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Quantum anomalous Hall effect (QAHE) and magnetic skyrmion (SK) represent two
typical topological states in momentum (K) and real (R) spaces, respectively. However,
little is known about the interplay between these two states. Here, we propose that the
coexistence of QAHE and SK may generate a previously unknown SK state, named the
RK joint topological skyrmion (RK-SK), which is characterized by the SK surrounded
by nontrivial chiral boundary states (CBSs). Interestingly, beyond the traditional SK
state that can solely be used via creation or annihilation, the number and chirality of
CBS in RK -SK can be tunable under external fields as demonstrated in Janus monolayer
(ML) MnBiyX3Te; (X = S, Se), creating additional degrees of freedom for SK-state
manipulations. Moreover, it is also found that external fields can induce a continuous
topology phase transition from K-space QAHE to R-space SK in ML MnBiy X, Tes,
providing an ideal platform to understand the cross-over phenomena of multiple-space
topologies.

two-dimensional magnetism | magnetic skyrmion | quantum anomalous Hall insulator |
multiple-space topological phase transition

Bringing the mathematical concept of topology to condensed matter physics leads to
fascinating concepts and exotic phenomena in both momentum (K) space and real
(R) space. The quantum anomalous Hall effect (QAHE) characterized by the nonzero
Chern number (C) and quantized conductance is a convictive example of the nontrivial
topology in K space (1-3). As demonstrated in Fig. 14, the nontrivial band structure
of a QAH insulator supports the chiral edge state for dissipationless carrier transport,
and the QAHE has been observed in the Cr-doped (Bi, Sb)aTes (4, 5) and odd-layer
MnBisTey (6-11). On the other hand, the magnetic skyrmion (SK) fingerprinted by
the nonzero integer swirling number (S) is a representative of topological nontrivial
spin texture but emerging in R space (12-16). As demonstrated in Fig. 1C, the chiral
noncollinear magnetic structure can generate an effective emergent electromagnetic field
(16, 17), leading to the topological Hall effect (THE) (18-20). The SKs or magnetic
skyrmion lattices (SkXs) have been observed in inversion-asymmetric three-dimensional
helimagnets (21-23) and two-dimensional (2D) thin films (24-29).

Although there are intensive parallel studies on the QAHE (1-3) (Fig. 14) and SK
(12-16) (Fig. 1C), little is known about the interplay between these two states. The
QAHE can exist in a 2D magnetic insulator with a strong spin-orbital coupling (SOC)
effect (2, 3), while the SK usually originates from a strong Dzyaloshinsky—Moriya (DM)
exchange interaction (30, 31) in an inversion-asymmetric system (12-16). In principle, the
realization of both QAHE and SK in one system is allowed, regardless of the big challenge
to discover such an ideal platform. Several attempts have been made to explore the novel
topological states of free electrons and Dirac electrons in the effective external fields
induced by SkXs (32, 33) or to design the concurrence of QAHE and magnetic domain—
induced THE in magnetic sandwich heterostructures (34, 35), but the understanding of
the interplay between K -space QAHE and R-space SK is still in its infancy.

As demonstrated in Fig. 1B, we propose that when SK exists in a QAH insulator, the
Chern numbers inside (Cipner) and outside (Couer) of the SK region are different, which
may generate a previously unknown SK state, named RK joint topological skyrmion (RX -
SK). The RK-SK is characterized by the existence of topologically protected chiral bound-
ary states (CBSs), in which the number of CBSs is determined by Neps = Cinner — Couter-
The positive (e.g., Fig. 1 D, Right, anticlockwise arrow) or negative (e.g., Fig. 1 D, Right,
clockwise arrow) sign of Ncpg reflects the different chirality. Beyond the conventional SK
that can mainly be used via creation (i.e., |1)) or annihilation (i.e., |0)) (Fig. 1 D, Left)
(13-15), the emerging Ncps in RK-SK, which may be tunable under external fields, could
create additional degrees of freedom (e.g., | Ncps), |0)) for SK-state manipulations (Fig. 1
D, Right). Meanwhile, the realization of continuous topological phase transition from
K-space QAHE to R-space SK (or SkX) (Fig. 1C) state in one system via external fields
(Fig. 1) is highly desired for understanding the cross-over of topologies in multiple spaces.
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Fig. 1.

