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A B S T R A C T   

The beam spreading and evolution behavior of a partially coherent, Hermite-cosine-Gaussian 
(HcosG) rectangular multi-Gaussian correlated Schell-model beam propagating in oceanic tur-
bulence is studied. Analytical expressions for the cross-spectral density function, as well as the 
root mean square (rms) beam width and the spectral degree of coherence, are derived based on 
the extended Huygens-Fresnel principle. The HcosG rectangular multi-Gaussian correlated Schell- 
model beam exhibits a multi-lobe pattern at short propagation distances. The dependencies of the 
number, size, shape, and centroid of the lobes on displacement parameters, source size, order of 
field distribution, and displacement are investigated. As the propagation distance increases, the 
spectral coherence decreases, and the differences between the spectral coherence curves gradu-
ally diminish. Additionally, for HcosG rectangular multi-Gaussian correlated Schell-model beams, 
better propagation performance was found in oceanic turbulence with larger mean square tem-
perature dissipation rate, smaller turbulent kinetic energy dissipation rate per unit mass of fluid, 
and larger relative strength of temperature and salinity fluctuation.   

1. Introduction 

In recent years, the rapid development of marine communication in the military, fishery, detection, and other fields has sparked 
great interest in the propagation characteristics of beams in ocean turbulence [1]. Research in this area can be helpful for the 
application and development of remote sensing, imaging, optical communication, and other technologies in the marine field [2]. 
Numerous beams have been extensively studied: such as Gaussian Schell-model vortex beams [3], partially coherent Lorentz-Gauss 
beams [4], and partially coherent radially polarized doughnuts [5], among others. 

Besides the aforementioned beam models, the Hermite-sinusoidal-Gaussian beam also attracts a lot of attention. The Hermite- 
sinusoidal-Gaussian beams, introduced by Casperson and Tovar in 1998, are a kind of general solution of the paraxial wave equa-
tion [6,7]. Since then, numerous authors have analyzed these beams, including studies on the propagation of Hermite-cosh-Gaussian 
laser beams in atmospheric turbulence [8], and investigations into Hermite-cosine-Gaussian beams in uniaxial crystals orthogonal to 
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the optical axis [9], through atmospheric turbulence [10], and ABCD optical systems with or without apertures have been examined 
[11]. The vectorial structure and the energy flux distribution of HcosG beams in the far field have also been studied [12]. It has also 
been shown that the HcosG beams could be used to realize soliton in nonlinear medium [13]. The HcosG beams have rich structure and 
controllable morphology, and can be used as multi-dimensional information carrier [14]. Previous works have shown the possibility to 
capture more power remotely by using higher-mode-indexed HcosG beams, making these beams promising in communication and 
directed energy applications [15,16]. However, the propagation characteristics of Hermite-cosine-Gaussian beams in ocean turbulence 
have not yet been reported [17]. Compared with fully coherent beams, partially coherent beams exhibit better resistance to turbulence 
[18], while those with non-conventional correlation functions can generate specific far-zone spatial intensity distribution [19]. 
Specifically, the far-field intensity pattern of a rectangular multi-Gaussian Schell-model (RMGSM) beam has rectangular flat-top shape 
with adjustable edge sharpness and is shape-invariant throughout the far field [20]. This makes HcosG beams with rectangular 
multi-Gaussian Schell-model a desirable signal source in data transfer and sensing applications [21]. 

The propagation of Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in ocean turbulence is 
studied in this paper. In Sec. 2, the analytical formulas of cross-spectral density, root mean square beam width, and spectral coherence 
are derived. In Sec. 3, the propagation characteristics and spectral characteristics of the beam are evaluated with different initial beam 
parameters and oceanic turbulence parameters. Finally, conclusions are drawn in Sec. 4. 

2. Propagation theory 

The field of HcosG rectangular multi-Gaussian correlated Schell-model beam at the source plane z = 0 is [8,22,23]: 
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where ρ = （ρx, ρy） is the coordinate vector in the source plane, Ac is the amplitude parameter, αsx and αsy are the waist of the 
Gaussian beam, and Vxr, Vyr are the complex displacement parameters of the Gaussian part. Hn() is the Hermite polynomial of order n 
[24]. ax and ay are width parameters, while bx and by are displacement parameters. 

