
Highlights1

Identity-by-descent segments in large samples2

Seth D. Temple, Elizabeth A. Thompson3

• We show the asymptotic normality of the detectable identity-by-descent rate,4

a mean of correlated binary random variables that arises in population ge-5

netics studies.6

• We generalize our main central limit theorem to cover scenarios of noncon-7

stant population sizes, multi-way identity-by-descent segments, and identity-8

by-descent rates of multiple samples from the same population.9

• In enormous simulation studies, we use an efficient algorithm to characterize10

distributional properties of the detectable identity-by-descent rate.11
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Abstract14

If two haplotypes share the same alleles for an extended gene tract, these hap-15

lotypes are likely to be derived identical-by-descent from a recent common an-16

cestor. Identity-by-descent segment lengths are correlated via unobserved ances-17

tral tree and recombination processes, which commonly presents challenges to18

the derivation of theoretical results in population genetics. We show that the19

proportion of detectable identity-by-descent segments around a locus is normally20

distributed when the sample size and the scaled population size are large. We gen-21

eralize this central limit theorem to cover flexible demographic scenarios, multi-way22

identity-by-descent segments, and multivariate identity-by-descent rates. We use23

efficient simulations to study the distributional behavior of the detectable identity-24

by-descent rate. One consequence of non-normality in finite samples is that a25

genome-wide scan looking for excess identity-by-descent rates may be subject to26

anti-conservative control of family-wise error rates.27
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1. Introduction29

Two individuals share a haplotype segment identical-by-descent (IBD) if they30

inherit it from the same common ancestor. Here, we study the length of IBD seg-31

ments that overlap a single focal location. Ignoring gene conversion, IBD segments32

are randomly cut by crossover recombination in each future generation. The length33

of an IBD segment is thus shorter with higher probability the more removed its34

common ancestor is from the present day.35

Using modern methods, long IBD segments can be detected with high accuracy36

from genetic data [21, 39, 44, 57]. Detectable segments can provide rich information37

about the recent genetic history of a population sample. For instance, detected38

IBD segments have been used to test for rare variant associations when a disease39

allele is untyped or a genome-wide association study is underpowered [7, 23, 35].40

They have also been used to estimate relatedness [21, 39, 57], haplotype phase41

[2, 33], mutation rates [37, 51, 52], recombination rates [55], gene conversion rates42

[6, 37], demographic changes [4, 8, 36], and positive selection [50]. We will study a43

sample mean of indicators if an IBD segment is long enough to be reliably detected.44

The binary random variables are correlated via unobserved recombinations and a45

random ancestral tree.46

For independent, identically distributed data, maximum likelihood estimators47

are asymptotically consistent, efficient, and normally distributed under regularity48

conditions [10]. Composite likelihood approaches are commonly used in genetics49

when it is analytically intractable or computationally expensive to address depen-50

dencies in the data [30]. To what extent consistency, efficiency, and asymptotic51

normality extend to maximum composite likelihood estimators is generally un-52
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known [30]. Studying maximum composite likelihood estimators can be especially53

challenging if their maxima do not have a closed form [36, 51]. In our work, the54

composite likelihood will be the binomial likelihood, which is maximized by the55

sample mean of binary random variables. The statistical property we care the most56

about is asymptotic normality, which is that the estimator’s distribution converges57

to a Gaussian distribution as the sample size tends to infinity [10].58

Without theoretical results, some authors assume that their estimators are59

distributed within some parametric family. In one example, Palamara et al. [38]60

assume without proof that their estimator of coalescent rates within the past tens61

of generations is Gamma distributed. In another example, Carmi et al. [9] observe62

that the Gaussian distribution is a good fit for the average fraction of the genome63

shared IBD by an individual with any other individual. Still, this observation is not64

the same as a theoretical result. When the sampling distribution is not sub-normal65

[53], statistical inference assuming normality may understate the probability of66

extreme values.67

Creating valid confidence intervals can be more straightforward when an esti-68

mator is asymptotically normally distributed. The parametric bootstrap approach69

proposed in Temple et al. [50] gives adequate coverage in selection coefficient esti-70

mation for numerous simulation studies. Their technique implicitly assumes that71

the rate of detectable IBD segments around a locus, and certain functions1 thereof,72

are normally distributed in large samples. In contrast, bootstrap resampling [16]73

has been employed in IBD-based estimation procedures [4, 6, 8, 36, 51]. For sig-74

nificance level α, these existing works do not demonstrate that their (1 − α)%75

1Functions that satisfy the Delta method conditions [10]: the first derivative at the expected
number of detectable IBD segment around a locus exists and is nonzero.
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bootstrap confidence intervals contain a true parameter in (1 − α)% of simula-76

tions. Moreover, nonparametric bootstrapping tends to give confidence intervals77

that are not wide enough to satisfy coverage [34].78

Here, we derive sufficient conditions under which the proportion of detectable79

IBD segments around a locus is asymptotically normally distributed. The proof80

is to show that the variance of detectable IBD segments dominates the covariance81

between detectable IBD segments. Our conditions involve a minimum length of82

detectable IBD segments times the population size from which a large sample is83

drawn. The large population size requirement, in particular, indicates that most84

of the branch lengths in the ancestral tree must be long for the result to hold. The85

overall contribution of this work is to support IBD-based statistical inference with86

rigorous theory and extensive simulation studies.87

The outline of the paper is as follows. In Section 2, we formally define our88

probability model for IBD segments that overlap a fixed location. In Section 3, we89

present and prove our main result for the asymptotic normality of the detectable90

IBD rate around a fixed location. In Section 4, we generalize our central limit91

theorem to cover nonconstant population sizes, multi-way IBD segments, and IBD92

rates between samples from the same population. In Section 5, we use simulation93

to investigate the statistical properties of IBD-based estimators and IBD graphs94

around a locus. Many calculations of covariance terms are left to the Appendix.95

2. Preliminary material96

First, we define our mathematical notation. The notation in Sections 2.1 and97

2.2 follow the notation used in Temple et al. [49]. We use the Kingman coalescent98

[26, 27] as a model for the times until recent common ancestors, and we use the99
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Poisson process to model recombination without interference. The probability that100

an IBD segment is longer than a detection threshold is derived by integrating over101

these two waiting time distributions.102

2.1. The time until a common ancestor103

Let n be the haploid sample size and k ≤ n be the size of a subsample. Define104

N to be the constant population size and N(t) the population size t generations105

ago. Let the random variable Tk denote the time until a common ancestor is106

reached for any two of k haploids, which we measure in units of N generations. In107

the discrete-time Wright-Fisher (WF) process, each haploid has a haploid ancestor108

in the previous generation, and if haploids have the same haploid ancestor, their109

lineages join.110

The Kingman coalescent comes from the continuous-time limit of the WF pro-111

cess when subsample sizes are much smaller than constant population sizes. Specif-112

ically, Tk converges weakly to Exponential(
(
k
2

)
) for k ≪ N and N → ∞ [26, 27],113

where
(
k
2

)
is the rate parameter. We focus on the times T4 ∼ Exponential(6), T3 ∼114

Exponential(3), and T2 ∼ Exponential(1) until any two of four, three, and two115

haploids reach a common ancestor, respectively.116

2.2. The distance until crossover recombination117

The genetic distance (in Morgans) between two loci is the number of crossovers118

expected to occur in an offspring gamete. Assuming no interference in double-119

stranded breaks and independent crossovers, Haldane [24] derives that the genetic120

distance until a crossover recombination is exponentially distributed. This re-121

sult leads to modeling crossover points along the genome as a Poisson process.122

Browning [3] considers crossover models without and with interference [28] when123
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studying transitions between IBD states, whereas we exclusively use the model124

without interference.125

From a fixed point, the Morgans distance in one direction until a gamete off-126

spring crossover is exponentially distributed with rate parameter 1. After t in-127

dependent meioses, the surviving haplotype segment length to the right of the128

focal location is distributed as Exponential(t), where t is the rate parameter. Let129

a and b be sample haplotypes in the current generation, and define La, Ra | t ∼130

Exponential(t) to be sample haplotype a’s recombination endpoints to the left and131

right of a focal location after t generations. Because crossovers to the left and right132

of the focal location are independent, the extant width from the ancestor at time133

t is Wa := La + Ra | t ∼ Gamma(2, t). Since the t meioses descend independently134

to a and b from their most recent common ancestor, the IBD segments that are135

shared by a and b are La,b, Ra,b |t ∼ Exponential(2t) and Wa,b | t ∼ Gamma(2, 2t).136

2.3. The presence of detectable IBD segments137

Relative to a focal point, we consider the detection of long IBD segments in138

a sample. Let Xa,b := Xa,b(w) = I(Ra,b ≥ w) indicate if the IBD segment to the139

right that is shared by sample haplotypes a and b is longer than a detection thresh-140

old w Morgans. The binary random variables {Xa,b} are identically distributed141

with the same mean E2[Xa,b] and correlated through the unobserved coalescent142

tree. We use E2,E3, and E4 and Cov2,Cov3, and Cov4 to denote expected values143

and covariances with respect to coalescent trees of two, three, and four sample144

haplotypes, respectively.145

Our central limit theorem concerns a mean of the IBD segment indicator ran-146

dom variables. Namely, the detectable IBD rate to the right of a fixed location147
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is148

