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Abstract

In this paper, we investigate two types of nonlocal soliton equations with the parity-time (PT)

symmetry, namely, a two dimensional nonlocal nonlinear Schrödinger (NLS) equation and a

coupled nonlocal Klein-Gordon equation. Solitons and periodic line waves as exact solutions

of these two nonlocal equations are derived by employing the Hirota’s bilinear method. Like

the nonlocal NLS equation, these solutions may have singularities. However, by suitable

constraints of parameters, nonsingular breather solutions are generated. Besides, by taking

a long wave limit of these obtained soliton solutions, rogue wave solutions and semi-rational

solutions are derived. For the two dimensional NLS equation, rogue wave solutions are line

rogue waves, which arise from a constant background with a line profile and then disappear

into the same background. The semi-rational solutions shows intriguing dynamical behav-

iours: line rogue wave and line breather arise from a constant background together and then

disappear into the constant background again uniformly. For the coupled nonlocal Klein-

Gordon equation, rogue waves are localized in both space and time, semi-rational solutions

are composed of rogue waves, breathers and periodic line waves. These solutions are dem-

onstrated analytically to exist for special classes of nonlocal equations relevant to optical

waveguides.

Introduction

Since Bender and Boettcher [1] showed that in the spectrum of the Hamiltonian, large

amounts of non-Herimitan Hamiltons with Parity-time-symmetry (PT-symmetry) possess

real and positive spectrum, the PT-symmetry has been an interesting topic in quantum

mechanics and has significant impact. In general, a non-Hermitian Hamiltonian H = @xx +

V(x) is called PT-symmetric if V(x) holds for V(x) = V�(−x). If set V(x, t) = p(x, t)p�(−x, t) in

the Hamiltonian H above, then the Schrödinger equation ipt = Hp is PT-symmetric. In recent

years, many works on PT-symmetry have been presented [2–6]. PT-symmetry has been widely

applied to many areas of physics, such as optics [4, 7, 8], such as Bose-Einstein condensates

[9], such as quantum chromodynamics [10], and so on.
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In [11], Ablowitz and Musslimani introduced the nonlocal nonlinear Schrödinger equation

iqtðx; tÞ þ qxxðx; tÞ þ 2qðx; tÞq�ð� x; tÞqðx; tÞ ¼ 0 ð1Þ

and got its explicit solutions by inverse scattering. Quite a lot of work were done after that for

this equation and other equations [12–33]. Following the works of Ablowitz [11, 13] and

Fokas [12], we propose a two dimensional nonlocal nonlinear Schrödinger (NLS) equation

iut þ uxx þ uyy � 2uxy þ 2uV ¼ 0;V ¼ uðx; y; tÞu�ð� x; � y; tÞ; ð2Þ

and a coupled nonlocal Klein-Gordon equation

uttðx; tÞ þ uxxðx; tÞ � b uðx; tÞ þ ½�uðx; tÞu�ð� x; tÞ � 2vðx; tÞ�uðx; tÞ ¼ 0;

vttðx; tÞ � vxxðx; tÞ þ ½�uðx; tÞu�ð� x; tÞ�xx ¼ 0;
ð3Þ

here �means complex conjugation. For the two dimensional nonlocal NLS equation given by

(2), this equation satisfies two dimensional fully PT symmetry condition V(x, y, t) = V�(−x, −y,

t), where q is a complex function of x, y, t. Obviously, if select V = u(x, y, t)u�(x, y, t) in eq (2),

the two dimensional nonlocal NLS equation reduces to a (2 + 1)-dimensional nonlinear Schrö-

dinger equation in the Heisenberg ferromagnetic spin chain [34–40]. For the coupled nonlocal

Klein-Gordon equation given by (3), although this equation is not invariant under u(x, t)!
u(−x, −t), it has a conserved density u(x, t)u�(−x, t), which is invariant under spacial reversion

together with complex conjugation as that for the nonlocal nonlinear Schrödinger equation

(NLS), here u, v are functions of x, t. Corresponding to the nonlocal, the travelling wave trans-

formation of the non-differentiable type of local equation is observed in [41–43].

The objective here is to demonstrate typical dynamics of breathers and rogue waves, inten-

sively studied topics recently, which can be derived analytically for the two dimensional nonlo-

cal NLS eq (2) and the coupled nonlocal Klein-Gordon eq (3) by employing the Hirota bilinear

method [44]. Note that the Hirota bilinear method is an efficient and popular method to solve

soliton equations [45–51]. In addition, the necessary conditions for the existence of solitary

solutions of nonlinear partial differential equations are derived in [52, 53]. Breathers are pul-

sating modes and rogue waves are unexpectedly large amplitude displacements from a tranquil

background [54]. Rogue waves were first observed in the oceans [54], but are now being pur-

sued in optics and other fields as well [55–60]. In addition to the NLS equation, a variety of

nonlinear soliton equations including nonlocal systems satisfied PT symmetry have been veri-

fied possessing rogue wave solutions [14, 15, 61–74]. Two recent articles [75] have provided a

good review on the rogue waves from the physical view. Besides, as nonlinear wave interac-

tions are important in the formation of different wave structures in physical systems, a good

motivation of this paper is to derive different types of mixed solutions consisting of rogue

waves, breathers and periodic line waves for the two dimensional nonlocal NLS eq (2) and the

coupled nonlocal Klein-Gordon eq (3).

The outline of the paper is organized as follows. In Sect, three solutions of the two dimen-

sional nonlocal NLS eq (2), namely, line breathers, rogue waves, semi-rational solutions con-

sisting of line breather and rogue wave, are derived by employing the bilinear transformation

method and taking a long wave limit, and their typical dynamics are analyzed and illustrated.