The partially coherent cross-spectral density function of the beam source can be expressed as [25]: 
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Here g(ρ1x − ρ2x, ρ1y − ρ2y) is the spectral coherence degree, expressed as Eq. (3) [26]: 
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is the binomial coefficient. In addition, δx and δy denote the spatial 

coherence lengths in the x and y directions, respectively. 
By substituting Eq. (1) into Eq. (2), HcosG rectangular multi-Gaussian correlated Schell-model beam at the source plane can be 

expressed as Eq. (4): 
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(4) 

According to the extended Huygens-Fresnel principle, the cross-spectral density function of laser beam in ocean turbulence can be 
obtained as follows [27]: 
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where r1 = (r1x, r1y) and r2 = (r2x, r2y) denote the transverse position vectors in the receiving planes, k is the wavenumber, and 
ψ∗(r1, ρ1) is a random part of complex phase of spherical wave caused by ocean turbulence. The quadratic approximation of the Rytov 
wave phase structure function can be written as [28,29]: 
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where ρ0 = [π2k2z/3
∫∞

0 κ3φocean(κ)dκ]− 1/2 is the spatial coherence radius of a spherical wave propagated through turbulence [30]. 
φocean(κ) is the spatial power spectrum of refractive index fluctuation of ocean turbulence, expressed as Eq. (7) [4]: 
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(7)  

where κ is the spatial wavenumber of refractive index fluctuation, χT is the dissipation rate of the mean square temperature, ε is the 
turbulent kinetic energy dissipation rate, η is the Kolmogorov scale, AT = 1.863× 10− 2, AS = 1.9× 10− 4, ATS = 9.41× 10− 3, δ =

8.284(κη)4/3
+ 12.978(κη)2, and ς is the equilibrium parameter describing the relative intensity of temperature and salinity fluctua-

tions [31]. 
By substituting Eq. (6) into Eq. (5) for integral calculation, we can obtain 
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where 

Sx1 =
∑n/2

lx1=0

∑n− 2lx1

lnx1=0

∑lnx1/2

kx1=0

∑lnx1 − 2kx1

lnx11=0

∑n/2

lx2=0

∑n− 2lx2

lnx2=0

∑(lnx11+lnx2)/2

kx2=0
(− 1)lx1+lx2 22n− 2lx1 − 2kx2 − lnx1 − lnx2 − lnx11

×ax
lnx1+lnx2 bx

2n− 2lx1 − 2kx2 − lnx1 − lnx2 (β1 + λ)− 0.5− lnx1+2kx1 Tlx1Tlx2

×

(
n

2lx1

)(
n

2lx2

)(
n − 2lx1

lnx1

)(
lnx1 − 2kx1

lnx11

)(
n − 2lx2

lnx2

)

×
lnx1!

kx1!(lx1 − 2kx1)!

(lnx11 + lnx2)

kx2!(lnx11 + lnx2 − 2kx2)

×f1
lnx1 − 2kx1 − lnx11 ςx

lnx11

[
4
(
β1

2 − λ2) − ςx
2

4(β1 + λ)

]− 0.5− 0.5(lnx11+lnx2 − 2kx2)

{
f1ςx + 2f2(β1 + λ)

Cx1

}lnx11+lnx2 − 2kx2

,

(9)  

with f1 = ikr1x
z + 1

ρ0
2 (− r1x +r2x) + iVxr, f2 = ikr2x

z + 1
ρ0

2 (r1x − r2x) + iVxr, f3 =
ikr1y

z + 1
ρ0

2 (− r1y +r2y) + iVyr, f4 =
ikr2y

z + 1
ρ0

2 (r1y − r2y)+ iVyr,

Cx1 = (β1 + λ)0.5
[(β1

2 + λ2) − ςx
2]

0.5
, Cy1 = (β2 + λ)0.5

[(β2
2 + λ2) − ςy

2]
0.5

,Cx2 = 4(β1 +λ)[4(β1
2 − λ2) − ςx

2], Cy2 = 4(β2 +λ)[4(β2
2 − λ2)

− ςy
2], β1 = 1

2α2
sx
+ 1

2mxδ2
x
+ 1

ρ0
2 , β2 = 1

2α2
sy
+ 1

2myδ2
y
+ 1

ρ0
2 , ςx = 1

mxδx
2 +

2
ρ0

2 , λ = ik
2z , and Tlxi = 1 × 3 × ...(2lxi − 1), i = 1, 2. The expressions of 

Sx2, Sx3, and Sx4 are obtained by changing the plus or minus sign before Vxr in Sx1. Sy1, Sy2, Sy3, and Sy4 are obtained by replacing all x 
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indices in the sum equation of Sx1, Sx2, Sx3, and Sx4 with y indices and n with m. 
Eqs. (8) and (9) provide an analytical expression for the cross-spectral density function of HcosG rectangular multi-Gaussian 

correlated Schell-model beam propagation in ocean turbulence. By setting r1 = r2, the average intensity can be obtained as Eq. 
(10) [32]: 

