴∫ 𝑑𝑑𝑑𝑑𝑧𝑧𝑤𝑤

0 𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)��
𝑁𝑁
�𝐴𝐴 ∫ 𝑑𝑑𝑑𝑑𝐿𝐿𝑇𝑇

𝑧𝑧𝑤𝑤
�
𝑁𝑁𝑅𝑅𝑑𝑑

0 ,      (1.72) 344 

where Λ and ΛW are respectively the thermal wavelengths of fluid particles and the fluctuating wall 345 

(piston), A surface area of one wall, LT width of the total system. In order to deal with only unitless 346 

quantities, we reduce all the length related quantity by the fluid thermal wavelength and the reduced 347 

quantities are denoted with a star. Thus, Eq. (1.72) becomes,          348 

𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑧𝑧𝑤𝑤∗

𝑁𝑁(𝐿𝐿𝑇𝑇∗ − 𝑧𝑧𝑤𝑤∗ )𝑁𝑁𝑅𝑅𝑑𝑑∗

0   349 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑧𝑧𝑤𝑤∗

𝑁𝑁 �1 − 𝑧𝑧𝑤𝑤∗

𝐿𝐿𝑇𝑇
∗ �

𝑁𝑁𝑅𝑅𝑑𝑑∗

0    350 

   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑧𝑧𝑤𝑤∗

𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝑑𝑑∗

0    351 
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   = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤𝑤∗ )]𝑑𝑑∗

0  ,              (1.73) 352 

where 353 

ℋ(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ − 𝑁𝑁𝑁𝑁𝑁𝑁𝑧𝑧𝑤𝑤∗ .                   (1.74) 354 

ℋ′(𝑧𝑧𝑤𝑤∗ ) = 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗ −
𝑁𝑁
𝑧𝑧𝑤𝑤∗

 .                    (1.75) 355 

ℋ′′(𝑧𝑧𝑤𝑤∗ ) = 𝑁𝑁
𝑧𝑧𝑤𝑤∗

2 .                       (1.76) 356 

Eqs (1.75) and (1.76) show that ℋ(𝑧𝑧𝑤𝑤∗ ) has a minimum at 𝑧𝑧𝑤̅𝑤∗ , 357 

𝑧𝑧𝑤̅𝑤∗ = 𝑁𝑁
𝛽𝛽𝛽𝛽𝛬𝛬3𝐴𝐴∗

 ,                         (1.77) 358 

ℋ(𝑧𝑧𝑤̅𝑤∗ ) = 𝑁𝑁 − 𝑁𝑁𝑁𝑁𝑁𝑁 𝑁𝑁
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

 .                    (1.78) 359 

Expanding ℋ(𝑧𝑧𝑤𝑤∗ ) around 𝑧𝑧𝑤̅𝑤∗  in a Taylor series to the second order, we obtain, 360 

ℋ(𝑧𝑧𝑤𝑤∗ ) = ℋ(𝑧𝑧𝑤̅𝑤∗ ) + 1
2
ℋ′′(𝑧𝑧𝑤̅𝑤∗ )(𝑧𝑧𝑤𝑤∗ − 𝑧𝑧𝑤̅𝑤∗ )2.                 (1.79) 361 

Substituting Eq (1.79) into Eq (1.73), we obtain, 362 

   𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑒𝑒𝑒𝑒𝑒𝑒 �−

1
2
ℋ′′(𝑧𝑧𝑤̅𝑤∗ )(𝑧𝑧𝑤𝑤∗ − 𝑧𝑧𝑤̅𝑤∗ )2�𝑑𝑑∗

0  ,         (1.80) 363 

In the limits, 𝑁𝑁 → ∞ and 𝐿𝐿𝑇𝑇 → ∞, the integral on the RHS of Eq (1.80) becomes a Gaussian one 364 

and we obtain finally, 365 

   𝑍𝑍𝑇𝑇 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ )  366 

      =
𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑅𝑅

∗ 𝑁𝑁𝑅𝑅�1+〈𝑧𝑧𝑤𝑤
∗ 〉
𝐿𝐿𝑅𝑅
∗ �

𝑁𝑁𝑅𝑅
𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ )] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ ) 367 