X̄(n2)
:=

(
n

2

)−1∑
(a,b)

Xa,b. (1)

Let Za,b := Xa,b − E2[Xa,b] be the mean-centered binary random variable, and let149

the sum of all except one of these mean-centered random variables be Z−a,b :=150 ∑
(c,d) Zc,d − Za,b. The sum of variances of all IBD segment indicators is151

Ω(n2)
:=

∑
(a,b)

Var(Xa,b) =

(
n

2

)
× E2[Xa,b]× (1− E2[Xa,b]). (2)

Finally, the mean-centered and suitably scaled detectable IBD rate to the right of152

a locus is153

Z̄(n2)
:= Ω

−1/2

(n2)
× (X̄(n2)

− E2[Xa,b]). (3)

For IBD segments overlapping a focal location, let Ya,b := I(La,b + Ra,b ≥ w)154

and Z̃a,b := Ya,b − E2[Ya,b]. The terms Ȳ(n2)
Z̃−a,b,

¯̃Z(n2)
, and Ω̃(n2)

, are defined155

analogously to X̄(n2)
, Z−a,b, Z̄(n2)

, and Ω(n2)
, respectively. We drop the subscript156 (

n
2

)
when it is clear that the aggregation is over

(
n
2

)
pairs of haplotypes. Figure 1157

provides a conceptual example calculating Ȳ for four sample haplotypes.158

We use additional subscript indices when segments are IBD among multiple159

haplotypes, which we refer to as multi-way IBD segments. For instance, Ya,b,c160

indicates if the IBD segment around a locus that is shared between haplotypes161

a, b, and c is longer than w Morgans. The corresponding sample mean over
(
n
3

)
162

haplotype triplets is denoted Ȳ(n3)
, and the related sums, means, and variances163

are defined similarly. This notation is important to extend our main central limit164

theorem to multi-way IBD segment indicators.165

We use the superscript l to denote the sample label when different population166
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samples are considered. For example, X0
a,b and X1

c,d indicate if the IBD segments167

around a locus that are shared between haplotypes a and b in population sample168

0 and c and d in population sample 1 are longer than w Morgans, respectively.169

Mean-centered and bold-faced terms are defined analogously for these extensions.170

For example, the mean in population sample 0 of 2-way IBD segment indicators171

overlapping a focal location is denoted Ȳ0. This notation is important to extend172

our main univariate central limit theorem to a multivariate Gaussian version.173

3. Main central limit theorem174

If U1, . . . , Un ∼iid G for some model G, the Lindeberg-Lévy central limit the-175

orem says that the standardized sample mean weakly converges to the standard176

normal distribution (under some regularity conditions) [31]. The special case of177

this result for binary random variables [15] is more closely related to our work.178

The result does not apply in our case because the IBD segment indicators {Xa,b}179

to the right of a focal point are not independent. We start by focusing on the180

mean-centered and suitably scaled detectable IBD rate Z̄(n2),N
to the right of a181

focal location, where the subscript N clarifies that the haplotypes are sampled182

from a population of constant size N .183

Our central limit theorems concern large sample size n and large population size184

N scaled by the Morgans detection threshold w. The intuition for our weak law is185

that the covariance between IBD segment indicators
∑

(a,b) ̸=(c,d)Cov(Xa,b, Xc,d) is186

small relative to the sum of the variances of the individual IBD segment indicators187

Ω(n2)
. The sum of covariances between random variables being negligible compared188

to the sum of variances of the random variables themselves is the basis of the189

general central limit theorem for dependent data that is given in Chandrasekhar190
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and Jackson [11] and Chandrasekhar et al. [12].191

Theorem 3.1. For n and Nw tending to infinity, the mean-centered and suit-192

ably scaled detectable IBD rate Z̄(n2),N
to the right of a focal location converges in193

distribution to the standard normal distribution when the following are true:194

1. Nw = o(n2), scaled population size is small relative to the number of pairs;195

2. n = o(Nw), sample size is small relative to scaled population size;196

3. E[Za,b × Z−a,b|Z−a,b] ≥ 0 for all Z−a,b.197

Proof. We show that our three conditions are sufficient to apply Corollary 1 in198

Chandrasekhar et al. [12]. Without loss of generality, we derive integrals over a199

tree with two sample haplotypes a and b, a tree with three sample haplotypes a, b,200

and c, and a tree with four sample haplotypes a, b, c, and d.201

E2[Xa,b] =

∫
exp(−2Nt2w) exp(−t2) dt2 = (2Nw + 1)−1 = O((Nw)−1). (4)

It is easy to show that E2[Xa,b] → 0 uniformly for large scaled population size202

(Lemma A.1). The second condition implies that Ω(n2)
→ ∞. The assumption203

in Chandrasekhar et al. [12] that E[|Za,b|3]/E[|Za,b|2]3/2 is bounded above is true204

for nondegenerate Bernoulli random variables [11] (Lemma A.2). Lastly, given205

n = o(Nw), we show that206

∑
(a,b) ̸=(c,d)

Cov(Xa,b, Xc,d ) = o(Ω (n2)
). (5)

In Appendix A.1, we derive bounds on the integrals Cov3(Xa,b, Xa,c) = O((Nw)−2)207

and Cov4(Xa,b, Xc,d) = O((Nw)−3). Next, there are n(n − 1)(n − 2) ∼ n3 combi-208

nations of three haplotypes a, b, and c, and there are n(n−1)(n−2)(n−3)/4 ∼ n4
209
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combinations of four haplotypes a, b, c, and d. In asymptotic arguments, the no-210

tation ∼ means asymptotic equivalence, not distributed as.211

Ω(n2)
∼ n2 ·O((Nw)−1) = o((Nw)2) ·O((Nw)−1) = o(Nw); (6)

212 ∑
a,b,c

Cov3(Xa,b, Xa,c) ∼ n3 ·O((Nw)−2) = o((Nw)3) ·O((Nw)−2) = o(Nw); (7)

213 ∑
a,b,c,d

Cov4(Xa,b, Xc,d) ∼ n4 ·O((Nw)−3) = o((Nw)4) ·O((Nw)−3) = o(Nw). (8)

The covariance between IBD segment indicators (Equations 7 and 8) is controlled214

by the covariance within IBD segment indicators (Equation 6).215

The first two conditions have appealing interpretations. First, Nw = o(n2)216

says that the sample size is large enough relative to the scaled population size217

such that we observe many IBD segments to the right of a focal location that are218

longer than the Morgans threshold w. Second, n = o(Nw) says that the sample219

size is not too large relative to the scaled population size such that we do not220

observe many large clusters of haplotypes with IBD segments to the right of a221

focal location that are longer than the Morgans threshold w.222

The third condition also has an interpretation in the context of population223

genetics. It says that if the number of detectable IBD segments to the right of224

a focal location, except for Xa,b, is less than the expectation E[Xa,b] × (
(
n
2

)
− 1),225

then the IBD segment to the right of a focal location that is shared by a and b226

is shorter than w Morgans on average, and vice versa if X−a,b is greater than its227

expected value. This assumption seems plausible if IBD segments to the right of228

a focal location have nonnegative covariance, which we show in Appendix A.1.229

Moreover, one intuits that the posterior distribution of Xa,b|X−a,b is more likely to230
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come from a tree with long branches than the unconditional distribution of Xa,b is231

when X−a,b < E2[Xa,b]×(
(
n
2

)
−1), and vice versa when X−a,b > E2[Xa,b]×(

(
n
2

)
−1).232

One can show that the small sample size n = 3 is a pathological example where233

the third condition breaks down (Lemma A.6). We do not otherwise calculate234

E[Za,b × Z−a,b|Z−a,b] for all Z−a,b, which involves integration over the space of all235

coalescent trees and the 2(
n
2)−1 hypercube of 0’s and 1’s. In a simulation study,236

we evaluate the third condition via the Monte Carlo method (Appendix A.2),237

concluding that this condition likely holds in large samples.238

The asymptotic normality of ¯̃Z(n2),N
follows from the same arguments as those239

of the proof in Theorem 3.1. We show in Appendix A.1 that Cov2(Ya,b, Ya,b),240

Cov3(Ya,b, Ya,c), and Cov4(Ya,b, Yc,d) are O((Nw)−1), O((Nw)−2), and O((Nw)−3),241

respectively.242

Theorem 3.2. For n and Nw tending to infinity, the mean-centered and suitably243

scaled detectable IBD rate ¯̃Z(n2),N
around a locus converges in distribution to the244

standard normal distribution when the following are true:245

1. Nw = o(n2);246

2. n = o(Nw);247

3. E[Z̃a,b × Z̃−a,b|Z̃−a,b] ≥ 0 for all Z̃−a,b.248

4. Extensions249

4.1. Flexible demographic scenarios250

We can derive a similar result for varying population sizes. Let N1 = maxt N(t)251

and N2 = mint N(t). Compared to varying population sizes N(t), the indicator252

of a detectable IBD segment around a focal location has larger expected value253
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and variance when sample haplotypes come from a constant population of size254

N2. Conversely, compared to varying population sizes N(t), the indicator of a255

detectable IBD segment around a focal location has smaller expected value and256

variance when sample haplotypes come from a constant population of size N1. We257

use these facts to establish covariance bounds for complex demography.258

Theorem 4.1. For n, N1w, and N2w tending to infinity, rhe mean-centered and259

suitably scaled detectable IBD rate Z̄(n2),N(t) to the right of a focal location converges260

in distribution to the standard normal distribution when the following are true:261

