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SUMMARY

Quantum entanglement has shown distinguished features beyond any classical
state. Many methods have been presented to verify unknown entanglement
with the complete information about the density matrices by quantum state to-
mography. In this work, we aim to identify unknown entanglement with only
partial information of the state space. The witness consists of a generalized
Greenberger-Horne-Zeilinger-like paradox expressed by Pauli observables, and
a nonlinear entanglement witness expressed by density matrix elements. First,
we verify unknown bipartite entanglement and study the robustness of entangle-
ment witnesses against the white noise. Second, we generalize such verification
to partially unknown multipartite entangled states, including the Greenberger-
Horne-Zeilinger-type and W-type states. Third, we give a quantum-information
application related to the quantum zero-knowledge proof. It further provides a
useful method in blindly verifying universal quantum computation resources.
These results may be interesting in entanglement theories, quantum communica-
tion, and quantum networks.

INTRODUCTION

Quantum entanglement cannot be decomposed into a statistical mixture of various product states (Ein-
steinetal., 1935). Itis the most surprising nonclassical property of composite quantum systems (Horodecki
et al., 2009) that Schrédinger has singled out as “the characteristic trait of quantum mechanics” (Schro-
dinger, 1935). How to verify a given entanglement has become a fundamental problem in both quantum
mechanics and quantum information processing. In 1964, Bell firstly proved that the statistics generated
by some proper local quantum measurements on a two-qubit entanglement cannot be generated by
any local-hidden variable model (Bell, 1964). The so-called Bell inequality provides an experimental
method for verifying the intrinsic nonlocality of entanglement. Subsequently, this method has been
extended for various entangled states (Clauser et al., 1969; Gisin, 1991; Greenberger et al., 1989; Brunner
etal., 2014; Giuhne and Toth, 2009), except for special mixed states (Werner, 1989). Another method is from
the Hahn-Banach Theorem (Lewenstein et al., 2000; Horodecki et al., 2009), which can separate each entan-
glement from a specific convex set consisting of all the separable states (Horodecki et al., 2009) by
exploring the state-dependent witness function. This provides a universal method for witnessing all the en-
tangled states (Horodecki et al., 2009; Amico et al., 2008).

In Bell experiments, such as experimentally observing the maximal violation of the Clauser-Horne-Shi-
mony-Holt (CHSH) inequality for a two-qubit state, initially one needs to know the explicit density matrix
of the examined quantum state, so as to choose optimal measurements. Otherwise, selecting random mea-
surement settings, he could only observe the probabilistic violations of the CHSH inequality (Laing et al.,
2010). So far, the traditional Bell experiments (Bell, 1964; Clauser et al., 1969; Gisin, 1991) and entanglement
witnesses (Lewenstein et al., 2000; Horodecki et al., 2009) require essentially the state tomography to learn
its density matrix pe B(H) (Lu et al., 2016), when people come to verify an unknown entangled source, as
shown in Figure TA. This situation seems to rule out the possibility for entanglement verification without
complete information of its density matrix. It is interesting to consider that, what happens for an unknown
entanglement with partial knowledge?

Specifically, suppose a given source is restricted to be an entanglement ensemble. One possibility is that
the device provider gives only its state subspace SCB(H), but not a specific density matrix. One example is
known as an arbitrary bipartite state in the known subspace SCB(H) spanned by the known basis
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{|00X00J, |00){11],{11){00], [11)X11|} (see Figure 1B), but not a specific Einstein-Podolsky-Rosen (EPR) state https://doi.org/10.1016/j isci.
(Einstein et al., 1935). This can be further regarded as a blind quantum communication model inspired by 2022.103972
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Figure 1. Schematic verification of partially unknown entanglement

(A) Traditional methods. The state tomography is firstly performed to learn the density matrix pe B(H), which is further
used for constructing Bell experiment or entanglement witness. Here, B(H) denotes the density operator space on
Hilbert space H.

(B) Proposed method without the state tomography. The given entanglement is supposed to be in a special subspace SC
B(H) spanned by known basis such as {|00)00], [00){11], |11)(00],|11)(11|}, but without the knowledge of the mixture, that
is, the probability in the pure state decomposition of the density matrix.

(C) Entanglement in a blind quantum communication model. A known entanglement p;, passes through one blind
quantum channel £( +) such as random unitary operations, that is, the output unknown state is given by p = &(p;,)-

the blind quantum computation (Broadbent et al., 2009), in which the EPR state passes through a specific
blind channel, such as some random unitary operations (see Figure 1C). A natural problem is whether such
relaxed assumptions allow verifying entanglement ensembles without the state tomography. This also in-
trigues an interesting problem of entanglement locking (Horodecki et al., 2005).

The purpose of this paper is to verify unknown entanglement with partial information of the state space. To
reach this aim, we shall propose a nonlinear entanglement witness (NEW), which consists of a generalized
Greenberger-Horne-Zeilinger-like (GHZ-like) paradox expressed by Pauli observables, and a nonlinear
inequality expressed by density matrix elements. First, we verify an unknown bipartite entanglement,
and also discuss the robustness of entanglement witnesses. Second, we generalize the verification of un-
known entanglement to multipartite entangled states, such as the GHZ-type states and the cluster states.
Third, we provide a quantum-information application related to the quantum zero-knowledge proof. Our
result provides a general method for verifying universal unknown quantum computation resources (Raus-
sendorf and Briegel, 2001). It is also robust against white noises and allows for experiments with recent
techniques.

RESULTS

Entanglement ensemble model

A pure finite-dimensional quantum state is represented by a normalized vector |¢) in Hilbert space H. An
ensemble of pure states {|¢;)} is represented by using density matrix p=3"pj|¢;}e;| on Hilbert space H,
where {p;} is a probability distribution. An bipartite state ppgon Ha®Hgp i$ an entanglement (Horodecki
et al., 2009) if it cannot be decomposed into the following form

Pag = Zp;gx)@mg) (Equation 1)

where QX;B) are single-particle states and {p;i} is a probability distribution.

As for the entanglement ensemble model, in this work, we consider an n-particle state in the density oper-
ator space B(®/_Hy ) associated with the Hilbert space ®_;H,. The additional information may be
learned from the device provider. The traditional entanglement witnesses (Brunner et al., 2014; Gihne
and Téth, 2009; Horodecki et al., 2009) require complete information of its density matrix p by using the

2 iScience 25, 103972, March 18, 2022

iScience



iScience

state tomography. Here, the given state is distributed to n remote users who have no complete information
about the density matrix p. For example, for a two-qubit system, its density operator is supposed to be in a
special subspace SCB(H) spanned by the known basis {|00)(00], [00){11], [11){00], |11){11]} (see Figure 1B),
but without the knowledge of mixture. Thus the main goal here is to separate one entanglement set S from
all the separable states. Interestingly, S may be not convex and thus rule out the standard construction of
linear entanglement witness (Horodecki et al., 2009) or linear Bell inequalities (Brunner et al., 2014). Itis also
different from self-testing entangled subspaces consisting of all entangled pure states with the state to-
mography (Baccari et al., 2020). Therefore, how to verify the entanglement set S will show insights in funda-
mental problems of entanglement theory.

