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A B S T R A C T   

Solid waste is often buried in landfills isolated with a bentonite-based clay barrier to guarantee 
the high quality of groundwater. As the efficiency of clay barriers is highly dependent on solute 
concentration, this study aims to modify membrane efficiency, effective diffusion, and hydraulic 
conductivity of bentonite-based clayey barriers exposed to saline environments for numerical 
investigation of solute transport in such barriers. Therefore, the theoretical equations were 
modified as a function of solute concentration instead of constant values. First, a model was 
extended for membrane efficiency as a function of void ratio and solute concentration. Second, an 
apparent tortuosity model was developed as a function of porosity and membrane efficiency to 
adjust the effective diffusion coefficient. Moreover, a recently developed semi-empirical solute- 
dependent hydraulic conductivity model was employed, which is dependent on solute concen-
tration, liquid limit, and void ratio of the clayey barrier. Afterward, four approaches for applying 
these coefficients were defined as either “variable” or “constant” functions in ten numerical 
scenarios using COMSOL Multiphysics. The results reveal that “variable” membrane efficiency 
affects the outcomes in lower concentrations, while “variable” hydraulic conductivity is more 
influential in the domain of higher concentrations. Although all approaches converge to the same 
ultimate distribution of solute concentration using the Neumann exit boundary condition, the 
choice of different approaches clearly affects the ultimate state for the Dirichlet exit boundary 
condition. As the thickness of the barrier increases, the ultimate state is reached later, and 
choosing the approach to apply coefficients is more influential. Decreasing the hydraulic gradient 
postpones the solute breakthrough in the barrier, and picking the variable coefficients is more 
crucial in higher hydraulic gradients.   

1. Introduction 

One of the most popular means of waste management is the burial of waste in landfills and using clayey barriers under them to 
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prevent leachate leakage into the groundwater due to their low hydraulic conductivity and semipermeable behavior [1–4]. It was 
assumed that the possibility of groundwater and soil contamination is low in landfills with deep groundwater tables (i.e., natural loess) 
[5,6], whereas when the water table rises and reaches close to the landfill, the possibility of groundwater contamination increases. 
Therefore, it is even more substantial to explore the leachate leakage in saturated isolation barriers. 

Bentonite-based clays are the preferable material for landfills, which are physiochemically active materials due to their intrinsic 
surface electrical charge, solid skeleton fabric, diffuse double layers [7–9]. When designing isolation clay barriers, salt should be 
considered as one of the indispensable contaminants in landfills [10,11]. 

Coupled hydro-chemical processes lead to contaminant transport and fluid flow in clayey barriers. Darcian and chemico-osmosis 
fluid flow are responsible for fluid transport, and contaminants are transported due to diffusion and convection [12]. Membrane ef-
ficiency, diffusion coefficient, and hydraulic conductivity are phenomenological coefficients affecting the transport process. Experi-
mental results have revealed that these coefficients are extensively dependent on the solute concentration in the pore fluid [13–16]. 
However, these phenomenological coefficients were assumed to be constant in previous numerical studies regardless of the solute 
concentration of pore fluid, which is a fundamental limitation [17–20]. 

This paper aims to explore solute transport in clay barriers considering phenomenological coefficients as variables instead of 
constants using numerical methods in COMSOL Multiphysics. First, effective diffusion, membrane efficiency, and hydraulic conduc-
tivity coefficients are investigated as a function of solute concentration. Then, they are applied in various numerical scenarios to 
explore concentration-dependent coefficients on results. 

2. Coupled hydro-chemical multiphase flow in clay barriers 

A combination of both direct and coupled processes leads to fluid flow and solute transport in the porous medium of soil [4,12]. 
This paper focuses on the coupled hydro-chemico processes in chemically active clayey barriers. Direct conduction processes (i.e., 
hydraulic conduction based on Darcy’s law and diffusion based on Fick’s law) relate the flow directly to their driving gradients. 
Nevertheless, coupled conduction processes (i.e., chemico-osmosis fluid flow and convection) relate the flow of one type to the driving 
gradient of another kind [3,21]. In all of these processes, there are some phenomenological coefficients relating the fluid flow to the 
driving gradients, which play a crucial role in the transport process. Two types of driving gradients exist in clayey barriers in the 
landfill, which are responsible for solute transport in the barrier, including the hydraulic gradient due to the produced leachate in the 
landfill and the concentration gradient due to the presence of contaminants in the leachate. In the following sections, each process and 
its role in the clayey barrier will be investigated. Next, partial differential equations are presented to describe coupled multiphase flows 
in clayey barriers considering all of those processes. 

2.1. Hydraulic conduction 

Based on Darcy’s law, hydraulic conduction happens due to the hydraulic gradient from the side with a higher hydraulic head to the 
side with a lower hydraulic head using Eq. (1) as follows [22–24]: 

qh = − khih = − kh
∂h
∂y

(1)  

where, qh is Darcian fluid flow, kh is hydraulic conductivity (see section 4.1), ih is hydraulic gradient, and h is hydraulic potential. The 
dependency of hydraulic conductivity on void ratio and subsequent changes in void ratio due to the hydration of clay minerals is well 
documented by experimental measurements [24]. In addition to the hydraulic gradient, the concentration gradient can also induce 
fluid flow in clayey barriers with semi-permeable behavior, which is explored in the following section. 

2.2. Chemico-osmosis fluid flow and semipermeable behavior 

Chemically active clayey soils, such as bentonite-based clay barriers, contain montmorillonite minerals. They absorb cations and 
water molecules, resulting in a layer of water and cations around them, known as the diffuse double layer. It makes clays chemically 
active and induces specific behaviors in them, such as very low hydraulic conductivity and a restrictive behavior against particle 
transport. The restriction ability of clays against solute transport is quantified by membrane efficiency (ω), which is ranged between 
0 and 1 (see section 4.3). When membrane efficiency is equal to 0, there is no restriction against solute transport, while when it is equal 
to 1, solutes cannot move through the porous medium [25,26]. In the presence of solutes in the pore fluid, the diffuse double layer 
shrinks, and the clay’s macropore ratio increases, which is followed by increased hydraulic conductivity and decreased membrane 
efficiency. It has also been proven experimentally [11,27–32]. 