Schematic diagram of the external field-tunable topological phase transition from K space to R space. (A) QAHE with chiral edge states. (B) RK-SK states

with external field-tunable Ncgs may appear under certain conditions in the region where QAHE and SK can coexist. (C) An SkX state. (D) Comparison between
traditional SK and RK-SK. D, Left shows that traditional SK can mainly be used via creation and annihilation. D, Right shows that there is an additional degree of
freedom Ncgs in RK-SK (i.e., the number and chirality of Ncgs) for SK manipulation. Herein, x and y represent different values of N¢gs, in which the anticlockwise

or clockwise arrows demonstrate the different chirality.

In this article, combining density functional theory (DFT)
calculations and Monte Carlo (MC) simulations (Materials and
Methods), we propose that applying both external biaxial strain
(¢) and magnetic field (B,) can realize a reversible topological
phase transition between K-space QAHE and R-space SK/SkX
states in monolayer (ML) MnBisXoTes (X = S, Se), in which
our proposed RK-SK/SkX states with tunable Ncps can appear in
a certain region of the e—B, phase diagram. With the increase of
€, the K-space topology of ML MnBip X5 Tes will transform from
high-C insulator (C = +2) to low-C insulator (C = —1) to trivial
insulator (C = 0) due to the e-controlled different types of band
inversions; simultaneously, the R-space topology can transform
from trivial ferromagnetic (FM) phase to nontrivial SK phase to
nontrivial SkX phase as the result of the dramatically different
e-dependent behaviors for collinear magnetic interaction and DM
interaction. Therefore, the ML MnBiy X5 Tes can serve as an ideal
platform to understand the interplay and cross-over of multiple-
space topological phenomena.

Results and Discussion

Band Topology of ML MnBi>X;Te,. As shown in Fig. 24, the ML
MnBis X5 Tes is a Janus variant (36-39) created by replacing Te
with X in the bottom two layers of ML MnBiyTey (40), forming
an inversion-asymmetric structure. This septuple structure has
the P3ml symmetry, which contains three mirror operations
and a threefold rotation with respect to the z axis (Fig. 2B).
The Mn atoms locate at the center of the edge-sharing distorted
octahedra, arranging in a triangle lattice and contributing to
the long-range magnetic order. The same as the ML MnBiyTey
(40), the FM configuration is the magnetic ground state of ML
MnBis X Tey (SI Appendix, Fig. S1 and Table S1). The magnetic
anisotropy energy (MAE) calculation shows that the easy axis of
ML MnBisX5Tes is along the z direction. The dynamical and
thermodynamic stabilities of ML MnBis X5 Tes are confirmed by
the phonon dispersion calculations (S Appendix, Fig. S2) and ab
initio molecular dynamics simulations (S/ Appendix, Fig. S3),
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Fig. 2. Topological phase transition of ML MnBi,S,Te; in K space. (A) Side view of crystal structure of ML MnBi,X,Te,. (B) Top view of the middle Te-Mn-X layer
in ML MnBi,X,Te,. (C) Orbital-projected band structure of ML MnBi,S,Te, in FM configuration with the SOC effect. Valence band maximum is set to zero. (D)
Topological phase diagram of ML MnBi,S,Te, under tensible biaxial strain . Insets are the band structures near the two phase transition points.
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respectively. It should be noted that Janus materials usually
have higher energy compared with the disordered counterparts
(SI Appendix, Figs. S4 and S5 and Tables S2 and S3). Given the
successful growth of the Janus ML MoSSe and antisymmetrically
decorated graphene (36-38), it is reasonable to expect that
other Janus materials, including ML MnBisXsTes, are also
experimentally accessible. In the following, we will focus on the
discussion of ML MnBisSoTes and only briefly mention the
results of ML MnBi5Ses Tes.