In Sect, typical dynamics of several solutions for the coupled nonlocal Klein-Gordon eq (3),

including rogue waves, breathers and mixed solution consisting of rogue waves, breathers,

periodic line waves, are discussed. The Sect. contains a summary and discussion.

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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Solutions of the two dimensional nonlocal NLS equation

The two dimensional nonlocal NLS equation is translated into the bilinear form

ðiDt þ D2
x þ D2

y � 2DxDyÞg � f ¼ 0;

ðD2
x þ D2

y � 2DxDyÞf � f ¼ 2½gg�ð� x; � y; tÞ � f 2�;
ð4Þ

through the variable transformation

u ¼ e2it g
f
: ð5Þ

Here f, g are functions with respect to three variables x, y and t, and satisfy the condition

f �ðx; y; tÞ ¼ f ð� x; � y; tÞ; ð6Þ

the asterisk denotes complex conjugation, and the operator D is the Hirota’s bilinear differen-

tial operator [44] defined by

PðDx;Dy;Dt; ÞFðx; y; t � � �Þ � Gðx; y; t; � � �Þ

¼ Pð@x � @x0 ; @y � @y0 ; @t � @t0 ; � � �ÞFðx; y; t; � � �ÞGðx
0

; y0 ; t0 ; � � �Þjx0 ¼x;y0 ¼y;t0 ¼t;

where P is a polynomial of Dx, Dy, Dt, � � �.

By the Hirota’s bilinear method with the perturbation expansion [44], and take f and g be

the forms of

f ¼
X

m¼0;1

exp ð
XðNÞ

k<j

mkmjAkj þ
XN

k¼1

mkZkÞ;

g ¼
X

m¼0;1

exp ð
XðNÞ

i<j

mkmjAkj þ
XN

k¼1

mkðZk þ i�kÞÞ;

ð7Þ

then (5) produces the N-soliton solutions of the two dimensional nonlocal NLS equation. Here

Zj ¼ iPj x þ iQj y þ Ojt þ Z0
j ;

Oj ¼ gjðPj � QjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 � ðPj � QjÞ
2

q

;

exp ðAjkÞ ¼
ðPi þ Pk � Qi � QjÞ

2
� 2cosð�j � �kÞ � 2

� ðPi þ Pk � Qi � QjÞ
2
� 2cosð�j þ �kÞ þ 2

;

cos ð�jÞ ¼ 1 �
1

2
ðPj � QjÞ

2
; sin ð�jÞ ¼ �

1

2
gjðPj � QjÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 � ðPj � QjÞ
2

q

;

ð8Þ

where Pj, Qj are freely real parameters, and γj = ±1. The natation ∑μ = 0 indicates summation

over all possible combinations of μ1 = 0, 1, μ2 = 0, 1, . . ., μN = 0, 1; the
PN

j<k summation is over

all possible combinations of the N elements with the specific condition j< k.

Remark 1. The constraint (Pj − Qj)
2 < 4 must hold for Oj to be real and |cos(ϕj)|, |sin(ϕj)|�

1.

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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Following earlier works [14, 15, 76, 77] in the literature, a family of periodic solutions

termed nth-order breathers can typically derived by taking parameters constraint

N ¼ 2n; Pjþn ¼ � Pj;Qjþn ¼ � Qj; Z
0
nþj ¼ Z�0j ð9Þ

For example, taking parameters in (7)

N ¼ 2; P1 ¼ � P2 ¼ P;Q1 ¼ � Q2 ¼ Q; Z0
2
¼ Z�0

1
¼ x; ð10Þ

the first-order breather solution can also be expressed in terms of hyperbolic and trigonomet-

ric functions as

u ¼ e2it g2

f2
; ð11Þ

where

f2 ¼
ffiffiffiffiffi
M
p

cosh Yþ cos ðP x þ QyÞ ;

g2 ¼
ffiffiffiffiffi
M
p
½ cos 2� cosh Yþ sin 2� sinh Yþ i cos� sin�ð cosh Y � sinh YÞ�

þ cos ðP x þ QyÞð cos�þ i sin�Þ ;

ð12Þ

and

exp ði�Þ ¼ 1 �
1

2
ðP � QÞ2 � i

1

2
ðP � QÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 � ðP � QÞ2
q

;

M ¼
4

4 � ðP � QÞ2
;O ¼ � ðP � QÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 � ðP � QÞ2
q

;

Y ¼ O ðt � t0Þ; exp ðO t0Þ ¼
ffiffiffiffiffi
M
p

exp ðxÞ:

This solution for parameter choices

P ¼
1

2
;Q ¼

1

3
; x ¼ 0 ð13Þ

is shown in Fig 1. As can be seen, solution |u| given by (11) is the first-order line breather in

the (x, y)-plane, which arises from the constant background possing profiles of parallel lines,

and then decays back to the constant background again at larger time. The line breather is

periodic in both x and y directions, and the period is 2p

P along x direction, while it is 2p

Q along y
direction. The line breather has the characters: appearing from nowhere and disappear without

a trace, which indicates that line rogue waves may exist in the two dimensional nonlocal NLS

equation. Below, we consider rogue waves in two dimensional nonlocal NLS eq (2).

