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Abstract This paper studies the global behaviors of a nonlinear autonomous neutral delay differ-
ential population model with impulsive perturbation. This model may be suitable for describing the
dynamics of population with long larval and short adult phases. It is shown that the system may
have global stability of the extinction and positive equilibria, or grow without being bounded under
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1. Introduction

Many evolutionary processes in nature are characterized by
the fact that their states experience abrupt changes at certain
moments, which can be described by impulsive systems. More-
over, the impulsive systems have much richer dynamics than
the corresponding non-impulsive systems. This is the reason
that this paper studies the neutral delay equation for an insect
population with impulsive perturbations.
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In Stephen and Kuang (2009), we get
u, (1) = up(t — t)e™ — d(u, (1))t < 1 (1.1)

ul, (1) = (batd, (1 = ) + bad(u,(t — 7)) + bous(t — 1)
+ byt (t —1))e™ — d(un ()t = T (1.2)

Just like Stephen and Kuang (2009), let t and a denote time
and age and let u(¢, @) be the density of individuals of age a at
time 7. It will be assumed that individuals take time 7 to
mature, so that the total numbers of mature and immature
numbers u,, and u; are given respectively by

Uy (1) = /Too u(t,a)da, u(t) = /0oo u(t,a)da

and with the initial condition wuy=u(0,a) >0, a >0
u(1,0) = [ b(a)u(t,a)da

Following Bocharov and Hadeler (2000), the birth rate
function,
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b((l) = b() + (bl - bo)H((l — ‘L') + bzé(a — ‘L')

where H(a) is Heaviside function and J(a) the Dirac delta
function. This choice for b(a) implies that individuals age less
than t produce b, eggs per unit time, those of age greater than
T produce b, eggs per unit time, and additionally each individ-
ual lays b, eggs on reaching maturation age t (the b, eggs all
being laid at exactly that instant). In fact, we shall take
by = 0 for most of this paper, because most individuals do
not lay eggs until they reach maturation age 7 in nature.

In this paper, we will study the following system with
impulsive perturbations, we will drop the subscript m for
convenience,

w() =up(t—t)e™™ —d(u(t)) 1<t
W (1) = (bytd (1 — 1)+ bad(u(t — 1)) + byu(t — 1))e™ — d(u(r)) 1>t
u(tf) = (1+c)u(te) k=1,2,3,...

We will use the following hypotheses:

(Hl) D=1 <1< <...
lim;_,o, = 00, T4 = kt.

(H2) (¢x) is a real sequence and ¢ > —1, k=1,2,3,...,
H0§1k<t(1 + ck) < oo.

(H3) d(-) is a linear and continuous strictly monotonic
increasing function of u satisfying d(0) = 0.

are fixed impulsive points with

Here (cx), k=1,2,3,... are proportional coefficients.
Impulsive reduction of the population is possible by catching
or poisoning with chemicals used in agriculture
(=1 < ¢¢ < 0), an impulsive increasing of the population is
possible by artificial means by the population’s impulsive
immigration and introduction of natural enemies (¢, = 0). In
this paper, we assume 7, = kT which means the individuals
lay eggs only once all their life.

The dynamic of the delay system (1.1) and (1.2) has been
studied in Stephen and Kuang (2009), we could obtain the pos-
itivity and boundedness of solution by ad hoc methods and
global stability of the extinction and positive equilibria by
the method of iteration. We also know that if the time adjusted
instantaneous birth rate at the time of maturation is greater
than 1, then the population will grow without being bounded.
Thus, it is interesting how the dynamics of (1.3) is affected by
the impulsive perturbations.

2. Preliminary

From Stephen and Kuang (2009), we could apply (1.2) recur-
sively and could get a non-neutral delay equation

n—1

W (1) = Bye"up((n + 1)t — 1) + bre™ Y bleu(t — (j+ 1)7)
j=0

+d(u(t)) 1 € (ne, (n+ 1)7) (2.1)

Since 7, = kt so (1.3) can be written as

n—1
W' (1) = bye ™ up(tysr — 1) + ble*‘“Zbée*f‘”u(t = (tj41)

—d(u(t)) t € (nt,(n+ 1)7) i
u(th) =1+ cu(t) k=1,2,3,...
(2.2)

Under the hypotheses (H1)-(H3), by a transformation
2(1) = [Toeq (1 + ) 'u(r), we consider the nonimpulsive
delay differential equation

(= 1

Tl —IST <t

(14 cx)zo(tysr — 1)

n—1

Fhe S e [

j=0 1=t — 1< <t
—d(=(1)) (2.3)
and r € (nt, (n+ 1)1),n=1,2,3,..., with the initial condition

z2o(a) = 2(0,a) = [ (1 +e) 'uo(a) >0, a>0

0< <t

(14 ¢0)™'2(t = 111)

Lemma 2.1. Assume that (HI1)-(H3) hold,

) If z(t) is a solution of (2.3) on (0,00), then
u(t) = [oce, o, (1 + c1)z(2) is a solution of (2.2) on (0, o0).