Fig. 2C shows the band structure of ML MnBisSoTes in the
FM configuration. Similar to ML MnBisTes (40), the electronic
states around the Fermi level (Ef) are mainly contributed by Bi-
3p and Te-3p orbitals; the Mn-3d states that are extremely local-
ized far away from Ey (SI Appendix, Fig. S6) exhibit much larger
exchange splitting (~7 eV) than crystal-field splitting (~1 eV),
leading to a high spin configuration of d®1 d° . Different
from trivial insulator ML MnBiyTey, the anticrossing between
Bi-p, and Te-p, , states around the I'-point at Fp in ML
MnBiySoTey (SI Appendix, Fig. S7) can open a sizeable bandgap
of ~66 meV when the SOC effect is included, indicating a topo-
logical nontrivial nature. Indeed, the calculated Chern number is
C = +2, indicating that ML MnBisSyTes is an intrinsic high-C
QAH insulator (41). Interestingly, although the band structures
of ML MnBisSesTes and ML MnBisSoTey are similar, the ML
MnBisSes Tey is an intrinsic low-C QAH insulator (C = —1) with
a bandgap of ~28 meV (SI Appendix, Figs. S6 and S8) (41).

Since the absolute volume deformation potentials of Bi-p,, and
Te—p, 4 orbitals are different, it is expected that the topological
properties of ML MnBisSoTes in K space can be tuned by
applying external biaxial strain e. Interestingly, different from
most known QAH insulators, it is found that multiple topological
phase transitions can emerge under a reasonable e-region. As
shown in Fig. 2D, when 0.0% < ¢ < 2.4%, the ML MnBi2S3Tes
maintains the high-C insulator phase with C = 42. When € =
2.4%, the first phase transition appears, induced by the band
inversion at the Q point on the I'-K line (Fig. 2 D, Left Inset). Due
to threefold rotation symmetry, there are three equivalent Q points
in the first Brillouin zone. Therefore, three band inversions happen
at the same time, leading to the decrease of C by —3 (i.e., the ML
MnBigSo Tes is converted from aC = +2 phase toaC = —1 one).
When 2.4% < e < 5.0%, the ML MnBi»SsTey maintains the
low-C insulator phase with C = —1. When £ = 5.0%, the second
phase transition appears, induced by the band inversion at the I'-
point (Fig. 2 D, Right Inset). Consequently, the C further changes
from —1 to 0 (i.e., ML MnBigSyTes is eventually converted to a
trivial insulator phase) (more details are in S/ Appendix, Fig. S9).
Similarly, the diagram of the +2 — —1 — 0 topological phase
transition is also found in ML MnBisSesTes but in different
e-regions (SI Appendix, Figs. S10 and S11).

Spin Hamiltonian and Magnetic Interaction in ML MnBi X, Te,.

The highly localized feature of Mn-3d states (SI Appendix,
Fig. S6) means that the magnetic property of ML MnBisSaTey
can be captured using the spin Hamiltonian with the general form

(42, 43)

H=3 Y3 750ses) + S Arsesl,

i#j af i af

where S, Sjﬂ represent the spin operators; 7, j are the magnetic
sites; and «, B run over three cartesian indices. The first and
second terms represent the exchange interaction and single-ion
anisotropy (SIA), respectively, and the magnetic coupling matrix
J and A can be obtained from the DFT calculations. Similar to
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ML MnBiyTey (40), the symmetric part of the nearest-neighbor
(NN) exchange matrix of ML MnBiySoTes is diagonal with the
isotropic exchange strength J = (J** + J%W + J%)/3. The
calculated J = —2.27 meV reflects an FM interaction, originat-
ing from the nearly ~90° superexchange interaction (44, 45).
Due to the symmetry of ML MnBisSoTey, the SIA matrix A
is diagonal with A* = AYY, and the effective SIA parameter is
A =A% — A" The calculated A = —0.17 meV indicates that
the z direction is the preferred spin orientation, consistent with
the MAE calculations. Based on the isotropic exchange interac-
tion and out-of-plane SIA, the Curie temperature (7) of ML
MnBiySoTes is estimated to be ~28 K (SI Appendix, Fig. S13).
For ML MnBiySes Teg, the smaller magnetic coupling strengths /
and A lead to alower T, ~23 K (8] Appendix, Figs. S12 and S§13).