To generate rogue wave solutions of the two dimensional NLS equation, one can take a

long wave limit of f2 and g2, i.e., take

x ¼ ip ;Q ¼ l P ; P! 0 ð14Þ

in eq (12), λ is an arbitrary real parameter, and λ 6¼ 1. Then the first-order rogue wave solution

of two dimensional nonlocal NLS eq (2) can be expressed in rational functions as

u ¼ e2it½1 �
ð4it þ 1Þðl � 1Þ

2

ðx þ lyÞ2 þ 4ðl � 1Þ
2t2 þ

1

4
ðl � 1Þ

2

� : ð15Þ

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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This rational solution has a line profile with a varying height (see Fig 2), and is different

(2 + 1)-dimensional line solitons. Since the later maintains a perfect profile without any decay

during their propagation in the (x, y)-plane. Besides, when t! ±1, this solution |u| uniform

approaches to the constant background 1; but in the intermediate time, |u| attains maximum

amplitude 3 (i.e., three times the constant background amplitude) at the center of the line

wave (x + λy = 0) at t = 0. Hence this line wave describes the phenomenon: line waves appear

from nowhere and disappear without a trace, and they are defined as line rogue waves [50, 51].

It is noted that the orientation of this line rogue wave is almost arbitrary as the parameter λ
can be an arbitrary real parameters except 1. In particular, when one takes λ = 0 in the above

line rogue wave, hence the solution u is independent of y. In this case, the two dimensional

nonlocal NLS equation reduces to the one dimensional NLS equation, and this rogue wave of

the two dimensional NLS equation reduces to the Peregrine rogue wave of the one dimen-

sional NLS equation.

Fig 1. Time evolution of first-order breather solution. Time evolution of first-order breather solution |u| (11) of two dimensional nonlocal NLS eq (2) in (x, y) plane

with parameters (13).

https://doi.org/10.1371/journal.pone.0192281.g001

Fig 2. Time evolution of rogue waves in two dimensional nonlocal NLS equation. Time evolution of rogue waves (15) in two dimensional nonlocal NLS eq (2) in

(x, y) plane with parameters λ = 3.

https://doi.org/10.1371/journal.pone.0192281.g002

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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We have discussed the breather solutions and rogue wave solutions respectively, below we

derive a subclass of semi-rational solutions consisting of rogue waves and breathers. The sim-

plest semi-rational solutions composed of one-breather and a fundamental line rogue wave

can be generated from the fourth-order soliton. Indeed, taking parameters in (7)

N ¼ 4;Q1 ¼ l1P1;Q2 ¼ l2P2 ¼ P; Z0
1
¼ ip; Z0

2
¼ ip; ð16Þ

and then taking the limit as P1! 0, P2! 0, functions f and g of semi-rational solution u can

be presented as

f ¼ y1 y2 þ a12 þ ða14 a24 þ a14 y2 þ a24 y1 þ y1 y2 þ a12ÞeZ4 þ ða13 a23 þ a13 y2 þ a23 y1

þy1 y2 þ a12ÞeZ3 þ ða34 a13 a23 þ a34 a13 a24 þ a34 a13 y2 þ a34 a14 a23 þ a34 a14 a24þ

a34 a14 y2 þ a34 a23 y1 þ a34 a24 y1 þ a34 y1 y2 þ a34 a12ÞeZ3þZ4

g ¼ ðy1 þ b1Þ ðy2 þ b2Þ þ a12 þ ða14 a24 þ a14 ðy2 þ b2Þ þ a24 ðy1 þ b1Þ þ ðy1 þ b1Þ ðy2 þ b2Þ

þa12ÞeZ4þi�4 þ ða13 a23 þ a13 ðy2 þ b2Þ þ a23 ðy1 þ b1Þ þ ðy1 þ b1Þ ðy2 þ b2Þ

þa12ÞeZ3þi�3 þ ða34 a13 a23 þ a34 a13 a24 þ a34 a13 ðy2 þ b2Þ þ a34 a14 a23 þ a34 a14 a24

þa34 a14 ðy2 þ b2Þ þ a34 a23 ðy1 þ b1Þ þ a34 a24 ðy1 þ b1Þ þ a34 ðy1 þ b1Þ ðy2 þ b2Þ

þa34 a12ÞeZ3þZ4þi�3þi�4 ;

ð17Þ

where

ys ¼ ix þ ilsy � 2ðls � 1Þt; a12 ¼ �
1

4
ðl1 � 1Þðl2 � 1Þ;

b1 ¼ iðl1 � 1Þ; b2 ¼ iðl2 � 1Þ; a34 ¼ eA34

asl ¼
ðP‘ � Q‘Þðls � 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4 � ðP‘ � Q‘Þ
2

q

� 2

ðs ¼ 1; 2; ‘ ¼ 3; 4Þ;

ð18Þ

and ηℓ, ϕℓ and eA34 are given by (8). Further, taking parameters constraints

l2 ¼ � l1; P4 ¼ � P3;Q4 ¼ � Q3; Z
�0
4
¼ Z�0

3
; ð19Þ

thus mixed solution composed of a fundamental line rogue wave and one line breather is

generated. As can be seen in Fig 3, this solution approaches to the constant background as

|t|>> 0. When a line rogue wave and one line breather arise arise from the constant back-

ground, the region of their intersection acquires higher amplitude first (see the panel at

t = −2). Then the line breather rises to higher amplitudes in the intersection region, and the

line rogue immerse into the line breather (see the panel at t = 0). At larger time, the breather

decays back to the constant background with higher speed than the line rogue wave, and the

line rogue wave surround by the breather appear on the constant background (see the panels

at t = 1, 2). It is noticed that for all times, the maximum amplitudes of the line rogue wave do

not exceed 3 (i.e., three times the constant background). As discussed that the maximum

amplitude of the fundamental line rogue wave is three time the constant background ampli-

tude, thus this interaction between the line rogue wave and the line breather does not generate

very high peaks.