Verifying partially unknown bipartite entanglement

Let us consider the simplest case of a two-qubit system on Hilbert space Ha® Hp. A generalized bipartite
entangled pure state shared by Alice and Bob reads

|®(6)) a8 = cos 6]00) +sin 6|11), (Equation 2)

where 0e (0,7 /2), and |®(w /4)) is the EPR state (Einstein et al., 1935). We now consider the following sce-
nario: both parties only know the shared state has the following form:

pas = E(|®(0)X®(0)]), (Equation 3)
where &( +) is a blind quantum channel defined by £(¢) = > "p;(U; ® Vj)g(Uj‘-L ® Vj’L), g is the input state, {p;}
J

is an unknown probability distribution, and U; and V; are any local phase transformations, e.g., U;=

e |0)0] + e 1)(1] and \/j:em/|0)(0\+e“’f/\1)<‘l|, with unknown parameters 6, ,9;,9je (0, 7). In general,

&(+) can be defined through some positive-operator-value measurements (POVM), i.e., E(p) =Y (M; ®1)

,o(l\/l,vT ®1), with M; = \/a|0)(0‘ +\/E|1)(1 }, ZM,TI\/I,- =1,and Y qgi= >_ri=1. The entanglement involved in
the state pap is named as the EPR-type entanglement. The density matrix pag is rewritten into

Pas = Poo.00|00)00] + p11,31| 1111+ pog,11|00)(11| + py1.00| 11100, (Equation 4)

where pj's are the matrix elements satisfying pooo + 011,11 =1 and pgo.11 = p3,99- Thus our goal is to verify
the entanglement set

Sepr : = {E(D(O)ND())), ¥ |D(6)), £(+ )} (Equation 5)

which is spanned by the known basis {|00X00],[00)(11],|11)X00|,|11)11|} as in Equation (4). Notably, the
CHSH inequality (Clauser et al., 1969) is inapplicable because of the unknown parameter 8;'s in Equation (3),
which forbids two parties to find suitable observables. Meanwhile, Sep, is not convex. For instance, for
the given state o=|®(0)X®(0)],Us=1=]0X0|+|1)1], and Uy =0, =|0X0| — |1){1|, then one easily has
PAB=% 21»2:1 (Uj®1)geU}\ ®1> =cos 2 §]00)00| +sin 2 8]11)(11], which is a separable state. This fact excludes
the well-known method of linear entanglement witnesses (Horodecki et al., 2009).

For solving the problem, we have the following Theorem 1.
Theorem 1. The entanglement set Sep is verifiable.

Proof.—First, let us present a generalized GHZ-like paradox for quantum entanglement, which is given by
O .

0, (Equation 6)
0

where “ES"” represents “entangled states”, o, and o, are Pauli matrices, and (aj®ak)ﬂ is defined by
(0j®0i), = Tr[p(o; ®ay)]. In Equation (6), whose left-hand side contains four operators {E; = o, ® 0,
E; = 0, ® 0x,E3 = ¢« ® 0,,E4 = g« ® ox}. For a standard GHZ paradox (Greenberger et al., 1989), the
global observableE;'s are required to satisfy a very strict condition: they are mutually commutative, i.e.,
[Ej, Ex] = EjEx — ExEj=0for any j # k, and moreover the examined entanglement is the common eigenstate
of {E1, Ez, E3, Ea}. In Ref. (Wiseman et al., 2007), quantum nonlocality has been classified into three distinct
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types: quantum entanglement, EPR steering, and Bell nonlocality. Among which, as quantum entangle-
ment is the weakest type of quantum nonlocality, we develop the paradox (6) without the above strict con-
ditions for witnessing entanglement.

Let us denote the supposedly definite real values of v; , and v; , for Alice, and v, , and v, , for Bob, with
Vixs Vigs Vax, Vo €[1,—1] beyond the integers in the standard GHZ paradox (Greenberger et al., 1989).
This can be regarded as a restricted hidden variable model. Then similar to the analysis of GHZ paradox,
classically we have from Equation (6) that vi ;vo, =1, v1 ,vo =0, vq xv2 , =0, and vy xv5 , #0. But, the product of
the first three relations gives vwz‘zvizvuvz_X =vyxv2x =0, which conflicts with the fourth relation.

The proof of witnessing entanglement set Sep, depends on the following nonlinear inequality

2,/Poo11P11:00 + Poooo +pi1a1 — 1 <0 (Equation 7)

Which holds for any biseparable states (see Lemma 1 in Method details). From the inequality (7), p in
Equation (4) is entangled if and only if pgg.11 #0, in other words, it is separable state if and only if pgp.11 =

P11,00 = 0.

Next we come to prove that any separable state would violate one statement in the paradox (6). For any
separable state py, without the decomposition in Equation (4), it violates the first statement in the paradox
(6). Otherwise, from Equation (6) any pp With pgg.11 = p11,90 = O violates the fourth relation in the paradox (6).
This has completed the proof. O

The paradox (6) and the nonlinear inequality (7) together have provided a nonlinear entanglement witness
to successfully verify the bipartite entangled states in a blind manner. In experiment, the inequality (7) is
verified according to the paradox (6). Interestingly, different from the standard linear entanglement witness
(Horodecki et al., 2009) for any entanglement derived from the Hahn-Banach Theorem, the inequality (7)
implies a nonlinear entanglement witness for verifying the non-convex set Sep, (5). Although the present
method is constructive for specific sets, it might intrigue general interests beyond the Hahn-Banach
Theorem.

Robustness of entanglement witnesses
The generalized GHZ-like paradox (7) of verifying unknown entangled sources is adaptable against white
noise. Consider a bipartite noisy Werner state (Werner, 1989) as

1—v

Dy = VPag +T17 (Equation 8)

where pag is given in Equation (4), 1 is the identity operator of rank 4, and ve [0, 1] is the visibility. From
Equations (6) and (7), the entanglement of p, is witnessed if it satisfies the following modified entanglement
witness (see Method details)

(0:®0),, =0,
(04 ®0,),, =0, (Equation 9)
Aoy ®ay),, +{0,®0,), >1.

The visibilities of white noise, denoted by v*, are shown in Figure 2. There is an evident gap between two
curves, indicating the present entanglement witness is more efficient than the CHSH inequality (Clauser
et al., 1969) even with known density matrix.

Verifying partially unknown multipartite entanglement

The stabilizer formalism presents a novel way for describing quantum mechanics by using the concepts
from group theory, such as the Pauli group (Dehaene and Moor, 2003). This inspires a way for witnessing
partially unknown multipartite entanglement using its stabilizer. Specially, for a given n-partite entangle-
ment ensemble {|¥(«))} depending on some parameter ae R on Hilbert space ®7_Ha,, a generalized
GHZ-like paradox for quantum entanglement is built as

(9;)\\11(9)): +1, (j=1,-.N),

W) #0, (Equation 10)
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Figure 2. Visibility for white noise
The blue line denotes the critical visibility v+ =1/(4|pgo.11| + 1) by using the entanglement witness (9) without unknown

poo:11- The red line denotes the visibility given by v* = 1/4/1 +4|FOO;M |2, which is verified by the CHSH inequality (Clauser
et al., 1969) with known pgo.11.

where w is an entanglement witness operator (Horodecki et al., 2009), which satisfies (w),,sep =0 for any bi-
separable state p,,, (Svetlichny, 1987), and {gn, ..., gn} are simultaneous stabilizers of [¥(«))'s. Specially, w
may be defined by

we{i|lp(a)>(lll(a)| + qu|¢’j><¢j|}7 (Equation 11)

where {|W()), |®;), ¥j} is an orthogonal basis of specific Hilbert space. The witness operator w may be
separable for special g;'s.