Furthermore, semipermeable behavior also leads to chemico-osmosis fluid flow as a result of solute concentration gradients from 
the more diluted area to the more concentrated area, which is expressed by Eq. (2) as follows [19,26,32,33]: 

qπ = kπ
∂π
∂y

=
ωkh

γw

∂Π
∂y

=
ωkhRT

γw

∑M

i=1

∂Ci

∂y
(2) 

In this equation, qπ is chemico-osmosis fluid flow, kπ is chemico-osmosis conductivity, γw is unit weight of water, Π is chemico- 
osmosis potential based on Van ’t Hoff equation, Ci is ion concentration, R is universal gas constant (8.314J/mol/K), T is absolute 
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temperature (K), and M is number of ions in the pore water [34]. 
Besides the chemico-osmosis fluid flow, the concentration gradient also induces diffusion of solutes in the porous media, which is 

discussed in the following section. 

2.3. Diffusion 

Solute moves through the porous media due to the concentration gradient from the concentrated area to the diluted area based on 
Fick’s law using Eq. (3) as follows [35,36]: 

Jd = − D∗
s θ

∂cs

∂y
= − D0τaθ

∂cs

∂y
(3) 

In which θ is expressed by Eq. (4) as follows: 

θ= nSr (4)  

τa = τmτr (5) 

In this equation, Jd is diffusion flux, D0 is diffusion coefficient in water, D∗
s is the effective diffusion coefficient, τa apparent is 

tortuosity factor, n is porosity, Sr is saturation degree, and cs is salt concentration. τa is an essential factor that shows the effect of porous 
structure on the diffusion coefficient. It consists of two factors, including matrix tortuosity (τm) and restrictive tortuosity (τr). Matrix 
tortuosity adjusts the diffusion coefficient to consider the effect of porous media on lengthening the rout of particles in soil. Restrictive 
tortuosity initiates the impacts of membrane behavior of clays in the effective diffusion factor [8,35,37–39]. Eqs. (6) and (7) were 
suggested for these factors as follows [40–42]: 

τr = 1 − ω (6)  

τm = nm (7) 

In these equations, m is an empirical factor. 

2.4. Convection 

Besides the diffusion, solutes also move as a result of fluid flow in the porous medium. Since two kinds of fluid flow (Darcian fluid 
flow and chemico-osmosis fluid flow) are considered in this study, the convection of solute also has two terms. Semipermeable 
behavior also affects solute convective flow. As a result, Eq. (8) was proposed for the convection of solutes [19,43]: 

JA = Ja,h + Ja,π =(1 − ω)cs(qh + qπ)= (1 − ω)cskh

(
ω
γw

∂Π
∂y

−
∂h
∂y

)

(8)  

2.5. Partial differential equations of coupled multiphase flow 

In order to develop governing partial differential equations for fluid flow and solute transport in a clayey barrier, all the above- 
mentioned processes are considered. The following equations were driven assuming infinitely diluted solution, isothermal condi-
tion, no electric charge, saturated soil condition, one-dimensional flow, solid skeleton, incompressible fluid, no soil deformation, and 
conservation of mass [19]: 

∂q
∂y

=
∂
∂y

[

− kh
∂h
∂y

+ kh
ωRT
γw

∑M

i=1

∂Ci

∂y

]

= 0 (9)  

Rdn
∂cs

∂t
= −

∂
∂y

[

(1 − ω)qhcs +(1 − ω)qπcs − nD0(1 − ω)τm
∂cs

∂y

]

= 0 (10) 

In this equation, Rd is the retardation factor, expressing the adsorbed part of solutes [19]. Eq. (9) and Eq. (10) are used for in the 
numerical modelling of solute transport in clayey barriers. 

The presence of (1 − ω) in all terms on the right-hand side of Eq. (10) demonstrates the inhibitory role of membrane behavior of 
clayey soils on solute transport. When the barrier acts as an ideal semi-permeable membrane, solutes are able to be transported through 
neither the convection nor the diffusion fluxes. 

3. Material 

The first step of numerical analysis is to determine the material. As bentonite is a chemically active soil with intense membrane 
behavior and high sensitivity to the presence of solutes in the pore water, bentonite-based clays were chosen in this study. As this study 
intends to simulate the solute transport in a clayey barrier using solute-dependent empirical or semi-empirical coefficients, picking the 
material should be based on the availability of existing experimental data on the various material. Exploring experimental results 

H. Sadeghi and A. Hedayati-Azar                                                                                                                                                                                  



Heliyon 9 (2023) e15148

4

reveals that the number of data points on membrane efficiency and diffusion coefficient of bentonite in Bentomat® geosynthetic clay 
liners is more compared with other bentonite material. Characteristics of this material and its existing data sets are mentioned 
respectively in Table 1 and Table 2. 

4. Phenomenological coefficients 

According to Eq. (9) and Eq. (10), phenomenological coefficients (membrane efficiency, hydraulic conductivity, and apparent 
tortuosity) play a significant role in the governing equations of solute transport. These coefficients and their dependency on solute 
concentration are discussed in the following sections. 

4.1. Hydraulic conductivity 

Hydraulic conductivity increases by increasing solute concentration in the pore fluid due to the effect of solutes on the thickness of 
the diffuse double layer, which is also admitted by experimental results. Besides that, hydraulic conductivity directly affects the 
Darcian fluid flow, chemico-osmosis fluid flow, and solute transportation by convection [15,45–47]. Following equation was suggested 
to quantify the hydraulic conductivity as a function of solute concentration in bentonite-based clays [30]: 

kh(cm / s)= 6.992
γw

μw

1
ρ2

s

e0.625

1 + e
1

w2.039+0.947/e
Lc

(11)  

wLc =wL0 −

(
89.460

1 + exp(2.595 − 0.007×wL0)
− 7.152

)

ln(1+ cs) (12) 

Chapuis (2012) reviewed various models for hydraulic conductivity of two types of plastic and non-plastic soils [48]. Based on the 
results, Mbonimpa et al.’s model (2002) [49] has the best performance compared with other models of plastic soils. This model was 
developed for hydraulic conductivity as a function of solute concentration using the previous model of Mbonimpa et al. (2002) for 
hydraulic conductivity of deionized water. Mbonimpa et al.’s model (2002) is based on the well-known model of Kozeny-Carman 
adjusted for plastic soils [49–51]. Hedayati-Azar and Sadeghi (2022) modified the coefficients and powers of Mbonimpa et al.’s hy-
draulic conductivity model (2002) in Eq. (12), and proposed a liquid limit model to reflect its dependency on solute concentration 
[30]. 

