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ARTICLE INFO ABSTRACT

MSC: A convex hull of finitely many points in the Euclidean space R? is known as a convex polytope.
05C69 Graphically, they are planar graphs i.e. embeddable on R?. Minimum dominating sets possess
90C05

diverse applications in computer science and engineering. Locating-dominating sets are a natural

gzgig extension of dominating sets. Studying minimizing locating-dominating sets of convex polytopes

reveal interesting distance-dominating related topological properties of these geometrical planar
Keywords: graphs. In this paper, exact value of the locating-dominating number is shown for one infinite
Graph family of convex polytopes. Moreover, tight upper bounds on y,_, are shown for two more
Domination number infinite families. Tightness in the upper bounds is shown by employing an updated integer linear
Locating-dominating number programming (ILP) model for the locating-dominating number y,_, of a fixed graph. Results are
Convex polytope explained with help of some examples. The second part of the paper solves an open problem in
ILP model Khan (2023) [28] which asks to find a domination-related parameter which delivers a correlation
Structure-property modeling coefficient of p > 0.9967 with the total z-electronic energy of lower benzenoid hydrocarbons. We

show that the locating-dominating number y,_, delivers such a strong prediction potential. The
paper is concluded with putting forward some open problems in this area.

1. Introduction

Let us consider the undirected connected simple graph I'. The set of vertices and edges in ' = (V, E) are V' and E, respectively.
The closed neighborhood of a vertex a € V' is Nyla]l ={be V | (b,a) € E} U {a}, while the open neighborhood of a vertex a V is
Nr(a)={beV | (b,a) € E}. A dominating set in a graph I' = (V, E) is defined as a subset D of V' (i.e., D C V') that satisfies the
condition that the closed neighborhoods of all vertices in D together encompass the entire set of vertices (i.e., V). Mathematically,
this can be expressed U, N[a] = V. For example, for every vertex a € V' \ D, N(a) N D # @ implies that any such a has minimum
of one neighbors in D. The smallest multiplicity of such a dominating set in I" is known as the domination number y(I") of I'.

Another way to approach the concept of a dominating set is to assign a weight of 1 to each vertex in D and a weight of 0 to
vertices in V' \ D. In this situation, if |N[a] n D| > 1 for each a € V' and the sum of weights for closed neighborhoods is not less
than 1, then D is a dominating set of I', we denote a dominating set by S. If, for all distinct vertices a,b € V' \ S, it holds that

* Corresponding authors.
E-mail addresses: sakander1566@gmail.com (S. Hayat), naqi342@gmail.com (N. Kartolo), asad@gzhu.edu.cn (A. Khan), mjalenazi@ksu.edu.sa (M.J.F. Alenazi).

https://doi.org/10.1016/j.heliyon.2024.e29304
Received 24 October 2023; Received in revised form 27 March 2024; Accepted 4 April 2024

Available online 9 April 2024
2405-8440/© 2024 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC license
(http://creativecommons.org/licenses/by-nc/4.0/).


http://www.ScienceDirect.com/
http://www.cell.com/heliyon
mailto:sakander1566@gmail.com
mailto:naqi342@gmail.com
mailto:asad@gzhu.edu.cn
mailto:mjalenazi@ksu.edu.sa
https://doi.org/10.1016/j.heliyon.2024.e29304
https://doi.org/10.1016/j.heliyon.2024.e29304
http://creativecommons.org/licenses/by-nc/4.0/

S. Hayat, N. Kartolo, A. Khan et al. Heliyon 10 (2024) 29304

N(b)n S # N(a)n S, then the dominating set S C V is called a locating-dominating set (see Hernando et al. [1]). The minimum
cardinality of a locating-dominating set is denoted by y,_,(I"), which stands for the locating-dominating number of I'.

According to the following theorem, the locating-dominating number on regular graphs has a tight lower bound.