1. N1w = o(n2);262

2. n = o(N2w);263

3. E[Za,b × Z−a,b|Z−a,b] ≥ 0 for all Z−a,b.264

The same conditions imply weak convergence for ¯̃Z(n2),N(t).265

Proof. The argument is the same as in Theorem 3.1, except we use N1 and N2 to266

upper and lower bound covariance terms.267

Ω(n2)
∼ n2 ·O((N2w)

−1) = o(N2w); (9)

268 ∑
a,b,c

Cov3(Xa,b, Xa,c) ∼ n3 ·O((N2w)
−2) = o(N2w); (10)

269 ∑
a,b,c,d

Cov4(Xa,b, Xc,d) ∼ n4 ·O((N2w)
−3) = o(N2w). (11)

270

Theorem 3.1 is a special case of Theorem 4.1 when N1 = N2. The conditions271

in Theorem 4.1 are unlikely to hold in real data examples and are more difficult272
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to interpret. Note that the proof of Theorem 4.1 does not make use of the entire273

curve N(t). The population sizes at the most recent coalescent times impact the274

covariance of and between IBD segments around a focal location the most. As in275

Theorem 3.2, we can extend Theorem 4.1 to address IBD segments overlapping a276

focal location.277

4.2. Multi-way IBD segments278

To calculate the probability that an m-way IBD segment indicator is 1, we279

integrate over m − 1 coalescent times and the recombination processes at these280

common ancestors. Here, we consider m > 2 but m much smaller than the sample281

size n. For example, we compute the expected value of the 3-way IBD segment282

indicator to the right of a focal location283

E3[Xa,b,c] =

∫
exp(−2Nt2w) exp(−3Nt3w)

exp(−t2) exp(−3t3) dt2

= 3(2Nw + 1)−1(Nw + 1)−1 = O((Nw)−2).

(12)

Note in this derivation and that of Equation 4 fall under the general result that284

Em[X...m] = O((Nw)−(m−1)), where . . .m denotes m labeled haplotypes. To ob-285

serve many m-way IBD segment indicators, we require (Nw)m−1 = o(nm) because286

the sums are over
(
n
m

)
∼ nm identically distributed random variables.287

Theorem 4.2. For n and Nw tending to infinity and bounded m = O(1), the288

mean-centered and suitably scaled detectable IBD rate Z̄(n
m),N

to the right of a289

focal location converges in distribution to the standard normal distribution when290

the following are true:291
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1. (Nw)m−1 = o(nm);292

2. n = o(Nw);293

3. E[Z...m × Z−...m|Z−...m] ≥ 0 for all Z−...m.294

The weak convergence result holds for ¯̃Z(n
m),N

under the same conditions.295

Proof. The proof is again to show that the three conditions are sufficient to apply296

Corollary 1 in Chandrasekhar et al. [12]. The strategy is to calculate the relevant297

integrals Em[·], . . . ,E2m[·], count the number of occurrences of each covariance298

type, and then observe that the condition n = o(Nw) is sufficient to control the299

total covariance. In Appendix A.1.2, we give a full proof for the 3-way IBD rate,300

from whose covariances and combinatorics it is straightforward to see a pattern as301

m increases.302

303

Theorems 3.1 and 3.2 are special cases of Theorem 4.2 when m = 2. We remark304

that n = o(Nw), which does not involve m, is a condition shared between Theo-305

rems 3.1 and 4.2. Recall that this condition maintains that covariances between306

IBD segment indicators are small, which is governed by large scaled population307

size Nw.308

4.3. Multivariate IBD rates309

We now show that the conditions n = o(Nw) andNw = o(n2) are also sufficient310

to apply the multivariate version of the Chandrasekhar et al. [12] central limit311

theorem. From the multivariate result, we can derive the asymptotic distribution312

of the difference in IBD rates between case and control sample sets. To extend313

our main result to multivariate random vectors, we consider the example of two314
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disjoint sample sets labeled 0 and 1. Each sample consists of n samples from the315

same population of size N .316

Let (X̄0, X̄1)′ ∈ R2×n be the column vector of two sample means, where ′ is317

transpose. The detectable identity-by-descent segment rates around a locus are318

denoted (Ȳ0, Ȳ1)′, and the standardized sample means are denoted (Z̄0, Z̄1)′ and319

( ¯̃Z0, ¯̃Z1)′. In general, we denote X̄1:ℓ and Ȳ1:ℓ and Z̄1:ℓ and ¯̃Z1:ℓ as the unstandard-320

ized and standardized IBD rates to the right of and overlapping a focal location321

for ℓ distinct samples of n haplotypes from N . The mean-centered sums of IBD322

segment indicators excluding Z l
a,b and Z̃ l

a,b are denoted Zl
−a,b Z̃

l
−a,b, respectively.323

Theorem 4.3. For bounded
(
ℓ
2

)
and n and Nw tending to infinity, the mean-324

centered and suitably scaled IBD rates Z̄1:ℓ converge in distribution to the standard325

normal distribution Nℓ(0, Iℓ×ℓ) when the following are true:326

1. Nw = o(n2);327

2. n = o(Nw);328

3. E[Z l
a,b × Zl

−a,b|Zl
−a,b] ≥ 0 for all Zl

−a,b.329

The weak convergence result holds for ¯̃Z1:ℓ under the same conditions.330

(The proof is in Appendix A.1.3 using the result from Chandrasekhar et al. [12].)331

One important consequence of Theorem 4.3 is that affine transformations of332

the sample means column vector are asymptotically normally distributed. In par-333

ticular, for the example of two samples and the row vector (1,−1), the difference334

in standardized IBD rates around a locus ¯̃Z0 − ¯̃Z1 is asymptotically normally dis-335

tributed. When there are ℓ sample sets, for each pair of the ℓ sample means, a row336

vector exists such that the dot product gives the difference in their IBD rates.337
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To apply Corollary 1 of Chandrasekhar et al. [12], we restrict our result to338

equally sized samples of n haplotypes. In case-control studies, there may be sam-339

ples of unequal sizes n1 and n0. We conjecture that the difference in IBD rates340

will still asymptotically normally distributed, so long as Nw = o(n2
1) and Nw =341

o(n2
0) and max(n0, n1) = o(Nw). The conditions Nw = o(n2

1) and Nw = o(n2
0)342

maintain that we detect many IBD segments in both samples. The condition343

max(n0, n1) = o(Nw) maintains that covariances are vanishing both in the diago-344

nal terms Cov(¯̃Z1, ¯̃Z1) and Cov(¯̃Z0, ¯̃Z0) and the off-diagonal term Cov(¯̃Z0, ¯̃Z1).345

Another limitation is our restriction to distinct sample sets, which is necessary346

to make the covariance calculations analytically tractable. Browning and Thomp-347

son [7] study the IBD rates between case-case, case-control, and control-control348

haplotype pairs, resulting in a sample means vector that does not fall under our349

mathematical framework. We conjecture that the empirical distributions of such350

vectors may be similar to those of vectors of nonoverlapping sample sets when the351

samples come from a large population. The reason for our conjecture is the same352

as before: the large scaled population size leads to vanishing covariances in the353

diagonal and off-diagonal terms.354

5. Simulation studies355

The theoretical results in Sections 3 and 4 rely on asymptotic conditions, not356

finite sample conditions. Using simulation, we explore the finite sample empirical357

distributions and percentiles of detectable IBD rate-based statistics around a fixed358

location. To investigate normality, we require massive simulations to form tens of359

thousands of empirical distributions.360

We use the algorithm in Temple et al. [49] to simulate detectable IBD segments361
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overlapping a fixed location. Despite the speed of the algorithm, the enormous362

scope of our simulations takes hundreds of days of computing time, which we363

spread across core processing units. If not for the algorithm’s efficiency, we would364

be limited in our ability to study the distributional behavior of the standardized365

detectable IBD rate ¯̃Z and the difference in IBD rates ¯̃Z0 − ¯̃Z0.366

We consider sample sizes of five and ten thousand “diploid” individuals. To367

implement “diploids”, we use a haploid model with two times the sample size368

of diploids (and likewise for demographic models). We consider the same demo-369

graphic scenarios described in Temple et al. [50] and Temple et al. [49]: constant370

population sizes ranging from ten thousand to ten million diploid individuals and371

examples of exponential growth phases and a population bottleneck. Both com-372

plex demographic scenarios amount to population sizes ≥ 106 in the most recent373

tens of generations and population sizes ≤ 104 more than a few hundred genera-374

tions ago. Figure S1 from Temple et al. [49] illustrates some of these demographic375

scenarios.376

5.1. Identity-by-descent rates in finite samples377

5.1.1. Constant population sizes378

Using the Shapiro-Wilk test [41, 42, 43], we investigate if empirical distributions379

of
∑

a,b Ya,b resemble normal distributions as sample size n, population size N , and380

the Morgans length threshold w increase. We partition simulated IBD rates into381

five hundred empirical distributions based on one thousand observations. The null382

hypothesis is that the empirical distribution of detectable IBD rates is normally383

distributed. Rejecting the null hypothesis means that there is enough evidence384

indicating that the empirical distribution is not normal. We report the proportion385

17

.CC-BY 4.0 International licensemade available under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is 