The antisymmetric part of the exchange matrix represents the
DM interaction (30, 31), whose strength can be written as D =
Eapy (TP — TPY) /2, where 44, is the Levi-Civita symbol.
The asymmetric structure leads to a nonzero DM interaction (46—
51). For the ML MnBisSoTes, the calculated NN DM vector
Do =(0.02,0.52, —0.29) in units of millielectron volts of the
Mno—Mn; pair (marked in Fig. 2B) lies in a plane perpendicular
to the x axis (within a tiny numerical error), consistent with
the restriction of the Moriya rule (31), due to a mirror plane
passing through the middle point of the line between Mng and
Mn;. Considering the C3, symmetry, all six NN DM vectors
of each Mn have a unified form Dy; = Dj(e;; x e ) + D, ey,
where e;; and e are the unit vectors along the Mn;—Mn; bond
and z axis, respectively. Therefore, the six DM vectors surround
each Mn in a staggered counterclockwise configuration (49—
51). For ML MnBisSeoTes, a relatively weaker DM interaction
with Doy = (—0.02,0.24, —0.16) in units of millielectron volts
is obtained because the weaker electronegativity of Se than S
causes weaker antisymmetric distortion in ML MnBisSes Tes than
in ML MnBisSyTey. Compared with the DM interaction in
the surface of MnBisTey (52), the intrinsic DM interactions in
ML MnBigXyTes are sufficiently strong, which is the crucial
ingredient for forming SK.

RK-SK State and Magnetic Phase Diagram in ML MnBiX;Te,.
Based on the above understanding, Eq. 1 can be simplified to

1 1
H=3 Y JSi-S;+5 Y Dy (SixS))+ ) ASS},
(i75) (i7#5) i
(2]

where (i,7) represents the summation runs over the NN sites
i, j. As the DM interaction prefers to make the spin mutual
perpendicularity, the interplay between the DM interaction and
the collinear magnetic interaction may generate noncollinear mag-
netic structures (e.g., SK) (12-16). The competition between
different magnetic interactions can be quantified using the fac-

tor a = 4v/JA/wD (53, 54). The calculated @ = 1.33 in ML
MnBiySoTey suggests the possibility for the existence of Néel-
type SK in this system. Starting from Eq. 2, we have performed
the MC simulations to calculate the spin textures (55) in R space
for ML MnBisSoTes. As shown in Fig. 34, the ground state of
ML MnBiSoTes has a spin spiral (SS) configuration. To stabilize
SK, the Zeeman term H, = gup S, B, should be included, where
¢ is the Landé factor and g is the Bohr magneton. As shown
in Fig. 3B, due to the relatively strong DM interaction, the
isolated SK with a radius Rsk ~ 3.4 nm appears under B, =
0.1 T, with the swirling number & = —1, and its spin direction
continuously rotates from the —z direction (in the center) to the
x—y direction (in the boundary). Importantly, the nature of high-C
phase in ML MnBiy S Teg gives rise to the fundamentally different
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Fig. 3. Topological phase transition of ML MnBi,S,Te; in R space. Spin textures of ML MnBi,S,Te, under (A) B, =0.0 T and (B) B, = 0.1 T. The color map
corresponds to the spatial distribution of the out-of-plane spin component (S;). (C) Isotropic exchange strength J and SIA parameter A of ML MnBi,S;Te; as
a function of . (D) In-plane component D} and out-of-plane component D of the DM vector Doy for ML MnBi,S;Te; as a function of e. (£) Magnetic phase
diagram of ML MnBi,S,Te; as a function of € and B,. The gray-shaded area shows the regions where the RK-SK/SkX with e-tunable Ncgs can appear.

Cinner = —2 and Coyeer = 42 inside and outside the SK region,
respectively, leading to the appearance of RK-SK with Ncgs =

inner — Couter = —4 (Fig. 3B). Since the estimated penetration
depth (~3.6 nm) of CBS in ML MnBisSoTes (56) is comparable
with the Rgk of SK, the RK-SK state can exist, although a
tiny hybridization gap (~10 meV) may exist among these CBSs
(SI Appendix, Fig. S16). Different from the ML MnBisSoTeg, the
calculated av = 2.38 in ML MnBiySeo Teo gives rise to the absence
of the SK state (87 Appendix, Figs. S10, S11, and S15).