(i) If u(t) is a solution of (2.2) on (0,00), then
(1) :Hogrkg(l—o—ck)*lu(t) is a solution of (2.3) on
(0,00).

Proof. First, we prove (i). It is easy to see that
2(t) = Tloee, (1 + ) 'u(t) is absolutely continuous on each

interval (ty, txy1), K = 1,2,3,..., On the other hand, for every

Tk-

u(rf) =lim [[ (1+¢)=(0) = [ (1+¢)=() and
=T o< <t 0<t <t

u(me) = [ (1 +¢)z(x)
0< <t

Thus for every

k=1,23,..., u(tf) =14 c)u(t) (2.4)

Now, one can easily check that u() =[], ., (1 + ¢)z(7) is
a solution of (1.1) on (0, c0).

Next, we prove (ii), since u(7) is absolutely continuous on
each interval (g, T41), K =1,2,3,..., and in view of (2.4), it
follows that for any k =1,2,3,....

25) = [T 0+ ey um) = T (0 +e) ulw) = =(w)

0< <t 0< <t
and Z(Tl:) = Hogrkq(l + C/)ilu(rlt) = H0<1k<1(1 + C/)ilu(rk) =
z(tx). Which implies that z(¢) is continuous on (0, 00), it is easy
to prove z(¢) is also absolutely continuous on (0, o). Now one
can easily check that z(#) =[], ., (1 + o) 'u(z) is a solution
of (2.3) on (0, co). The proof of Lemma 2.1 is complete.

3. Main results

Theorem 3.1. Assume that (HI1)—(H3) hold, and zy(a) = 0 for
all a = 0. Then the solution of (2.3) satisfies z(t) = 0 for all
t = 0. Furthermore, if zo(a) =0 on the interval (0, ), then
z(t) > 0 for all t > 0.
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Proof. On the interval 7 € (0,7], z(¢) satisfies (2.3), and so
Z()eMzg(t—1) = —d(z(1) 0 <t <t

The initial value for z(7) is z(¢) = 0, also, since d(0) = 0 by
Taylor expansions it follows that d(z(z)) has a factor of z(z)
and so from the standard argument it follows that z(¢) > 0 for
all 0<r<r.

Next we will prove non-negativity of z(¢) for ¢ € (r,21].

For such times, r—t<7t, so that, from (2.3),
(1) = ble (1 + 1) 202t — 1) + bre (1 4 ¢1) 'z(t — 1)—
d(z(1)) = —d(z(1)) because we already show non-negativity of

z(¢) on the interval ¢ € (0, 7], using d(0) = 0 and non-negativity
of z(t), it follows that z(¢) > 0 for all r € (z,21].

This argument can be continued to include all positive times
and so non-negativity of z(t) has been shown. If zy(a) = 0 on
the interval (0, co), then z(¢) > 0 for all ¢ > 0, in this situation,
inspection of the details of the above analysis shows that we
can draw the conclusion that z(7) is strictly positive for all
positive times. The proof of Theorem 3.1 is complete.

Since u(t) =

[T (1 +e0=00

o<y <t

Corollary 3.1. Assume that (HI)-(H3) hold, and uy(a) > 0
for all a = 0. Then the solution of (2.2) satisfies u(t) = 0 for
all t = 0. Furthermore, if uy(a) = 0 on the interval (0, o), then
u(t) > 0 for all t > 0.

Here we get the results mainly used in the method Stephen
and Kuang (2009), of course, by Theorem 1 in Stephen and
Kuang (2009) and ¢ > —1, k=1,2,3,..., we could get the
same result directly.

Theorem 3.2. Assume that (HI1)-(H3) hold, by = b, =0 and
bye " < 1. Then the solution of (2.3) satisfies lim, .,,z(t) = 0.