The copyright holder for this preprintthis version posted January 7, 2025. ; https://doi.org/10.1101/2024.06.05.597656doi: bioRxiv preprint 

https://doi.org/10.1101/2024.06.05.597656
http://creativecommons.org/licenses/by/4.0/


of times we reject the null hypothesis at the significance level 0.05.386

Figure 2 shows the proportion of rejected tests for increasing population size387

and Morgans length threshold with sample size fixed at five and ten thousand388

diploid individuals. The trend is that the proportion of rejected tests decreases389

with the increasing population size and Morgans length threshold. Figure S2 shows390

that this trend does not depend on the significance level. These observations align391

with the condition n = o(Nw) in Theorem 3.1 and Theorem 3.2. The setting392

for which the proportion is closest to 0.05 is n = 104, N = 106, and w = 0.04.393

Interestingly, for the same sample size and Morgans length threshold, we observe394

more rejected tests for N = 107 than for N = 106. This observation aligns with395

the condition Nw = o(n2) in Theorem 3.1 and Theorem 3.2 (there are too few396

observed IBD segments).397

Figure S3 shows the proportion of rejected tests for increasing sample size398

and Morgans length threshold with population size fixed at fifty and one hundred399

thousand diploid individuals. The proportion of rejected tests decreases slightly400

with increasing sample size. This trend may be explained by the fact that sample401

size has no effect on the marginal correlations of IBD segments (Lemmas A.3, A.4,402

and A.5).403

5.1.2. Flexible demographic scenarios404

Figure S4 shows the proportion of rejected tests for increasing sample size and405

Morgans length threshold in the three phases of exponential growth and popu-406

lation bottleneck demographic scenarios. For Morgans length threshold greater407

than or equal to 0.03, the proportions of rejected tests are less than 0.3 and 0.1408

in the three phases of exponential growth and population bottleneck scenarios,409
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respectively. Consistent with our central limit theorems, we observe a decreasing410

trend as we increase the Morgans length threshold, even though the proportions411

of rejected tests around 0.3 and 0.1 are not close to the nominal significance level412

0.05. Additionally, these proportions are less than their corresponding proportions413

in the population of twenty-five thousand diploid individuals (Figure 2).414

The conditions on the global extrema of population sizes in Theorem 4.1 are415

very stringent. The most recent population sizes have the strongest impact on416

the covariances of IBD segment indicators. One interpretation of the results in417

Figure S4 is that the detectable IBD rate around a locus may behave like a normal418

distribution in demographic scenarios with large recent population sizes, regardless419

of the not-so-recent population sizes.420

5.1.3. Difference of identity-by-descent rates in two samples421

We compute the difference of detectable IBD rates around a locus by splitting422

five thousand diploid individuals into two equally sized subsets. Then, under423

different experimental conditions, we perform two hundred and fifty Shapiro-Wilk424

tests based on five hundred simulations of the test statistic.425

Figure S4 shows the proportion of rejected tests for increasing population size426

and Morgans length threshold. At the significance level 0.05, and for all scaled427

population sizes, between 0.05 and 0.15 percent of tests are rejected. At the428

significance level 0.10, and for all scaled population sizes, between 0.10 and 0.30429

percent of tests are rejected. There is no apparent trend as either population430

size or Morgans length threshold increases. One explanation is that any potential431

overdispersion of ¯̃Z0 and ¯̃Z1, relative to the standard normal distribution, may432

be partially balanced out by considering the difference of the rates. Another433
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explanation is the limited power to reject the Shapiro-Wilk null hypothesis in434

the scope of our computationally feasible experiments.435

Across all simulation experiments in Sections 5.1.1, 5.1.2, and 5.1.3, we reject436

normality at rates greater than the Type 1 error rate 0.05 with the sample sizes and437

population sizes explored here. These magnitudes are already quite large relative438

to existing sample sizes and inferred effective population sizes. Nevertheless, the439

trends of increasing sample size and scaled population size suggest the validity of440

our central limit theorems.441

5.2. Percentiles of the finite sample distributions442

Next, we investigate possible explanations for rejecting the nominal signifi-443

cance levels at elevated rates. We focus on the upper percentiles of the empirical444

distribution of our test statistics ¯̃Z and ¯̃Z0 − ¯̃Z1. For each batch of simulations,445

we compute a mean, a standard deviation, and the mean plus three or four stan-446

dard deviations. Then, we calculate the 99.86501th and 99.99683th percentiles of447

the test statistic over all batches. (These percentiles correspond to the standard448

normal quantiles of three and four.) We multiply the reciprocal of these quantiles449

by their corresponding estimated upper bounds, which we refer to as the relative450

upper bounds.451

5.2.1. The identity-by-descent rate in one sample452

Browning and Browning [5], Temple et al. [50], and Temple [48] conduct hy-453

pothesis tests to evaluate if the detectable IBD rate ¯̃Z around any specific locus454

exceeds a genome-wide mean IBD rate. When our central limit theorems hold,455

we can interpret their hypothesis test as a one-sample one-sided z tests. Our esti-456

mated upper bounds, the mean plus some standard deviations, are meant to mimic457
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their hypothesis tests [5, 50].458

Figures 3 and S6 show the average relative upper bounds by increasing popula-459

tion size and Morgans length threshold. The average estimated upper bounds are460

less than the simulated percentile threshold for all sample sizes, population sizes,461

Morgans length thresholds, and quantiles considered. The average estimated up-462

per bound is proportionally closer to the percentile threshold as population size463

and Morgans length threshold increase, which is a result consistent with Section464

5.1.1 and our central limit theorems.465

Figure S4 shows that the average estimated upper bound is also less than the466

simulated percentile threshold for all sample sizes and Morgans length thresholds467

in the complex demographic scenarios. The average estimated upper bound is468

proportionally closer to the percentile threshold for the population bottleneck sce-469

nario compared to the three phases of exponential growth scenario, which is the470

complex demographic scenario with larger recent population sizes (Figure S1).471

These experiments suggest that one reason why we reject the Shapiro-Wilk null472

hypothesis at elevated rates is because the test statistic’s upper tail probability is473

heavier than that of the standard normal distribution.474

5.2.2. Difference of identity-by-descent rates in two samples475

Analogous to the excess IBD rate test, the difference in IBD rates ¯̃Z0− ¯̃Z0 may476

be used as a hypothesis test for equality of means between two labeled subgroups.477

We perform the same experiment, except for the difference in IBD rates as our478

test statistic.479

Figure S7 shows the average relative upper bounds by increasing population480

size and Morgans length threshold. We see no trend between the average relative481
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upper bounds and sample size, population size, and Morgans length threshold,482

respectively. Compared to our observation in the one-sample experiment, the483

test statistic’s upper tail probability is not noticeably different from that of the484

standard normal distribution. These empirical observations are consistent with485

our Type 1 error experiment in Section 5.1.3.486

5.3. Identity-by-descent graphs around a locus487

Clusters of detectable IBD haplotypes overlapping a focal point indicate non-488

negligible covariance between segments. These cluster covariances could thus ex-489

plain the observed non-normality in finite samples. We form detectable IBD graphs490

about a locus by drawing an edge between haplotypes if they share a detectable491

IBD segment overlapping a focal point. We define detectable IBD clusters as the492

connected components in the detectable IBD graph.493

We analyze five features of graphs. The number of edges is equivalent to the494

number of IBD segments longer than the length threshold. A tree of order m is a495

connected component that has m nodes and m − 1 edges. An order m complete496

connected component has m nodes and edges between every pair of nodes. We497

count the number of trees of order 2 and 3, the number of complete connected498

components of order 3 or more, and the number of nodes in the largest connected499

component. We calculate the average, variance, minimum, and maximum for each500

feature over replicate simulations. We also conduct Shapiro-Wilk tests by splitting501

the simulated data as described in Section 5.1.1.502

Note that the number of trees of order m is not the same as the m-way IBD503

rate around a locus. For example, in a complete connected component of four504

nodes, there are
(
4
3

)
counts of 3-way detectable IBD. As a result, Theorem 4.2505
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does not apply to the following experiments on tree orders. However, we might506

expect to see some approximately normally distributed data if most components507

of degree m are trees.508

5.3.1. Comparing to sparse Erdős-Rényi graphs509

The Erdős-Rényi graph is a simple network model in which independent edges510

between nodes occur with a uniform success probability [17]. We denote a sparse511

Erdős-Rényi network as one in which the success probability is vanishingly small.512

We compare the features of connected components between detectable IBD and513

Erdős-Rényi graphs, setting the uniform success probability to be the approximate514

probability of an IBD segment longer than a Morgans length threshold [36]. This515

contrast analyzes the evolution of independent edges versus weakly correlated edges516

of a specific nature.517

For sparse Erdős-Rényi graphs, there are theoretical properties associated with518

the graph features that we consider in our simulation study. When the success519

probability is small, the number of trees of order m weakly converges to a Gaussian520

distribution in large networks [18], and trees of order m1 have faster convergence521

than trees of order m2 when m1 < m2. Another asymptotic property of sparse522

Erdős-Rényi graphs is that almost all nodes are in trees of small order or a single523