The tunable magnetic interactions via strain may further mod-
ulate the topological spin textures of ML MnBisSyTes. Gener-
ally, the increase of ¢ will increase the bond angle Oyin— x —Mn»
weakening the FM superexchange interaction (57), and increase
the localization of Mn-3d states, weakening the p—d hybridization
between Mn and its NN ligands. These result in the decrease of J
with the increase of €, as shown in Fig. 3C. A similar weakening
behavior is found for A, originating from the weakening of
p—d hybridization and crystal-field splitting. As shown in Fig. 3D,
it is surprisingly found that in contrast to / and A, the in-plane
D (D)) is insensitive to the variable ¢, and the out-of-plane D
(D) can even be largely increased when ¢ increases. Since the
DM interaction derives from the SOC effect on the isotropic
exchange interaction, its strength is determined by the exchange
interaction of adjacent magnetic sites as well as the SOC-induced
orbital coupling between the occupied and empty Mn-3d states
(31, 58). Therefore, although the exchange interaction weakens
as the € increases, the reduced energy gap between occupied and
empty states may enhance their interorbital coupling, resulting in
the unexpected e-dependent behaviors of the DM interaction in
Fig. 3D. For ML MnBijSesTes, a similar e-dependent magnetic
interaction is observed (87 Appendix, Fig. S12).

The dramatically different e-dependent J/A and D strongly
indicate that the noncollinear magnetic structure will be rather
sensitive to €. Fig. 3E shows the magnetic phase diagram of
ML MnBisSoTes as a function of € and B,. When B, =
0.0 T, the ML MnBisSoTes maintains the SS phase, and the
width of the worm-like pattern decreases as the € increases
(SI Appendix, Fig. S14). Under a moderate B, (e.g., B, ~ 0.2 T),
the sparsely isolated SKs appear when 0.0% <& < 1.5%, as
the relatively weak DM interaction leads to a > 1.0. When
1.5% < € < 3.0%, a < 1.0, the SKs with high density arrange
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in a lattice form (i.e., the SkX phase appears); when £ > 3.0%,
the contribution of DM interaction becomes more important,
leading to the appearance of SS spin texture, and the system
enters the phase of coexistence of SK and SS states. Since B,
tends to align spins in the z direction, the size of SK could
be tunable by B, (e.g., it will gradually decrease as the B,
increases) (SI Appendix, Fig. S14). Therefore, when B, > 0.2 T
and 0.0% < e < 1.5%, the system will eventually enter the FM
phase. When B, > 0.2 T and € > 1.5%, a < 1.0, the B, will

eliminate the worm-like pattern and results in SkX phase.

External Field-Tunable RK-SK/SkX States and Topology Cross-
Over from K Space to R Space. In general, the RK-SK state can
appear in the coexistence phase of the QAH insulator and SK as
long as the CBS with well-defined chirality surrounding the RK-
SK can be well distinguished from the bulk states. Here, we focus
on the RK-SK/SkX with tiny hybridization gap opening among
their CBSs [i.e., their Rsk should be at least comparable with the
penetration depth of CBS (59)], so that the original chirality of
CBS could be largely maintained. As shown in the gray-shaded
area of Fig. 3F, when 0.0% < & < 2.4% and under an appropriate
B,, the ML MnBisSoTes maintains the C = 42 phase, and
Ncps = —4 results in the RK-SK encircled by four CBS modes
(Fig. 3B). When € > 2.4%, ML MnBiyS3Tes is converted to the
C = —1 phase; therefore, the Ncps will be changed from —4 to +2
(i.e., the RK-SK is now encircled by two CBS modes with opposite
chirality). Interestingly, as shown in Fig. 3E, while the Ncps = —4
state can exist either in isolated RK-SK or in RK-SkX in the
different regions of the e—B, phase diagram, the Ncps = +2 state
can solely exist in RK-SkX. Although the number and chirality of
CBS in RK-SK can be tunable via external fields, the contribution
of CBS to the global transport properties of the system may de-
pend on the exact Fermi-level position (ST Appendix, section VIII,
which includes ref. 60). It should be noted that these CBSs may
be visible by the local d//dV spectrum in experiments, providing
an additional degree of freedom for information storage during
local manipulation of individual SK. For ML MnBisSexTes, the
RK -SK/SKX states cannot exist as the QAHE phase and SK states
cannot coexist (S Appendix, Figs. S10, S11, and S15).