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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Solutions of the coupled nonlocal Klein-Gordon equation

To using the Hirota bilinear method for constructing soliton solutions of the Eq (3), we con-

sider a transformation different from that considered by Tajiri [78, 79]. Here we allow for non-

zero asymptotic condition u; vð Þ !
ffiffiffi
2
p

; b

2
þ �

� �
as x, t!1, and look for solution in the form

u ¼
ffiffiffi
2
p ĝ

f̂
; v ¼

b

2
þ � � 2ðlog f̂ Þxx; ð20Þ

where f, g are functions with respect to three variables x, y and t, and satisfy the condition

f̂ �ð� x; tÞ ¼ f̂ ðx; tÞ: ð21Þ

Obviously, u ¼
ffiffiffi
2
p

; v ¼ b

2
þ � is a constant solution of the Eq (3), and under the transforma-

tion (20), the Eq (3) is cast into the following bilinear form

ðD2
x þ D2

yÞĝ � f̂ ¼ 0;

ðD2
x � D2

yÞf̂ � f̂ ¼ 2�½ĝ ĝ �ð� x; tÞ � f̂ 2�:

ð22Þ

We now solve the bilinear Eq (22) by taking f̂ and ĝ the forms of

f̂ ¼
X

m¼0;1

exp ð
XðNÞ

k<j

mkmj
cAkj þ

XN

k¼1

mk bZkÞ;

ĝ ¼
X

m¼0;1

exp ð
XðNÞ

i<j

mkmj
cAkj þ

XN

k¼1

mkð bZk þ i b�kÞÞ;

ð23Þ

then (20) produces the N-soliton solutions of the coupled nonlocal Klein-Gordon equation.

Fig 3. Time evolution of mixed solution |u| of the two dimensional nonlocal NLS equation. Time evolution of mixed solution |u| of the two dimensional nonlocal

NLS eq (2) in (x, y) plane with parameters l1 ¼ 2;l2 ¼ 2;P3 ¼
1

2
; P4 ¼ �

1

2
;Q3 ¼ �

2

3
;Q4 ¼

2

3
; Z0

3
¼ 0; Z0

4
¼ 0.

https://doi.org/10.1371/journal.pone.0192281.g003
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Here

Ẑj ¼ iPj x þ Ojt þ Z0
j ;

exp ðcAjkÞ ¼ �
2� cos ð�̂ j � �̂kÞ þ ðPj � PkÞ

2
þ ðOj � OkÞ

2
� 2�

2� cos ð�̂ j þ �̂kÞ þ ðPj þ PkÞ
2
þ ðOj þ OkÞ

2
þ 2�

;

ð24Þ

with

Oj ¼ Pj; cos ð�̂ jÞ ¼
� � P2

j

�
; sin ð�̂ jÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� � P2

j

q
Pj

�
;

ð25Þ

or

Oj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� P2

j þ 4�
q

; cos ð�̂ jÞ ¼ � 1; sin ð�̂ jÞ ¼ 0; ð26Þ

where Pj is an freely real parameters, and Z0
j is an complex parameter.

Remark 2. The constraint � P2
j þ 4� � 0 must hold for and bOj to be real and

jcosðbfjÞj; jsinð bfjÞj � 1, thus hereafter we only discuss � = 1.

In particular, when one takes Pj = ±2 in (26), the corresponding solutions are independent

of t, thus they are periodic line waves which are localized in t direction, and the period is π
along x direction, see Fig 4. A family of periodic solutions termed nth-order breathers can typi-

cally derived by taking parameters constraint in (23) and (25)

N ¼ 2n;Pjþn ¼ � Pj; Z
0
nþj ¼ Z�0j : ð27Þ

For example, taking parameters in (23)

N ¼ 2; P1 ¼ � P2 ¼ P; Z0
2
¼ Z�0

1
¼ x; ð28Þ

the first-order breather solution can also be expressed in terms of hyperbolic and trigonomet-

ric functions as

u ¼
ffiffiffi
2
p ĝ 2

f̂ 2

; v ¼
b

2
þ � � 2ðlog f̂ 2Þxx; ð29Þ

Fig 4. Three types of solutions for the coupled nonlocal Klein-Gordon equation. Three types of solutions for the coupled nonlocal Klein-Gordon eq (3). (a)Periodic

line waves solution with parameters N = 1, P1 = 2, Z0
3
¼ 0, � = 1. (b)Breather solution given by (29) with parameters (31). (c)A mixed solution consisting of a breather

and periodic line waves with parameter (33) and p1 ¼
1

2
; p2 ¼ �

1

2
; Z0

1
¼ 0; Z0

2
¼ 0.

https://doi.org/10.1371/journal.pone.0192281.g004

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation
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where

f̂ 2 ¼
ffiffiffiffiffi
bM

p
cosh Ŷ þ cos ðP xÞ ;

ĝ 2 ¼
ffiffiffiffiffi
bM

p
½ cos 2� cosh Ŷ þ sin 2�̂ sinh Ŷ þ i cos �̂ sin �̂ð cosh Ŷ � sinh ŶÞ�

þ cos ðP xÞð cos �̂ þ i sin �̂Þ ;

Ŷ ¼ Ô ðt � t0Þ; exp ði �̂Þ ¼ ð1 �
P2

�
Þ þ i

P2

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� � P2

P2

r

;

bM ¼
2�

2� � P2
; exp ðÔ t0Þ ¼

ffiffiffiffiffi
bM

p

exp ðxÞ:

ð30Þ

This solution for parameter choices

P ¼
1

2
; x ¼ 0 ð31Þ

is shown in Fig 4(b). The corresponding solution is periodic in x direction and localized in t
direction, the period is 4π.