We give the following important result by Slater [2]:

Theorem 1.1. [2] For a k-regular graph T" on V' vertices, we have

vz 2]

Baca introduced graphs of convex polytopes [3]. In the articles [4], [5], [6], and [7], various convex polytopes, including Q,,
R,, D,, S,, T,, and U,, have been studied for a variety of properties. Specifically, [5] and [6] revealed that the metric dimension of
U, S, R,, T,, and Q, are equal to 3, while [7] explored minimizing doubly-resolving sets and strong resolvability of D, and T,.
In addition, Salman et al. [8] analyzed three optimization problems including the strong metric, fault-tolerant as well as the local
metric dimension problems and applied them to U, and S, families of convex polytopes. Next, due to Simi¢ et al. [9], we present an
updated integer linear programming model for the locating-dominating number of graphs.

2. Integer linear programming (ILP) model for y,_,

In [10], the minimum identifying code problem using integer linear programming (ILP) formulation was provided. Decision
variables z, are defined as follows for .S to be an identifying set:

1, €S
Zp= (21)
0, 7¢S
The minimum identifying code problem from [10] is therefore stated with its ILP formulation as follows:
min )" z, 2.2)
14124
subject to
Y x,>1. eV (2.3)
PENI[Z]
xpzl C,qeV,C#q 2.4)
PEN[ZIVNIq]
z, €{0,1}, cev (2.5)

In order to ensure that the identifying code set has a minimum cardinality, the aim function in Equation (2.2) and constraints in
Equation (2.3) define S as a dominating set. Constraints in Equation (2.4) indicate an identifying characteristic, whereas constraints
from Equation (2.5) describe the binary nature of the decision variables z,.

The locating-dominating problem cannot be solved directly using this formulation. As a result, it has to be modified by switching
constraints from Equation (2.4) to Equation (2.6).

Ze+x,+ ) x,21 £qeV.l#g (2.6)

PEN[LIVNIq]
Here V is the symmetric difference operator between two sets. When vertices # and g are not neighbors, constraints in Equation
(2.4) and Equation (2.6) are the same, for example, N[£]VN|[q] = {Z,p} U(N(Z)VN(q)). The change between Equation (2.4) and
Equation (2.6) takes effect if vertices # and q are adjacent to one another, which implies that £ € N(g). As a result, .S must contain
some p € N(Z)VN(q) or not less than 1 of the vertices ¢, ¢, according to constraint in Equation (2.6). Constraints in Equation (2.6)
and Equation (2.4) are similar since N[q]VN[£]={Z,p} U(N(q)VN(¢)) when q,¢, £ ~ q are not neighbors.

It was said in [11] that if d(b, @) > 3, then b, a do not have any neighbors in common, hence it is not necessary to examine whether
N()NnS # N(a)n S are equivalent. As a result, we may reduce the number of constraints the locating requirement generates which
is computationally significant for larger graphs.

This concept would help further to improve constraints in Equation (2.6):

Zo+x,+ Y X201 £.qEV.C#4q,d(£,q) <2 2.7)

PEN[ZIVNI[q]
For problems of small dimensions, the exact optimal value can determine with the use of the suggested formulation with lesser
constraints. Furthermore, as demonstrated by [12], effective metaheuristic methods can be used to produce unsatisfactory solutions
for large dimensions.
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Fig. 1. Graphical structure of the n-dimensional of 7, convex polytope.

3. Exact values for y,_,
3.1. Convex polytope T,

In [13], Fig. 1 displays the graph of the convex polytope T},. The set of vertices of T, are V(T},) = {i,.js. ks, l,,mp,n0,0,,0p,4,,
FoySpstpslip,Up,We,Zp, Ve, Ze | € =0,...,n—1} and the set of edges are E(T,) = {(iz,ip41),(p,jr), Uerke)s U1 k1) (ko lp), (Lo my),
(mp,ng),(lpy1sme),(npy1,00), (g, 00), (P22 4)s (02 P2)s Ppi1sGe)s Fes 80D (ApsTe)s (Foy1s )y (patip)s (Spat ) (togysttg)s (Vg W),

(g 00), W1, We), Wy 2), 2y ¥2)s Xpi15 Y 0)s W 2) (25 Zp 1) )

Let F,(I') be the number of n-gonal faces in the graph I'. Then, in T}, we have F,(T,,) =2, F5(T,)) =2n and F¢(T,)) = 7n. Note that

the family of T, is related to the family of carbon nanocones [14,15].

Theorem 3.1. For T, such that n >4, we have
Yi—q(T,,) = 6n.