One example is an m-partite entanglement given by

Pay--a, = E(F(O)(W(0)])
On Hilbert space ®]_;Ha,, where [ (0)) is a generalized GHZ state (Greenberger et al., 1989) defined by

(Equation 12)

|W(0))a,..a, = cos 0]0)°" +sin 6]1)°"

with e (0,7),and £(+) is a blind quantum channel defined by &(0)=>pj(®]_; U}k>)g(®ﬂz1 U;k))T,
Ujfk) = eik|0){0] + €| 1){1| with unknown parameters 0, ;€ (0, ),and { p; ¢ id unknown probability distri-
bution. This is regarded as the multipartite GHZ-type entanglement. A generalized GHZ-like paradox for

(Equation 13)

the entanglement (12) is given by

(Equation 14)

where ¢ denotes the Pauli matrix o, being performed by the j-th party. This paradox reduces to the bipar-
tite paradox (6) when n = 2. For the n-qubit scenarios, denote Sgp, = {E(|W(0){¥(0)]), V¥ (6)),E(+)}. We
have the following Theorem 2 (see Method details).

Theorem 2. The entanglement set Sgy, is verifiable
Another example is to verify a W-type entanglement set S,, = {£(|®)®|), ¥ |®),E( +)} (see Method details),

where |®) = ap|001) + a1|010) + a»|100) + a3|111) (Durr et al., 2000) on Hilbert space Ha® Hg® Hc, a; are real
parameters satisfying Zfzoaf =1, and &( +) is defined in Equation (12).
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Figure 3. Schematic cluster states generated by quantum networks
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(A) A general quantum network consisting of unknown EPR-type sources. Each green area denotes one controlled phase
operation on two qubits.
(B) An equivalent star-shaped quantum network.

In the following, let us discuss two applications.

Verifying partially unknown universal computation resources

The one-way quantum computer (Raussendorf and Briegel, 2001) is realized by measuring individual qubits of a
highly entangled multiparticle state in a temporal sequence. The involved cluster state provides a universal
resource for quantum computation. One easy way to generate cluster states is from quantum networks (den
Nest et al., 2006; Wei et al., 2011) by using local two-qubit controlled-phase operations CP(6) =|00)(00| +|01)
(01]+|10)(10] + €?|11){11|. Specially, consider a connected quantum network 4 consisting of Ay, -+, A,,, where
each party shares the entanglement (2) or (13) with others. The connectedness means that for any pair of A;and A;
there is a chain subnetwork Aj; consisting of A, A, -+, A;,, A; satisfying any adjacent two parties share some en-
tangled states. These multipartite entangled states can be in whole verified by using Bell inequalities (Guhne
etal., 2005; Luo, 20213, 2021b), entanglement witness (Jungnitsch et al., 2011), or GHZ-type paradoxes (Scarani
etal., 2005; Tang et al., 2013; Liu et al., 2021). Instead, the goal here is to witness partially unknown cluster states
generated by entangled states (2) and (13) under blind channels. Let the set S consist of all cluster states gener-
ated from quantum network AV 4 inthe state pg, thatis, S = {€ *C(pg), V pg, E( *)}, where £( +) is definedin Equa-
tion (12), and C( +) is a blind unitary transformation defined by ® jc gCP(6;) with unknown 6 (0, 7). The set Sy is
unique because £( +) and C( +) are commutative. We have the following Theorem 3 (see Method details).

Theorem 3

The entanglement set S is verifiable.

For the EPR-type state (3) or GHZ-type state (12), the controlling and controlled qubits in the two-qubit
operation CP(#)=|00)(00| +]01){01]+|10){10| + &|11)(11]| can be swapped. The symmetry allows for re-
shaping Mg in Figure 3A into a star-shaped network, as Figure 3B, in which all CP(6)'s are performed by
the center party. The new network is easy for proving the universality of generated entangled states
(Wei et al., 2011). Thus Theorem three provides a blind witness of universal quantum computation re-
sources without the state tomography beyond previous results (Giuhne et al., 2005; Jungnitsch et al.,
2011; Scarani et al., 2005; Tang et al., 2013; Liu et al., 2021).

Zero-knowledge proof of partially unknown quantum entangled source

Classical zero-knowledge proof provides an interesting protocol to prove special hard problems without
leaking its information (Goldwasser et al., 1989; Goldreich and Oren, 1994). Itis of a cryptographic primitive
in secure multiparty computation. The quantum versions take use of entangled states. So far, most results
have focused on extensions of classical tasks (Watrous, 2002) or entangled provers (lto and Vidick, 2012; Ji,
2017; Grilo et al., 2019); however, our proposed method proves a quantum information task, that is, veri-
fying an entanglement (3) (for example) without leaking knowledge of mixture probability distribution
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{p;} and parametersé;’s. One simple protocol is elaborated as following four steps: (i) The prover prepares
N copies of EPR-type entanglement (3), i.e., ®,N:1PA,BN and sends the qubit series By, -, By to the
verifier. (i) The verifier challenges with a random bit series ki, -+, kye {0, 1}. (iii) The prover complies with
ar, -, ane{x1}, where a denotes the outcome on qubit A; by performing Pauli measurement
ak‘withao : =0y and g1 : =0,. (iv) The verifier performs the measurement on qubit B; with Pauli observable

05,€{0x, 0.} under the uniform distribution. The proof is true if all the joint statistics of (ak] ®05/) satisfy

pA/B}
the paradox (6) under the assumptions of ideal Pauli measurement devices. Otherwise, it is false. The veri-
fier can only access the partial particle, which implies a difficult problem for the verifier to complete the task
without the help of a prover. The completeness is followed from Theorem 1, that is, the prover can convince
the verifier's result. A malicious prover, who prepares another entanglement beyond the one in Equation (3)
or separable state, cannot convince the verifier's verification because he cannot forage measurement out-
comes of challenges before the random measurements o, , -+, 05,. This yields soundness. Besides, a mali-
cious verifier can only learn the decomposition (4) of its density matrix, which leaks no useful information of
{p;} and parameters 6/'s. This follows the zero-knowledge. A more rigid analysis requires formal crypto-
graphic models beyond the scope of this paper. The protocol may be extended for multiparty by using
the GHZ-type entanglement (12). Those examples may inspire interesting applications in cryptography.

DISCUSSION

In this paper, we have investigated unknown entangled states with limited information of its state
subspace. We proposed a generalized GHZ-like paradox for verifying an entanglement set consisting of
unknown bipartite entangled states using only Pauli observables. This allows a blind entanglement verifi-
cation assisted by a nonlinear entanglement witness in a device-independent manner. We further verified
an entanglement set consisting of unknown multipartite entangled states such as multipartite GHZ-type
entanglement and cluster states from quantum networks. This provides a useful method for verifying uni-
versal quantum computation resources blindly. The present results should be interesting in entanglement
theory, Bell theory, and quantum communication.

The well-known Bell theory and entanglement witness are designed for detecting given entanglement. Our
method is designed for unknown entanglement without the state tomography. This intrigues a new prob-
lem of verifying specific sets consisting of entangled states. It may be regarded as entanglement verifica-
tion in adversary scenarios where the given entanglement passes through a blind channel of black-box
device controlled by adversaries. The present results hold for special sources in generalized EPR states
or multipartite GHZ states. It can be extended to high-dimensional EPR-type or GHZ-type entangled states
(see Method details). This motivates a general problem for other entangled sources (Dicke, 1954; Luo,
20213, 2021b) or entangled subspaces (Baccari et al., 2020). Another interesting problem is to find new ap-
plications specially in cryptography with specific entanglement sets. In addition, it is unknown what kind of
information is necessary for verifying a general set consisting of all entangled states. This might intrigue
new entanglement models.