I(r, z)=W(r, r, z). (10) 

The root means square (rms) beam width [33] and the spectral coherence [25] can be obtained from Eq. (11) 

Wlt(z) =
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and Eq. (12)                                                                                                                                                                                    
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1
2
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respectively. 

3. Numerical examples and analysis 

In this section, the average intensity and coherence characteristics of HcosG rectangular multi-Gaussian correlation Schell-model 
beams propagating in ocean turbulence are studied by numerical examples. The calculation parameters were set as, λ = 532nm, ς =

− 2.5, χT = 10− 8K2s− 1, ε = 10− 7m2s− 3, unless otherwise specified. 
Fig. 1 displays the normalized average intensity of a Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model 

beam with m = 1 and n = 1 propagating through free space and oceanic turbulence. The average intensity undergoes various stages of 
evolution as it propagates. As the beams propagate through the oceanic turbulence, between propagation distances of approximately 
10 m–80 m, the sidelobe profile gradually shifts towards the center. Additionally, the sidelobe profile transitions from the three-lobe 
profile to the single-lobe profile. When z = 80 m, the image changes to a four-lobe profile. The dark hollow center of the Hermite- 
cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam shrinks due to the expansion of each petal as z increases. 
At a propagation distance of about 100 m–200 m, the beam evolves from a four-lobe profile to a single-lobe Gaussian-like beam. The 
beam continues to maintain a single-lobe profile as z increases further. Finally, the normalized intensity value in Fig. 1(e)-1(h) 
demonstrate that when z = 10 m, the maximum normalized intensity is 0.98. However, as z increases to 200 m, the normalized in-
tensity value decreases significantly to about 0.082. This decline in normalized intensity value occurs due to the diffusion of the petal 
contour with increasing propagation distance z. Compared with beam propagation in free space (Fig. 1(a)-1(d)), the four-lobe beam 
shrinks faster in oceanic turbulence with the same propagation distance, and the maximum normalized intensity is also larger. 

In Fig. 2, the normalized average intensity of a Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam 
is presented for various values of m and n. This figure highlights the fact that the difference in the values of m and n results in changes 
in the number of lobes. As depicted in Fig. 2(e)-2(h), the number of lobes in the normalized intensity figure varies between single lobe, 

Fig. 1. Evolution of normalized intensity distribution of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in 
(a–d) free space and (e–h) turbulent oceanic conditions at various distances from the source: (a, e) z = 10 m, (b, f) z = 80 m, (c, g) z = 100 m, (d, h) 
z = 200 m. It is noteworthy that all the intensity data presented have been normalized with respect to the initial wave’s peak intensity value at z =
0 m. 
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Fig. 2. Normalized intensity distribution of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in turbulent 
oceanic conditions for various orders of the field distribution denoted by indices n and m: (a, e, i) n = 0, m = 0, (b, f, j) n = 1, m = 0, (c, g, k) n = 0, 
m = 1, (d, h, l) n = 1, m = 1, where (a–d) are at z = 10 m, (e–h) are at z = 70 m, and (i–l) are at z = 150 m. It is noteworthy that all the intensity data 
presented have been normalized with respect to the initial wave’s peak intensity value at z = 0 m. 