Besides the breather solutions, a subclass of mixed solution consisting of periodic line

waves and breather can also be generated from (23) by taking parameters

N ¼ 2nþ 1; Pjþn ¼ � Pj; Z
0
nþj ¼ Z�0j ð32Þ

in (25) and P2n+1 = ±2, η2n+1 is defined in (26). For instance, taking parameters in (23)

N ¼ 3; P2 ¼ � P1; Z
0
2
¼ Z�0

1
; P3 ¼ 2; Z3 ¼ 2x þ Z0

3
; e�̂3 ¼ � 1; ð33Þ

the corresponding solution is shown in Fig 4(c). It is seen that this solution is composed of a

breather and periodic line waves. The period of the breather is 2p

P and the periodic line waves

is 1.

To generate rogue wave solutions of the coupled nonlocal Klein-Gordon equation, we take

a long wave limit of f̂ 2 and ĝ 2 in (30), i.e., take

x ¼ ip ; � ¼ 1;P! 0 ð34Þ

in equation (30), then the first-order rogue wave solution can be expressed in rational func-

tions as

u ¼
ffiffiffi
2
p
½1 �

2
ffiffiffi
2
p

it
x2 þ t2 þ 1

�;

v ¼
b

2
þ 1 �

4ðx2 � t2 þ 1Þ

ðx2 þ t2 þ 1Þ
2
:

ð35Þ

The square of the short wave amplitude |u|2 has four critical points, namely,

A1 ¼ ð1; 0Þ;A2 ¼ ð� 1; 0Þ;A3 ¼ ð0; 1Þ;A4 ¼ ð0; � 1Þ:

Based on the analysis of critical points for rogue wave solutions (35), there are four-petaled

rogue wave (i.e., two global maximum points A1, A2, and two global minimum points A3, A4)

in the coupled nonlocal Klein-Gordon equation. The maximum value of |A| is 2 at points A1

and A2, while the the minimum value of |A| is 0 at the points A3 and A4. This fundamental

rogue wave is illustrated in Fig 5(a).
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Nonlinear wave interactions lead to several interesting dynamics in physical systems. Par-

ticularly, they are important in the formation of different wave structures. To show intriguing

dynamical behaviour in the coupled nonlocal Klein-Gordon equation, we investigate three

types of mixed solutions consisting of rogue waves, breather and periodic line waves.

Type 1. A mixture of rogue wave and periodic line waves We first consider the simplest

semi-rational solutions, which are composed of a fundamental rogue wave and periodic line

waves. Indeed, taking parameter choices in (23)

N ¼ 3 ; � ¼ 1; Z0
1
¼ Z0

2
¼ ip; P3 ¼ 2; Z0

3
¼ 0;P1; P2 ! 0; ð36Þ

Fig 5. Four types of solutions for the coupled nonlocal Klein-Gordon eq (3). (a) Fundamental rogue wave solution |u| given by (35). (b) A mixed solution

consisting of a rogue wave and periodic line waves with parameters (36). (c) A mixed solution consisting of a rogue wave and one breather with parameter

P3 ¼
1

2
;P4 ¼ �

1

2
; Z0

3
¼ 2p; Z0

4
¼ 2p. (e) A mixed solution consisting of a rogue wave, one breather and periodic line waves with parameters

P3 ¼
2

3
;P4 ¼ �

2

3
; p5 ¼ 2; Z0

3
¼ p; Z0

4
¼ p; Z0

5
¼ 0.

https://doi.org/10.1371/journal.pone.0192281.g005
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then functions f̂ and ĝ can be expressed as

f̂ ¼ ðŷ1ŷ2 þ â12Þ þ ðŷ1ŷ2 þ â12 þ â13ŷ2 þ â23ŷ1 þ â12â23ÞeẐ3 ;

ĝ ¼ ½ðŷ1 þ b̂1Þðŷ2 þ b̂2Þ þ â12� þ ½ðŷ1 þ b̂1Þðŷ2 þ b̂2Þ þ â12

þâ13ðŷ2 þ b̂2Þ þ â23ðŷ1 þ b̂1Þ þ â12â23�eẐ3þi�̂3 ;

ð37Þ

where

ŷ1 ¼ ix þ y; ŷ2 ¼ ix � y; â12 ¼ � 1; â13 ¼ â23 ¼ � 2; b̂1 ¼ � b̂2 ¼ i
ffiffiffi
2
p

; ð38Þ

and Ẑ3; �̂3 are given by (24) and (26). This solution describes an fundamental rogue wave on a

background of periodic line waves, see Fig 5(b). Note that the maximum value of solution |u| is

2, which is the same with the maximum value of fundamental rogue wave solution |u| given by

(35). Thus this interaction between the fundamental rogue wave and the periodic line waves

does not generate higher peaks. That is different from the interaction between rogue waves

and periodic line waves in the NLS equation, which can generate much higher peaks [12].