      = 𝑍𝑍𝑅𝑅
𝐴𝐴∗𝑁𝑁

𝑁𝑁!
𝑒𝑒𝑒𝑒𝑒𝑒[−ℋ(𝑧𝑧𝑤̅𝑤∗ ) + 𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3〈𝑧𝑧𝑤𝑤∗ 〉𝐴𝐴∗ + 2𝛽𝛽𝜀𝜀𝜀𝜀] 𝛬𝛬

𝛬𝛬𝑤𝑤
� 2𝜋𝜋
ℋ′′(𝑧̅𝑧𝑤𝑤∗ ) ,            (1.81) 368 

When going to the last equality of Eq (1.81), the thermodynamic limit is taken, i.e., 𝑁𝑁𝑅𝑅 → ∞ and   369 

(𝐴𝐴𝐿𝐿𝑅𝑅) → ∞  with 𝑁𝑁𝑅𝑅 (𝐴𝐴𝐿𝐿𝑅𝑅)⁄ = 𝛽𝛽𝑃𝑃𝑅𝑅  remaining finite. We obtain the Gibbs free energy of the 370 

confined fluid by subtracting the Gibbs free energy of the reservoir from that of the total system, i.e., 371 

𝛽𝛽𝛽𝛽(𝑇𝑇,𝑃𝑃,𝑁𝑁,𝒜𝒜) = 𝛽𝛽(𝐺𝐺𝑇𝑇 − 𝐺𝐺𝑅𝑅) = 𝛽𝛽(𝐹𝐹𝑇𝑇 − 𝐹𝐹𝑅𝑅 + 𝑃𝑃𝑅𝑅〈𝑧𝑧𝑤𝑤〉𝐴𝐴) = −𝑙𝑙𝑙𝑙 𝑍𝑍𝑇𝑇
𝑍𝑍𝑅𝑅

+ 𝛽𝛽𝑃𝑃𝑅𝑅〈𝑧𝑧𝑤𝑤〉𝐴𝐴  372 

      = 𝑁𝑁𝑁𝑁𝑁𝑁(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) − 2𝛽𝛽𝜀𝜀𝜀𝜀 .                 (1.82) 373 

The term involving ℋ′′(𝑧𝑧𝑤̅𝑤∗ ) becomes negligible in the thermodynamic limit, 𝑁𝑁 → ∞ and 𝐴𝐴 → ∞, 374 

thus it does not contribute to the Gibbs free energy. 375 
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1.3.2. Average pore width and adsorption strain (0 < 〈𝑧𝑧𝑤𝑤〉 ≤ 𝑑𝑑) 376 

   〈𝑧𝑧𝑤𝑤∗ 〉 = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑧𝑧𝑤𝑤∗

𝑁𝑁+1𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝑑𝑑∗

0  377 

       = 𝐴𝐴∗𝑁𝑁𝑇𝑇𝐿𝐿𝑇𝑇
∗ 𝑁𝑁𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀𝜀𝜀

𝑁𝑁!𝑁𝑁𝑅𝑅!𝑍𝑍𝑇𝑇

𝛬𝛬
𝛬𝛬𝑤𝑤
�𝑑𝑑

∗𝑁𝑁+1𝑒𝑒𝑒𝑒𝑒𝑒�−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑑𝑑∗�
−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

+ 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

∫ 𝑑𝑑𝑧𝑧𝑤𝑤∗ 𝑧𝑧𝑤𝑤∗
𝑁𝑁𝑒𝑒𝑒𝑒𝑒𝑒(−𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗𝑧𝑧𝑤𝑤∗ )𝑑𝑑∗

