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I. GENERAL FRAMEWORK TO STUDY THE CYCLO-STATIONARY DISTRIBUTIONS
A. Equation for the cyclo-stationary copy number distributions P{’(y;) and P?°(y_)

In the main text, we present the equations for P: " (Y405 ts;) and Pt (y_4,ts,), the distributions of copy numbers just

th

after and just before the i*" cell division respectlvely, as follows:
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Integrating Eq. 1 over the joint probability distribution of ga(ts,,ts,_,) of successive division time intervals,
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If it is further assumed that successive division times are uncorrelated, i.e. gao(ts,,ts, ,) = g(ts,)g(ts,_,), where
g(ts,) is the normalized distributions of ts,, we have
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which simplifies to
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For i > 1, as the cyclo-stationary regime is attained, we may define the distribution as cell birth, P{*(y;) =
fooc dts;g(ts,)Pi(y+,i.ts,). Dropping the subscripts 4, and setting ts, = t, and y4 ;—1 = y/,, Eq. 5 gives
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In a similar way, one may derive from Eq. 2 above, the cyclo-stationary distribution just before division, defined as
P(y_) = [ dts,g(ts,) P (y—i,ts,), related to P”(y+)

P (y Z/ dtag(ts) ply— tolty 1) PE(,). (7)
Eqgs. 6 and 7 are the two Eqgs. 3 and 4 in the main text.

B. Self-consistent integral for the generating functions F, (¢) and its relation to F_(q)

We define generating function Fi(q) = 7% _ ¢¥* P#*(y+). Multiply >y, ¢”* on both sides of Eq. 6 we get,
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We defining a new variable g, = y; + 24, where z; < ¢, < co. But since B(j, %7x+) =0 for g+ < x4, we put
U4+ € [0,00). Using the explicit form of the binomial function, the recursion relation of F' (¢) may then be written as:
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Here F(q,tly') = Zy ¢“p(y,t|y’) is the generating function of the probability p(y,t|y’) tied to the process of gene

" y;) PEWL). (9)

expression. Let us assume that this generating function has a form F(q,t|y") = H(g — 1,v,t) x (1 + (¢ — 1)6*%'&)3’/.
This leads to the following self-consistent integral for F';(g) (which is Eq. 6 in the main text):
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In a similar way, by multiplying Zy_ qY~ on both sides of Eq. 7 we get,
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Putting ¢ = 2¢’ — 1 in Eq. 10 we have,
AM—D:Ammmm (¢ = Lt ) Py (14 (¢ = De™"), (12)
and comparing with Eq. 11, we obtain (the Eq. 7 in the main text):

F_(q) = Fr(2¢—1) (13)

C. Closed form of F,(q) for Fixed cell cycle times, and the intractable nested integrals for Random cell
cycle times

For fixed cell division times, i.e. g(ts) = 0(ts — T, Eq. 10 reduces to
Fi(q)=H (q;l,ny) F, (1 + (q;l)e—%T> . (14)
If we set, ¢ — 1 = w then Eq. 14 becomes to
Fi(l+w)=H (%,%ﬂ’) F, (1 + %e*’wT) . (15)
This recursion formula may be iterated to obtain

J —(k=1) T 7T\’
we €
(14 w) H ( —5T— 7ny>F+<1+w( 5 >> (16)




T\
As j — oo, F <1+w(8 5 ) >—>F+(1):17 and hence
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Replacing back w = g — 1 Eq. 17 gives the closed form in Eq. 8 in the main text.

For random division times ts, with any general normalised function g(ts), when we substitute w = ¢ — 1, Eq. 10
becomes:

Fr(l+w) = /OOO dty g(ts)H (%,ws) F, (1 + %ew%) . (18)

Iterating one step, and replacing the F; on the right side with an similar integral as Eq. 18, we obtain:

o) o] tl tl 5
Frtws )= [ at gt (Foutt) [T o aem (U5 ) p (14 e ) )
0 0

where wy (t}) = %e ~7wts. Continuing with the next iteration,
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As wy = wy(tL, 12, ..., tF) = %e*Wtie’Wt?...e’Wtf, the above nested integrals are in general intractable. This is why
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the problem has stayed challenging.