Other than the RK-SK/SkX states, as shown from Fig. 3E, it
is interesting to find that the multiple-space topology cross-over
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External field-tunable multiple-space topology cross-over from K space to R space in ML MnBi,S;Te,. Evolution of edge states in K space (Upper) and

spin textures in R space (Lower) with the increase of . The intensity of density of states (DOS) for edge states are also marked in the figure.

can be achieved in ML MnBisSyTey via tuning external fields.
For example, as shown in Fig. 4, we choose four different e-cases
to calculate their K-space edge states and R-space spin textures.
In K space, when € =0.0% and ¢ = 2.0%, the two “in-gap”
chiral states with e-tunable positive group velocity clearly show
the topological nontrivial nature of ML MnBipSyTes in C = +2
phase. When € = 3.0%, the number and group velocity of “in-
gap” chiral states are changed to one and negative value, respec-
tively, consistent with C = —1 phase of ML MnBizSoTes in this €
region; when € = 6.0%, the vanishing chiral edge state represents
a topological trivial state of ML MnBipSoTes. On the other hand,
in R space, when & = 0.0%, the ML MnBisSoTes exhibits the
trivial FM configuration. When € = 2.0%, the Néel-type RK-
SkX appears with Ncps = —4. When & = 3.0%, the Néel-type
RK-SkX with Ncps = +2 appears. When ¢ = 6.0%, the system
transforms into the mixing phase with the coexistence of smaller-
sized SKs and worm-like pattern SS as the result of stronger
DM interaction. Therefore, other than the RK-SK states with
tunable Ncgs, an ideal topology cross-over in multiple spaces, as
proposed in Fig. 1, can also be well achieved in ML MnBisSyTes.
For ML MnBiySesTeg, a similar multiple-space topology cross-
over is also found but without the appearance of RK-SK states
(SI Appendix, Figs. S10, S11, and S15).

Finally, it should be noted that the ML MnBisTe,s has been
successfully synthesized in the experiments (9, 61). On the other
hand, the approaches for growing 2D Janus structures have also
been successfully demonstrated in several different materials, cre-
ating many exotic applications (36-38). Therefore, we expect that
the Janus ML MnBio X2 Tey system associated with the quantum
phenomena we proposed here could stimulate the experimental
efforts in the future.

Outlook and Conclusion

To further control the skyrmion size, as the ML MnBis X5 Tes
has out-of-plane polarization, we expect that the fine tuning of
magnetic interactions may be achieved via the external electric
field apart from external strain, leading to the effective manipu-
lation of skyrmion size. In addition, despite the similar CBS that
may exist in the domain walls between the regions with opposite
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magnetization, the magnetic domains are usually topologically
trivial in R space, preventing the realization of RK joint topolog-
ical matter, like RK-SK.

In summary, we propose that the concept of the RK-SK state
with external field—tunable Ncps may appear when the SK state
exists in a QAH insulator under certain conditions. Beyond the
conventional SK states that can mainly be used by creation and
annihilation, the number and chirality of CBS provide additional
degrees of freedoms for quantum-state manipulations. Combin-
ing DFT calculations and MC simulations, we predict the ML
MnBiy X, Tes is a unique platform to realize the multiple-space
topology cross-over from K-space QAHE to R-space SK/SkX
states. Most importantly, the external field—tunable RK-SK/SkX
states can appear in a certain region of the e~B, diagram. Our
findings not only may provide an idea to design SK states beyond
the traditional ones, but also, they may provide opportunities to
explore interplay and cross-over phenomena between multiple-
space topologies and generate conceptual dissipationless spin-
tronic applications.