0 � 378 

     = 𝑁𝑁+1
𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3𝐴𝐴∗

.                     (1.83) 379 

When the following limits are taken, i.e., 𝑁𝑁 → ∞ and 𝐴𝐴∗ → ∞ with 𝑁𝑁 𝐴𝐴∗⁄  remaining finite, the 380 

first term after integration by part vanishes and we obtain the final result in Eq (1.83), which is the 381 

same as Eq (1.77). Since Eq (1.83) is the same as the equation of state of a bulk ideal gas, the integral 382 

adsorption strain vanishes, i.e., 383 

    Δ� = 0 .                         (1.84) 384 

1.3.3. Differential and integral chemical potentials (0 < 〈𝑧𝑧𝑤𝑤〉 ≤ 𝑑𝑑) 385 

From Eq. (1.82), we obtain the following result for differential and integral chemical potential, 386 

𝛽𝛽𝜇𝜇 = �𝜕𝜕(𝛽𝛽𝐺𝐺)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝒜𝒜

= 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) − 2𝛽𝛽𝜀𝜀 = 𝛽𝛽𝐺𝐺
𝑁𝑁

= 𝛽𝛽𝜇̂𝜇.                (1.85) 387 

Although the differential and the integral chemical potential are the same in this case, they are not 388 

equal to that of the bulk ideal gas. So, the disjoining chemical potential is not zero and given by, 389 

𝜛𝜛 = 𝛽𝛽𝛽𝛽 − 𝑙𝑙𝑙𝑙(𝛽𝛽𝑃𝑃𝑅𝑅𝛬𝛬3) = −2𝛽𝛽𝜀𝜀                     (1.86) 390 

1.3.4. Differential and integral surface tensions (0 < 〈𝑧𝑧𝑤𝑤〉 ≤ 𝑑𝑑) 391 

Eq. (1.82) shows immediately that the differential surface tension is zero, i.e., 392 

𝛽𝛽𝛽𝛽 = �𝜕𝜕(𝛽𝛽𝛽𝛽)
𝜕𝜕𝜕𝜕

�
𝑇𝑇,𝑃𝑃𝑅𝑅,𝑁𝑁

= 0 .                       (1.87) 393 

If we decompose the Gibbs free energy into a bulk contribution and a surface contribution as follows, 394 

𝐺𝐺(𝑇𝑇,𝑃𝑃,𝑁𝑁,𝒜𝒜) = 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑇𝑇,𝑃𝑃)𝑁𝑁 + 𝛾𝛾�𝐺𝐺𝒜𝒜,                    (1.88) 395 

where 𝜇𝜇𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏(𝑇𝑇,𝑃𝑃) is the chemical potential of the corresponding bulk fluid at the same T and p, 𝛾𝛾�𝐺𝐺 396 

is defined as the integral surface tension and the index G denoting it is defined from Gibbs free energy. 397 

Comparing Eq. (1.88) and Eq. (1.82), we obtain immediately, 398 

𝛽𝛽𝛾𝛾�𝐺𝐺 = −2𝛽𝛽𝜀𝜀 𝑁𝑁
𝒜𝒜

= 𝜛𝜛𝜛𝜛
𝒜𝒜

.                      (1.89) 399 

Although the differential surface tension is zero in this case, the integral surface tension does not 400 

vanish. It is also to note that 𝛾𝛾�𝐺𝐺 does not depend on the pressure. From Eqs (1.89) and (1.84), one 401 

can check readily that the generalized Gibbs adsorption equation Eq 21 in the text holds also in this 402 
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case, i.e., 403 

�𝜕𝜕𝛾𝛾�𝐺𝐺
𝜕𝜕𝜕𝜕
�
𝑇𝑇,𝜑𝜑�

= Δ� = 0.                  (1.90) 404 

1.3.5. Fluid density profile, pressure tensor, surface tension from mechanical definition      405 

(0 < 〈𝑧𝑧𝑤𝑤〉 ≤ 𝑑𝑑) 406 

In this case, the fluid-wall interaction becomes constant. So, it does not induces any inhomogeneity 407 

and the fluid density becomes constant also, 408 

𝜌𝜌(𝑧𝑧) = �∑ 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥)𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦)𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁
𝑖𝑖=1 �  409 