Proof. Note that 7, is 3-regular with |V'(T},)| = 18n. It is demonstrated that

2-18n
3+3]"6
by Theorem 1.1. Now show that the locating-dominating set of T, the set .S, defined as S = {j,,m;,ps, 57,0z, ¥, | € =0,...,n —1}.
The intersections of set .S with the neighborhoods N[a], or .S N N[a], are all distinct and non-empty, as illustrated in Table 1. As,
S represents a locating dominating set of 7, with |S| = 6n, we can conclude that y,_,;(T,) < 6n. Moreover, it has been previously
established that y,_,(7,,) > 6n. Therefore, it follows that y,_,(T,) =6n. []

Va(T,) 2 [

Next, Theorem 3.1 is elaborated by an example. For this example, we consider 6-dimensional 7}, i.e., Ty. See Fig. 2 for a depiction
of Tg.

Example 1. Note that Ty is 3-regular and thus by Theorem 1.1, we have y,_,;(Ts) > 30. In order to show y,_,(Ts) < 30, we consider
the set S ={j,.my,ps.5..00,¥, | £ =0,...,5}. Note that |.S| = 30. We show that .S forms a locating-dominating set. For 0 <¢ <5,
the intersections are
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Table 1

Locating-dominating vertices in 7,,.
aeV\S SnNl[d] aeV\S SnNlal
i (e} ke {esdest}
Ly {mg.mgy1) ny {mg}
Op {ps} qp {PsrPri1}
e {se2se1} 1, {s,}
Uy {ve} Wy {vp, 0741}
Xy {ve Ve Z¢ {ye}

SN Nligl={js}, SONlks={jssjrs1}s SONU]={mp,mp 1}, SONN[ngl={m,},
SN Nlos] ={ps},SNNIgs)={ps-Prs1}, SON[rgl={ss,5,11}, SON[t,]1={s/},

SNNIz;l ={ys}, SN N[uyl={v,},SNN[w,]={vs, 0041}, SONI[x 1 ={ye, Y41}

Fig. 2. Graphical structure of 7.

Heliyon 10 (2024) e29304

The non-empty distinctive nature of all these intersections implies that .S forms a locating-dominating set. Thus, y,_;(Ty) < 30
implying y,_,(Ty) = 30. This conclusion is in agreement with Theorem 3.1.

4
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Fig. 3. Graphical structure of the n-dimensional of N, convex polytope.

Next, we present some upper bounds on the locating-dominating number y,_, of two other important families of convex polytopes.
4. Tight upper bounds for y;_,

Let us first consider the family N,,.
4.1. Convex polytope N,

In [9], Fig. 3 presents the graphical structure of N,. The set of vertices of N, are V(N,) = {sz,tz,uz, 0,/ =0,1,...,n—1} and

the set of edges are E(N,) = {(s;,5,41), (g t2), tpstop1)s W pstt), (tpyqstip), (g, 0p), (Vg Upyy) ).
Note that N, has F;(N,)=2n and F3(N,)=2n.

Theorem 4.1.

noav <[ £

Proof. The polytope N, has 4n vertices and has two distinct degrees i.e., 3 & 5. Let

{130, V3042, U3041, 534110 =0,...,p—1}, n=0( mod3),n=3p
S=91{t3z, V30, U3p11, 530421 =0, ... . p = 1}1} U {03, 13, }, n=1( mod3),n=3p+1
{530, 130415 43042, 03218 =0, ..., p = 1} U {03, 83, 13541}, n=2( mod 3),n=3p+2

Let us now show that vertices in .S’ are locating-dominating for N,,. Consider three potential cases in order to do that:

Table 3 illustrates that set .S have intersections with the neighborhoods of all vertices in the complement of set .S (represented as
V '\ S) that are both distinct and non-empty.

Case 1: n =3p. Table 3 illustrates that the neighborhoods of all vertices in the complement of the set .S (represented as V' \ S)
have intersections with S that are both distinctive and non-empty. Some of the intersection formulas used in the neighborhoods of
vertices in the complement of set .S may appear to be similar, they are in fact distinct from each other. For example, N[t3,,1NS =
{53741} # {53¢£41)) = Ns3242]1 N S. This is due to the fact that the indices used in the intersection formulas are different, resulting in
different sets where 3(£ + 1) =3¢ +3 # 3¢ + 1. Similarly to N[vs,40]1 NS = {uzp40, V3041 } # {Uzp40. U3¢} = Nlv3eq 10 S, although
there may be some common elements in these intersections, they are distinct sets with their own unique elements.