“giant” component [18].524

Figure 4 shows that some empirical distributions of graph features resemble525

normal distributions in a sample size of five thousand diploid individuals from a526

population of one hundred thousand diploid individuals. Table 1 compares our527

summary statistics between these simulated detectable IBD and sparse Erdős-528

Rényi graphs. The variance, minimum, and maximum number of edges are larger529
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for detectable IBD graphs compared to sparse Erdős-Rényi graphs, which is a direct530

consequence of the nonzero covariance of IBD edges2. The proportions of rejected531

hypothesis tests for numbers of trees of order 2 and connected components of532

degree 3 or more are close to 0.05 for both detectable IBD and sparse Erdős-Rényi533

graphs. While we observe that some limiting distributional behaviors of small534

degree connected components in detectable IBD graphs match those in sparse535

Erdős-Rényi graphs, these observations go beyond the theory we have presented.536

5.3.2. Flexible demographic scenarios537

Figure S8 shows that the apparent normality of some graph features extends538

to the three phases of exponential growth and population bottleneck demographic539

scenarios. Table S1 reports that the proportions of rejected hypothesis tests for540

numbers of trees of order 2 are close to 0.05 for both demographic scenarios. We541

also cannot reject normality for the number of trees of order 3 and the number542

of connected components of degree 3 or more in some simulations of the three543

phases of exponential growth scenario. These results indicate that the limiting544

distributional behaviors of graph features in detectable IBD graphs around a locus545

can be similar for large constant populations and demographic scenarios with large546

recent population sizes.547

5.3.3. The impact of strong positive selection548

Strong directional selection increases the detectable IBD rate around a locus549

[50] and the probability of IBD alleles [1], but less is known about how this phe-550

nomenon alters the feature distributions of detectable IBD graphs. In a hard551

2The expected number of edges should be the same, if not for some approximations [36, 49].
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selective sweep, a single allele increases in frequency at a rate of change that552

depends on a selection coefficient [14, 20, 25, 54]. The selection coefficient param-553

eterizes the advantage that the sweeping allele has relative to alternative alleles,554

in so much as the gradient of the allele frequency trajectory is larger when the555

selection coefficient is larger.556

We conduct more simulations of detectable IBD graphs for selection coefficients557

between 0.01 and 0.04 and the three phases of exponential growth and population558

bottleneck scenarios. Tables S2 and S3 demonstrate multiple trends as the selec-559

tion coefficient increases. The apparent normality of the number of trees of order560

2 does not noticeably change as we change the selection coefficient. Compared to561

our simulations with no selection, we reject normality less often for the number of562

trees of order 3 and the number of complete components of order 3 or more. It563

may be that the distributional behaviors of these small degree connected compo-564

nents become more apparent under the selection models with more detectable IBD565

segments. The main effect of strong positive selection appears to be the growth of566

the largest detectable IBD cluster that includes haplotypes with a beneficial allele.567

This idea is a major motivation for the suite of methods developed in Temple et al.568

[50].569

6. Discussion570

In this article, we leverage ideas from coalescent theory and haplotype sharing571

to develop statistical theory and motivate methodology in IBD-based inference.572

Most notably, we prove a central limit theorem for the detectable IBD rate around573

a locus whose regularity conditions have intuitive interpretations in population574

genetics. The sample size squared must be large enough such that there are many575
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IBD segments long enough to be accurately detected by existing methods [5, 21,576

44, 56]. The population size must be large enough that there are few to no large577

IBD clusters about a locus.578

The conceptual framework for these conditions involves envisioning a coalescent579

tree with long internal branches, but numerous coalescent events occur near the580

leaves. The internal branches are long because of the large population size, and581

there are numerous coalescent events near the leaves because of the large sample582

size. The large Morgans threshold further decreases the probability of a detectable583

IBD segment and the correlations between IBD segment indicators.584

The techniques we use might be useful to other studies involving coalescent585

and recombination processes. For instance, to generalize our main central limit586

theorem, we take a formulaic approach. First, we derive covariances for a finite587

set of classes. Second, we count the number of covariance terms of each class that588

occur in the total covariance of the sample mean. Third, we determine a “little-o”589

condition such that the sum of covariances of one specific class is asymptotically590

equivalent to the sum of covariances of all the other classes. We use a particular591

central limit theorem for dependent data [11, 12], which is derived using Stein’s592

moment-based method—a more general technique to demonstrate weak conver-593

gences to Gaussian or non-Gaussian random variables [29, 40, 46, 47].594

One counterexample in which our particular proof strategy does not work con-595

cerns the density of recent coalescent events (DRC) [38]. This test statistic is the596

sample mean of indicators if a haplotype pair has a common ancestor within a597

given time threshold 3. For constant population size N , each covariance type is598

3The DRC and the detectable IBD rate have both been used in selection scans [5, 50]. Intu-
itively, they capture a similar population genetics signal.
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the survival function of a hypoexponential random variable. The main terms in all599

these survival functions take the form exp(−C ·N), where C is a constant. How-600

ever, the combinatorics are the same as those in our IBD-based statistics. As a601

result, the sum of covariances of one specific class is not asymptotically equivalent602

to the sum of covariances of all the other classes. This observation points out the603

role that integrating over shared recombinations plays in reducing the covariance.604

We employ simulation to evaluate the assumptions and validity of our central605

limit theorem. Consistent with our conditions, we reject a null hypothesis of nor-606

mality less often as sample size and scaled population size increase. In practice, we607

find that non-normality is typical in finite samples. We indicate that nonnegligible608

covariance may come from the accumulation of IBD clusters. Based on the tail609

behavior of simulated distributions, we expect that a one-sample z test for excess610

IBD rates may inflate the number of false positives.611

Our regularity conditions concern a balance between sample size and scaled612

population size that is unlikely to hold in practical settings. In our experiments,613

we observe neither a trend between sample size and the proportion of rejected614

tests nor between sample size and the relative upper tail probability. We advocate615

that the collected sample size should always be as large as is feasible and that the616

smallest Morgans length threshold for which IBD segment detection is accurate617

should be chosen.618

Our theoretical results and simulation studies support ongoing methodological619

developments based on IBD segments. Existing genome-wide scans for excess620

IBD rates [5, 50] or differences in IBD rates between groups [7] lack formal or621

exact hypothesis testing frameworks. Motivated in part by this work, Temple [48]622

controls the family-wise error rate (FWER) in their selection scan by modeling623

27

.CC-BY 4.0 International licensemade available under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is 

The copyright holder for this preprintthis version posted January 7, 2025. ; https://doi.org/10.1101/2024.06.05.597656doi: bioRxiv preprint 

https://doi.org/10.1101/2024.06.05.597656
http://creativecommons.org/licenses/by/4.0/


the IBD rate process as an Ornstein-Uhlenbeck process, thereby assuming that the624

IBD rate is normally distributed at any given spatial position. Consistent with625

this work, they show anti-conservative control of FWER. Combining an FWER626

control technique [19, 45] with our multivariate central limit theorem, we indicate627

that a modification of the Temple [48] method may apply to a test for equality628

of detectable IBD rates in case-control studies. In these examples and others [13,629

22, 32] from statistical and population genetics, assuming reasonable asymptotic630

models is often vital when adjusting for many correlated tests.631
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Data and code availability632

We use the Python package https://github.com/sdtemple/isweep for all sim-633

ulation studies. This software is freely available under the open-source CC0 1.0634

Universal License.635
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A.1. Derivations of theoretical results795

A.1.1. Theorem 3.1 and its extensions796

Lemma A.1. E2[Xa,b] → 0 uniformly as Nw → ∞.797

Proof. Let f(N) = (Nw)−1, and recall that E2[Xa,b] = (2Nw + 1)−1. If Nw >798

(1/ε− 1)/2, then |f(N)− 0| < ε. Choose integer M such that Mw ≥ (1/ε− 1)/2.799

Thus, for ε > 0, there exists M such that |f(N)| = (2Nw + 1)−1 < ε for all800

N ≥ M .801

Lemma A.2. Let X ∼ Bernoulli(q) and q ∈ (0, 1). E[|Z|3]/E[|Z|2]3/2 is bounded802

above where Z = X − E[X].803

Proof.

E[|Z|3] = |1− q|3q + |q|3(1− q)

= q(1− q)((1− q)2 + q2)

< 1.

(A.1)

804

E[|Z|2]3/2 = (|1− q|2q + |q|2(1− q))3/2

= (q(1− q)(1− q + q))3/2

= (q(1− q))3/2

> 0.

(A.2)

805

Lemma A.3. Cov3(Za,b, Za,c) ≡ Cov3(Xa,b, Xa,c) = O((Nw)−2).806

Proof. Up to reordering three sample haplotypes, there is one possible bifurcating807

tree (Figure S9). Sample haplotypes a and b coalesce to a common ancestor, and808
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their common ancestor coalesces to a common ancestor with sample haplotype c.809

We integrate over coalescent time and haplotype segment lengths to bound the810

covariance.811

E3[Xa,b] = 3

∫
exp(−2Nt3w) exp(−3t3)dt3

= 3(2Nw + 3)−1.

(A.3)

812

E3[Xa,c] = 3

∫ ∫
exp(−2Nt3w) exp(−2Nt2w) exp(−3t3)) exp(−t2)dt3dt2

= 3(2Nw + 1)−1(2Nw + 3)−1.

(A.4)

813

E3[Xa,bXa,c] = 3

∫ ∫ ∫
exp(−3Nt3w) exp(−2Nt2w) exp(−3t3) exp(−t2)dt3dt2

= (2Nw + 1)−1(Nw + 1)−1.