    = 1
𝑍𝑍𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁 ∑ 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥)𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦)𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)𝑁𝑁

𝑖𝑖=1 𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
𝑑𝑑
0   410 

    = 𝑁𝑁𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧)

𝑍𝑍𝑇𝑇𝛬𝛬3𝑁𝑁𝛬𝛬3𝑁𝑁𝑅𝑅𝛬𝛬𝑤𝑤𝑁𝑁!𝑁𝑁𝑅𝑅!∫ 𝑑𝑑𝑧𝑧𝑤𝑤 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁−1𝑒𝑒−𝛽𝛽∑ 𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧𝑖𝑖)𝑁𝑁−1
𝑖𝑖=1

𝑉𝑉 ∫ 𝑑𝑑𝒓𝒓𝑁𝑁𝑅𝑅𝑉𝑉𝑅𝑅
𝑑𝑑
0  411 

    = 𝑍𝑍𝑇𝑇(𝑁𝑁−1)
𝑍𝑍𝑇𝑇(𝑁𝑁)𝛬𝛬3

𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧) = 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒−𝛽𝛽𝑉𝑉𝑓𝑓𝑓𝑓(𝑧𝑧) = 𝛽𝛽𝑃𝑃𝑅𝑅𝑒𝑒2𝛽𝛽𝜀𝜀,             (1.91) 412 

where 𝛿𝛿(𝑥𝑥𝑖𝑖 − 𝑥𝑥) , 𝛿𝛿(𝑦𝑦𝑖𝑖 − 𝑦𝑦) , 𝛿𝛿(𝑧𝑧𝑖𝑖 − 𝑧𝑧)  are Dirac δ-functions, V and VR are respectively the 413 

volumes of the pore and the reservoir, 𝑍𝑍𝑇𝑇(𝑁𝑁) and 𝑍𝑍𝑇𝑇(𝑁𝑁 − 1) are respectively the total partition 414 

function of the composed system with N and N-1 fluid particles in the slit pore.  415 

Since there is no fluid-fluid interaction nor fluid-wall forces in the directions parallel to the walls, 416 

the transversal component contains only a kinetic contribution and is given by, 417 

𝛽𝛽𝑝𝑝𝑇𝑇(𝑧𝑧) = 𝜌𝜌(𝑧𝑧).                    (1.92) 418 

In the current case, the constant fluid-wall interaction does not give any force in the direction 419 

perpendicular to the pore walls. So, the normal component of the pressure tensor is also given by the 420 

fluid density, i.e., 421 

𝛽𝛽𝑝𝑝𝑁𝑁(𝑧𝑧) = 𝜌𝜌(𝑧𝑧)                 0 < 𝑧𝑧 ≤ 𝑑𝑑.               (1.93) 422 

Thus, we obtain immediately that surface tension from the mechanical definition is zero, i.e., 423 

𝛽𝛽𝛾𝛾𝑀𝑀𝑀𝑀𝑀𝑀ℎ = 𝛽𝛽
2 ∫ 𝑑𝑑𝑑𝑑[𝑝𝑝𝑁𝑁(𝑧𝑧) − 𝑝𝑝𝑇𝑇(𝑧𝑧)]〈𝑧𝑧𝑤𝑤〉

0 = 0 .            (1.94) 424 

So, the mechanical definition gives again the differential surface tension in this case.  425 
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Supplementary discussion 2. Some supplementary thermodynamic results based on grand 426 

potential 427 

In this supplementary discussion, we give some additional results about the adsorption equation for 428 

𝛾𝛾�Ω, which were not presented in ref. [1]. From Eq. 20 in the main text, we obtain readily, 429 

�𝜕𝜕𝛾𝛾�Ω
𝜕𝜕ℓ�
�
𝑇𝑇,𝜇𝜇

= −Π .                  (2.1) 430 

Then, Eq. 20 in the main text and Eq. (2.1) lead to, 431 

𝛾𝛾 = 𝛾𝛾�Ω − ℓ� �𝜕𝜕𝛾𝛾�Ω
𝜕𝜕ℓ�
�
𝑇𝑇,𝜇𝜇

 .                (2.2) 432 

Although this relation is perfectly compatible with the following one derived in ref. [1], i.e., 433 