D. Deriving the cyclo-stationary distributions at birth and before division, from the series expansion of
generating function about ¢ =1

Although P{*(yy) are themselves coefficients of the series expansion of F'; (q) about ¢ = 0, we may start with an
alternate expansion of Fi(¢q) =Y o (g~ 1) F(k)( 1) about ¢ = 1. In that case,
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Thus above, we have the series expansions of P7*(y,) and P**(y_) (Eq. 11 and 12 in the main text) involving the
: (k)
coefficients F;™(1).



E. The first three cumulants of P{*(y+) in terms of the coefficients FJ(rk)(l)

Using Fy (q) = Zy+ P$5(y1)g% = >0 (qﬁ)k Fik)(l), we may obtain the cumulants as follows. The mean of y:
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Hence the third cumulant is (see Eqgs. 24, 26 and 27 above)
kg = ((y+ — k1)) = [FL) (1) + 3E2 (1) + FP (1) - Bk — w] (28)

The above equations appear as Eq. 13, 14 and 15 in the main text. Using the above cumulants we obtain CV?2 = ko /K2
and Skewness = 113//1;’/2 in our study.

II. STATISTICS OF THE mRNA NUMBER IN THE CYCLO-STATIONARY STATE
A. The generating function related to the model of transcription, and thereby obtaining function #

The Master equation for the stochastic model of mRNA production and degradation is

dp(m, tlm’,)

o = kpp(m — 1, t|mf~_) + Ym(m+ )p(m+ 1, t|mf,_) — (Ymm + km)p(m, t|mf~_). (29)

Here k,, is the transcription rate, and ~,, is the degradation rate of mRNAs. The generating function F(q,t) =
Z;io q"p(m,t|m/,) of the distribution p(m,t|m/,) satisfies (using Eq. 29 above) the following:

0F(q,1)
ot
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Eq. 30 can be solved by using the method of Lagrange characteristic, and one gets
F(g,t) = XD (14 (g = D)™, (31)

where A(t) = (ky,/vm)[1 — e~ 7™]. For brevity we will use A\(t) = X\ below. Thus comparing with Eq. 5 of the main
text (also see below Eq. 9), we identify the function
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B. Obtaining the coefficients Fik)(l) and the series of the distributions P{*(my4)

Using H from Eq. 32 in Eq. 10, and Fi (q) = > 72, (qj,l)] F(J)( 1) we have

o= [ dtsg<ts>e“<q*>/2>F+<1 +((g=1)/2)e7)

:/ dtog(t)eN (@ 1/2)2 (‘1—1> it
0

o mmAlﬂlF(j)l 71j )
:/O dtsg(ts)zz (l|2 ) +'( ) (q2 ) o—ivmts

1=0 j=0 : 7!
- /ooo gty F(zj;( : <q_21) N (%) e (33)
1=0 j=0
Changing summation indices to k = [ 4 j and defining ¥, ; = fooo dtsg(ts)e vmts (1 — e~ 1mts)F=i Fq. 33 becomes
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Using the relation F(q) =Y po (q;?)k F¥(1) on the left side of Eq. 34 above, and comparing coefficients we get
the desired recursion relation (which appears in Eq. 21 of the main text):

The first few coefficients are explicitly as follows. As > = P*(my) = 1 we firstly have FJ(FO)(l) = 1. The next
coefficient (from Eq. 35) is
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Observing the pattern of the successive coefficients, we obtain the general solution for Fik)( 1) as follows:
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where ¢ ; = Uy ; (’;) Here {S;_1} denotes the set of all the subsets Sy_1 = {j;} = (j.,J.—1...j1) of integers
€ (1,2,..k — 1) such that j, > j.—1 > ... > j1. For example for k = 3, the subsets are (1), (2), and (2,1) as is seen
in Eq. 38.
With the coefficients given by Eq. 39, the cyclo-stationary distributions are formally given by the series:
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C. The cyclo-stationary mRNA distributions are Poisson for fixed cell-division times T