Case 2: n=3p+ 1. Similar to the earlier possibility, the intersections of the set .S with all neighborhoods N[a], represented as
S N N|a], are distinct and non-empty. This fact is also depicted in Tables 2 & 3.

Case 3: n =3p + 2. Similar to both earlier possibilities, the intersections of the set .S with all neighborhoods N[a], represented as
S N N[a], are distinct and non-empty, also depicted in Tables 2 & 3. []

Remark 1. Next, we show that the upper bound in Theorem 4.1 is tight as follows: CPLEX solver has been employed by utilizing
the ILP formulation possessing inequalities/constraints in Equation (2.1), Equation (2.2), Equation (2.3) & Equation (2.7), optimal
solutions for the y,_;(IN,) have been derived as follows: y;_;(N5) =7, y;_4(Ng) =8, v;_4(N7) =10,...,7,_4(N;5) =20,...,7,_4(N5¢) =
67. Thus, it turns out that, the bound in Theorem 4.1 is tight.

Take note that Q, have the same set S with N,. For convex polytopes N, (Fig. 3), it only has n extra edges (u,,u,,), £ =
0,...,n—1 compared to Q, (Fig. 4). Therefore, as depicted in Table 3, intersections of .S’ with vertices’ neighborhoods in V' \ § are
all similar with the addition of vertices (u,,u,,;), £ =0,...,n— 1. Table 2 present additional data for N,,.

5
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Table 2
Additional data compared to Q, for N,,.
n aeV\S SN Nla) aceV\S SN Nla)
3p Uzp {usp15t30} Uzpin {t3041), U3p 415 U3ea) }
3p+1 s (37115130, 037} Usrsa {3741, t304n) )
3p+2 oy {31, V3p: 31} U3 {3041 U3740}
s, {13p415U35_15 U3, }
Table 3
Locating-dominating vertices in Q,,.
n aeV\S SN Nla) aeVv\Ss SN Nla]
3p 3¢ {S341013¢} S3042 {s3701}
£ {s3p41: 1302 U341} B34 {341 U3p41 1
s, {3} Uzpyn {341y V34 }
U3r {v30-142)} U3e41 {3011y Vapyaszeqn )
3p+1 s {S30-12: 137} 53041 {s3742}
B3p41 {t30 U301} 342 {83742, 13041y User
Usp {37, 03,} Uspyn {t341)}
Uspyl {v3p41: 037} U342 {34y}
53y {3 S30-1)42} us, {1013, 03, }
So {1}
3p+2 sy {s37:13041} S3042 (s34}
3 EEVN EVIR F I Y0 B SV (131010 U342}
e {tz3041, 03} Uspi {tsrn1}
Uspyi {vs} Uspy2 (U342, U}(t‘+])}
13 {$3p2 13,0 U3p-1)42 } us, {t3p410 U35}
53p+1 {83p213p11} Uspy {351}
U3py {vs,} fy {s0:115 13541}
Vo Vn-1

Heliyon 10 (2024) e29304

Fig. 4. Graphical structure of the n-dimensional of Q, convex polytope.

The information presented in both Table 2 and Table 3 indicates that, intersections of .S with the neighborhoods of every vertex
in '\ S are distinct and non-empty, based on all 3 cases. Thus § is a locating-dominating set for both Q, and N,,. Therefore,

Yi—a(N,) < [%”], since

=[]

Next, Theorem 4.1 is explained with the help of an example. For the example, we consider 7-dimensional N,, i.e., N;. See Fig. 5

for a depiction of N;.

Example 2. We employ Theorem 4.1 to show that y,_;(N;) = 10. We consider the set S = {a,, as, by, b3, bg, ¢y, ¢4,dy,d3,dg}. Note
that |.S| = 10. We show that S forms a locating-dominating set. The intersections are

SNNlagl=1{by}, SNNla;l={ar}, SNNlaz]={ay,b3}, SN Nlasl={as}, SN Nlagl={as, b},

SNN[b]1={bg,c;} ,SNN[by]={ay,bs5,c;}, SNNI[by]={b3,c4}, SNNI[bs]l={as, bg,c4},
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Fig. 5. Graphical structure of N,.