𝛾𝛾 = 𝛾𝛾�Ω + 𝒜𝒜 �𝜕𝜕𝛾𝛾�Ω
𝜕𝜕𝒜𝒜

�
𝜇𝜇,𝑇𝑇,𝑉𝑉

,                   (2.3) 434 

Eq. (2.2) is a more practical one since 𝛾𝛾�Ω is a function of T, µ and ℓ� but does not depend on V and 435 

𝒜𝒜 separately. From Eq. 19 in the main text, we derive now the following adsorption equation for 𝛾𝛾�Ω, 436 

�𝜕𝜕𝛾𝛾�Ω
𝜕𝜕𝜕𝜕
�
𝑇𝑇,ℓ�

= −𝑁𝑁−𝑁𝑁𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏

𝒜𝒜
= −Γ� ,               (2.4) 437 

which is more practical than the following one derived previously 1, 438 

�𝜕𝜕𝛾𝛾�Ω
𝜕𝜕𝜕𝜕
�
𝑇𝑇,𝑉𝑉,𝒜𝒜

= −Γ�.                 (2.5) 439 

If we define the differential adsorption as follows, 440 

Γ = Γ� − ℓ� �𝜕𝜕Γ
�

𝜕𝜕ℓ�
�
𝑇𝑇,𝜇𝜇

 ,                 (2.6) 441 

the µTV-ensemble adsorption equation for differential surface tension becomes, 442 

�𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�
𝑇𝑇

= −Γ .                  (2.7) 443 

It is to be emphasized that Eq. (2.7) is identical to the original Gibbs adsorption equation only when 444 

γ = γ� and Γ = Γ�. To close this digression, it is quite gratifying to see that the present study with 445 

pTN-environment is also helpful to improve our understanding of µTV-environment.  446 
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Supplementary discussion 3. Sorting out stable and metastable states of a compression-447 

expansion isotherm: A quasi Maxwell construction 448 

The illustration given in Fig. 2 of the main text shows that Eq. 28 of the main text gives not only the 449 

Gibbs free energy for stables states but also that for metastable states. For a given pressure, the stable 450 

state has the lowest Gibbs free energy, i.e., that on the black curve in Fig. 2. Here, we show that it is 451 

also possible to sort out stable and metastable states from the compression-expansion isotherm with 452 

the help of a “Maxwell Construction” to as shown in Fig. 3 in the main text.  453 

Supplementary note 3.1. Calculation of the pressure at the crossing points of Gibbs free energy 454 

From Eq. 28 in the main text, we obtain the following result for the pressure at the crossing point of 455 

the large and middle branches of Gibbs free energy (i.e., the first and the second lines of Eq. 28),  456 

𝑝𝑝𝑐𝑐1 = − �2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2  .                                (3.1) 457 

The pressure at the crossing point of the narrow-pore and middle-pore branches is given by, 458 

𝑝𝑝𝑐𝑐2 = �2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

 .                               (3.2) 459 

It is to note that there is a logarithm singularity on the RHS of Eq. (3.1) and Eq. (3.2). So, they 460 

give physically meaningful results only for 𝑒𝑒𝛽𝛽𝛽𝛽 < 2 . Since 𝛽𝛽𝛽𝛽 + ln�2 − 𝑒𝑒𝛽𝛽𝛽𝛽� < 0  when 𝑒𝑒𝛽𝛽𝛽𝛽 < 2 , Eq. 461 