(A.5)

814

Cov3(Xa,b, Xa,c) = E3[Xa,bXa,c]− E3[Xa,b] · E3[Xa,c]

= (2Nw + 1)−1((Nw + 1)−1 − 9(2Nw + 1)−1(2Nw + 3)−1)

≤ (2Nw + 1)−1(Nw)−1

= O((Nw)−2).

(A.6)

815

Lemma A.4. Cov4(Za,b, Zc,d) ≡ Cov4(Xa,b, Xc,d) = O((Nw)−3).816

Proof. Up to reordering four sample haplotypes, there are two possible bifurcating817

trees (Figure S10). The first tree is as follows: sample haplotypes a and b coalesce818

to a common ancestor, then sample haplotypes c and d coalesce to a common819
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ancestor, and finally those common ancestors coalesce. The covariance of Xa,b and820

Xc,d is zero because of independent meioses. We focus instead on the covariance of821

Xa,c and Xb,d. We integrate over coalescent time and haplotype segment lengths822

to bound the covariance.823

E4[Xa,c] = E4[Xb,d]

= 6 · 3
∫ ∫

exp(−2N(t4 + t3 + t2)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1(2Nw + 1)−1.

(A.7)

824

E4[Xa,cXb,d] = 6 · 3
∫ ∫ ∫

exp(−(4Nt4 + 3Nt3 + 2Nt2)w)

exp(−(6t4 + 3t3 + t2))dt4dt3dt2

= 18(4Nw + 6)−1(3Nw + 3)−1(2Nw + 1)−1.

(A.8)

825

Cov4(Xa,c, Xb,d) ≤ 3(4Nw + 6)−1(Nw + 1)−1(2Nw + 1)−1 = O((Nw)−3). (A.9)

The second tree is as follows: a and b coalesce to a common ancestor, then826

their common ancestor coalesces with c, and finally, the common ancestor of a, b,827

and c coalesces with d. It is easy to verify that E4[Xa,cXb,d] is the exact same as828

in Equation A.8. Next,829

E4[Xa,c] = 6 · 3
∫ ∫

exp(−2N(t4 + t3)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1.

(A.10)
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830

E4[Xb,d] = 6 · 3
∫ ∫

exp(−2N(t4 + t3 + t2)w) exp(−(6t4 + 3t3 + t2)) dt4dt3dt2

= 18(2Nw + 6)−1(2Nw + 3)−1(2Nw + 1)−1.

(A.11)

Because Equations A.10 and A.11 are nonnegative, the marginal covariance upper831

bound is the same as in Equation A.9.832

Lemma A.5. The following are true833

• Cov2(Z̃a,b, Z̃a,b) ≡ Cov2(Ya,b, Ya,b) = O((Nw)−1);834

• Cov3(Z̃a,b, Z̃a,c) ≡ Cov3(Ya,b, Ya,c) = O((Nw)−2);835

• Cov4(Z̃a,c, Z̃b,d) ≡ Cov4(Ya,c, Yb,d) = O((Nw)−3).836

Proof. We take the same approach as in Lemmas A.3 and A.4, except the survival837

function is that of an Erlang random variable with shape parameter 2.838

E2[Ya,b] =

∫
(exp(−2Nt2w) + 2Nt2w exp(−2Nt2w)) exp(−t2)dt2

= (2Nw + 1)−1 +

∫
2Nt2w exp(−(2Nw + 1)t2)dt2

= (2Nw + 1)−1 + 2Nw

∫
t2 exp(−(2Nw + 1)t2)dt2

= (2Nw + 1)−1 + 2Nw(2Nw + 1)−2

= (2Nw + 1)−1(1 + 2Nw(2Nw + 1)−1).

(A.12)
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839

E3[Ya,b] = 3

∫
(exp(−2Nt3w) + 2Nt3w exp(−2Nt3w)) exp(−3t3)dt2

= 3((2Nw + 3)−1 + 2Nw

∫
t3 exp(−(2Nw + 3)t3))

= 3((2Nw + 3)−1 + 2Nw(2Nw + 3)−2)

= 3(2Nw + 3)−1(1 + 2Nw(2Nw + 3)−1).

(A.13)

840

E3[Ya,c] = 3(2Nw + 3)−1(2Nw + 1)−1

+ 6Nw

∫
(t3 + t2) exp(−(2Nw + 3)t3) exp(−(2Nw + 1)t2)dt3dt2

= 3((2Nw + 3)−1(2Nw + 1)−1 + 2Nw(2Nw + 3)−2(2Nw + 3)−2)

= 3(2Nw + 3)−1(2Nw + 1)−1(1 + 2Nw(2Nw + 3)−1(2Nw + 3)−1).

(A.14)

From Equations A.12, A.13, and A.14, the pattern emerges that the effect of the841

convolution of crossover points is to multiply O(1) terms to the marginal expected842

values in Equation 4 and Lemmas A.3 and A.4.843

Calculating E3[Ya,bYa,c] is more involved. Up to reordering three sample hap-844

lotypes, we consider sample haplotypes a and c that coalesce at the most recent845

common ancestor of a, b, and c. Then, E3[Ya,c] ≥ E3[Ya,bYa,c], and846

Cov3(Ya,b, Ya,c) = E3[Ya,bYa,c]− E3[Ya,b]E3[Ya,c]

≤ E3[Ya,bYa,c]

≤ E3[Ya,c]

= O((Nw)−2).

(A.15)

Using the same techniques, it is easy to calculate E4[Ya,c] and E4[Yb,d] for the847
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two different tree shapes and derive the O((Nw)−3) bound for Cov4(Ya,c, Yb,d).848

849

Lemma A.6. For a sample of three haplotypes a, b, and c, when E2[Xa,c] < 1/2,850

the conditional expectation E[Za,c × Z−a,c|Z−a,c] ̸≥ 0 for all Z−a,c.851

Proof. Define q =: E2[Xa,c], and fix X−a,c = 1.852

E[Za,c × Z−a,c|Z−a,c] = E[(Xa,c − q)× (Xa,b +Xb,c − 2q)|Xa,b +Xb,c = 1]

= E[Xa,c × (1− 2q)|Xa,b +Xa,c = 1]− q + 2q2

Because of IBD transitivity, Xa,c = 0 with probability 1. Then, the equation853

simplifies to −q(1− 2q) < 0.854

A.1.2. Multi-way IBD segments855

Proof of Theorem 4.2. We give the general argument for 3-way IBD segment in-856

dicators. To begin, we calculate bounds on the relevant integrals Ek[·], . . . ,E2k[·].857

Recall that Ek is the expected value with respect to a coalescent tree of k haplo-858

types.859

E3[Xa,b,cXa,b,c] = O((Nw)−2)

E4[Xa,b,cXa,b,d] = O((Nw)−3)

E5[Xa,b,cXa,d,e] = O((Nw)−4)

E6[Xa,b,cXd,e,f ] = O((Nw)−5).

(A.16)

These are also the covariance bounds because E3[Xa,b,cXa,b,c] ≥ 0 and E3[Xa,b,cXa,b,c] ≥860

E3[Xa,b,c]
2 and so on for the other Ek relations.861
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Next, we take sums over these covariance bounds and substitute in the n =862

o(Nw) condition.863

Ω(n3)
∼ n3 ·O((Nw)−2)

= o((Nw)3) ·O((Nw)−1)

= o(Nw);

(A.17)

864 ∑
a,b,c,d

Cov4(Xa,b,c, Xa,b,d) ∼ n4 ·O((Nw)−3)

= o((Nw)4) ·O((Nw)−3)

= o(Nw);

(A.18)

865 ∑
a,b,c,d,e

Cov5(Xa,b,c, Xa,d,e) ∼ n5 ·O((Nw)−4)

= o((Nw)5) ·O((Nw)−4)

= o(Nw);

(A.19)

866 ∑
a,b,c,d,e,f

Cov6(Xa,b,c, Xd,e,f ) ∼ n6 ·O((Nw)−5)

= o((Nw)6) ·O((Nw)−5)

= o(Nw).

(A.20)

The covariance within IBD segment indicators Ω(n3)
controls the sum of covariances867 ∑

(a,b,c) ̸=(d,e,f) Cov(Xa,b,c, Xd,e,f ). Using the bounding argument in Equation A.15,868

the result extends to IBD segment indicators around a focal location.869

870
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A.1.3. Multivariate IBD rates871

Proof of Theorem 4.3. To use Corollary 1 from Chandrasekhar et al. [12] in mul-872

tiple dimensions, we now require defining their notion of an affinity set. These873

are subsets Al
a,b containing the haplotype pair a and b from sample l such that874

Cov(X l
a,b, X

l⋆

c,d) is high if the haplotype pair c and d from sample l⋆ are in the875

affinity set and low if they are not. We consider the singleton affinity sets {X l
a,b}.876

(We remark that singletons are the affinity sets we use in all of our proofs for the877

one-dimensional results.)878

We use the example of two sample means to concretely calculate covariances.879

Let Ω2×2 be the covariance matrix such that880

Ω0,0 = Ω1,1 =
∑

Cov(X0
a,b, X

0
a,b) ∼ n2(Nw)−1;

Ω0,1 = Ω1,0 = 0.