For fixed cell division times, g(ts) = d(ts — T), we have Wy, ; = e 9/mT(1 — e~ T)k=J and
T T T L TR
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Consequently from Eqgs. 40 and 39,
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Using the the following identity [1], with x = ée*%LT in this case,
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Thus the (1 — 2*) factors cancel from the numerator and denominator, and Eq. 43 simplifies to
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with d = ( ’") w Thus F( )( 1) = d*. Replacing k —m, = r, then Eq. 45 reduces to a Poisson distribution:

@—emT):

ss rdr der
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Since Eq. 41 has an extra factor of 2¢ multiplying FJ(rk)(l)7 we would have d replaced by 2d and the distribution:

P(m_) = (2:1):7:7 exp(—2d). (47)



D. Simplified form of the cyclo-stationary distributions for Exponentially distributed cell cycle times

For exponentially distributed division times, g(t;) = A\e™*s (with A = 1/7), and
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Substituting the above, in Eq. 40 and 39, we have
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where we have used an identity [1], with f(j;) = 2%@]] as follows:
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Eq. 51 shows that FJ(rk)(l) k! (ko ) /H (A -+ Ymi — 5:A). For obtaining the distribution before division, we note
the extra factor of 2% in Eq. 41, and that implies (comparing with Eq. 51)

R N A (0
P**(m_) = Z <m ) k! Hf()\+7mi’%>\)' (53)

k=m_

E. Expressions of CV? and Skewness of the distribution P;*(m;) of mRNA at cell birth.

Using the exact expressions of F(l)( 1), F(z)( 1), and F( )( 1) in Eqgs. 36, 37 and 38, we have obtained the cumulants
(from Egs. 24, 26 and 28), and thus studied the mean, CV2 and Skewness in the main text.
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FIG. 1. Cyclo-stationary distribution P°°(m_) of mRNA for the four g(¢s) shown in Fig. 3 in the main text (corresponding
colours being the same)

III. STATISTICS OF CYCLO-STATIONARY PROTEIN COUNT

A. The generating function for protein kinetics, and thereby obtaining function

The Master equation for the bursty protein translation is the following (with initial copy number being n/ ):

OP(n,tn!,) = b" b
— = K, ; WP(TL —rtnl ) — mP(mt\nﬁr) +9p [(n+ 1)P(n+1,tn',) — nP(n,tin’,)] .
(54)
The generating function F(q,t[n),) = 3272, ¢"p(n, t|n’,) is known to satisfy [2]
10F OF ab
vor T T 1t %)

where v =q¢—1, 7=t and a = lfy—m The solution of Eq. 54 by the method of Lagrange characteristics yield [2]

1—b(g—1)e it
1-b(g—1)

F(q,tn') = ( ) x (1+(g—1) efvpts)n:’ . (56)

Thus comparing with Eq. 5 of the main text (also see below Eq. 9), we identify the function

24— (1 —1b(_qbquze;)vpts )a . (57)
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B. Obtaining the recursion relation for the coefficients Fik)(l) in the series of the distributions Pi°(m+)

Using # from Eq. 57 in Eq. 10, and Fy.(g) = >0, <qj,1>J FY(1) we have

F+(Q) = /OOO dtsg(ts) (1 _1(q_(q1)61 " > F+ 6 Wpts)