Type 2. A mixture of rogue wave and breather Another type of mixed solution is com-

posed of a fundamental rogue wave and one breather, which can be generated from four-soli-

ton solutions. Indeed, taking parameters in (23)

N ¼ 4; Z0
1
¼ ip; Z0

2
¼ ip;P4 ¼ � P3; Z

�0
4
¼ Z�0

3
; ð39Þ

and then taking the limit as P1! 0, P2! 0, functions f̂ and ĝ of semi-rational solutions u and

v can be presented as

f̂ ¼ ŷ1 ŷ2 þ â12 þ ðâ14 â24 þ â14 ŷ2 þ â24 ŷ1 þ ŷ1 ŷ2 þ â12ÞeẐ4 þ ðâ13 â23 þ â13 ŷ2 þ â23 ŷ1

þŷ1 ŷ2 þ a12ÞeẐ3 þ ðâ34 â13 â23 þ â34 â13 â24 þ â34 â13 ŷ2 þ â34 â14 â23 þ â34 â14 â24þ

â34 â14 ŷ2 þ â34 â23 ŷ1 þ â34 â24 ŷ1 þ â34 ŷ1 ŷ2 þ â34 â12ÞeẐ3þẐ4

ĝ ¼ ðŷ1 þ b̂1Þ ðŷ2 þ b̂2Þ þ â12 þ ðâ14 â24 þ â14 ðŷ2 þ b̂2Þ þ â24 ðŷ1 þ b̂1Þ þ ðŷ1 þ b̂1Þ ðŷ2 þ b̂2Þ

þâ12ÞeẐ4þi�̂4 þ ðâ13 â23 þ â13 ðŷ2 þ b̂2Þ þ â23 ðŷ1 þ b̂1Þ þ ðŷ1 þ b̂1Þ ðŷ2 þ b̂2Þ

þâ12ÞeẐ3þi�̂3 þ ðâ34 â13 â23 þ â34 â13 â24 þ â34 â13 ðŷ2 þ b̂2Þ þ â34 â14 â23 þ â34 â14 â24

þâ34 â14 ðŷ2 þ b̂2Þ þ â34 â23 ðŷ1 þ b̂1Þ þ â34 â24 ðŷ1 þ b̂1Þ þ â34 ðŷ1 þ b̂1Þ ðŷ2 þ b̂2Þ

þâ34 â12ÞeẐ3þẐ4þi�̂3þi�̂4 ;

ð40Þ

where ŷ1; ŷ2; b̂1; b̂2 are given by (38), and

â1j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2P2

j

p2
j � 2

s

; â2j ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2P2

j

p2
j � 2

s

ðj ¼ 3; 4Þ; â34 ¼ eÂ34 ; ð41Þ

and Ẑs; �̂s ðs ¼ 3; 4; 5Þ; eÂ34 are given by (24) and (25). The corresponding solution is shown in

Fig 5(c). It is seen that this solution consists of a rogue wave and a breather. This breather is

still periodic in x direction and localized in t direction, the period is j 2p

P3
j. It is noticed that alter-

ing the values of Z0
3
, the location of the breather can be moved. For all the choices of Z0

3
, the
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period of this breather does not have an visible change. That is different from this type of

mixed solutions of the nonlocal NLS equation [13], as the latter has an unstable period.

Type 3. A mixture of rogue wave, breather and periodic line waves At the end of this sec-

tion, we obtain a subclass of interesting mixed solutions consisting of a rogue wave, a breather

and periodic line waves. This type of mixed solutions can be generated by taking a long wave

limit of 5-soliton solutions. Taking parameters in (23)

N ¼ 5; Z0
1
¼ ip; Z0

2
¼ ip; P4 ¼ � P3; P5 ¼ 2; Z�0

4
¼ Z�0

3
; ð42Þ

and then taking the limit as P1! 0, P2! 0, functions f and g of semi-rational solutions u and

v are a combination of rational and exponential functions. Some interesting structures can be

observed, see Fig 5(d). It is seen that both of the periodic line waves and the breather are peri-

odic in x direction and localized in t direction. The period of the breather is j 2p

P3
j, and the peri-

odic line waves is 2. Although there are many researches about interactions between rogue

waves and other types of nonlinear waves, but interactions between rogue waves, breathers

and periodic line wave in 1 + 1 dimensions have not been reported before. Thus this type of

semi-rational solution is a new solution.

Summary and discussion

In this paper, we proposed two types of nonlocal soliton equations under PT symmetry condi-

tions, namely, a two dimensional nonlocal NLS equation and a coupled nonlocal Klein-Gor-

don equation. By employing the Hiorta’s bilinear method, soliton and periodic line wave

solutions were derived. Although these soliton solutions may have singularities, but smooth

periodic line waves and breathers have been obtained by taking suitable choice of the parame-

ters. For the two dimensional nonlocal NLS equation, line breathers are both periodic in x and

y direction, see Fig 1. For the coupled nonlocal Klein-Gordon equation, breathers are localized

in t direction and periodic in x direction, see Fig 4(b). In particular, a subclass of mixed solu-

tion consisting of breathers and periodic line waves is also generated see Fig 4(c). By taking a

long wave limit of soliton solutions, the fundamental rogue wave solutions and semi-rational

solutions have been generated. For the two dimensional nonlocal NLS equation, rogue wave

solutions are line rogue waves, see Fig 2. The semi-rational solutions describe a line rogue

wave and a line breather arising from the constant background together and then disappearing

into the constant background again, see Fig 3. For the coupled nonlocal Klein-Gordon equa-

tion, except the rogue waves (see Fig 5(a)), semi-rational solutions describing the interactions

between rogue waves, breathers and periodic line waves have also been generated. Three types

of them are shown in Fig 5(b), 5(c) and 5(d). These nonlinear wave interactions lead to several

interesting dynamics in physical systems, particularly, they are important in the formation of

different wave structures. As there are few researches about the rogue waves of PT-symmetry

systems, our research may help to promote the understanding of rogue wave phenomenon in