Limitations of the study

This paper is aimed to verify the entangled ensemble. The main limitation of the proposed method is from
the simultaneous stabilizers. This requires all the involved states being in a specific subspace. Another is the
nonconvexity of the involved subspace, which requires in principle nonlinear entanglement witnesses, or a
set of linear witnesses.
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METHOD DETAILS
Proof of Lemma 1

Lemma 1. For any two-qubit state p on Hilbert space Ha® Hg, the following inequality holds

2\/Poo:11Pr1:00 + Poogo + pr1ar — 10, (Equation 15)
if and only if pag is separable, where p;; denote density matrix components of pag, that is, pag =

Zf,j,k,spij:ks“jxks‘.

Proof. Let us consider an arbitrary separable two-qubit pure state |®)ap=|¢1)alp,)s on Hilbert space
HA®Hg with |¢j>=cos 6;|0) +sin 6;|1),6;€ (0,7),j=1,2. It follows that o011 = costrsindycostsindy,
and po1.01p10:10 = (Cosbsinficosbsing,)”. From the Hermitian symmetry of the density matrix p, it implies

2|poo.11| = 2/PororPro0 < Poror + Pros10; (Equation 16)
where the last inequality is due to the Cauchy-Schwarz inequality of 2,/|xy| <x? + y2.

Consider an arbitrary mixed separable state on Hilbert space Ha® Hg given by
Pag = Zpi‘(bi>AB<®i| L= Z P joiki ko U1jz><k1 k2|=ZP; z Pff}zkwkz U1j2><’<1 kz\, (Equation 17)
i Jrdz:ka ke i jujackike
where |®;)45 are separable pure states defined by p]%:s]sz =|®;}{®;|,and{p;} is a probability distribution.
From Equation (17) we get

2\/.000;11/011-,00 = 2|P00;11 |

- ()
- 2|Zp 01| (Equation 18)
S22:”"|p(()i());11 |

SZP; (Pg%;m + ng;m) (Equation 19)
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= Por,01 T P10;10 (Equation 20)
=1~ poooo — P11:11- (Equation 21)
The inequality (18) is followed from the convexity of function f(x) = |x|. The inequality (19) is followed from

the inequality (16). The equality (20) is from Equation (17). Equation (21) follows the trace equality of Trp= 1.
Thus we have successfully proved the inequality (15). [J

Robustness of bipartite entanglement witness
Consider a bipartite state with white noise on Hilbert space Ha® Hg is given by

Py = VPag +¥1, (Equation 22)

where 1 is the rank-4 identity operator on Hilbert space Ha®Hp and ve [0, 1]. and ve [0, 1]. For the noisy
state p,, the density matrix is given by

1—v
T+ VPoo,00 0 0 VPoo:11
0 1;" 0 0
Py = :
1_
0 0 7 Yo
T1—-v
VPoo;11 0 0 4 + VP11

where pgo.0 and pyy.q1 satisfies poo.a0, p11,11 =0 and pogo + 11,11 = 1,and pgg.11 20 (for simplicity, let us take
Poo11 as a real number). From Lemma 1, p, is a bipartite entanglement if v satisfies the following inequality

1

v S —
1+ 4Poo;w1

(Equation 23)

Fortwo observables o, ® 6xanda, ® o, from Eq. (Robustness of bipartite entanglement witness) it is easy to
prove that p, satisfies

(o, ® ay),, =0, (Equation 24)
{ox ® 0,),, = 0. (Equation 25)

Similarly, for two observables o, ® ¢, and o, ® g4, from Eq. (Robustness of bipartite entanglement witness)
it follows that

(0,®0,),, =V, (Equation 26)
(ox®0x)y, = 2VPo11- (Equation 27)

So, combining Equations 24-27 and the inequality (23), p, is entangled if it satisfies the following state-
ments as

(0.®0,),, =0,
(04®03),, =0, (Equation 28)
2o, ®‘7x>ﬂv +{o, ®‘72>pv >1.

This has completed the proof.

Proof of Theorem 2

In this section we prove Theorem 2. The first subsection is for witnessing the unknown entanglement by
using present generalized GHZ-type paradox (13) in the main text. The second subsection is for verifying
the nonlocality. The third subsection is for the robustness against white noise while the last section is for
verifying noisy state using the Svetlichny inequality.

Witnessing unknown entanglement set Sy,

Similar to Lemma 1, we prove the following Lemma.

Lemma 2. For any n-qubit biseparable state p on Hilbert space ®]_;H,,, the following inequality holds

¢? CellPress
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2 p?n;—1>np—1>n:7n + p?n:?n +p7>n;7>n - 1<0, (Equation 29)
— —
where 0, and 1, denote respectively n-bit series 0---0 and 1--+1,and p— — are density matrix compo-
nents defined by pp,..a, = X ‘ph...,-n;jw...jn|i1~~~in><j1~~jn|.
N5t inaf157 )

Proof of Lemma 2. The proof is similar to Lemma 1 and a recent method (Giihne and Seevinck, 2010).
Consider an arbitrary biseparable pure state (Svetlichny, 1987) on Hilbert space ®[_;Ha, given by

[¥)a,-a, = W1 ¥2) (Equation 30)

j1-+js) is a s-qubit pure state on Hilbert space ®F_ 1 Ha,

where  [y1)a.a = 30 @,
J1sis

andl¥a,,,a, = 2 B, lise17in) @and [W2da,a, = X By,

Js+157"5)n Js+157 770

on Hilbert space ®7_ ., ;Ha4,. It follows that

js+1°++jn) is an n— s-qubit pure state

|p4> — | = }014) o— 64) ﬁH =/ P — — Xp—— — — (Equation 31)
0 1n s s s 1nss 0's 1 nosi 05 1ns 150 nsi1s 0ns
This implies that
= < <1-—
2oz, = 205 S T PR o SP R T T T TP T T S P,

(Equation 32)

Here, the inequality (32) is followed from the Cauchy-Schwarz inequality of 2|ab|<a®+b?, and
the inequality H(32) l\as used the inequality of I M T o
Thes; Ts 0nes <1, 0pm(or1,,) denotes m-bit series 0---O(or1---1).