Proof. Eq. (2.3) is for 7 € (nt, (n+ 1)7], so ¢ and n must go to
infinity together. Since b, =0, the term with summation is
absent. Furthermore, the involvement of z,(-) is for value of
its argument between 0 and 7 only, so zy((n+ 1)t — ¢) can be
bounded independently of n and .

Since 0 < [Joeq, (1 + k) < oo, there exists 0 < A < B,
such that 4 <[]y, (1 + o) < B.

Let ¢ > 0 be arbitrary, and choose N sufficiently large that
bye™ T sup,e (9 70(a) < &, whenever n > N.

Then it follows that, for 1 > Nt, Z/(t) < eB — d(z(1)).

From a simple comparison argument, and using the sated
properties of the function d(-) and also the positivity of z, it
follows that 0 < limsup,_..z(¢) < d ' (¢B).

This is true for any ¢ > 0 and therefore lim,_.»,z(¢) = 0. The
proof is complete.

Since u(r)
such that 4 < []oc, (1 + )
could get that.

= [Tocq<i(1 + cx)z(2), there exists 0 < A4 < B,
< B, and by Theorem 3.2. We

Corollary 3.2. Assume that (HI)—(H3) hold, by = by = 0 and
bye " < 1. Then the solution of (2.2) satisfies lim, . u(t) = 0.

Theorem 3.3. Assume that (HI)—(H3) hold, by = 0, by > 0 and

Bbize™ < d(z)(1 — bye ™) forall z = 0 (3.1)

Then the solution of (2.3) satisfies lim,_,.z(t) = 0.

Proof. Noted that (3.1) forces bye ™ < 1. Firstly we shall
establish that these solutions z(¢) are bounded.

Let Z =max(max(zo(a): a € (0,1]), max(z(t): t €

H (1 -i-C/()71

=T ST <t

(0,7]))

P = H (1 +C/c)7l

Tyl —IST <t

and ¢; =

absolutely 4 < p < B, 4 < q; < B, of course

n—1

2 (t) =bye ™M pzy(ty1 — 1) +ble""Zb§e’~’”’qu(t — 1) —d(z(1))

=0
(3.2)

and choose o sufficiently large that o > b,/b;, we claim that

lim supz(#) < (x+ 1)Z (3.3)

—00

Suppose the contrary, then since the solution is bounded by
Z for t € (0, 7], there must exist 7, > 7, such that

Z(t) = (a4 1)Zz(t) < (a+ 1)Z for all ¢ < #; and Z/(#) = 0

(3.4)
(kt, (k + 1)1, but from (3.2)

k—1
(1) = bhe M pzy(Tisr — 1) +bre ™Y ble gz (1 —1311)

Jj=0
—d(z(1)) <
k=1
+ Bbie "™y ble (a4 1)Z — d((a+1)2)
j=0
< blzc—le—;t/crz(pbz _
—d((e+1)Z)<0

and an integer k such that ¢; €

ez — Bbie b e gz

Bbiea) + Bbie ™ (a4 1)Z/(1 — bye™)
(3.5)
This is contradictory (3.4) and there for z(¢) is bounded.

Let K be an upper bound for z(¢) and let # > 0 be arbitrary.
As noted earlier, the nonautonomous term in (3.2) goes to zero
as t — o0.

It follows that for a sufficiently large integer the nonau-

tonomous term is bounded by #x and therefore
Z'(t) < n+ KBbie /(1 — bye™#) — d(z(1)).
So lim sup Z(¢) < d ' (n + KBbye™) /(1 — bye™)
t—00
This is true for all x>0, and therefore

limsup, . Z(t) < d ' (KBbje ™) /(1 — bye ™) := z}.

That zj is well defined follows from (3.1) and the other
hypotheses on d(-).

In the subsequent steps of this analysis the nonautonomous
term in (2.3) can be rigorously dealt with by introducing a
small parameter which is later shrunk to zero as just described,
and it is therefore sufficient to study the asymptotically
autonomous from of (2.3), which is
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n—1

Z(1) = blef’”Zbée’j’“qu(t — T41) — d(2(2)),
=0

temr,(n+1)1] n=1,2,3,... (3.6)

Using Heaviside’s function H(t), (3.6) can be rewritten as

Z(0) =bie ™Y bl H(1 = 11)g;7 (1 — Ti1) — d(2(1)),
j=0
te(nt,(n+1)1] n=1,2,3,... (3.7)

Let ¢ > 0, there exists 7 >0 such that, for all > T,
z(t) < z} + ¢, and choose an integer N sufficiently large that