PT-symmetry systems.
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dinger equation with the self-induced parity-time-symmetric potential. Chaos 2016; 26(6):603–151.

https://doi.org/10.1063/1.4954767

21. Huang X. and Ling L. M., Soliton solutions for the nonlocal nonlinear Schrödinger equation. Eur.Phys.J.

Plus 2016; 131(5):1–11. https://doi.org/10.1140/epjp/i2016-16148-9

22. Ablowitz MJ, Luo XD, Musslimani, ZH. Inverse scattering transform for the nonlocal nonlinear Schrö-
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dinger equation with the self-induced parity-time-symmetric potential. Chaos, 2016; 26(6):603–151.

https://doi.org/10.1063/1.4954767

29. Ma LY, Zhu ZN. Nonlocal nonlinear Schrödinger equation and its discrete version: Soliton solutions and

gauge equivalence. J.Math.Phys. 2016; 57(8):064105–171. https://doi.org/10.1063/1.4960818

30. Ji JL, Zhu ZN. On a nonlocal modified Korteweg-de Vries equation: Integrability, Darboux transforma-

tion and soliton solutions. Commun.Nonl.Sci.Numer.Simul. 2017; 42:699–708. https://doi.org/10.1016/

j.cnsns.2016.06.015

31. Wu ZW, He JS. New hierarchies of derivative nonlinear Schrödinger-type equation. Rom.Rep.Phys.

2016; 68(1):79–98.

32. Liu W, Qiu DQ, Wu ZW, He JS. Dynamical behavior of solution in integrable nonlocal Lakshmanan-Por-

sezian-Daniel equation. Commun.Theor.Phys. 2016; 65(6):671–676. https://doi.org/10.1088/0253-

6102/65/6/671

33. Li M, Xu T, Meng DX. Rational Solitons in the Parity-Time-Symmetric Nonlocal Nonlinear Schrödinger

Model. J.Phys.Soc.Jpn. 2016; 85:124001. https://doi.org/10.7566/JPSJ.85.124001

34. Liu DK, Tian B, Jiang Y, Xie XY, Wu XY. Analytic study on a (2+1)-dimensional nonlinear Schrödinger

equation in the Heisenberg ferromagnetism. Comput.Math.Appl. 2016; 71(10):2001–2007.

35. Vasanthi CC, Latha MM. Heisenberg ferromagnetic spin chain with bilinear and biquadratic interactions

in (2+1)- dimensions. Commun.Nonl.Sci.Numer.Simul. 2015; 28(1–3):109–122. https://doi.org/10.

1016/j.cnsns.2015.04.012

36. Latha MM, Anitha T. Soliton excitations and stability in a square lattice model of ferromagnetic spin sys-

tem. Phys.B. 2015; 479:149–158. https://doi.org/10.1016/j.physb.2015.10.002

37. Wang QM, Gao YT, Su CQ, Mao BQ, Gao Z, Yang JW. Dark solitonic interaction and conservation laws

for a higher-order (2+1)-dimensional nonlinear Schrödinger-type equation in a Heisenberg ferromag-

netic spin chain with bilinear and biquadratic interaction. Ann.Phys. 2015; 363:440–456.

38. Latha MM, Vasanthi CC. An integrable model of (2+1)-dimensional Heisenberg ferromagnetic spin

chain and soliton excitations. Phys.Scr. 2014; 89(6):065204. https://doi.org/10.1088/0031-8949/89/6/

065204

39. Zhao XH, Tian B, Liu DY, Wu XY, Chai J, Guo YJ. Dark solitons interaction for a (2+1)-dimensional non-

linear Schrödinger equation in the Heisenberg ferromagnetic spin chain. Superlattice Microst. 2016;

100:587–595. https://doi.org/10.1016/j.spmi.2016.10.014

40. Liu W., Rogue waves of the (3+1)-dimensional potential Yu-Toda-Sasa-Fukuyama equation. Rom.Rep.

Phys. 2017; 69(114).

41. Yang XJ, Tenreiro Machado JA, Baleanu D, Cattani C. On exact traveling-wave solutions for local frac-

tional Korteweg-de Vries equation. Chaos 2016; 26(8):110–118. https://doi.org/10.1063/1.4960543

42. Yang XJ, Gao F, Srivastava HM. Exact travelling wave solutions for the local fractional two-dimensional

Burgers-type equations. Comput.Math.Appl. 2017; 73(2):203–210. https://doi.org/10.1016/j.camwa.

2016.11.012

43. Yang XJ, Gao F, Srivastava HM. On exact traveling-wave solution for local fractional Boussinesq equa-

tion in fractal domain. Fractals. 2017; 25(2):1740006. https://doi.org/10.1142/S0218348X17400060

44. Hirota R. The direct method in soliton theory London: Cambridge University Press,Cambridge,

UK;2004.

45. Wazwaz AM, El-Tantawy SA. Solving the (3+1)-dimensional KP-Boussinesq and BKP-Boussinesq

equations by the simplified Hirota method. Nonlinear.Dyn, 2017:1–5.

46. Wazwaz AM, N-soliton solutions for the combined KdV-CDG equation and the KdV-Lax equation. Appl.

Math.Comput. 2008; 203(1):402–407.

47. Wazwaz AM, Multiple-soliton solutions for extended-dimensional Jimbo-Miwa equations. Appl.Math.

Lett. 2017; 64:21–26.