Similarly, we can prove the inequality (32) for any mixed biseparable state in Equation (30) in terms of
each bipartition of {A1, -, A,}. In what follows, consider a biseparable mixed state p,; on Hilbert space
® 1 Ha as

Pbs = ZPi|‘I’;>A1---An<‘F;| =

Jivtidn

j1 )
Ki ok

ki, kn

pj1.,.jnlk1u.kn |_I1 Jn><k1 kn‘ = ZP; pﬂ))nk,‘k,‘ ‘]1 ]n><k1 kn|
iy g i

(Equation 33)

where |W;) are biseparable pure states defined in Equation (30) with density matrices |Wj)a,..a (W] : =

> pﬁi)___j ok, 17+ jn )k kal. From the inequality (32), it follows that
N A

2 /P— — Pp— — =2p—>4>
Onitn® 1n0n 0nitn

; (Equation 34)
=2> pils q
i 0 ni 1 n
<2 HPN
Zp 0.1,
<D P~ p%, 5 - p?, g (Equation 35)
:Zp;('l —p%, 6) —p% T ) (Equation 36)
S po o P (Equation 37)

Here, the inequality (34) is followed from the convexity of the function f(x) = |x|. The inequality (35) is from
the inequality (32). The inequality (36) is obtained from the equality: ’1 7,0% 5 —7 7 0] = ‘pr% i
pQ, _, because p%, N 7p<i) _, >0and p%, 6, +p% - <1. The equality (37) is from Equation (33). This

ni lon niYn 1n§ n niYn ni bn

has proved the inequality (29). O
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Now, continue to prove Theorem 2. The generalized GHZ-type entangled state reads

Pa-a, = E(RO)ND(D)]), (Equation 38)
where |®(6)) is a generalized GHZ state given by

®(0))4..a = cosf|0)®" +sing|1)®", (Equation 39)
1A g

with Qe (O,g)and E(+) is local phase transformation defined by &(p) =2pi(®7_ 1 Uin(®F_; U}k),
Ujk = €%|0)0] + e |1)(1] with unknown parameters 8, 9je (0, ), and any unknown probability distribution
{p;}. With these notions, the entanglement set Sg, is given by

Sgnz = {p, Y|@(0)),E(+)} (Equation 40)

The goal is to witness the entanglement set Sgp, by using the generalized GHZ-like paradox (13) in the main
text and Lemma 2.

We firstly prove that any entanglement pe Sy, satisfies the paradox (13). In fact, it is forward to check any
entangled state in Equation (38) satisfies the first three equalities of the paradox (14) from the fact that
|@(0))a,..a, in Equation (39) satisfies these equalities for any fe (0, ).

For any state pa,...a, € Sghz, it is rewritten into

— = — =
Pay--A, = ﬂ?n,?n 0n>< On + meT}n On>< 1 n .
RN o (Equation 41)
#05,,| ToX O] + o5, [T(T,

.FromLemma 2, pis an n-partite

n ny Tn ni 1on

where {p— — ,p— — }isaprobability distribution, and p— — :p*T ot
entanglement in the biseparable model (Svetlichny, 1987) if p— — 0. Otherwise, p is a biseparable state

n

with the following decomposition

—

p=p— - |00, +p— — Zp, |(0))(@(6)| +|@(6)* N@(6)"|)  (Equation 42)

ni Tn

where {|®(0))), |®(6;) )} are orthogonal states for any 6;. This further implies that the inequality (29) is suf-
ficient and necessary for witnessing the entanglement set Sgp,,. Hence, any state in Sgp, is an n-partite
entanglement if and only if the paradox (13) holds.

In the following, we prove any biseparable state violates one statement in the paradox (13). In fact, consider
an n-qubit biseparable pure state [@)a,...a, =|0)a, ., [W)A,, ;- Anon Hllbert space ®7_;Hu. From all the
equalities of the paradox (13), |@) is represented by the state |0)® or|1 “ while [¥) is represented by the
state |O)®” k }1 ®” k.“ @nk Otherwise, |®) will violate one statement in the paradox (13). Generally,
consider a general n-qubit mixed biseparable state py,; on Hilbert space ®_;H4, given by

= ijkpj('> ®p(k') (Equation 43)
jk
where pj(-/) denote pure states of the systems in the set IC{A,---, An}, p,(()) denote pure states of the systems

in the complement set I={As, ---, A} — I,and{pj} is a probability distribution. So, pp, can only be a diag-
onal state given by

—

Pos = Po| O ndaoa (0 avan( T (Equation 44)

_,
+P1‘

if all the equalities in the paradox (13) hold. This implies (Ve o )p, =0,that is, pp violates the last

inequality of the paradox (13). So, any biseparable state violates either one equality or the last inequality of
the paradox (13).

Verifying the nonlocality

We verify the nonlocality by using the generalized GHZ-type paradox (13). Denote the supposedly definite
real values of v;, and vj, for the j-th party, with v, vj.€ (1, 1) beyond the integers in the standard GHZ
paradox (Greenberger et al., 1989), j = 1,---,n.. Similar to the analysis of the GHZ paradox, classically we
have from the first two statements in Equation (13) that
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vi.e{£1},(G=1,,n). (Equation 45)
Moreover, combining with the third to sixth statements in Equation (13), we get
Vix = 0,(j=1,-+,n). (Equation 46)

This contradicts to the last relation of HF:1\/,~7X¢O in Equation (13). This completes the proof.

Robustness against white noise

Consider an unknown n-partite entangled state with white noise on Hilbert space ®_;H,, as

0, = VPa, ., +Tv1zn (Equation 47)

where 10 is a rank-2" square identity matrix, p is defined in Equation (38), and ve [0, 1]. Its density matrix is
given by

T—v - =
Q\/:( on +vp?n)‘on><on

1—v - =
« (e, [T,

— =
+ VpT’n;Tn’ 1 n>< 0 n

— =
+Vp— —
0 p;

[0,

Nz‘n: ;JW\
j+0,1,

(Equation 48)

where p— — andp— — satisfies p— — ,p— — 20, and, p—

) ) — +p— — =1, p—» — >0 from the
;0 0n HA 0'p; 0 0'p; 1

definition in Equation (38), 7:1} -++jn is an n-bit series. From Lemma 2, the noisy state g, is an n-partite
entanglement in the biseparable model (Svetlichny, 1987) if v satisfies the following inequality

>71 .
1+ 4[)? R

n

V. (Equation 49)

For 2n separable observables {o<z1) ® o(xn),o(zi) ® aii”),og) ® ai“),oi" ® ag”),i =1,-,n— 1}, from

Equation (48) it is easy to prove that

(eVed), =0, (Equation 50)
(e ®qi*M), =0, (Equation 51)
(" ®dl”), =0, (Equation 52)

o (Equation 53)

Similarly, for n+1 observables o(z” ®<7(Z"), og) ®¢7(Z"H),

(dD®ai*M), =0, (i=1,,n=1).
(

1,--,n=1) and V@@ from Equation (48) it
follows that

(e @), = v, (Equation 54)

(a§i>®a(zi*1))gv =v, (Equation 55)

(0x® )y, = 2V000.11- (Equation 56)

So, from Equations 50-56 and the inequality (49), g, is n-partite entangled (Svetlichny, 1987) if it satisfies the

following statements

1 n
(a(z ) ®U)(< )>Qv =0,
i i+1
(a(z)®af(+ )>Qv =0,
(e ®dM), =0, (Equation 57)
() @), =0, (i=1,n 1),
(gl ®a(zj))gv +2(eV®-® a)((”))gv>1

for any (i,j))e {(1,n),(1,2),---,(n=1,n)}. This has completed the proof. O

Nonlocality verified by violating the Svetlichny inequality

Another method for verifying the multipartite nonlocality of noisy state is using the Svetlichny inequality
(Svetlichny, 1987) with the known density matrix. Take a tripartite GHZ-type state in Equation (48) as an
example. For simplicity, we can restrict measurement along directions lying in the x-y plane of Pauli sphere,
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so that two observables A; and A/ of the i-th party are specified by the azimuthal angles ¢; and ¢/, respec-
tively, for i = 1,2, 3.. For the noisy state in Equation (47) with n = 3, it follows that

<A1A2A3>gv =2VPa00.111COS (@1 + @y + @3),
(A’|A2A3,>gv =2VPoo0.111€0S(91 + @ + 93'),
E2122:23/>>gv = 22VP000-,1 7" COS((% + ‘P2//+ (03);)
1A2 A3 )g, = £VP000:111COS(P1 + @2 + @37 ), :
<A1/A2A3>gv =2VPoo0.111€0S(91" + @2 + 03), (Equation 58)
(A1 A2As"),, = 2VPooo,111€0S(91" + @2 + 93'),
( >QV =2VP000;111COS(¢1,+<P2/+<P3),
(A A A 0 = 2Vﬂooo;1w1C05((ﬂ1/ +0, +93').