4.2. Apparent tortuosity 

Apparent tortuosity is a function of membrane efficiency and porous structure characteristics and modifies the diffusion coefficient. 
As was mentioned in Eq. (5), apparent tortuosity is formed out of two terms including matrix tortuosity and restrictive tortuosity. 
Employing the previously-developed models (i.e., Eq. (7)) leads to an inaccurate anticipation of apparent tortuosity of data sets re-
ported in Table 2. Therefore, a new model should be developed for apparent tortuosity for the purpose of this study. In this regard, the 
following equation is proposed: 

τ= anm(1 − ω) (13) 

Correlating data sets reported in Table 2 with Eq. (13) leads to the following constants with the coefficient of determination equal 
to. 

τ= τmτr = 0.177n2.004(1 − ω) (14) 

Fig. 1 shows the apparent tortuosity as function of membrane efficacy and porosity. Although the coefficient of determination is 
still low, it is practical enough for this study. The low coefficient of determination of this model is due to several factors, including 
different methods for measuring diffusion coefficient, the transient flux of diffusion in the initial stages of measuring, the adsorption of 
cations to a clay matrix, the correlation between restriction ability and matrix tortuosity, etc. [39,42,52]. 

Table 1 
Assumptions regarding the materials used in the models.  

Parameter Amount 

Soil type Na bentonite 
Contaminant type KCl 
Initial condition cs(y, t = 0) = 0 
Specific gravity, Gs 2.43 
Liquid limit, LL(%) 478 
Plastic index, PI(%) 439 
Water unit weight, γ (kN/m3) 9.8 
Retardation factor, Rd 1 
Absolute temperature, T (K) 298 
Void ratio, e 3  
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4.3. Membrane efficiency 

A clayey barrier’s membrane efficiency is crucial for solute transport because it directly affects all processes (convection and 
diffusion fluxes) as shown in Eq. (10). Experimental results also demonstrate that the membrane efficiency decreases by increasing 
concentration due to the shrinkage of diffuse double layer. Since membrane efficacy directly affects the chemico-osmosis fluid flow, 
convection, and diffusion, its crucial role in results cannot be denied [13,19,53–56]. The physical approach on the microscopic scale 
proposes a model for membrane efficiency of bentonite soils using monovalent salts using Eq. (15) as follows [27,28]: 

ω= 1 −
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
c′ sk,0
2cse

)2
+ 1

√

+ (2tc − 1)
(

c′ sk,0
2cse

) (15) 

In which tc is expressed by Eq. (16) as follows: 

tc =
Doc

Doc + Doa
(16) 

In this equation, c′

sk,0 is solid skeleton charge concentration, Doc is diffusion coefficient of cation, and Doa is diffusion coefficient of 
anion. 

The experimental procedure for measuring membrane efficiency is applied on a very thin layer of clay. As membrane efficiency is a 
function of solute concentration, it is not constant all over the clayey barrier. Having assumed a linear distribution of solute in the 
clayey layer, Eq. (17) is derived as follows [27,28,33,57]: 

ωg = 1 +
c′

sk,0

2eΔcs

[

Z2 − Z1 − (2tc − 1)ln
(

Z2 + 2tc − 1
Z1 + 2tc − 1

)]

(17) 

In which Z1 is expressed by Eq. (18) as follows: 

Z1 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
2Cte
c′

sk,0

)2
√

(18)  

And Z2 is expressed by Eq. (19) as follows: 

Z2 =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

(
2Cbe
c′

sk,0

)2
√

(19) 

In this equation, Ct is the solute concentration at the top boundary of the soil, Cb is the solute concentration at the bottom boundary. 

Table 2 
Summary of experimental data sets used for developing empirical and semi-empirical models.  

Reference Type of apparatus No. of data points for membrane efficiency No. of data points for diffusion 

Malusis & Shackelford (2002b) [32] Rigid wall 14 4 
Kang & Shackelford (2009) [14] Flexible wall 9 0 
Kang & Shackelford (2011) [44] Flexible wall 20 20 
Shackelford et al. (2016) [42] Rigid wall 6 6  

Fig. 1. Tortuosity versus membrane efficiency and porosity.  
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In these equations, the amount of c′

sk,0 is not determined. However, it is known that its value is dependent on the void ratio and solute 
concentration [7,9]. Based on data sets on membrane efficiency, Eq. (20) is proposed for c′

sk,0 as follows: 

c′

sk,0 =
epe (0.5(Ct + Cb))

pc

as
(20) 

Correlating the data sets reported in Table 2 with the abovementioned equation leads to Eq. (21) with the coefficient of deter-
mination equal to 0.854 as follows: 

c′

sk,0 =
e0.731(0.5(Ct + Cb))

0.125

38.615
(21) 

Although various methods were used to measure the membrane efficiency data sets reported in Table 2, the coefficient of deter-
mination shows adequate compatibility between data sets and the proposed model. Consequently, the following equation is derived for 
membrane efficiency as a function of void ratio and solute concentration: 

ω= 1 −
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
1

77.230cs0.875e0.269

)2
+ 1

√

− 0.0175
(

1
77.230cs0.875e0.269

) (22) 

This section discussed practical models for hydraulic conductivity, effective diffusion coefficient (or apparent tortuosity), and 
membrane efficiency only as a function of solute concentration, void ratio, and liquid limit. Accordingly, Eqs. (11), (14) and (22) can 
be used in Eqs. (9) and (10) to simulate coupled hydro-chemical fluid flow and solute transport in a clayey barrier. 