48. Asaad MG, Ma WX, Extended Gram-type determinant, wave and rational solutions to two (3+1)-dimen-

sional nonlinear evolution equations. Appl.Math.Comput. 2012; 219(1):213–225.

49. Ma WX, Abdeljabbar A. A bilinear Backlund transformation of a (3+1)-dimensional generalized KP

equation. Appl.Math.Lett. 2012; 25(10):1500–1504. https://doi.org/10.1016/j.aml.2012.01.003

Rogue waves in the two dimensional nonlocal NLS and nonlocal KG equation

PLOS ONE | https://doi.org/10.1371/journal.pone.0192281 February 12, 2018 14 / 16

https://doi.org/10.1103/PhysRevA.92.023821
https://doi.org/10.1063/1.4954767
https://doi.org/10.1063/1.4960818
https://doi.org/10.1016/j.cnsns.2016.06.015
https://doi.org/10.1016/j.cnsns.2016.06.015
https://doi.org/10.1088/0253-6102/65/6/671
https://doi.org/10.1088/0253-6102/65/6/671
https://doi.org/10.7566/JPSJ.85.124001
https://doi.org/10.1016/j.cnsns.2015.04.012
https://doi.org/10.1016/j.cnsns.2015.04.012
https://doi.org/10.1016/j.physb.2015.10.002
https://doi.org/10.1088/0031-8949/89/6/065204
https://doi.org/10.1088/0031-8949/89/6/065204
https://doi.org/10.1016/j.spmi.2016.10.014
https://doi.org/10.1063/1.4960543
https://doi.org/10.1016/j.camwa.2016.11.012
https://doi.org/10.1016/j.camwa.2016.11.012
https://doi.org/10.1142/S0218348X17400060
https://doi.org/10.1016/j.aml.2012.01.003
https://doi.org/10.1371/journal.pone.0192281


50. Ohta Y, Yang JK. Rogue waves in the Davey-Stewartson equation. Phys.Rev.E 2012; 86(3):2386–

2398. https://doi.org/10.1103/PhysRevE.86.036604

51. Ohta Y, Yang JK. Dynamics of rogue waves in the Davey-Stewartson II equation. J. Phys. A: Math.

Theor. 2012; 46(10):105202. https://doi.org/10.1088/1751-8113/46/10/105202

52. Telksnys T, Navickas Z, Marcinkevicius R, Ragulskis M. Existence of solitary solutions in systems of

PDEs with multiplicative polynomial coupling. Applied Mathematics and Computation (2018) vol.320,

p.380–388. https://doi.org/10.1016/j.amc.2017.09.051

53. Navickas Z, Marcinkevicius R, Telksnys T, Ragulskis M. Existence of second order solitary solutions to

Riccati differential equations coupled with a multiplicative term. IMA Journal of Applied Mathematics

(2016) vol.81, p.1163–1190. https://doi.org/10.1093/imamat/hxw050

54. Dysthe K, Krogstad HE, Müller P. Oceanic rogue waves. Annu.Rev.Fluid.Mech. 2008; 40:287–310.

https://doi.org/10.1146/annurev.fluid.40.111406.102203

55. Solli DR, Ropers C, Koonath P, Jalali B. Optical rogue waves. Nature. 2007; 450 (7172):1054–1057.

https://doi.org/10.1038/nature06402 PMID: 18075587

56. Kibler B, Fatome J, Finot C, Millot G, Dias F, Genty F, Akhmediev N, Dudley JM. The Peregrine soliton

in nonlinear fibre optics. Nat.Phys. 2010; 6(10):790–795. https://doi.org/10.1038/nphys1740

57. Bludov YV, Konotop VV, Akhmediev N. Matter rogue waves. Phys.Rev.A, 2009; 80(3):2962–2964.

https://doi.org/10.1103/PhysRevA.80.033610

58. Bailung H, Sharma SK, Nakamura Y. Observation of Peregrine solitons in a multicomponent plasma

with negative ions. Phys.Rev.Lett. 2011; 107(25):255005. https://doi.org/10.1103/PhysRevLett.107.

255005 PMID: 22243086

59. Shats M, Punzmann H, Xia H. Capillary rogue waves. Phys.Rev.Lett. 2010; 104(10):104503. https://

doi.org/10.1103/PhysRevLett.104.104503 PMID: 20366432

60. Onorato M, Residori S, Bortolozzo U, Montina A, Arecchi FT. Rogue waves and their generating mecha-

nisms in different physical contexts. Phys.Rep. 2013; 528(2):47–89. https://doi.org/10.1016/j.physrep.

2013.03.001

61. Akhmediev N, Ankiewicz A, Taki M. Waves that appear from nowhere and disappear without a trace.

Phys.Lett.A 2009; 373(6):675–678. https://doi.org/10.1016/j.physleta.2008.12.036

62. Ohta Y, Yang JK. General high-order rogue waves and their dynamics in the nonlinear Schrödinger

equation. Proc.R.Soc.London,Ser.A 2011; 468(2142):1716–1740. https://doi.org/10.1098/rspa.2011.

0640

63. Mu G, Qin ZY, Grimshaw RG. Dynamics of rogue waves on a multi-soliton background in a vector non-

linear Schrödinger equation. SIAM.J.Appl.Math. 2015; 1:75–81.

64. He JS, Zhang HR, Wang LH, Porsezian K, Fokas AS. Generating mechanism for higher-order rogue

waves. Phys.Rev.E 2013; 87(5):052914. https://doi.org/10.1103/PhysRevE.87.052914

65. Wang LH, Porsezian K, He JS. Breather and rogue wave solutions of a generalized nonlinear Schrö-
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