_ [ 1-3(g—1)emh we_ﬂpt"
-/ dtsg<ts>< -3 D) ) 4

J 4!
‘ 2741

Mg

I
o

> = T'la+1 b ! ]_lq—]_ letsoo]_"a_i_s q_lsOOF ejfyp (qfl)
= oty gt () SRR S He () Gy B
0 =0 ’ s=0 j=0 J:
- iii/w dtg(ts)(—1)" Pla+1) T(a+s) (b)l+s(q ) =Dt <a+k )F(”()
1=0 j=0 5=0 "0 Fla—1+1) I(a) \2 k 25 1 8! 4!
(58)
We define Ly ; = fooo dtsg(ts)€7(1+j)79t~*, and replace indices | + j 4+ s = k, which leads to
) ) k k-l b )
k"F a+k717]) 1 b Ll+jF+ (1)
F D = e o S
+(q) = ];) 12:] PRy (=1)"( 3 Tk —1 = ) (59)

A series expansion on the left side of Eq. 59 about ¢ = 1, and comparing with the right side, yields the desired
recursion relation:

k k-l

k—j ] —_i_1\ .
(k . b _ (a+k—-1—7-1) G)
o) = 'ZZ SRR T TR gy ) (60)
=0 j=

The above Eq. 60 appears as Eq. 26 in the main text. Once these coefficients Fj_k)(l) are solved for, they may be
used to obtain the cyclo-stationary distributions

Ss - k (_l)kin-*—
PJ(F ) = k§+ <n+> TFJ(Fk)(l) (61)
& _1\k—n_ok
Py =Y (f )WFL’%) (62)
k=n_ - ’

C. Expressions of first three FJ(rk>(1) which determine exactly C'V? and Skewness of the distribution P;*(n.)
of protein.

Firstly, F_f_o)(l) = 1. Then using the above Eq. 60 recursively, we get

FP(1) = aby— I (63)
then,
PO = 12 [0+ o2 )] N
and then,
FO(1) = ﬁ b (14 a)(2 +a) — 3a((L + )Ly — (a — 1)Ls) — (a — 2)(a — 1)Ly
+ 3ab> ((1 +a)Li —2aLs + (a — 1)L3>F$)(1) + 3ab(L2 - L;;)Ff)(l) (65)
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The constants Ly, Lo and L3 may be evaluated given a g(ts). Then the above Egs. 63, 64 and 65 are substituted in
the Eqs. 24, 26 and 28, to obtain the cumulants and thus CV? and Skewness, which are studied in the main text.

IV. COMPUTATIONAL METHODS

A. Precautions to perform numerical sums of different series to obtain the coefficients F_f_k)(l) and the
theoretical cyclo-stationary distributions P$°

In this work we had to sum various series to obtain the desired coefficients and functions.
The equations for the coefficients Fik)(l) appear as Eq. 35 for mRNA, and Eq. 60 for protein, and are of the form

k—1
) |
FO1) =3 e PO 1) (66)
j=1

As the values of FJ(rj )(1) grow very fast with j we loose precision soon in ordinary calculations. A better way to store
large numbers is by taking logarithm, and we do so for terms in Eq. 66. Thus we store terms

u; = Iney; + lnF_f_j)(l). (67)

We specify very high precision for such calculation and storage in Mathematica (through the SetPrecision[d] command)
up to d = 100 decimal places in case of mRNA and d = 200 decimal places for protein. We reconstruct back the
coefficient

k-1
FP (1) =3¢, (68)
j=1

Once the coefficients Fik)(l) are obtained by the above method, up to some desired k, we put them in the series
in Egs. 40 and 41 for mRNA, and Eqgs. 61, 62 for protein, to obatin the cyclo-stationary distributions. For mRNA,
convergence was attained for ~ 30 — 50 terms in the series of P*(m4).

For protein, ordinary sum of the series of P;{*(ny) were not enough with reasonable values of k. We used Borel
sum formula as follows:

0 M—oco ,,, n
Pi(ne) = 37 flhone) = PP(ns)| = Jime™ 30 0 BT f(K +nsns) (69)
k=n4 Borel n=0 T k=0

In calculations we choose M ~ 200—250 and ¢ = 30 to obtain convergence of the protein cyclo-stationary distributions.