5. Research methodology 

Previous numerical studies on coupled hydro-chemical fluid flow and solute transport assumed the constant amounts of hydraulic 
conductivity and membrane efficiency in the clayey barrier during the time, which was a serious limitation [17–20]. In another study, 
it was assumed that membrane efficacy is a variable, while hydraulic conductivity is still assumed to be a constant value [58]. 

This study provides semi-empirical and empirical models for hydraulic conductivity, effective diffusion coefficient, and membrane 
efficiency. Hence, these phenomenological coefficients can be used in a numerical model to simulate the transport of solutes in a 
bentonite-based clay barrier considering their dependency on solute concentration. In order to investigate the deviation of results after 
applying variable coefficients, four approaches are defined in Table 3. This study takes various solute concentrations, exit boundary 
conditions, barrier thicknesses, and hydraulic gradients into consideration, which are stated in Table 4. 

As mentioned, solute transport deals with coupled processes in the porous media. In this regard, COMSOL Multiphysics is a perfect 
choice as it is a very strong numerical software for modelling coupled processes. In addition, it has developed packages for modelling 
solute transport and fluid flow [59]. 

A schematic Figure of the bentonite-based clay barrier is demonstrated in Fig. 2. It is assumed that the leachate, which contains 
solute particles, is located at the top boundary of the isolation clayey barrier, and the system is fully saturated [60]. Therefore, the 
direction of chemico-osmosis fluid flow is from the exit boundary at the bottom of the layer to the entrance boundary. In addition, the 
direction of diffusion flux is from the entrance boundary to the exit boundary due to the higher solute concentration at the top 
boundary. The direction of Darcian fluid flow is from the entrance boundary to the exit boundary as well. 

COMSOL Multiphysics’ numerical model for coupled hydro-chemical flow governing the solute transport in clayey barriers is 
verified against previous numerical studies. However, as was mentioned, previous studies assumed constant values for both hydraulic 
conductivity and membrane efficiency. Table 5 shows the assumptions of Malusis and Shackelford’s model (2004) [20] and Manassero 
and Dominijanni’s model (2003) [19], which are demonstrated respectively by M&Sh and M&D labels in Fig. 3(a) and (b). This study 
applied their assumption in COMSOL Multiphysics to verify this study’s model in this numerical software. As Fig. 3 demonstrates, the 
numerical results of previous studies and the results of this study using COMSOL Multiphysics are the same. 

6. The interpretation of results 

In order to investigate the differences between different approaches to applying hydraulic conductivity and membrane efficiency, 
outcomes of various numerical scenarios will be discussed and compared in this section. 

Table 3 
Introducing approaches for applying membrane efficiency and hydraulic conductivity.  

Coefficient Membrane Efficiency Hydraulic Conductivity 

Approach Constant Variable Constant Variable 

mc-kc ✔  ✔  
mv-kc  ✔ ✔  
mc-kv ✔   ✔ 
mv-kv  ✔  ✔  
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Fig. 4 shows the membrane efficiency profile in the first, tenth, and hundredth years using the four approaches from Table 3. As this 
Figure reveals, the constant membrane efficiency in mc-kc and mc-kv approaches is higher than the variable values in shallow depths 
of the barrier and is lower in the deeper parts in the early years. As a result, mc-kc and mc-kv approaches assume more restriction 
ability close to the entrance boundary and less restriction ability close to the exit boundary compared with mv-kc and mv-kv 
approaches. 

Moreover, comparing Fig. 4(a), (b), and (c) reveals that the amount of membrane efficiency decreases during the time as solutes 
invade the exit boundary. Consequently, Fig. 4(c) shows that, finally, the amount of membrane efficiency would be almost constant in 

Table 4 
Input parameters in the numerical scenarios.  

Scenarios Parameters Amounts Heading Numbers 

C0 EBC L ih 

1 Source solute concentration, C0(mM) 5 6.1    
Exit boundary condition, EBC ∂C(L, t)/∂y = 0  6.2   
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 5     

2 Source solute concentration, C0(mM) 50 6.1    
Exit boundary condition, EBC ∂C(L, t)/∂y = 0  6.2   
Thickness of barrier, L(m) 1   6.3  
Hydraulic gradient, ih 5    6.4 

3 Source solute concentration, C0(mM) 500 6.1    
Exit boundary condition, EBC ∂C(L, t)/∂y = 0  6.2   
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 5     

4 Source solute concentration, C0(mM) 5     
Exit boundary condition, EBC C(L, t) = 0  6.2   
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 5     

5 Source solute concentration, C0(mM) 50     
Exit boundary condition, EBC C(L, t) = 0  6.2   
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 5     

6 Source solute concentration, C0(mM) 500     
Exit boundary condition, EBC C(L, t) = 0  6.2   
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 5     

7 Source solute concentration, C0(mM) 50     
Exit boundary condition, EBC ∂C(L, t)/∂y = 0     
Thickness of barrier, L(m) 0.5   6.3  
Hydraulic gradient, ih 5     

8 Source solute concentration, C0(mM) 50     
Exit boundary condition, EBC ∂C(L, t)/∂y = 0     
Thickness of barrier, L(m) 2   6.3  
Hydraulic gradient, ih 5     

9 Source solute concentration, C0(mM) 50     
Exit boundary condition, EBC ∂C(L, t)/∂y = 0     
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 1.1    6.4 

10 Source solute concentration, C0(mM) 50     
Exit boundary condition, EBC ∂C(L, t)/∂y = 0     
Thickness of barrier, L(m) 1     
Hydraulic gradient, ih 15    6.4  

Fig. 2. Schematic bentonite-based clayey barrier and boundary conditions.  
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the barrier, and its amount is lower than the constant values in mc-kc and mc-kv approaches. It implies that using the constant 
membrane efficiency leads to more restriction ability in the long term since the constant approach proposes an average value based on 
the linear distribution of solutes in the barrier, while the solute distribution goes beyond the linear distribution over time. 