(3.1) gives always a positive result under this condition. With the help of Eq. (29) in the main text, 462 

we can show that the large and the middle branches of the Gibbs free energy crosses in the cases of 463 

an attractive fluid-wall interaction for 𝑒𝑒𝛽𝛽𝛽𝛽 < 2 and in the case of a repulsive fluid-wall interaction for 464 

any temperature. The condition for a hysteresis loop occurring in the compression-expansion isotherm 465 

near 𝑝𝑝𝑐𝑐1  is 𝑝𝑝∗(2𝑑𝑑+) < 𝑝𝑝∗(2𝑑𝑑−) . Eq. (29) in the main text gives 𝑝𝑝∗(2𝑑𝑑−) = 1 �2𝑒𝑒𝛽𝛽𝛽𝛽�⁄   and     466 

𝑝𝑝∗(2𝑑𝑑+) = �2 − 𝑒𝑒𝛽𝛽𝛽𝛽� 2⁄ . Although these results satisfy always the inequality 𝑝𝑝∗(2𝑑𝑑+) < 𝑝𝑝∗(2𝑑𝑑−), 𝑝𝑝∗(2𝑑𝑑+) 467 

is positive only for 𝑒𝑒𝛽𝛽𝛽𝛽 < 2. The condition for a hysteresis loop occurring near 𝑝𝑝𝑐𝑐2 is 𝑝𝑝∗(𝑑𝑑+) < 𝑝𝑝∗(𝑑𝑑−). 468 

Eq. (29) in the main text gives 𝑝𝑝∗(𝑑𝑑−) = 1  and 𝑝𝑝∗(𝑑𝑑+) = �2 − 𝑒𝑒𝛽𝛽𝛽𝛽�𝑒𝑒−𝛽𝛽𝛽𝛽 . For a repulsive fluid-wall 469 

interaction, i.e., 0 < 𝑒𝑒𝛽𝛽𝛽𝛽 < 1, 𝑝𝑝∗(𝑑𝑑+) < 𝑝𝑝∗(𝑑𝑑−) holds for any temperature while for an attractive fluid-470 

wall interaction 1 < 𝑒𝑒𝛽𝛽𝛽𝛽 < 2, the inequality is not satisfied for any temperature (the narrow-pore and 471 

the middle pore branches of the Gibbs free energy does not cross in this case). Since only the 472 

illustrations for a repulsive fluid-wall interaction are given in the main text, we restrict our 473 
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consideration to this case in the following discussions. 474 

Supplementary note 3.2. A quasi Maxwell construction 475 

Now, we show analytically that a Maxwell construction allows for resorting out stable and metastable 476 

states in a compression-expansion isotherm, i.e., placing the horizontal lines corresponding to 𝑝𝑝𝑐𝑐1 477 

and 𝑝𝑝𝑐𝑐2 so that the corresponding turquoise and pink zones have the equal area as illustrated by Fig. 478 

3 of the main text. Let 𝐿𝐿1𝑡𝑡∗  denote the intercepting point of the horizontal line 𝑝𝑝𝑐𝑐1 with the middle 479 

branch of the compression-expansion isotherm (see Fig. 3 in the main text), which gives the lower 480 

integration limit for calculating the area of the turquoise zone. Using 𝑝𝑝𝑐𝑐1 given by Eq. (3.1) and Eq. 481 

29 in the main text (the second line on its RHS), we obtain, 482 

𝐿𝐿1𝑡𝑡∗ = 1
𝑝𝑝𝑐𝑐1

− 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

= − 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
− 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

2−𝑒𝑒𝛽𝛽𝛽𝛽
= −2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

2−𝑒𝑒𝛽𝛽𝛽𝛽
�1 + 𝑒𝑒𝛽𝛽𝛽𝛽−1

𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽�
�. (3.3) 483 

The intercepting point of the horizontal line 𝑝𝑝𝑐𝑐1  with the large pore branch of the compression-484 

expansion isotherm (the first line on the RHS of Eq. 29 in the main text) gives the following result 485 

for the upper integration limit for calculating the area of the pink zone, 486 

 𝐿𝐿1𝑝𝑝∗ = 1
𝑝𝑝𝑐𝑐1

− 2�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� = − 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
− 2�𝑒𝑒𝛽𝛽𝛽𝛽 − 1� 487 