SN Nyl ={bg.c;.dy}, SO N[cy]={b3.c;}. SN Nlesl={bs.cs.ds}, SN Nlcs]={bg.cyl
SN Nlcgl = {bg b dg}, SNN[d,1={c;.dy}, SONN[dy]={d3}, SN N[dy]={cy,d3},
S N N[ds] = {dg)}.

The non-empty distinctive nature of all these intersections implies that .S forms a locating-dominating set. Thus, y,_,;(NN;) < 10.
CPLEX solver has been employed by utilizing the ILP formulation possessing constraints (2.1), (2.2), (2.3) & (2.7) to show that
71—q4(N7) = 10. This, in fact, is in agreement with Theorem 4.1.

4.2. Convex polytope S,

In [9] Fig. 7 showcased the graphical structure of .S,. The set of vertices of .S, are V' (S,) = {sz.t,,up, v, w, | =0,1,...,n— 1}

and the set of edges are E(Sn) = {(Sf, Sf+1), (S/, tf), (If,tf+1), (tf,uf),(uf,uf_',l)(uf, Uf), (uf+l’ Uf),(l)/, LUf_'_l)}.
For S, notice that we have F;(N,) =2n, F5(N,)=n and F5(N,) =n.

Theorem 4.2.

Y1—a(Sp) < [53—’1-‘ .

Proof. Let

{1305 S30415 Uz e 1> W3p, V3o 0| =0, ..., p— 1}, n=0( mod3),n=3p

S = {S3p,U3p,W3p}U{S3f,t3f+2,u3f,l)3f+1,W3f|l/p:0,...,p—]}, nEl( m0d3),n=3p+1

(835110139 Uspr 1 W3py1 )
U{S3041, W3p41>Usps1- 130, V3040 |€ =0,...,p—1}, n=2( mod3),n=3p+2

Next, we deliver that the vertices in .S’ form a locating-dominating set in U,. We need to take into consideration three potential
cases to achieve that, just as we did in the proofs of earlier theorems. In all three cases, Table 5 demonstrates that the vertices’
neighborhoods in the complement of the set S (represented as V' \ .S) have intersections with the set .S that are both distinct and
non-empty.

Take note that U, have the same set .S with S,. For convex polytopes S, (Fig. 7), it only has n extra edges (u,,u,,1), ¢ =0,...,n—1
compared to U,, (Fig. 6). Therefore, as depicted in Table 3, intersections of .S with the neighborhoods of the vertices in V' \ .S are all
similar with the addition of vertices (u,,u,,), £ =0,...,n— 1. Table 4 present additional data for S,.

The information presented in both Table 4 and Table 5 indicates that, intersections of .S with the neighborhoods of every vertex
in ¥\ § are distinct and non-empty, based on all 3 cases. Thus S is a locating-dominating set for both U, and .S,. Therefore,

Vi—a(S,) < [ST"], since

a-n

|S|=[3

|- o

Remark 2. Next, we show that the upper bound in Theorem 4.2 is tight as follows: CPLEX solver has been employed by utilizing the
ILP formulation possessing inequalities/constraints (2.1), (2.2), (2.3) & (2.7), optimal solutions for the y;,_,(.S,) have been derived

7
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Fig. 6. Graphical structure of the n-dimensional of U, convex polytope.

Table 4
Additional data compared to U, for S,.
n aeV\S SN Nla] aeV\S SN Nla]
3p Usp (t3p: O30 1y42o Uapr1 ) Uzppn (U342, U341}
3p+1 w3y {v3p1153} Upsn (V3115130 12> U311 )
3p+2 uy, {LEVRT VIR YPRRIITS B V) {v3p42: 3041}
s, {03-1)42: Uspe1> T3y} U {t0,u,}

Fig. 7. Graphical structure of the n-dimensional of .S, convex polytope.

as follows: y;_;(S5) =9, 7,_4(Se) = 10, 7,_4(S7) = 12,...,7,_4(S15) = 25,...,7,_4(S50) = 84. Thus, it turns out that, the bound in
Theorem 4.2 is tight.