Fig. 3. Normalized intensity distribution of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in turbulent 
oceanic conditions with n = 1 and m = 1. Specifically, (a) αsx = αsy = 0.001 m, (b) αsx = αsy = 0.002 m, (c) αsx = αsy = 0.003 m, (d) αsx = αsy = 0.005 
m, (e) αsx = αsy = 0.008 m, (f) αsx = αsy = 0.009 m. 
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double lobe, and four lobes, respectively. Notably, changing m and n does not affect the symmetry of Fig. 2(a)-2(d), which remains 
central symmetry. However, differences between m and n result in changes in the relative orientation of the lobes. For instance, Fig. 2 
(b) exhibits two double-lobe contours located at the left and right sides of the figure, while Fig. 2(c) shows two double-lobe contours 
positioned at the upper and lower sides of figure. It should be emphasized that the normalized intensity of the Hermite-cosine-Gaussian 
rectangular multi-Gaussian correlated Schell-model beam decreases as the values of n and m increase. For example, the maximum 
normalized intensity of Fig. 2(l) is 2.5× 10− 5, while that of Fig. 2(i) is 0.08. Additionally, as the propagation distance z varies, the 
number of lobes decreases, and the multi-lobe profile gradually merges into a single lobe and the beam profile diffuses accordingly. In 
Fig. 2(i)-2(l), it can be observed that all the beams with different values of m and n evolve into Gaussian-like beams in the far field. 
Moreover, the variation of m and n affects the spreading velocity of the quasi-Gaussian beams in the x and y directions. The larger the 
values of m and n, the faster the spots spread. When m and n are not equal, the diffusion velocity in the x and y directions is different, 
and the spot becomes elliptical. 

Fig. 3 depicts the normalized average intensity of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model 
beam in ocean turbulence with different parameters of αsx and αsy. The lobes shown in Fig. 3(a)-3(f) are centrosymmetric, and their 
normalized intensity increases as αsx and αsy increase. When αsx = αsy = 0.001 m, the maximum normalized intensity is 7.08× 10− 5, 
whereas when αsx = αsy = 0.009 m, the maximum normalized intensity is 0.97. Furthermore, changing the values of αsx and αsy affect 
the number of lobes and the size of lobe profiles. Fig. 3(a)-3(c) display a single four-lobe profile, whereas with the increase of αsx and 
αsy, the difference between the lobe energy on the main diagonal and the lobe energy on the sub-diagonal also gradually increases. 
Fig. 3(c)-3(f) exhibit beam patterns with four sidelobe contours. As αsx and αsy increase, the sidelobe contours separate from the single- 
lobe contours into three-lobe contours. It can be observed from the figure that the smaller the values of αsx and αsy, the faster the 
sidelobe fusion into a single lobe of the normalized intensity profile will occur. 

Fig. 4 illustrates the influence of Gaussian shift parameters on the propagation characteristics of Hermite-Cosine-Gaussian rect-
angular multi-Gaussian correlated Schell-model beams in oceanic turbulence when n = 1 and m = 0. Initially, different values of Vxr 

affect the number and shape of lobes. As shown in Fig. 4(a)-4(d), increasing Vxr results in the appearance of two regular single-lobe 
contours in Fig. 4(a), a transition from a regular to a distorted shape in Fig. 4(b), and the formation of two double-lobe contours in 
Fig. 4(c) and (d), respectively. The maximum normalization values in Fig. 4(a)-4(d) are 0.96, 0.81, 0.64, and 0.56, respectively. 
Therefore, by adjusting the amplitudes of Vxr and Vyr, the number of near-field cosine oscillations (lobes) can be changed. The higher 
the amplitudes of Vxr and Vyr, the more cosine oscillations (lobes) will be generated, and the normalized intensity value decreases with 
the increase of Vxr. Additionally, it can be observed in Fig. 4(e)-4(h) that as the propagation distance z increases, the lobes tend to 
merge. 

Fig. 5 examines the impact of Hermite polynomial displacement parameters bx and by on the propagation characteristics of the 
Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in oceanic turbulence. As shown in Fig. 5(a)-5(d) 
and Fig. 5(e)-5(h), increasing the value of bx leads to energy transfer between sidelobes, change in the number of lobes, break in 
symmetry, and increase in normalized intensity. Fig. 5(a) displays two double-lobes with central symmetry. In Fig. 5(c), energy 
transfer occurs, symmetry is broken, and the left sidelobe gradually disappears, while the right sidelobe remains double-lobe. In Fig. 5 
(d), the left sidelobe almost vanishes, and energy is transferred to the right sidelobe. At bx values of 0, 0.2, 0.5, and 1, the maximum 
normalized intensity is 0.13, 0.22, 0.42, and 0.96, respectively. Thus, adjusting the value of bx can alter the maximum normalized 
value of the transmitted beam within a certain distance range and cause a displacement of the beam’s centroid. 