     = −2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

�2 − 𝑒𝑒𝛽𝛽𝛽𝛽 + 𝑒𝑒𝛽𝛽𝛽𝛽−1
𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽�

� .                     (3.4) 488 

The area of the turquoise zone below 𝑝𝑝𝑐𝑐1 is given by, 489 

   𝑆𝑆1𝑡𝑡 = ∫ 𝑑𝑑𝑑𝑑 �𝑝𝑝𝑐𝑐1 −
1

𝑙𝑙+2�𝑒𝑒𝛽𝛽𝛽𝛽−1� �2−𝑒𝑒𝛽𝛽𝛽𝛽��
�2

𝐿𝐿1𝑡𝑡∗
= 𝑝𝑝𝑐𝑐1(2 − 𝐿𝐿1𝑡𝑡∗ ) − ln �2 + 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

2−𝑒𝑒𝛽𝛽𝛽𝛽
� + ln �𝐿𝐿1𝑡𝑡∗ + 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

2−𝑒𝑒𝛽𝛽𝛽𝛽
�  490 

  = 𝑝𝑝𝑐𝑐1(2 − 𝐿𝐿1𝑡𝑡∗ ) − ln � 2
2−𝑒𝑒𝛽𝛽𝛽𝛽

� + ln 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

�2−𝑒𝑒𝛽𝛽𝛽𝛽��−𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
 .                  (3.5) 491 

The area of the pink zone above 𝑝𝑝𝑐𝑐1 is given by, 492 

  𝑆𝑆1𝑝𝑝 = ∫ 𝑑𝑑𝑑𝑑 � 1
𝑙𝑙+2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

− 𝑝𝑝𝑐𝑐1�
𝐿𝐿1𝑝𝑝∗

2 = 𝑝𝑝𝑐𝑐1�2 − 𝐿𝐿1𝑝𝑝∗ � + ln�𝐿𝐿1𝑝𝑝∗ + 2�𝑒𝑒𝛽𝛽𝛽𝛽 − 1�� − ln�2 + 2�𝑒𝑒𝛽𝛽𝛽𝛽 − 1��  493 

  = 𝑝𝑝𝑐𝑐1�2 − 𝐿𝐿1𝑝𝑝∗ � − 𝛽𝛽𝛽𝛽 − ln2 + ln 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

�2−𝑒𝑒𝛽𝛽𝛽𝛽��−𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
 .                (3.6) 494 

𝑆𝑆1𝑡𝑡 − 𝑆𝑆1𝑝𝑝 = 𝑝𝑝𝑐𝑐1�𝐿𝐿1𝑝𝑝∗ − 𝐿𝐿1𝑡𝑡∗ � + 𝛽𝛽𝛽𝛽 + ln�2 − 𝑒𝑒𝛽𝛽𝛽𝛽� .                         (3.7) 495 

From Eqs. (3.3), (3.4) and (3.1), we obtain, 496 

𝐿𝐿1𝑝𝑝∗ − 𝐿𝐿1𝑡𝑡∗ = 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

�1 − 2 + 𝑒𝑒𝛽𝛽𝛽𝛽� = 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

2−𝑒𝑒𝛽𝛽𝛽𝛽
 ,                    (3.8)   497 

𝑝𝑝𝑐𝑐1�𝐿𝐿1𝑝𝑝∗ − 𝐿𝐿1𝑡𝑡∗ � = − �2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽+ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2

2−𝑒𝑒𝛽𝛽𝛽𝛽
= −�𝛽𝛽𝛽𝛽 + ln�2 − 𝑒𝑒𝛽𝛽𝛽𝛽�� .           (3.9) 498 
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Eqs. (3.7) and (3.9) lead to 𝑆𝑆1𝑡𝑡 = 𝑆𝑆1𝑝𝑝. 499 