Next, Theorem 4.2 is explained with help of an example. For the example, we consider 6-dimensional §,,, i.e., S¢. See Fig. 8 for
a depiction of Sg.

Example 3. We employ Theorem 4.2 to show that y,_;(Ss) = 10. We consider the set S = {ay, a4, by, b3, ¢y, ¢4, d5,ds,eq,e3}. Note that
|S| = 10. We show that .S forms a locating-dominating set. The intersections are

SN Nlagl={ay,by}, SN Nlay]={a;}, SN Nlazl={ay4,b3}, SN Nlas]={a,},
SNN[bl={ay,by,c1},SNN[by]={bs}, SNN[byl={ay, bs,c4} SNN[bs]={by},

SN Nlcyl={by,c1,ds}, SNN[cy]l={ci,dr}, SN Nlczl={b3,¢c4,dr}, SN Nlcs]={cy,ds},

SN Nldogl={cr.ep}, SNNIdi]={e;},SNNld3]1={cs.e3}, SNNIdy]={es}, SNNlej]={eg},
SNN[e,]={dy,e3}, SN N[egl={e3}, SN Nles]={ds,e}.
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Table 5
Locating-dominating vertices in U,,.

n aeV\S SN Nla) aceV\S SN Nla)

3p S3¢ {s3741013¢} S3¢42 {8341}
B340 {S30415 1305 Uzpi1 B3p40 {13041 Uaps1 }
Uzp {30,032 1y42 } Uzpyn {v3r12}
U3p {usq1, w3} U3p41 {usrn}
Wspyg {ws,} W3pyn (V37425 W3(/+1)}

3p+1 S3/+41 {53} 5342 {Ss(m-l)’ 3042}
3 {s3:u30130-1)42} 13741 {t3042}
Uzpy1 {v3r1} Usrya {t3042: V3711 }
U3p {usp w3, } Uszin {341y}
W3py1 {341,037} W3pyp {wsesny)
13 {83p2 131142 U3p } U3, {uz), w3, }
Ty {s0-u0}

3p+2 s {s3741:13¢} S3/42 {53711}
EV] {S3741: 1302 3041} SV {t3041y}
Uzp (V3142130 } Uzryn {v3r12}
U3p {usrpn} U3p41 {usrq1,€3041}
Wi (w41} Wipyy {V3p42, w3741}
53p {S3p11:13p) us, {135, U3p- 112}
Usp {301} wy, {31}
B3pt {S3p415 10,13 Uspsr } U311 {u3pr1> Waper )
50 (51283541270} Uy {1}
Wy {w, w341}

Fig. 8. Graphical structure of .

The non-empty distinctive nature of all these intersections implies that .S forms a locating-dominating set. Thus, y,_;(Sg) < 10. CPLEX
solver has been employed by utilizing the ILP formulation possessing constraints (2.1), (2.2), (2.3) & (2.7) to show that y,_,(Sg) = 10.
This shows that y,_;(S¢) = 10 and this is in agreement with Theorem 4.2.

5. Application of y;_,; in structure-property modeling

In this section, we study an important application of the locating-dominating number in structure-property modeling of benzene
hydrocarbons.

Structure-property modeling of the total z-electronic energy (E,) of benzenoid hydrocarbons (BHs) has been an active area
of research recently. For instance, Luci¢ et al. [16] showed that the sum-connectivity and product-connectivity indices are closely
interrelated to each other and they predict E, of BHs with significant accuracy. They chose lower 30 BHs for their study as test
molecules. The work of Lu¢i¢ et al. [16] was later extended to the generalized version of both sum/product connectivity indices i.e.,
X, and y; and derived the value(s) for which these indices give the best correlation with E, of BHs for lower 30 BHs. The study
concluded that y_ 66 and y? s, deliver the best prediction E, of BHs. Hayat et al. [17] (resp. Hayat et al. [18]) studied the
predictive potential of commonly occurring degree-based (resp. distance-based) for E, of BHs. For correlation ability of eigenvalues-
based graphical indices in predicting E, of BHs, we refer the reader to [19] and [20]. For the importance of structure-property
modeling, we refer the reader to [21-23]. Regarding some recent progress on structure-property modeling of physicochemical
properties of nanostructures and bio-molecular networks, we refer to [24-27].