Fig. 5 shows the hydraulic conductivity profile using the four approaches stated in Table 3. The constant hydraulic conductivity 
assumes the hydraulic conductivity of the clay barrier to be the same for both DI water and solution as the pore fluid. Accordingly, its 
values in mc-kc and mv-kv approaches are lower than its values in variable hydraulic conductivity (mc-kv and mv-kv) in all scenarios. 
Moreover, as solute concentration is higher in the shallower parts of the barrier in the early years, the hydraulic conductivity is also 
higher in shallower parts of the barrier. Comparing Fig. 5(a), (b), and (c) indicate that by breakthrough of solute to the deeper parts 
over time, hydraulic conductivity increases. Therefore, the fluxes of convection and Darcian fluid flow increase due to the effect of 
solute on hydraulic conductivity. Besides the hydraulic conductivity, chemico-osmosis fluid flow is also dependent on membrane 
efficiency. 

Fig. 6(a), (b), and (c) show the solute concentration profile using all four approaches discussed in Table 3, respectively, in the first, 
tenth, and hundredth years. Based on this Figure, the solute concentration profile is relatively the same for all the four approaches in 
the first year because the effect of variable approaches is limited to shallower parts of the clayey barrier in the early years. However, 
the difference between different approaches becomes more evident over time. This Figure asserts that in the long term, the rate of 
solute transportation is the highest using the mv-kv approach, while it is the least when applying the mc-kc approach using the as-
sumptions of scenario 2. 

Table 5 
Input parameters for the verification of numerical model in COMSOL Multiphysics.  

Reference M&Sh (Malusis and Shackelford (2004) [20]) M&D (Manassero and Dominijanni (2003) [19]) 

Source concentration, C0 (mM) 8.7 5.0 
Barrier thickness, L(m) 1.00 0.01 
Hydraulic gradient, ih 10 10 
Exit boundary condition, EBC cs(L, t) = 0 ∂cs (L, t)/∂y = 0 
Initial solute Concentration, cs (mM) cs(y, t = 0) = 0 cs(y, t = 0) = 0 
Porosity, n 0.79 0.70 
Temperature, T(K) 298 293 
Hydraulic conductivity, kh(m/s) 1.33 × 10− 10 1.00 × 10− 10 

Membrane efficiency, ω 0.0 (NM, I), 0.49 (E, EI) 0.0, 0.2, 0.4, 0.6, 0.8 
Diffusion Coefficient, D∗

j (m2 /s) 19.93 × 10− 10 × 0.12 (NM, E), 
19.93 × 10− 10 × 0.063 (I, EI) 

2 × 10− 10  
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Fig. 3. Solute transport results in the clayey barrier using the numerical method in COMSOL Multiphysics and results of a) Malusis and Shack-
elford’s (2004) study [20] and b) Manassero and Dominijanni’s (2003) study [19] using input parameters in Table 5. 
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The results of this section were provided based on the assumptions of scenario 2, while by changing some assumptions, the results 
may also change. Hence, to reach an extensible conclusion about the effect of choosing approaches for applying hydraulic conductivity 
and membrane efficiency, various scenarios are selected. In this study, the importance of various parameters including source solute 
concentration, exit boundary condition, the thickness of barrier, and hydraulic gradient is explored and discussed. The specific con-
dition of each variable is summarized in Table 4 for various numerical scenarios. 

6.1. Source solute concentration 

In order to explore the effect of source solute concentration at the entrance boundary on the results using the four approaches 
(based on Table 3), scenarios 1, 2, and 3 were defined as it is described in Table 4. Fig. 7 shows the breakthrough of solute concen-
tration at the exit boundary during the time for these three scenarios. 

First, the rate of change is lower when the source solute concentration is more dilute as the membrane efficiency is higher, which 
results in more restriction toward solute transport in the clayey barrier. Fig. 7(a) shows that the solute breakthrough in the exit 
boundary is slower when using the mv-kc and mv-kv approaches since there is higher membrane efficiency in the deeper parts of the 
barrier. However, reaching solute to the deeper parts leads to lower membrane efficiency in mv-kc and mv-kv over time. Consequently, 
the solute concentration becomes more at the exit boundary of the barrier in the long term by using the mv-kc and mv-kv approaches. 
As shown in Fig. 7(a), (b), and (c), solutes require less time in more concentrated areas to reach the exit boundary in the mc-kc and mc- 
kv approaches than do less concentrated areas. 

Comparing mc-kv and mv-kv approaches in Fig. 6(c) demonstrates that the choosing approach for applying membrane efficiency 
also affects the result even when membrane efficiency is extremely low. Although the membrane efficiency is low in this case, the 
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Fig. 4. Membrane efficiency profile at a) 1st year, b) 10th year, and c) 100th year in Scenario 2 in Table 4.  
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difference between applying the membrane efficiency as a variable or constant is significant due to the high hydraulic conductivity 
value, which leads to higher chemico-osmosis fluid flow as well. Eventually, because membrane efficiency is lower in the mv-kv 
approach than in the mc-kv approach, the chemico-osmosis fluid flow acts as a damper of Darcian fluid flow in the convection, 
which results in a slower breakthrough of solutes at the exit boundary. 

Furthermore, Fig. 7 indicates that the difference between the four approaches is more perceptible when the source solute con-
centration is higher. In particular, higher solute concentrations lead to higher hydraulic conductivity values as well. Therefore, 
although the difference between mc-kc and mv-kc approaches and mc-kv and mv-kv approaches are noticeable in higher source solute 
concentrations (Fig. 7(c)), it is ignorable for dilute source solute concentrations (Fig. 7(a)). 

Figs. 8 and 9 show the solute concentration profile respectively at the tenth- and hundredth-years using scenarios 1, 2, and 3. It 
indicates that using the variable hydraulic conductivity makes a negligible difference in the results of diluted concentrations, while the 
variable membrane efficiency alters the concentration profile evidently in this condition. As Fig. 8(a) shows solute concentration is 
lower in the shallower parts of the barrier when using the mc-kc and mc-kv approaches. Nevertheless, using the mv-kc and mv-kv 
approaches leads to lower concentrations in the deeper parts of the barrier in early years. Fig. 9(a) reveals that by increasing the 
solute concentration in the barrier, variable hydraulic conductivity increases, which is followed by a limited impact on the result in the 
dilute concentration in the long term. 