Zjﬁ Nbée’j‘“ < ¢, which is possible because bye ™ < 1.
From (3.6), we find that, for t > Nt + T
2(0) = bie S B H( — 1)z~ 1) — d(:(0)
=0

N-1
< bhe™B Zbée’-"”z(r — Tjs1)
=0

+ Y ble M H(t = 7y0)z(1 = ) | — d(=(1))
j=N
[ N-1o
<bhie " B|(z; + )Y bl + Ke| — d(z(1))
L =0

< bie " B[(z} +)/(1 — bye ™) + K] — d(z(1) ~ (3.8)

From this, we deduce an &-dependent upper bound for
lim,_..z(¢), and we may then shrink ¢ to zero to obtain

limsup, . Z(t) < d'(Bbie™#z}) /(1 — bye ) := z;.

By repeating the above procedure, we generate a sequence
Zin=1,2,3,..., of real numbers with the property that
limsup, ., z(t) <z, for each n and d(z;,,) = Bbie ™" z;/
(1 =be ") n=1,2,3,....

From (3.1) it follows that d(z; ) < d(z;) and therefore,

n
since d(-) is strictly monotonic increasing, z;; < zj, therefore

n>
*

z; approaches a limit z; > 0 as n — oo, which satisfies

d(z*) = Bbje "z} /(1 — bye ™). By (3.1) limits z* must be zero
and therefore lim,_.z(7) = 0.

The proof of the theorem is complete.

Corollary 3.3. Assume that (HI)—(H3) hold, by =0, by >0
and Bbjue " < d(u)(1 — bye ) for all z > 0.

Then the solution of (2.2) satisfies lim,_.u(t) = 0.

Under the hypothesis of Theorems 3.2 and 3.3, if we don’t
protect the population, it will become extinct. So we must take
measures to protect it, for instance, by the immigrating
population  artificially at every impulsive  point
kt,k = 1,2, 3ldots to make the population persistent existence.
Of course, under this condition [[oc.,(1+cx) — 00 as
k — 0.

Theorem 3.4. Assume that (HI)—(H3) hold, by = 0, by > 0 and
bye " < 1,d(z) = o(z) as d(z) = o(z)ast — 0 and there exists z*
such that

biBue™ < d(z)(1 — bye™) when 0 < z < z*

bide™ < d(z)(1 — be™) when z > z*

Then if zo(a) is continuous on the interval [0, 00 ), zo(a) = 0
and zo(a) = 0, then the solution of Eq. (2.3) satisfies z(t) — z* as
t — 00.

Proof. By Theorem 3.1, we know that if zy(a) = 0 on the inter-
val [, 00). Then z(¢) > 0 for all # > 0. Without loss of general-
ity, we assume that z(¢) > 0. r € [0, 1].

As noted previously, since bye " < 1, the asymptotic
behavior of solution of (2.3) is the same as the asymptotic
behavior of solution of

n—1
Z(1) = ble"‘TZbée’j“’q,z(t —141) — d(z(2)) t € (nt, (n+ 1)7]
J=0

n=1,2.3,..., (3.9)

we shall consider (3.9) as an initial value problem starting at
t =1, with the function z(s), s € [0,7] treated as the initial
data. From our comments above, we may assume that
minse[oﬂ]z(s) > 0.

We claim that a comparison principle holds for (3.9), that is
to say, if we take three sets of initial data ordered such as that
z(s) < z(s) < z(s) s € [0,7], then z(¢) < z(r) < z(¢) forall ¢ > 7.
Let § > 0 be small and let 2°(s) satisfy the equation

n—1

0= [0t = bleﬂnzbéeimf%za(f — 1) — d(Z(1))
J=0

+ote (nt,(n+ 1)1

n=12.3,..., (3.10)

and 2°(s) = Z(s) + 6 s € [0, 1].