Recently, Khan [28] conducted a comparative study of seven domination-related parameters (not including y,_,) to correlate
the E, of lower BHs. Out of those seven parameters, the study concluded that the paired domination number y, delivers the best
predictive ability with correlation coefficient p = 0.9967. The study was concluded with the following open problem:
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Fig. 9. Chemical graphs of the 30 test molecules considered for this study.

Problem 1. Does there exist a domination-related graphical parameter such that the correlation coefficient with E, of benzenoid
hydrocarbons is p > 0.9967?

In this section, we answer Problem 1 and show that the locating-dominating number produces even stronger predictive potential
with E_ of BHs having correlation coefficient p = 0.9987 > 0.9967. In order to show it, we consider the lower 30 BHs as our test
molecules. Fig. 9 exhibits the lower 30 BHs considered in this study.

Next, we compute the locating-dominating number y,_, of the 30 BHs presented in Fig. 9. Table 6 delivers the locating-dominating
number y,_,; and E_ (f) measured in f units for the 30 lower BHs showcased in Fig. 9. We used the data in Table 6 to conduct the
detailed correlation & regression analysis. First, we calculate the correlation coefficient and it is p = 0.9987 which is significantly
higher than the minimum threshold in Problem 1. Next, we conduct a detailed statistical analysis of the data. Our analysis suggested
that most data-fitting regression model is, in fact, linear. The following are the linear regression model (with 95% confidence intervals
for the slope & intercept), correlation coefficient p, the standard error of fit s, the determination coefficient 2 for the data in Table 6.

EL(f) = —1.003 05066 + 29110 040071—a»  p=0.9987, s =0.3134, r*> =0.9981.

In what follows, we deliver the scatter plot between y,_; and E, for 30 lower BHs. See Fig. 10.
6. Conclusion and future work

In this paper, we study the locating-dominating number of certain infinite families of convex polytopes. We find exact value
of y,_, for the infinite family 7, and tight upper bounds on y,_, are derived for two more infinite families that are N, and .S,,.

10
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Table 6
E,(p) and y,_, values for 30 lower BHs (see Fig. 9).
Molecule Yi—a E.(p)
Benzene 3 8
Naphthalene 5 13.6832
Anthracene 7 19.3137
Phenanthrene 7 19.4483
Tetracene 9 24.9308
Benzo[c]phenanthrene 9 25.1875
Benzo[a]anthracene 9 25.1012
Chrysene 9 25.1922
Triphenylene 9 25.2745
Pyrene 9 22.5055
Pentacene 11 30.544
Benzo[a]tetracene 11 30.7255
Dibenzo[a,h]anthracene 11 30.8805
Dibenzo[a,jlanthracene 11 30.8795
Pentaphene 11 30.7627
Benzo[g]chrysene 11 30.999
Pentahelicene 11 30.9362
Benzo[c]chrysene 11 30.9386
Picene 11 30.9432
Benzo[b]chrysene 11 30.839
Dibenzo[a,c]anthracene 11 30.9418
Dibenzo[b,g]phenanthrene 11 30.8336
Perylene 10 28.2453
Benzo[e]pyrene 10 28.3361
Benzo[a]pyrene 10 28.222
Hexahelicene 13 36.6814
Benzo[ghi]perylene 11 31.4251
Hexacene 13 36.1557
Coronene 12 34.5718
Ovalene 16 46.4974
Scatter Plot
4 6 8 10 12 14

Fig. 10. Scatter plot for between y,_, and E, for 30 lower BHs.
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We employed an updated integer linear programming model in CPLEX solver to show tightness in the obtained upper bounds. We
present an application of y;,_, in structure-property modeling of the total z-electronic energy of benzenoid hydrocarbons. This, in
turn, answers positively to Problem 1 by Khan [28].

We propose the following open problems:

Problem 2. Find the exact values of y,_, for both families of n-dimensional convex polytopes N, and S,,.

Problem 3. Find the exact value of y,_, for the infinite families of triangular graphs & square grid graphs.

The quest for finding the most suitable domination-related parameter for predicting E_(f) is still ongoing. Thus, we have the

following problem.

Problem 4. Does there exist a domination-related graphical parameter such that the correlation coefficient with E, of benzenoid

hydrocarbons is p > 0.9987?

11
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