Ω0,1 and Ω1,0 concern the sum of covariances of IBD segment indicators within881

affinity sets but in different samples, which is zero because the affinity set of a882

haplotype pair in one sample includes no haplotype pairs in a different sample.883

The term that controls the sum of covariances across affinity sets is the Frobe-884

nius norm ||Ω2×2||F . We calculate this norm as885

||Ω2×2||F =
√
Ω2

0,0 + 2 · Ω2
0,1 + Ω2

1,1

∼
√

2n4(Nw)−2 + 0

=
√
2n2(Nw)−1.

(A.21)

Under the condition n = o(Nw), Equation A.21 is o(Nw), and under the condition886
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Nw = o(n2), the variance term ||Ω2×2||F tends to infinity.887

The first condition from Corollary 1 in Chandrasekhar et al. [12] is888

∑
(l⋆,a,b) ̸=(l,c,d)

Cov(X l⋆

a,b, X
l
c,d) = o(||Ω2×2||F ) = o(Nw). (A.22)

We compute the sums of covariances of IBD segment indicator types {(a, b), (a, e)}889

and {(a, b), (c, d)}, where a, b, and e are haplotypes in one sample and c and d are890

haplotypes in the other sample. By the same calculations as in the previous proofs,891

these sums are asymptotically equivalent to n3(Nw)−2 = o(Nw) and n4(Nw)−3 =892

o(Nw).893

Since the column vector is now multi-dimensional, we must also show that894

∑
(l⋆,a,b),(l,c,d)

Cov((X l⋆

a,b)
2, (X l

c,d)
2) = o(||Ω2×2||2F ). (A.23)

This calculation is simplified as895

∑
(l⋆,a,b),(l,c,d)

Cov((X l⋆

a,b)
2, (X l

c,d)
2) =

∑
(l⋆,a,b),(l,c,d)

Cov(X l⋆

a,b, X
l
c,d)

= Ω0,0 + Ω1,1 +
∑

(l⋆,a,b) ̸=(l,c,d)

Cov(X l⋆

a,b, X
l
c,d)

= o(Nw).

(A.24)

We get the general result by extending these calculations for sums and norms896

over covariances of two samples to those of ℓ samples. The term in Equation A.22897

involves sums of covariances of
(
ℓ
2

)
pairs of samples. This term is why we require898

the bound on
(
ℓ
2

)
, because in Equation A.21 we have the multiplicative factor

√
ℓ.899
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Using the bounding argument in Equation A.15, the result extends to IBD segment900

indicators around a focal location.901

902

A.2. Verifying an assumption of the central limit theorem903

We take a Monte Carlo approach to examine the conditional expectation as-904

sumption E[Z̃a,b × Z̃−a,b|Z̃−a,b] ≥ 0 for all Z̃−a,b because E[Z̃a,b|Z̃−a,b] is analyti-905

cally intractable. Namely, by replacing the expected value E[Ya,b|Y−a,b] with an906

average over a large number of simulations, we assess if E[Ya,b|Y−a,b] ≥ E[Ya,b]907

when Y−a,b ≥ (
(
n
2

)
− 1) · E[Ya,b] and vice versa that E[Ya,b|Y−a,b] ≤ E[Ya,b] when908

Y−a,b ≤ (
(
n
2

)
−1) ·E[Ya,b]. (Recall that Za,b is the binary random variable Ya,b after909

mean-centering.) The intuition is that if the observed sum Y−a,b is larger than the910

expected sum E[Y−a,b] then the held out Ya,b is more likely to be 1 than it would911

be if the observed sum equaled the expected sum.912

We run the Temple et al. [49] algorithm one hundred and twenty million times,913

recording the value of Ya,b and the sum Y−a,b for some fixed haplotype pair a and914

b. Then, we calculate the difference between the empirical average Ȳa,b and E[Ya,b],915

stratified into eight quantile bins depending on the sum Y−a,b. The sample sizes916

are limited to two to four hundred diploid individuals to keep runtime modest.917

Figure S11 shows the results of this simulation study. For each bin, the average918

count is less than and greater than E[Ya,b] when the sum Y−a,b is less than and919

greater than E[Y−a,b], respectively. This trend is especially apparent for Y−a,b far920

from the mean IBD count (
(
n
2

)
− 1) × E[Ya,b]. These findings provide empirical921

evidence that the theorem assumption may be true for moderate to large sample922

sizes.923
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Figures924

Figure 1: Example calculation of the detectable IBD rate. IBD segment lengths overlapping a
focal point for sample haplotypes a, b, c, d are shown. The IBD segment indicators (Yi,j ’s) are 1
if their IBD segment lengths (Wi,j ’s) exceed w Morgans and otherwise 0. The detectable IBD
rate Ȳ is the mean of these correlated binary random variables. The detectable IBD rate to the
right of the focal point, X̄, is calculated similarly.
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Figure 2: Shapiro-Wilk tests for varying population sizes. Line plots show the proportions of
Shapiro-Wilk tests rejected at the significance level 0.05 (y-axis) for varying population size and
fixed sample size. Each proportion is computed over five hundred tests. Each test is based on
one thousand simulations of the number of identity-by-descent lengths longer than a specified
Morgans length threshold (x-axis). A) The sample size is five thousand individuals. B) The sam-
ple size is ten thousand. The legends assign colors to different population sizes. The horizontal
dotted line is at 0.05.
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Figure 3: Relative upper bound for excess IBD scan. Line plots show the average mean plus
four standard deviations divided by the 99.99683 percentile over two million simulations (y-
axis). (The standard normal survival function of four is 0.9999683.) Each average relative upper
bound is computed over one thousand tests. Each test is based on two thousand simulations
of the number of identity-by-descent lengths longer than a specified Morgans length threshold
(x-axis). A) The sample size is five thousand diploid individuals. B) The sample size is ten
thousand diploid individuals. The legends assign colors to different constant population sizes.
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Figure 4: Comparing features between IBD and Erdős-Rényi graphs. Histograms compare the
density of graph features between IBD and Erdős-Rényi graphs. Each histogram summarizes the
results of one hundred and twenty-five thousand simulations. A) and C) show the number of trees
of order 2 and 3, respectively. B) shows the number of complete components with more than
three nodes. D) shows the total number of edges. The legends give color assigned to the IBD
and Erdős-Rényi graphs. IBD graphs are simulated using the constant one hundred thousand
diploid individuals’ demography and the 0.03 Morgans length threshold. Erdős-Rényi graphs
are simulated using the same success probability as in the IBD graph. The sample size is two
thousand diploid individuals. Vertical lines show the means.
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Tables925

Type Structure Avg Var Min Max S.W.t.
IBD Edges 1,283.42 2,690.85 1,072.00 1,530.00 0.14

Largest 8.09 1.81 5.00 22.00 1.00
Tree-2 483.62 346.48 402.00 569.00 0.05
Tree-3 29.40 28.38 9.00 57.00 0.81

Complete 135.89 112.45 93.00 187.00 0.18
Erdős-Rényi Edges 1,312.68 1,313.06 1,158.00 1,475.00 0.07

Largest 27.02 74.07 11.00 137.00 1.00
Tree-2 353.31 310.32 284.00 434.00 0.08
Tree-3 120.31 109.73 78.00 173.00 0.14

Complete 174.94 146.10 123.00 228.00 0.13

Table 1: Summary statistics of IBD and Erdős-Rényi graphs. Network structures of interest
are the number of edges (Edges), the degree of the largest components (Largest), the number of
trees of order 2 and 3 (Tree-2 and Tree-3), and the number of complete components of degree 3
or more (Complete). Summary statistics are aggregated over 125,000 simulations. Shapiro-Wilk
tests at the significance level 0.05 are performed with 500 replicates for 250 simulations, and the
proportion of rejected null hypotheses reported as S.W.t. The population size is one hundred
thousand diploid individuals. The sample size is two thousand diploid individuals. The Morgans
length threshold is 0.03.
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Supplementary figures926

Figure S1: Demographic scenarios we consider in simulation studies: A) coalescent time in
generations ago by the log 10 population size, and B) the most recent fifty generations by
population size for examples of exponential growth. The legends specify the color and line style
for each scenario. As opposed to coalescent time used in the main text, we describe the scenarios
forward in time here. Three phases of exponential growth: a population of ancestral size five
thousand diploids increases exponentially each generation at rates one, seven, and fifteen percent
starting three hundred, sixty, and ten generations ago. Population bottleneck: a population
of ancestral size ten thousand diploids increases exponentially each generation at a rate of two
percent starting three hundred generations ago. Otherwise, the demographic scenarios we explore
here are populations of constant size twenty-five and one hundred diploids.
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Figure S2: Shapiro-Wilk tests for varying population sizes and significance levels. Line plots
show the proportions of Shapiro-Wilk tests rejected at significance levels A,B) 0.01 and C,D)
0.1 (y-axis) for varying population size and fixed sample size. Each proportion is computed over
five hundred tests. Each test is based on one thousand simulations of the number of identity-by-
descent lengths longer than a specified Morgans length threshold (x-axis). A,C) The sample size
is five thousand diploid individuals. B,D) The sample size is ten thousand diploid individuals.
The legends assign colors to different population sizes. The horizontal dotted lines are significance
levels.