Furthermore, Fig. 8(b) and (c) illustrate that the mc-kv approach provides relatively a lower solute concentration profile compared 
with other approaches using scenarios 2 and 3. It happens because of the effect of variable hydraulic conductivity on chemico-osmosis 
fluid flow and the inhibitory role of its convection, which results in a slower breakthrough of solutes in the barrier. However, solute 
concentration increases over time, which eventuates in higher hydraulic conductivity. Besides that, the concentration gradient de-
creases over time, which is followed by lower chemico-osmosis fluid flow and diffusion flux. Hence, the role of chemico-osmosis fluid 
flow in the convection flux becomes negligible eventually, which means a higher solute transport rate toward the exit boundary. In this 
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regard, Fig. 9 (b) and (c) also show higher solute concentration for the mc-kv approach compared with the mc-kc and mv-kc 
approaches. 

Fig. 7 also shows a transient condition in early years. Eventually, a steady-state condition appears, and all the barrier is 
contaminated by the salt uniformly. At this point, the concentration gradient is eliminated, which means no diffusion flux and 
chemico-osmosis fluid flow. Therefore, hydraulic conductivity remains constant, which leads to a steady-state Darcian fluid flow and 
convection as it is reached for mc-kv and mv-kv condition in Figs. 7(c) and Fig. 9(c). The steady-state condition reaches faster when 
using variable approach for applying both hydraulic conductivity and membrane efficiency. 

Scenarios 1, 2, and 3 assume the Neuman boundary condition governs the exit boundary, which results in a steady-state uniform 
solute distribution in the barrier. However, using a different boundary condition may alter the results. The following section examines 
the influence of boundary conditions on the results. 

6.2. Exit boundary condition 

In order to examine the effect of the exit boundary condition on the results of solute distribution and soluble contaminates 
breakthrough in the barrier, scenarios 4, 5, and 6 were defined with a different exit boundary condition compared to scenarios 1, 2, and 
3 in Table 4. Figs. 10 and 11 show the average solute concentration breakthrough in the clayey barrier during the time using 
respectively ∂c(L, t)/∂y = 0 and c(L, t) = 0 as the exit boundary condition. 

First, it should be noted that the final steady-state condition differs between these two types of boundary conditions. Based on 
Fig. 10(c), the average solute concentration in the barrier is equal to the source solute concentration in the steady-state condition, 
while the average solute concentration is less than the source solute concentration when using c(L, t) = 0 as the exit boundary 
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condition as it is indicated in Fig. 11(c). It happens because the exit boundary condition is imposed to have zero solute concentration. 
Moreover, the average solute concentration reaches the different ultimate values when using different approaches for applying 
membrane efficiency and hydraulic conductivity. Thus, the exit boundary condition plays a key role in the ultimate state of the barrier. 

As both Figs. 10 and 11 show, the threshold values are reached during the 100 years when source solute concentration is high. 
However, Fig. 10(a) and (b) indicate that the final threshold value is not attained within 100 years due to the low initial solute 
concentration of the source. Furthermore, Fig. 11 demonstrates that the relative amount of threshold average solute concentration is 
higher when the source solute concentration is higher. 

Additionally, Fig. 11 reveals the threshold solute concentration is the highest for mv-kv approach and lowest for mc-kc approach. 
However, a general conclusion cannot be made for mc-kv and mv-kc approaches since, depending on the source solute concentration, 
various results are obtained. Fig. 11(a), (b), and (c) demonstrates that the difference between the average solute concentration of mv- 
kv approach and other approaches increases by increasing source solute concentration. 

Figs. 10 and 11 illustrate that although the exit boundary condition exerts a substantial influence on the final distribution of solutes 
in the barrier, it does not affect the distribution of solute concentrations in the early years. Thus, all explanations regarding scenarios 1, 
2, and 3 (Fig. 8) also applies to scenarios 4, 5, and 6 in the early years. 

Fig. 12 illustrates the solute concentration profiles in the barrier in the hundredth year. Comparing Fig. 9(a), (b), and (c) and Fig. 12 
(a), (b), and (c) shows a faster breakthrough of solute transportation when using ∂c(L, t)/∂y = 0 as the exit boundary condition due to 
the effect of strong membrane behavior close to the bottom of the barrier when using c(L,t) = 0. Using c(L, t) = 0 boundary condition 
also leads to lower hydraulic conductivity and higher solute concentration gradient close to the exit boundary. Higher concentration 
gradient and membrane efficiency lead to higher chemico-osmosis fluid flow and higher convection of chemico-osmosis fluid flow. 
Thus, comparing Fig. 9(b) and (c) with Fig. 12(b) and (c) demonstrates the slower breakthrough of solutes using c(L, t) = 0 as the exit 
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boundary condition instead of ∂c(L,t)/∂y = 0, and the decrease is more significant when using the mc-kv approach compared with the 
mv-kc approach. In particular, mc-kv and mv-kc approaches result in relatively the same ultimate solute concentration profile in the 
barrier when using c(L, t) = 0 as the exit boundary condition, while using ∂c(L, t)/∂y = 0 as the boundary condition leads to the higher 
solute profile in the mc-kv approach compared with the mv-kc approach. 

It is also noteworthy that the variable hydraulic conductivity and membrane efficiency is followed by the lower membrane effi-
ciency and higher hydraulic conductivity in the long term in all cases. 

6.3. Thickness of barrier 

In order to compare the results of variable and constant approaches for applying membrane efficiency and hydraulic conductivity in 
the previous sections, it was assumed that the thickness of clayey barrier is equal to 1 m. However, this section aims to explore the role 
of thickness of barrier on the result. Therefore, scenarios 7 and 8 are defined in Table 4 to be compared with scenario 2. Fig. 13 shows 
the average solute concentration breakthrough in the barrier using four approaches in Table 3. Fig. 13(a) shows a faster breakthrough 
when the layer is thinner as solutes reach the exit boundary faster. Accordingly, comparing Fig. 13(a), (b), and (c) indicates that the 
steady-state condition reaches faster thinner barriers. 