From Equation (58), we get
[svl,, = (A1AA3) + (A1AZAS)
+H{AIAAs) + (AT AA;)
—(AVASAS) — (A A Ag)
— (A A A); — (AT A AS)
= 8\/§Vﬂooo;1117

where @ + ¢, +p3=3and ¢/ =9, +%. The noise visibility is given by

(Equation 59)

1
1>vi>——— — (Equation 60)
2\/211000;111

for a known state g,, as shown in Figure 4. It should be interesting to explore other Bell-type inequalities
with greater noise visibility.

Verified visibilit
0.757

5 05 itnessed visibility
0.25}
0 L L L L
0 0.1 0.2 0.3 0.4 0.5

Pooo;111

Figure 4. (Color online) Visibility of white noise for g, in Equation (47)

Here, n = 3. The blue line denotes the witnessed visibility given in Equation (49) with unknown density matrix. The red line
denotes the verified visibility given in Equation (60) by using the Svetlichny inequality (Svetlichny, 1987) with known density

matrix.
Verifying unknown W-type entanglement

Our goal here is for verifying unknown W-type entanglement. Consider a three-qubit system W-type en-
tangled state (Dur et al., 2000) on Hilbert space Ha® Hg ® Hc given by

|®)asc = a0/001) + a4/010) .
+a,[100) + a3|111), (Equation 61)

where a;'s are real parameters satisfying Ejs:oajz = 1.. Suppose |®)ap¢ is shared by three parties, Alice, Bob,
and Charlie who only know the shared state being the following form:

pasc = E(|ONP]), (Equation 62)
where &( +) is a local channel defined by

£@) =Y p(U @ vieY)e(y e v/ey), (Equation 63
j
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according to local unknown phase rotations U;,V; and Y; defined in Equation (11) (in the main text), and {p;}
is an unknown probability distribution. The entanglement involved in the state ppc is named as the W-type
entanglement.

Under the local channel &£( +), the density matrix pagc in Equation (62) can be rewritten into the following
form
Pasc = Z Piuiisinings i1 j23)nj2 3] (Equation 64)

Jr+ia+jz=13

where p; ;i iok,'s satisfy that {p ... } being a probability distribution and pj, i,k kK, = £5, Our

goal in what follows is to verify the entanglement set

kokssjijajs

Su = (@)@, VIB)LE( )}
which is spanned by the basis {|jij2js}kikoks|, ¥j1 +j2 +j3 = 1,3k +kp +ks = 1,3}

(Equation 65)

the decomposition in Equation (64). This rules out the linear entanglement witnesses (Horodecki et al.,
2009). Similar to Theorem 2, we have the following Theorem 2'.

Theorem 2'. The entanglement set S, is verifiable if

V/Po01:111P111:000 + +/P010;100P111:000 )
(Equation 66)

1
+v/P0oo1:010P111:000 + 1/P100:111P111;000 >z~

Proof. Similar to the generalized GHZ-like paradox (13) in the main text, we present a paradox for W
states pe S, as

(Equation 67)

ES
(e @), #0.

The proof of the nonlocality with definite real values of both parties is similar to its for Theorem 2. Specially,
denote the supposedly definite real values of vy,, and vy, for Alice, v,,, and vy, for Bob, and vs,, and v, for
Charlie, with vj, vj.€ (1,—1). From the first statement in Equation (67) we have v; ;v5,v3, =1 while implies
v #0.. Combined with the second to fourth statements in Equation (67), it follows that v; =0 for any j.
This conflicts with the last relation.

Next, we prove any biseparable state would violate one statement in the paradox (67). For any biseparable
state pp, on Hilbert space Ha ® Hg ® Hc, it violates the first statement in the paradox (67) if it does not has
the decomposition (64). Otherwise, p,s has the decomposition (64). From Equation (67), we have

(0:0,80,),,,= —1,

(0:®0,®0,),,, =0,

(0:®0,®0),,, =0 .
(0,80,80,),, =0, (Equation 68)
(e® U)(<2)>Pb5 =2,/Poo1;111P111:001 + 21/P010;100P100:010

<ai1) ® 0i3)>pbs = 2\/17001:100/)100:001 + 2\/11010;111/’111;010-

It will violate the inequality (66), that is, for any bisparable state we have

V/Poo1:111P111:001 + +/P010;100P100:010 )
1 (Equation 69)

+v/P001:010P010.001 T +/P100:111P111:100 = 3

Hence, this has completed the proof.
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Now, before ending the proof we prove the inequality (69). Consider an arbitrary biseparable pure state on
Hilbert space Ha® Hg® Hc as

|®)asc = |¢1)al92)5c (Equation 70)
where |p);=a0|0) +a1|D)and |p,)= 3 bylij), withy|_ga? =3, _ob2=Tand |p,) = = bylij), with 3°[_ya?
ij=0,1 ij=0,1

ij=0,

Z?‘j:obfzjzk Similar to proof of Lemma 2, we can prove that

2,/Poo1.111P111:001 = Po11:011 + P101:101 (Equation 71)
2,/P010:100P100:010 = Pooo:000 * P110:110- (Equation 72)

Moreover, from the positive semidefinite density matrix p, all the principal minors are positive semidefinite.
Combining with the Cauchy-Schmidt inequality, we get

2\/10001;010/’010:001 < \/Poow :0010010,010

(Equation 73)
<Poo1:001 + PL010,0105

and

2\/0100;111»0111:100 < v/P100;100P111;111

(Equation 74)
<pioo00 + P111,111-

From the inequalities (71)-(74), we get

V/Po01:111P111:001 + 1/P010;7100P100:010 + 4/P001,010P010001 T +/P100:111P1113100 <= E Phrinisiiriais = |
Jiu2.jz=0.1

(Equation 75)
For other two biseparable states, we can similarly prove the inequality (75). Moreover, for any mixed bise-

parable states p, = pi|®:){®;| with product states |®;), from the concavity of function f(x) = v/x it follows
that i

V/Poo1:111P111,001 + 1/P010;100£100:010

+v/P001:010P010:001 + 1/P100;111P111:100

() () ()) ()
SZP/ \/ Poor:111P 111001 ZPJ \/ P010;100P 100,010
J J
() () () ()
+ZPJ \/ Poo1.010P010.001 + pr \/ P100;111P 111100
J )

<1

(Equation 76)

from the inequality (75), where p;:j'zja:kwkzks are density matrix elements defined by |®){®;|=

ij<j2>/3<l<1<k2=k3p/§1i}zj3:kwkzk3 ‘j1j2j3)(kq koks|. This has proved the inequality (66).