53

.CC-BY 4.0 International licensemade available under a
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is 

The copyright holder for this preprintthis version posted January 7, 2025. ; https://doi.org/10.1101/2024.06.05.597656doi: bioRxiv preprint 

https://doi.org/10.1101/2024.06.05.597656
http://creativecommons.org/licenses/by/4.0/


Figure S3: Shapiro-Wilk tests for varying sample sizes. Line plots show the proportions of
Shapiro-Wilk tests rejected at the significance level 0.05 (y-axis) for varying sample size and
fixed population size. Each proportion is computed over five hundred tests. Each test is based
on one thousand simulations of the number of identity-by-descent lengths longer than a specified
Morgans length threshold (x-axis). A) The population size is fifty thousand diploid individuals.
B) The population size is one hundred thousand diploid individuals. The legends assign colors
to different sample sizes. The horizontal dotted line is at 0.05.
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Figure S4: Shapiro-Wilk tests and relative upper tail bounds for complex demography scenarios.
A) Line plots show the proportions of Shapiro-Wilk tests rejected at the sigificance level 0.05
(y-axis) for the population bottleneck (BN) or three phases of exponential growth (G3) demo-
graphic scenarios and sample sizes of five or ten thousand diploid individuals. Each proportion
is computed over at least six hundred tests. Each test is based on one thousand simulations
of the number of identity-by-descent lengths longer than a specified Morgans length threshold
(x-axis). B) Line plots show the average mean plus four standard deviations divided by the
99.99683 percentile over two million simulations (y-axis). Plot designs are identical to Figures 2
and 3.
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Figure S5: Shapiro-Wilk tests for difference in IBD rates between groups. Line plots show the
proportions of Shapiro-Wilk tests rejected at the significance level 0.05 (y-axis) for increasing
constant population sizes (in thousands). The sample size is five thousand diploid individuals.
Each proportion is computed over two hundred and fifty tests. Each test is based on five hundred
simulations of the difference between groups in IBD rates longer than a specified Morgans length
threshold (x-axis). The significance threshold is either A) 0.05 or B) 0.10, shown as horizontal
dotted black lines.
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Figure S6: Relative upper bound for excess IBD scan. Line plots show the average mean plus
three standard deviations divided by the 99.86501 percentile over two million simulations (y-
axis). (The standard normal survival function of three is 0.9986501.) Each average relative upper
bound is computed over one thousand tests. Each test is based on two thousand simulations
of the number of identity-by-descent lengths longer than a specified Morgans length threshold
(x-axis). A) The sample size is five thousand diploid individuals. B) The sample size is ten
thousand diploid individuals. The legends assign colors to different constant population sizes.
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Figure S7: Relative upper bound for the difference in IBD rates test. Line plots show the average
mean plus A) three or B) four standard deviations divided by the standard normal corresponding
percentiles over one hundred and twenty-five thousand simulations (y-axis). Each average relative
upper bound is computed over two hundred and fifty tests. Each test is based on five hundred
simulations of the number of identity-by-descent lengths longer than a specified Morgans length
threshold (x-axis). The sample size is five thousand diploid individuals. The legends assign
colors to increasing constant population sizes (in thousands).
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Figure S8: Comparing features between IBD graphs for complex demographic scenarios. His-
tograms show the density of IBD graph features between A-C) the three phases of exponential
growth (G3) and D-F) the population bottleneck (BN) demographic scenarios. Each histogram
is based on at least six hundred thousand simulations. A,D), B,D), and C,F) show the number
of trees of order 2, the number of trees of order 3, and the total number of edges, respectively.
The Morgans length threshold is 0.03. The sample size is five thousand diploid individuals.
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Figure S9: Illustration of the one possible coalescent tree used to calculate Cov3 terms in Ap-
pendix A.1.
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Figure S10: Illustration of the two possible coalescent trees used to calculate Cov4 terms in
Appendix A.1.
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Figure S11: Monte Carlo verification of the conditional expectation condition in our central limit
theorem. Bar charts show the difference between the proportion of simulations where two specific
haplotypes share an IBD segment longer than 0.03 Morgans and the true success probability (y-
axis). This statistic is stratified into eight quantile bins based on the total number of long IBD
segments (x¬-axis). Sample sizes are A) two hundred and B) four hundred diploid individuals.
The population size is ten thousand diploid individuals. The expectation is 132.78 in A) and
531.78 in B).
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Supplementary tables927

Type Structure Avg Var Min Max S.W.t.
G3 Edges 3,085.66 12,827.06 2,554.00 3,716.00 0.29

Largest 15.60 9.22 9.00 50.00 1.00
Tree2 757.96 635.16 644.00 880.00 0.08
Tree3 99.71 94.29 54.00 149.00 0.42

Complete 251.55 230.65 185.00 3,118.00 0.14
BN Edges 587.73 694.55 469.00 716.00 0.12

Largest 4.32 0.39 3.00 11.00 1.00
Tree2 473.24 393.50 377.00 574.00 0.09
Tree3 9.66 9.57 0.00 27.00 1.00

Complete 35.53 34.76 11.00 488.00 1.00

Table S1: Summary statistics of IBD graphs for the three phases of exponential growth (G3) and
the population bottleneck (BN) demographic scenarios. Network structures of interest are the
number of edges (Edges), the degree of the largest components (Largest), the number of trees of
order 2 and 3 (Tree-2 and Tree-3), and the number of complete components of degree 3 or more
(Complete). Summary statistics are aggregated over at least six hundred thousand simulations.
Shapiro-Wilk tests at the significance level 0.05 are performed with 1000 replicates for at least
600 simulations, and the proportion of rejected null hypotheses is reported as S.W.t. The sample
size is five thousand diploid individuals. The Morgans length threshold is 0.03.
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Type Structure Avg Var Min Max S.W.t.
s = 0.01 Edges 3,407.38 21,526.32 2,916.00 4,143.00 0.36

Largest 24.33 50.80 11.00 89.00 0.97
Tree2 737.77 626.12 636.00 842.00 0.05
Tree3 95.81 92.23 57.00 138.00 0.07

Complete 242.41 215.76 187.00 305.00 0.05
s = 0.02 Edges 4,693.51 140,436.48 3,579.00 8,212.00 0.95

Largest 73.97 1,219.95 22.00 346.00 0.97
Tree2 697.19 588.38 596.00 791.00 0.10
Tree3 86.65 83.70 53.00 126.00 0.09

Complete 220.37 199.88 161.00 281.00 0.10
s = 0.03 Edges 8,242.12 2,283,864.57 4,998.00 37,933.00 0.97

Largest 230.39 12,224.19 39.00 819.00 0.97
Tree2 659.10 565.21 562.00 759.00 0.07
Tree3 78.43 74.69 46.00 119.00 0.11

Complete 199.95 181.88 145.00 254.00 0.06
s = 0.04 Edges 16,486.56 24,295,227.62 7,747.00 72,775.00 0.97

Largest 484.92 38,683.32 89.00 1,229.00 0.97
Tree2 630.68 529.35 546.00 731.00 0.02
Tree3 72.95 70.26 41.00 108.00 0.11

Complete 185.76 167.85 135.00 241.00 0.07

Table S2: Summary statistics of IBD graphs for different selection coefficients and the three
phases of exponential growth demographic scenario. There is directional selection with different
selection coefficients s ∈ [0.01, 0.02, 0.03, 0.4]. The same description of IBD graph features as in
Table 1. Shapiro-Wilk tests at the significance level 0.05 are performed with 250 replicates for
150 simulations, and the proportion of rejected null hypotheses reported as S.W.t. The sample
size is five thousand diploid individuals. The Morgans length threshold is 0.03.
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Type Structure Avg Var Min Max S.W.t.
s = 0.01 Edges 612.05 753.44 504.00 736.00 0.06

Largest 4.71 0.75 3.00 14.00 0.97
Tree2 481.32 400.48 397.00 566.00 0.06
Tree3 11.33 11.24 1.00 25.00 0.90

Complete 39.25 37.75 15.00 66.00 0.19
s = 0.02 Edges 722.33 1,349.58 582.00 967.00 0.38

Largest 9.79 20.27 4.00 56.00 0.97
Tree2 497.56 407.99 416.00 581.00 0.03
Tree3 16.38 16.05 3.00 34.00 0.72

Complete 50.79 48.02 24.00 81.00 0.15
s = 0.03 Edges 1,090.00 16,537.54 808.00 2,360.00 0.97

Largest 40.15 456.43 8.00 172.00 0.97
Tree2 501.78 424.81 409.00 592.00 0.06
Tree3 20.80 20.37 4.00 43.00 0.47

Complete 61.55 58.15 33.00 93.00 0.14
s = 0.04 Edges 2,177.58 284,697.22 1,219.00 7,591.00 0.97

Largest 122.45 2,833.45 18.00 354.00 0.97
Tree2 492.44 425.42 412.00 578.00 0.01
Tree3 22.28 21.94 6.00 44.00 0.46

Complete 66.05 63.26 36.00 99.00 0.19

Table S3: Summary statistics of IBD graphs for different selection coefficients and the popu-
lation bottleneck demographic scenario. There is directional selection with different selection
coefficients s ∈ [0.01, 0.02, 0.03, 0.4]. The same description of IBD graph features as in Table
1. Shapiro-Wilk tests at the significance level 0.05 are performed with 250 replicates for 150
simulations, and the proportion of rejected null hypotheses reported as S.W.t. The sample size
is five thousand diploid individuals. The Morgans length threshold is 0.03.
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