In addition, Fig. 13 demonstrates that by increasing the thickness of the barrier, the difference between the ultimate average solute 
concentrations becomes more considerable in various approaches for applying membrane efficacy. Although the difference between 
the ultimate conditions of various approaches is more noticeable in thicker barriers in the long term, the difference is more significant 
in thinner barriers in the early years. 

In scenarios 1 to 8, it was assumed the hydraulic gradient is equal to 5, while changing the hydraulic gradient also exerts influence 
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on the Darcian fluid flow and convection. The following section examines the influence of hydraulic gradients on the results. 

6.4. Hydraulic gradient 

Scenarios 9 and 10 were defined in Table 4 to explore the effect of hydraulic gradient on the results of solute distribution. The lower 
hydraulic conductivity leads to the lower Darcian fluid flow and, as a result, lower solute convection. Fig. 14 demonstrates the average 
solute concentration breakthrough in the barrier for scenarios 9, 2, and 10 using four different approaches based on Table 3. 
Comparing Fig. 14(a), (b), and (c) indicate a faster breakthrough of solute concentration in higher hydraulic gradient for all 
approaches. 

First, Fig. 14(a) shows the result for the lowest hydraulic gradient. On the one hand, the Darcian fluid flow convection is negligible, 
which results in a negligible difference between the average solute concentration breakthrough of the mv-kc and mv-kv approaches. 
On the other hand, the chemico-osmosis fluid flow convection plays a more significant role compared to the Darcian fluid flow 
convection in low hydraulic gradients. Hence, Fig. 14(a) demonstrates that the mc-kv approach results in a slower breakthrough in 
comparison with the mc-kc approach. Therefore, in contrast with the average concentration breakthrough of mc-kv approach in 
scenario 10 with a higher hydraulic gradient (Fig. 14(c)), the average concentration breakthrough of the mc-kv approach in scenario 9 
(Fig. 14(a)) never reaches the average concentration breakthrough of the mc-kc approach during the 100 years. 

Fig. 14(a) also reveals a faster breakthrough of the solute concentration in the barrier when using the mv-kc approach in the early 
years since Darcian fluid flux convection is negligible due to the low hydraulic gradient, and constant hydraulic conductivity and 
variable membrane efficiency (mv-kc) lead to the low chemic-osmosis fluid flux convection. Variable hydraulic conductivity results in 
higher chemic-osmosis fluid flux convection toward the entrance boundary in lower hydraulic gradients. 
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Fig. 14(c) shows the breakthrough of the average solute concentration using scenario 10 with the highest hydraulic conductivity 
among all scenarios. The variable hydraulic conductivity plays a significant role in the solute breakthrough due to the role of Darcian 
fluid flow convection. Therefore, Fig. 14(c) shows a faster breakthrough of solute concentration when using mc-kv and mv-kv ap-
proaches compared with mc-kc and mv-kc approaches. This difference is less considerable in scenario 2 (Fig. 14(b)), where the hy-
draulic conductivity is less than scenario 10 (Fig. 14(c)). 

7. Limitations 

Nevertheless, there are still some limitations and simplifications that need to be refined in future studies. First, it was assumed that 
the soil body is rigid, whereas mechanical consolidation, chemical consolidation, and osmotic consolidation may induce some de-
formations in the clayey barriers. Mechanical consolidation occurs as a result of surcharging loads of waste and soil layers. Chemical 
consolidation is induced by chemico-osmotic fluid and negative pore water pressure. Osmotic consolidation also occurs due to the 
effect of solutes on shrinkage of diffuse double layer and electrostatic repulsive minus attractive stresses [62–64]. Therefore, coupled 
hydro-chemico-mechanical multiphase flow will actually govern the solute transport in a clayey barrier due to changes in void ratio 
and its effect on hydraulic conductivity and membrane efficiency. Besides that, the temperature gradient also affects the flow in the 
porous media, which considering it results in more accurate outcomes [65–67]. 

This study used 49 and 30 data points on membrane efficiency and apparent tortuosity to develop practical models for them, 
respectively. Due to the lack of sufficient experimental data points on those parameters, more validation or extension of models was 
not possible, which can be improved by conducting more experiments and field explorations on these parameters. In addition, the 
time-consuming procedure of experiments on clays and the dependency of results on material and the apparatus type are a few reasons 
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for the limited data availability [68]. 
Additionally, field or laboratory results on the coupled multiphase solute transport in the clayey barriers under controlled con-

ditions are needed to validate the numerical solution provided in this study. However, such data points are not available due to the 
complexity of the processes, timely transport process in clayey soils, and multiplicity influential factors (i.e., mechanical changes, 
electrical and thermal gradient) [4]. 

This study attempted to investigate different conditions by assuming different values for the source solute concentration, exit 
boundary condition, barrier thickness, and hydraulic gradient in the numerical modelling. Nevertheless, using a different clayey 
material, soluble contaminant, porosity, adsorption coefficient, Robin, or Cauchy boundary condition at the bottom boundary, and 
using different values for source solute concentration, barrier thickness, and hydraulic gradient besides what has been used in this 
study, may result in different results. Moreover, there are some simplifications in the partial differential equation used in this study, 
such as the assumption of one-dimensional coupled multiphase flow. However, there are some conditions where there are two or three- 
dimensional coupled flows. For instance, there are undeniable hydraulic and concentration gradients in the horizontal direction close 
to the boundaries and edges of a clayey barrier. 

Furthermore, this study used Na-bentonite material from Malusis and Shackelford’s study (2002) [32], while using other materials 
in the numerical study or developing empirical models may affect outcomes. It is noteworthy that leachate has very complex com-
ponents including dissolved organic matter, inorganic macro components, heavy metals, xenobiotic organic compounds, etc. [69,70]. 
Therefore, exploring their effects on clayey barriers and changing their properties need experimental studies at the first step, whose 
outcomes may be used to improve the accuracy of present numerical studies. 
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8. Conclusions 

It has been a constant effort to improve the knowledge about clayey barriers’ behavior by conducting experiments, developing 
analytical equations, and improving the accuracy of numerical models. Malusis et al. (2001) introduced a new apparatus to measure 
membrane efficiency, which led to more exploration of the membrane behavior of various clays [33]. It also improved the accuracy of 
numerical models on solute transport by not ignoring membrane efficiency in equations. Comparative results demonstrated the 
substantial role of membrane behavior in clayey barriers [19,61]. Although it was a significant step, there were still many 
simplifications. 