Proof of Theorem 3
Consider an n-partite quantum network A4 shared by n parties Ay, -+, A,. The total state of N g is given by
pg = ®jr$1pj®?j1gk (Equation 77)

where p; are generalized EPR entangled states defined in Equation (1) in the main text and g, are multipar-
tite GHZ entangled states defined in Equation (12) in the main text. Denote the triple (A;, 8}, (k;, s;)) as the
specification of a local controlled-phase

CP(8;) = |00)00| +[01)(01] +[10){10] + € |11)(11] (Equation 78)
performed by A; on two qubits from entangled states p and p, . Let G={(A;, 6, (k;, 7)), Vj} be the set of all

specifications for generating a cluster state.

Define cluster-type entanglement set S as

Sa={E°Clpg), Vpg,E(+),C(*)} (Equation 79)

where £(+) is a blind quantum channel consisting of local phase rotations on each qubit, e.g., £(p) =
@>jrz‘1<‘/'j(,oj)®Z’i1 Er(o)with &;( +) defined in Equation (2) (in the main text) and &;( ) defined in Equation (11)
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(in the main text), C( +) is a blind unitary transformation defined by ® jcgCP(6;) with unknown 6je (0, ). The
definition in Equation (79) is reasonable because £( +) and C( +) are communicative. The main goal in what
follows is to verify Sg.

We firstly prove two lemmas.

Lemma 3. Consider any unknown m-partite entanglement py, ..o, in Equation (11) shared by n parties
A1, -+, Am. Then any two parties A; and A; can share one unknown bipartite entanglement in Equation (2)
assisted by other’s local operations and classical communication (LOCC).

Proof of Lemma 3. Consider any unknown multipartite GHZ-type pa,...o. given in Equation (11). For any
two parties A; and A;, suppose other parties perform local projection measurement under the basis
{\ +) :%(\O) i|1))} and send out measurement outcomes ay, ke {1,---,n} — {i,j}. The resultant condi-
tional on outcomes a;’s is given by

2 e 2 e
Pana = an;?n‘OOXOO‘+p7>n;7>n|}|1><1”+(7}|) k p?n?"\00>(11\+(7’|) k pT>n7n|1'|><OO|
(Equation 80)

which can be locally transformed into

pA,‘Aj = p?n:Tn|OO)<OO| + p—>m ‘OO)“ 1‘
1

-
Onitn (Equation 81)
+ P, 5, [TIX00] + p - [11)(11] d

EN
after one party performs a local rotation [0X0| + (—=1)F |1){1] on its shared qubit. From Lemmas 1 and 2,
Paa is an entanglement in Equation (2) if and only if pa .4, is an entanglement (i.e., p— — ,p— — #0).
This has completed the proof.

Lemma 4. Consider a chain quantum network consisting of any two unknown entangled states psg and
pcp in Equation (2), where Alice has qubit A, Bob has two qubits B and C while Charlie has qubit D. Then
Alice and Charlie can share one unknown entanglement in Equation (2) assisted by Bob's LOCC.

Proof of Lemma 4. Consider a chain quantum network consisting of any two unknown states

pas= 2 piksliidtksland pip = 3= pfj lijMks| in Equation (2). Suppose Charlie performs joint measurement
ijik.s ijks

on two qubits B and C under the Bell basis {|‘Pi> :%(\OO) 1), [v) :%(\01) i|10))}. It follows the

resultant as

1

AD = (Poo;ooﬂé)o;oo|00><oo| ip00:11p60;11 |00><1 1 ipm:oop,n;oo“ 1><00| + P11;11P/w1;11 [11 N1 |)

Poo;ooﬂf)o;oo +P11.11 P41 1
(Equation 82)

for the measurement outcomes ¢ ). Both above states can be locally transformed into

1

AD = (Poo;oopbo;oo|oo><oo| + Poos11P0041100(11] + P11.00P"1.00| 1 1000 + py11041.01| 1111 ‘)

Poo;ooﬂ&o;oo + 1101941 1
(Equation 83)

after one party performs a local rotation o, on its shared qubit for the measurement outcome |@_). Similarly,
for the measurement outcomes |y )., the resultant is given by

1

AD = <p11;11p(/30;00‘ 101))((01 |’ £ P00:11P11,00/01)10] £ p11.00P00,41 1001 + P00.00P" 1,11 |10><10‘>

P11,11 ﬂ{)o;oo + P00.00P1 1 1
(Equation 84)

which can be locally transformed into

1

Pap = (P11:11/’60;oo|01 %01 [+ »000:111/11;00|0'I N1 0| +P11;00P60;11 |1O><01 | +Poo;ooP;1;w1 “0><1O‘>

B 011;11»060;00 + Poo:ooﬂ/mm
(Equation 85)
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with a local phase shift conditional on measurement outcome. So, from Lemmas 1 and 2, both states in
Equations (83) and (85) are entangled states in Equation (2) if and only if pag and p/cp are entangled
<i.e., ﬂoo;ﬂ7/’11;007/’60;11’ﬂ%moio) This has completed the proof. [J

Proof of Theorem 3. Note C( ) does not change the entanglement of the joint state £(pg) because it
consists of all the local unitary operations. From the equality of Co&(pg) =£°C(pg), it is sufficient to verify
all the states £(pg). Moreover, from the assumption of connectedness the joint state pg is entangled in
the biseparable model (Svetlichny, 1987) if the associated quantum network N g is connected. This can
be verified by using the recent method (Luo, 2027a, 2021b) combined with Lemmas 3 and 4, that is,
each pair can share one bipartite entangled state with the help of other parties’ local measurements
and classical communication. From Equation (79), it only needs to verify all the entangled states
&i(py) and Ex(ey)-

The main idea is to combine the paradoxes (5) and (13) in the main text. Specially, for a given N-partite clus-
ter state ga,..a,€ S on Hilbert space ®j’i1HA/, it satisfies the following statements as

<0'g) ®0(Zj)>g =1 ; (AiaAj)e {ps7 VS} U {Tt’ Vt} (Equaﬂon 86)

(' ®a¥), = 0, (A, A)e{p,, Vs}U{r, Yt} (Equation 87)

(dV®dV), =0, (A, A)e{p., VstU{r, Yt} (Equation 88)
r . S

(o ®gg>>gi7 (AnA)e{p,, Vs} (Equation 89)

<®Aisgla<xi)>952077je {7, Vt} (Equation 90)

where the statement for (A;, Aj)e {ps, Vs}U{r, Vt} in Equations 86-88 means both qubits A; and A; belong
to one EPR-type entanglement (2) or one GHZ-type entanglement (12). The statement for (A;, A))e {ps, Vs}
in Equation (89) means both qubits A; and A; belong to one EPR-type entanglement (2). The statement of
7je {7, Yt} in Equation (90) means all the qubits 7; belong to one multipartite GHZ-type entanglement (12).

Similar to the paradoxes (5) and (13), Equations 86-90 are used for verifying the entanglement for single
EPR-type entanglement or GHZ-type entanglement in the cluster state g. This completes the proof. [J

Verifying high-dimensional unknown GHZ-type entanglement

Our goal in this section is to extend Theorems 1 and 2 for verifying high-dimensional unknown GHZ-type
entanglement. Consider a d-dimensional Hilbert space ‘H with computation basis {|0),---,|d — 1)}, where
d>2.. Denote w = exp(2xi /d) as the root of unity, thatis, o = 1 and w=1.. Define 3 be the shift operator
(Weyl, 2014, Ch.lll) (similar to Pauli operator ay) given by

d-1
2 = ZU +1 mod d){j (Equation 91)
=0

J

and 2 be the clock operator (similar to Pauli operator ¢,) matrix given by

d-1
25 =) i)l (Equation 92)
j=0
It is easy to check that
(=) =(25) =1 (Equation 93)

with the identity operator 1 on H. Both operators =4 and =3 are fundamental operations for quantum dy-
namics in high-dimensional spaces (Vourdas, 2004).