 Now, we show that the area of the turquoise zone below 𝑝𝑝𝑐𝑐2 is also equal to the area of the pink 500 

zone above 𝑝𝑝𝑐𝑐2  (see Fig. 3 in the main text). The lower and upper integration limits are given 501 

respectively by, 502 

  𝐿𝐿2𝑡𝑡∗ = 1
𝑝𝑝𝑐𝑐2

= 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

  ,              (3.10) 503 

𝐿𝐿2𝑝𝑝∗ = 1
𝑝𝑝𝑐𝑐2

− 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

= 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

− 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

= 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

� 1
𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽�

− 1� .  (3.11) 504 

The area of the turquoise zone below 𝑝𝑝𝑐𝑐2 is given by, 505 

𝑆𝑆2𝑡𝑡 = ∫ 𝑑𝑑𝑑𝑑 �𝑝𝑝𝑐𝑐2 −
1
𝑙𝑙
�1

𝐿𝐿2𝑡𝑡∗
= 𝑝𝑝𝑐𝑐2(1 − 𝐿𝐿2𝑡𝑡∗ ) + ln 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
 .       (3.12)   506 

The area of the pink zone above 𝑝𝑝𝑐𝑐2 is given by, 507 

 𝑆𝑆2𝑝𝑝 = ∫ 𝑑𝑑𝑑𝑑 � 1
𝑙𝑙+2�𝑒𝑒𝛽𝛽𝛽𝛽−1� �2−𝑒𝑒𝛽𝛽𝛽𝛽��

− 𝑝𝑝𝑐𝑐2�
𝐿𝐿2𝑝𝑝∗

1 = 𝑝𝑝𝑐𝑐2�1 − 𝐿𝐿2𝑝𝑝∗ � + ln �𝐿𝐿2𝑝𝑝∗ + 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

� − ln �1 + 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

�  508 

 = 𝑝𝑝𝑐𝑐1�1 − 𝐿𝐿2𝑝𝑝∗ � + ln 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
�2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

− ln 𝑒𝑒𝛽𝛽𝛽𝛽

2−𝑒𝑒𝛽𝛽𝛽𝛽
  509 

 = 𝑝𝑝𝑐𝑐1�1 − 𝐿𝐿2𝑝𝑝∗ � + ln 2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
𝑒𝑒𝛽𝛽𝛽𝛽�𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��

 .                              (3.13) 510 

𝑆𝑆2𝑡𝑡 − 𝑆𝑆2𝑝𝑝 = 𝑝𝑝𝑐𝑐2�𝐿𝐿2𝑝𝑝∗ − 𝐿𝐿2𝑡𝑡∗ � + 𝛽𝛽𝛽𝛽 − ln�2 − 𝑒𝑒𝛽𝛽𝛽𝛽� .                   (3.14) 511 

From Eqs. (3.10), (3.11) and (3.2), we obtain, 512 

𝑝𝑝𝑐𝑐2�𝐿𝐿2𝑝𝑝∗ − 𝐿𝐿2𝑡𝑡∗ � = − �2−𝑒𝑒𝛽𝛽𝛽𝛽��𝛽𝛽𝛽𝛽−ln�2−𝑒𝑒𝛽𝛽𝛽𝛽��
2�𝑒𝑒𝛽𝛽𝛽𝛽−1�

2�𝑒𝑒𝛽𝛽𝛽𝛽−1�
2−𝑒𝑒𝛽𝛽𝛽𝛽

= −�𝛽𝛽𝛽𝛽 − ln�2 − 𝑒𝑒𝛽𝛽𝛽𝛽�� .        (3.15) 513 

Eqs. (3.14) and (3.15) lead to 𝑆𝑆2𝑡𝑡 = 𝑆𝑆2𝑝𝑝 . The above results show that it is possible to determine 514 

graphically the crossing points of the G-p plot from the compression-expansion isotherm, i.e., the p-V 515 

plot (V: volume). However, we prefer to call this procedure a quasi Maxwell construction since the 516 

two end points of the discontinuous volume jump do not have the same chemical potential. Thus, they 517 

are not two coexisting phases of a first-order phase transition. 518 
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