Materials and Methods

DFT Calculations. The DFT calculations were performed using the Vienna ab
initio Simulation Package (VASP) (62). In our calculations, the Perdew-Burke-
Ernzerhof functional (63) was used to approximate the exchange correlation
functional in the Kohn-Sham equation, and the projector-augmented wave
method (64) was chosen to treat the core electrons. The energy cutoff for the
plane-wave basis was chosen to be 400 eV, and the convergence criterion for
the total energy was set to be 1.0 x 1078 eV in all the calculations. A 20-A
vacuum layer was adopted to avoid the influence of the periodic images.
An 18 x 18 x 1 uniform I'-centered k-point mesh was used to ensure the
accuracy of our calculations. The rotationally invariant generalized gradient
approximation (GGA) + U method (65) was used to correct the strong correlation
effect derived from the partially occupied Mn-3d states. The value of effective
Hubbard Ugs was chosen to be 3.0 eV, which was verified to be accurate and
suitable to describe the electronic structures of MnBi;Tes family materials
(7,40).

The phonon dispersion in the FM configuration was obtained using the
finite displacement method. First, the crystal structure was relaxed until the
force of each atom is less than 0.001 eV/A. Second, the 5 x 5 x 1 supercell
combined with the 3 x 3 x 1 uniform I'-centered k-point mesh was used to
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perform self-consistent calculations to obtain the force constant matrix. Finally,
the Fourier transform and diagonalization of the force constant matrix were
performed using the Phonopy Package (66).

The thermodynamic stabilities of ML MnBi,X,Te, were confirmed by per-
forming ab initio molecular dynamics simulations as implemented in VASP. We
employed the NVT canonical ensemble and the Nosé-Hoover thermostat (67,
68) to preform simulations. The energy cutoff for the plane-wave basis was set
to be 350 eV, and the convergence criterion for the total energy was set to
be 1.0 x 107 eV. Here, the 5 x 5 x 1 supercells combined with the single
-pointwere adopted to perform simulations, and the time step was set to be 2 fs.
All simulations were performed for 8 ps (4,000 steps) to ensure that the systems
reach equilibrium.

Tight-Binding Model and Edge-States Calculations. The tight-binding
model was generated using the projected Wannier functions, which were con-
structed by projecting the DFT-calculated Bléch-wave functions into the Bi-p,
Mn-d, X-p, and Te-p atomic orbitals. Based on the effective Hamiltonian matrix,
the electronic band structure was fitted using the Wannier function interpolation
approach as implemented in the Wannier90 Package (69). The edge state was
calculated by iteratively solving the surface Green's function of the semiinfinite
system (70).

Magnetic Interaction and MC Simulations. The magnetic interaction matrix
was calculated using the four-states energy mapping method (71). Here, all
matrix elements were obtained by performing the GGA + U calculations includ-
ing the SOC effect and constraining the direction of magnetic moments. The
3 x 3 x 1supercell was used to remove the interactions caused by the periodic
boundary conditions; meanwhile, the 4 x 4 x 1 I'-centered k-point mesh was
adopted to maintain the same density of grid as in the unit cell calculations. The
total energy was converged to < 1.0 x 10~/ eV for each supercell to ensure the
reliability of the calculated magnetic interaction parameters.

The R-space spin texture was obtained by performing the classical MC simula-
tions, in which the metropolis algorithm was adopted to generate spin configura-
tions according to the Boltzmann probability distribution (72). Starting from the
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random initial spin configuration at 50 K, we performed 4.0 x 10° MC steps at
each temperature and slowly cooled down the temperature with 100 temperature
steps to obtain the spin texture at near 0 K for each MC simulation work. The
100 x 100 x 1 supercell with the periodic boundary conditions was adopted
to perform simulations. Importantly, we emphasize that all the simulations were
carefully performed several times with different initial spin configurations in
order to confirm that our results were not influenced by the randomness of
initial choices. We also performed MC simulations on the larger 120 x 120 x 1
supercell to analysis the size effect, which generate the same results as the
calculations using the 100 x 100 x 1 supercell.

Supporting Information. S/ Appendixincludes detailed discussions about the
crystal structures and the magnetic configurations, the analysis of the orbital
projections for the band structures, the band structures under different external
strains, the R-space spin textures under different external strains and magnetic
fields, and other related results.
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