Bipartite entanglement

Consider a two-qudit system |®)4p on Hilbert space Ha® Hp, where Ha and Hp are both d-dimensional
spaces. A bipartite entangled pure state shared by Alice and Bob is given by

d—1
[@)as = Y eylji), (Equation 94)
j=0
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where q; are real parameters satisfying Eﬂ:& aj2 = 1. Suppose that both parties only know the shared state
has the following form:

oas = E(|OND)), (Equation 95)
where &( +) is a blind quantum channel defined by
£0) =S pU® \/j)g(ujT ® v]), (Equation 96)
j
with local phase transformations U; and V; given respectively by
d-1
U= &% k)(k|,
k=0 .
g1 (Equation 97)
Vi= ) e"lkkl,
k=0

with unknown parameters 6y;, 9y;€ (0, m),and{p;} is an unknown probability distribution. In general, £(+)
can be defined through semi-positive definite operators M;'s as

E(e) :Z(Mjg’Nj)Q(M}@N;) (Equation 98)

J

where M; and N; are Kraus operators defined respectively by M; =3, /Gg|s)s|, N; = /7| t)(t] which satisfy
s t

ZM}MJ:ZN}NJ:L{%, Vs}and{rj, Yt} are unknown probability distributions. Under the blind channel

J J

&(+), the density matrix pag in Equation (95) can be rewritten into the following form

d—1
pas= > ol + D pyeliidkk], (Equation 99)
j=0

j\not=k

where pj;'s are the density matrix elements satisfying {p;;;} is a probability distribution and pj; = P
Our goal in what follows is to verify the entanglement set

Sy = {E(|OND|), V|®),E(+)} (Equation 100)
which is spanned by the basis {|jj)(kk|, ¥}, k}.
It is easy to prove that Sy is not convex because the separable state pyg = Z]_d;g p;iliNdij] has the decompo-
sition in Equation (99). This rules out the linear entanglement witnesses (Horodecki et al., 2009). Similar to
Theorem 1, we have the following Theorem.

Theorem 4. The entanglement set S, is verifiable.

Proof. Similar to the generalized GHZ-like paradox (5) in the main text, we present a paradox for high-
dimensional quantum entanglement by using =1 in Equation (91) and =3 in Equation (92) as

(@35, =1,(k=1,,d - 2)

(23®34),=0, .

(Z1®35),=0 (Equation 101)
P )

(

ES
21®34),#0.

This can be proved by a forward evaluation. The proof of the nonlocality with definite real values of both
parties is similar to its for Theorem 1.

The proof for witnessing the entanglement set S, depends on the following nonlinear inequality

d-1
2 > PP+ Y P — 1<0 (Equation 102)
0<j#k<d-1 j=0
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for any bipartite separable state. The proof will be presented in the later. From the inequality (102), p in
Equation (99) is entangled for pj#0 for any two integers j#k, in other words, it is separable state if
and only if pj =0 for any integers j and k with j#k.

Next we come to prove that any separable state would violate one statement in the paradox (101). For any
separable state p;, it violates the first statement in the paradox (101) if it does not has the decomposition in
Equation (99). Otherwise, p, has the decomposition in Equation (99). From Equation (101), we have

d— I<
< 2 Zpﬂll ’

(2303),
(21®33),

d-1 d-1
(Z1®3), E Piij+1j+1t E Pist 1y
j= j=0

)

=0
_0 (Equation 103)

)

It means that pj =0 for any integers j and k with j#k. This violates the fourth statement in the paradox
(101). Hence, this has completed the proof if we can prove the inequality (102).

Proof of the inequality (102).  Similar to Lemma 1, consider an arbitrary separable two-qudit pure state
on Hilbert space Ha®Hp as

|®) = |¢)|@,) (Equation 104)
With |g;) = Z "o aijljy and E Oa/ =1,i=1,2. It follows that

|pjj:,j+1 j+1| = |a1,ja2,,-a1,,-+1az,,-+1} (Equation 105)

Pjj+ 1 j+1Pj+1 jyj+1 -
This implies that

2|pjj:j+1 j+1| S Pjatgjet ¥ P e jo (Equation 106)
due to the Cauchy-Schwarz inequality of 2+/]xy| <x? +y2.

Consider an arbitrary mixed separable state on Hilbert space Ha® Hg as
p= Zpi\@»@i\ t= ) liv)kike =3 e ST ol L) ki ke (Equation 107)
i Jioj2:ki ke i jrizkke

with separable pure states |®;)'s, where {p;} is a probability distribution, and ;om2 dk, =P M®;|. Similar to the
inequalities (18)-(20), from Equation (106) we get

S0y ety jet T O et (Equation 108)

_ (i)
2{ij;j+1 j+‘\| = 2’2ph”jj;j+1 j+1
Similarly, we can prove that

2|pjeie] < Py + P i E k (Equation 109)
So, from the inequality (109) we have

2 Z VPP = 2 Z }"’jk;jk'S Z (pjkjk * Py, kJ Zpu,u (Equation 110)

0<j*k<d-1 0<j#k<d—1 0<j*k<d-1

This has completed the proof.

Multipartite entanglement

Consider an n-qudit system [W),,...a, on Hilbert space ®_;Ha, where H,'s are all d-dimensional spaces. A
generalized n-partite entangled pure state shared by Aq , -, An is given by

¢? CellPress
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d-1

M), = D agliy iy (Equation 111)

=0

where ;s are real parameters satisfying Zf;(; zsz =1. Suppose that all the parties only know the shared state
has the following form:

Payn, = E(WXPI), (Equation 112)

where &( +) is a blind quantum channel defined similar to Equation (96) by using unknown local phase trans-
formations for each party. Under the blind channel £( +), the density matrix py, ..o, in Equation (117) can be
rewritten into the following form

d—1
Paven= D P 7,
j=0

— L o ) . o
where j, denotes n number of j, ie, j,= jj p— — are the density matrix elements satisfying
J ns n

Tn><7n Tn><?n

+>
P57,

j#k

, (Equation 113)

Zj:_opT 7 =1 ({pT> 7 } is a probability distribution) and p— :p"? —, . Our goal in what follows is

to verify the entanglement set i) a

S, = (E(W)W]), VW), ()} (Equation 114)
which is spanned by the basis {‘Tn)(Tn‘, ’7,)(7,,', v, k}.

Similar to Theorem 2, we have the following Theorem 5.

Theorem 5

The entanglement set S, is verifiable.

The proof of Theorem 5 is based on two facts. One is from the generalized GHZ-like paradox given by

(Equation 115)

for all the entangled states in S,, while it will be violated by any biseparable state. Here, E@ denotes the
local observable Xj performed by A;. The paradox (115) can be proved similar to its for the paradox (13). The
other is from the nonlinear inequality given by

2 p— — o+ p— — <1, (Equation 116)
0<ixk<d-1 b . j=0

which holds for any biseparable state. This can be proved similar to Lemma 2 and the inequality (102), where
T = jivjnand k= Kiekn i, nkt, o, ke {0, d = 1)
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