B. Kinetic Monte Carlo Simulations

We perform Kinetic Monte Carlo (KMC) or Gillespie [3] simulations for the various models governing the tran-
scription or translation models of mRNA and protein this paper, undergoing Binomial partitioning after random time
intervals t5 drawn from some distribution g(¢s). Thus, at any instant, there are three possible events to either increase,
decrease, or reset the copy number (due to cell partition). We typically use ~ 107 histories for getting the data for
various distributions and cumulants, which were then compared with the theory.

V. AGE DEPENDENT CYCLO-STATIONARY DISTRIBUTIONS

The cyclo-stationary distribution P**(y, 7) of cells at an age T before the next cell division, may written with respect
to P§*(y4) at birth, as follows:

P(y,7) =Y Py (y)p(y, 7ly+)- (70)

Y+
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Using its generating function G(q,7) = >, ¢/ P*(y,7), from Eq. 70 (and using the same steps as in Egs. 9 and 10)

Gla,m) =Y Pr(y+)Fa.7lys) = Hlg = 19y7) Fr(1+ (g = e ™)

Y4

-y (q ;!I)kG?(jc) () (71)

k

The defined quantities Gg(,k)(r) are obtained in Eq. 71 by expressing F, (¢q) = Z;io (g=1)! F(J)( 1), and expanding H

]'
as a power series of (¢ — 1). The resulting expression of G;k)(T) are of the form of the integrands of Eqs. 33 or 58
(without the [i* dtsg(ts)/2" factors), and are explicitly given for mRNA and protein in Egs. 30 and 31 in the main

text. Finally it is easy to obtain the desired age-dependent distributions in terms of Gg(/k)(T) as

o0 o k}fy
=> <’“) (G 113! GIP(T). (72)

q:() k:y y

1vG
y! Og¥

P¥(y,7) =

VI. GENERATING FUNCTIONS OF PROTEIN DISTRIBUTION AT BIRTH, FOR DETERMINISTIC
PARTITIONING, AND DETERMINISTIC GENE EXPRESSION

If we have a deterministic partitioning, we would replace the binomial distribution B(g., %, z4) in Egs. 8 and 9 by
0o g, /2 and as a result

Z/ dtsg(ts qu*p Uostslyly) Z ,1 .. y+PSS( ")

E+O

-jgjt/“ gt | S o )| P24
= ds
/0 tsg(t ZF(

For proteins y = n, and using the appropriate F(q,t|n’ ) from Eq. 56, we have the counterpart of Eq. 10 as:

(Jote) P, (73)

o0 1—b(yg—1)e "
= dtsg(t Fy (1+ (Vg —1)e b 74
/) sg(s)< 1_b(\/a_1) +( (\/a )6 ) ( )
If in addition to deterministic partitioning, one also has deterministic protein kinetics
dn
e kmb — ypn, (75)

then 74 = n/ e 7' +ab(1 —e 7" ) and F in Eq. 73 gets replaced by g2 Ae e ) where Ap = ab(l—e 7t fe.
23 | date. )| S utnetds) | P

:/ dtsg(ts)ZPf(n’ )q 5 (Aptnl e )
0

’
Ty

o 1 ss le—pts 'y
:/ dteg(ts)g? Y P (n)y) (q? v )
0

’
ny

:/ dtsg(ts)g3 » Fy(q2¢ ") (76)
0
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The moment (n) = qa%FJr(q) and (n?) = qa%qa%FJr (g)| , and hence taking derivatives of on two sides of
q=1 q=1
Eq. 74 and 76 respectively, and setting ¢ = 1, we may obtain the moments in the two cases above. The explicit forms
of CV?2 thus obtained are shown in Eq. 32 in the main text (corresponding to Eq. 74) and in Eq. 34 in the main text
(corresponding to Eq. 76).
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