Most of the previous numerical studies regarding the solute transport and multiphase hydro-chemical flow in a clayey barrier 
assumed that membrane efficacy, diffusion coefficient, and hydraulic conductivity remain constant during the time. However, due to 
the continuous changes in solute concentration profile and the concentration-dependent nature of those coefficients, assuming con-
stant coefficients is a considerable simplification. Therefore, this study took another step toward a more accurate numerical modelling 
of solute transport in a clayey barrier by using concentration-dependent coefficients. 

As a first step, a previously published concentration-dependent model of hydraulic conductivity for chemically active clays was 
adopted. Then, an empirical model for apparent tortuosity and a semi-empirical model for membrane efficiency were developed based 
on existing experimental data on the Na-bentonite. Finally, this study defined four approaches to apply these coefficients in ten nu-
merical scenarios to prospect the solute transport. 

In general, variable hydraulic conductivity is higher than its constant value as solute existence in the pore fluid increases the 
hydraulic conductivity. In addition, using variable membrane efficiency instead of the constant approach leads to lower membrane 
efficiency in shallower parts and higher membrane efficiency in deeper parts in the early years, whereas, over the long term, and after 
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solute advancements in deeper parts, the variable approach results in lower membrane efficiency all over the barrier compared with 
the constant approach. 

Using constant hydraulic conductivity to design clayey barriers leads to lower Darcian and chemico-osmosis fluid flow. Choosing 
the approach to apply hydraulic conductivity becomes more noticeable over time as the solute leakage affects more parts of the barrier. 
Variable hydraulic conductivity is able to reflect the effect of solute leakage on hydraulic conductivity but not constant hydraulic 
conductivity. Depending on the barrier’s conditions, it may lead to significantly inaccurate predictions on the solute breakthrough in 
the barrier and groundwater contamination. In addition, using constant membrane efficiency in designing the clayey barrier leads to 
the inaccurate estimation of solute breakthrough due to overestimated restriction ability in some parts and underestimating that in 
others. Ten numerical scenarios and four approaches for applying membrane efficiency and hydraulic conductivity were defined to 
explore the extent of these effects. Results were used to derive engineering applications for designing clayey barriers. 

Using variable membrane efficacy instead of the constant value affects the results more significantly in diluted concentrations due 
to the stronger restriction ability of clays in diluted concentrations. However, using variable hydraulic conductivity changes the result 
more noticeably in higher concentrations due to the considerable increase of hydraulic conductivity in concentrated areas. Therefore, 
for the sake of simplicity in engineering applications in diluted concentrations, it is possible to use constant hydraulic conductivity, 
while assuming the constant membrane efficiency misleads the solute breakthrough prediction significantly, especially in the long 
term. Although membrane efficiency is negligible in higher concentrations, using constant membrane efficiency for designing purposes 
is fallacious because the combination of variable hydraulic conductivity and constant membrane efficiency overestimates the inhib-
itory role of chemico-osmosis convection, which results in predicting slower breakthrough of solutes for designing purposes. 

Furthermore, this paper also looked at the effects of the exit boundary condition on the results using various approaches to apply 
coefficients. In general, using different approaches leads to utterly different steady-state conditions when using c(L, t) = 0 as the exit 
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Fig. 13. Breakthrough of average solute concentration in the barrier using a) scenario 7, b) scenario 2, and c) Scenario 8 in Table 4.  
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boundary condition, whereas the steady-state condition is the same when using ∂c(L, t)/∂y = 0 as the exit boundary condition, and the 
difference between approaches appears in terms of time to reach the steady-state condition. Thus, if the barrier is designed based on the 
steady-state condition or its condition in the very long term, selecting the approach for applying coefficients is not critical when the governing 
boundary condition is ∂c(L, t)/∂y = 0. As a result, for the sake of simplicity, the constant approach can be used in the long term, whereas if a 
determined time is concerned, using the constant approach is misleading. Nevertheless, when the governing boundary condition is c(L, t) = 0, 
assuming the constant approach in the barrier’s design leads to underestimating the solute transport rate, which makes it indispensable to use the 
variable approach for environmental engineering applications. 

Comparing the solute concentration breakthrough in the barriers with various thicknesses demonstrates that the difference be-
tween the results of various approaches is negligible and vanishes sooner. For engineering design purposes, thick barriers need to be 
designed using the variable approach, while thin barriers can be designed using the constant approach. 

This study also investigates the effect of hydraulic gradient on the results using different approaches. Results indicate that variable 
hydraulic conductivity influences chemico-osmosis fluid flow and the inhibitory role of its convection significantly in the low hydraulic 
gradient. However, in higher hydraulic gradients, Darcian fluid flow and its respective convection affect the solute breakthrough 
considerably. Thus, variable hydraulic conductivity combined with variable membrane efficiency should be applied in higher hy-
draulic gradients. Otherwise, the role of convection is underestimated. However, the constant hydraulic conductivity leads to the 
overestimation of solute transport, which can be applied for the sake of a more conservative design. 

Until now, constant membrane efficiency and hydraulic conductivity were assumed to model the contaminant transport and design 
clayey barriers based on their efficiency to decrease the leakage rate. Exploring the result in various scenarios using different ap-
proaches leads to a general conclusion that picking the variable approach for applying membrane efficiency and hydraulic conduc-
tivity leads to considerable differences in results. Considering the fact that using concentration-dependent coefficients leads to a higher 
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rate of contaminants transport in many cases, mainly in the long term, and their concentration-dependent nature confirmed by 
experimental results, using other approaches may be misleading and ends up in the inaccurate design of barriers, which endanger the 
health of soil and groundwater. 
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