We claim that z(¢) < 2°(¢) for all ¢ > 1, shrinking J to 0 then
gives z(f) < (1) certainly z(tr) < Z(z) = 2°(1) — § < (7). So
suppose that our claim is violated at the same time, i.e. suppose
there exists #* > 7 such that z(¢*) = 2°(¢*) and z(¢) < 2°(¢) for
all ¢ € [z, ). Then for appropriate n,

n—1
0= /0t = ble"”Zbée”"‘fq,E‘j(t* — 1) —dEZ () + 6
J=0
’17] . .
> ble’”TZbée”’”qu(Z* — 141) — d(z(17))
=0
= 0z(r")/or. (3.11)
Let F(¢) = 2°(t) — z(¢), then F(¢) has the following proper-
ties: F(t) > 0, F(t*) =0, F(¢) > 0 on [r,#*) and F(#*) > 0. This
is a contradiction. The proof that z(z) < z(¢) is similar to show
that z(¢) — z* it suffices to show that z(¢) — z* and z(¢) — z*
as  — oo, where z(¢) and Z(¢) are comparison functions that
satisfy (3.9) subject to the initial conditions

z(s) =& 5 €0, 1], where 0 < ¢ < min (z*, ;ninz(f)) (3.12)

&elo,1]

z(s) = K s € [0, 7], where K > max (z*7 minz(cf)).

eefo)

(3.13)
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We shall show that z(#) is monotonic increasing for all
t > 1, and this will be achieved via the methods of steps.
Starting with ¢ € (z,21). For a time ¢ € (t,21), choose 1 > 0
sufficiently small that ¢+ i € (r,21] and such that z(t + /)—
z(t) = 0. The latter is possible because

(1) = bre " qyz(0) — d(z(1)) = bie e —d(e) > 0 (3.14)

for sufficiently small ¢. Since d(z) =o(z) as t— 0. Let
w(t) = z(t + h) — z(¢), then for ¢ € (t,21)

o (1) = bre " [z(t+h—1) — z(t = 1)] = [d(z(t + h)) — d(z(1))]
= o(1)d (0t — h)) (3.15)

where 0(z, 1) is some function arising from an application of
mean value theorem. Also, w(t) = 0, thus, w(t) = 0 for all
t € (1,21). Letting h — 0, we deduce that Z/(¢) = 0 for all
t € (1,27), and this can be extended to ¢ € (1, 21] by continu-
ous. For 7 € (21, 31)

@' (t) = bibye M q,[z(t + h — 21) — z(t — 27)]
+hiez(t+h =) —z(t = 1)) = [d(z(r + 1)) — d(z(1))]
> —w()d (0(1,h)) (3.16)

Also, w(2t) = 0, therefore, w(¢) = 0 for all ¢ € (21, 37),
and hence also z/(¢) > 0 on (27, 37). This argument can be con-
tinued to deal with all intervals (nt, (n + 1)7) and therefore all
times ¢ > 1, and we conclude that z(¢) is monotonic increasing
for all 1 > 7.

The proof that z(¢) is monotonic decreasing is similar, and
from the first step in the process it will became apparent that K
has to be such that bje ™K < d(K). However, the theorem
hypotheses assures us that this is automatically true for any K
consistent with (3.13).

We have established that z(¢) is monotonic increasing and
bounded above (by K), and therefore must approach some
lim > ¢ > 0, while Z(¢) is monotonic decreasing and bounded
below (by ¢). Thus lim,.z(f) = z*. Hence lim,_.z(?) = z*.
The proof is complete.

Since 0 < H0<1A<z(l +¢x) < 00, u(t) = Hogrmr(l +c)z(1),
so the solution of (2.2) has the same result, only the time to
reach the steady state is different. By Theorem 5, in Stephen
and Kuang (2009), we have the next theorem:

Theorem 3.5. Assume that (HI)—(H3) hold, by =0, by >0,
bre™ > 1, [locqe(l +c) = 1. Then, if uo(a) is continuous

on the interval [0, 00), uy(a) = 0 and uy(a) = 0, then the solution
of (2.2) grows without being bounded as t increases.

Under the hypothesis of Theorem 3.5, the birth rate is high
and the population will grow without being bounded, so we
must control the rate at every impulsive point. For instance,
we could use a combination of biological (natural enemies),
agricultural (catching), and chemical (killing) tactics to control
the population. Of course, at these times, 0> ¢, > —1,
k=1,2,3,....

4. Conclusions

Organizational management research and management
phenomenon can be described by differential equations,
Impulsive effect of differential equations is caused by people’s
attention. The pulse phenomenon as a kind of instantaneous
mutation and its mathematical model can often be attributed
to an impulsive differential system. The most prominent
feature of the pulse differential system is to give full consid-
eration to the effect of transient mutation on the state. It can
reveal the law of things more deeply. The enterprises are like
the species in natural ecosystem. Every enterprise of the
enterprise ecosystem has to share with the entire enterprise
ecosystem in the end. The mutations of each enterprise man-
agement also affect the value of the entire enterprise popula-
tion. So the pulse differential system can also give us
inspiration.
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