The normalized average intensity of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam is 

Fig. 4. Normalized intensity distribution of the Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in turbulent 
oceanic conditions with n = 1 and m = 0. The various parameters include: (a) Vxr = 0 m− 1, z = 10 m, (b) Vxr = 100 m− 1, z = 10 m, (c) Vxr = 200 
m− 1, z = 10 m, (d) Vxr = 300 m− 1, z = 10 m, (e) Vxr = 0 m− 1, z = 50 m, (f) Vxr = 100 m− 1, z = 50 m, (g) Vxr = 200 m− 1, z = 50 m, (h) Vxr = 300 m− 1, 
z = 50 m. 
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affected by the changes in ocean turbulence parameters. Fig. 6 displays the normalized intensity under various mean square tem-
perature dissipation rates, ranging from 10− 4k2/s to 10− 9k2/s. As depicted in Fig. 6(a)-6(f), as the mean square temperature dissipation 
rate decreases, the normalized intensity converts from a single lobe profile to four three-lobe profiles, with energy dispersing from the 
center to the four side lobes. Furthermore, the normalized intensity of the HcosG rectangular multi-Gaussian correlated Schell-model 
beam increases, and the diffusion rate of the normalized intensity plot increases as the mean square temperature dissipation rate 
decreases. 

Fig. 7(a)-7(c) illustrate the root-mean-square wavefront width of a Hermite-cosine-Gaussian multiple Gaussian correlated Schell- 
model beam with varying χT, ε, and ζ. As evident from the plots, all the curves exhibit a monotonic increase, with the slope of the 
curves increasing with the propagation distance. The difference between the curves in the near-field is smaller than that in the far-field. 
Furthermore, at the same propagation distance, the root-mean-square wavefront width increases with an increase in χT and ζ, and a 
decrease in ε. 

Fig. 8 portrays the changes in the spectral coherence of the Hermite-Cosine-Gaussian rectangular multi-Gaussian correlated Schell- 

Fig. 5. Normalized intensity distribution of Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in oceanic turbu-
lence with n = 1 and m = 0. The various parameters include: (a) bx = 0, z = 10 m, (b) bx = 0.02, z = 10 m, (c) bx = 0.05, z = 10 m, (d) bx = 0.1 z =
10 m. (e) bx = 0, z = 80 m, (f) bx = 0.02, z = 80 m, (g) bx = 0.05, z = 80 m, (h) bx = 0.1 z = 80 m. 

Fig. 6. Normalized intensity distribution of Hermite-cosine-Gaussian rectangular multi-Gaussian correlated Schell-model beam in oceanic turbu-
lence with n = 1 and m = 1. The various parameters include: (a) χT = 10− 4 k2/s, (b) χT = 10− 5 k2/s, (c) χT = 10− 6 k2/s, (d) χT = 10− 7 k2/ s, (e) χT =

10− 8 k2/s, (f) χT = 10− 9 k2/s. 
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model beam in oceanic turbulence as a function of propagation distance. As evident from Fig. 8(a)-8(b), an increase in propagation 
distance results in a steeper coherence curve and a higher rate of spectral coherence attenuation. Additionally, it can be observed that 
as z increases, the differences in the curves become gradually smaller. Finally, a comparison between Figs. (8a) and (8b) reveals that 
the coherence curves are similar along the x-axis and y-axis. 

4. Conclusion 

Taking the HcosG rectangular multi-Gaussian Schell-model beam as an example, the average intensity, root-mean-square (RMS) 
wave number width, and coherence properties of the beam in oceanic turbulence are studied in this paper. 

The results reveal that within a short propagation distance, the HcosG rectangular multi-Gaussian Schell-model beam exhibits a 
multi-lobe pattern, and the quantity, shape, and evolution behavior of the lobes depend on the beam parameters. The larger the Vxr, 
αsx, αsy, m, and n are, the larger the lobe number is. The larger αsx, αsy are, the faster these lobes merge in propagation. And the bx 

controls the centroid positions of the lobes before merging. 
The far-field patterns of the HcosG rectangular multi-Gaussian Schell-model beams in oceanic turbulence are always Gaussian-like. 

In the far field, the maximum intensity is also related to bx, m, n, χT, αsx and αsy. Larger maximum intensity corresponds to larger bx, αsx 

and αsy, and smaller χT, n and m. 
As z increases, the spectral coherence decreases, and the differences between the spectral coherence curves become gradually 

smaller. For HcosG rectangular multi-Gaussian correlated Schell-model beams, better propagation performance was found in oceanic 
turbulence with larger χT, smaller ε, and larger ζ. The influence of these parameters on the rms beam width is more apparent in the far 
field than in the near field. 
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