
Effect of Dielectric Saturation on Ion Activity Coefficients in Ion
Exchange Membranes
Akhilesh Paspureddi,* Mukul M. Sharma, and Lynn E. Katz

Cite This: ACS Omega 2022, 7, 30823−30834 Read Online

ACCESS Metrics & More Article Recommendations *sı Supporting Information

ABSTRACT: Polymeric ion exchange membranes are used in
water purification processes to separate ions from water. The
distribution and transport of ionic species through these
membranes depend on a variety of factors, including membrane
charge density, morphology, chemical structure, and the specific
ionic species present in the fluid. The electrical potential
distribution between membranes and solutions is typically
described using models based on Donnan theory. An extension
of the original theory is proposed to account for the nonideal
behavior of ions both in the fluid and in the membrane as well to
provide a more robust description of interactions of solutes with
fixed charge groups on the polymer backbone. In this study, the
variation in dielectric permittivity in the membrane medium with electric field strength is taken into account in a model based on
Gouy−Chapman double-layer theory to provide a more accurate description of ion activity coefficients in an ion exchange
membrane. A semianalytical model is presented that accounts for the variation in dielectric permittivity of water in a charged
polymer membrane. A comparison of this model with Manning’s counterion condensation model clearly demonstrates that by
incorporating changes in water dielectric permittivity with electric field strength, much better agreement with experiments can be
obtained over a range of salt concentrations for different ions.

■ HIGHLIGHTS

• Large electric fields inside an IEM give rise to changes in
solution dielectric permittivity.

• A general EDL theory which accounts for changes in
dielectric permittivity and in the hydration free energy of
ions is presented.

• The modified PBE model is used to model the ion
activity coefficients inside an IEM.

• The modified PBE model more closely matches
experimental data than does the Manning−Donnan
model over a range of salt concentrations.

• The model is quite general and can be applied to any
IEM and any ion type.

■ INTRODUCTION
Ion exchange membranes (IEMs) are polymeric membranes
bearing charged functional groups (e.g., sulfonate and
quaternary ammonium groups) on the chain backbone.1,2

IEMs are categorized as cation exchange membranes (CEMs)
if they have negative fixed charge groups on the polymer
backbone or anion exchange membranes (AEMs) if the fixed
charge groups are positively charged. The presence of fixed
charge groups requires an electrically equivalent number of
counterions to balance the fixed charges, and the fixed charge
groups act to exclude mobile ions of the same charge (i.e., co-

ions). IEMs can control the transport of ionic species through
the membrane based on applied or internally developed
electrostatic potentials.3

IEMs are used in electrodialysis for water purification
applications4,5 and in fuel cells for energy generation or fuel
generation applications.6 Improving the efficiency of these
processes would benefit from an improved fundamental
understanding of ion thermodynamics in IEMs.7 IEMs of
practical importance are often highly charged, and ions sorbed
into such membranes often exhibit highly nonideal thermody-
namic behavior.1 These nonidealities are often reported in
terms of ion activity coefficients.8 A number of reliable models
for ion activity coefficients in aqueous solutions originate from
the Debye−Hückel theory of dilute solutions9 (see review by
Robinson and Stokes10 for more details). However, the
literature addressing the thermodynamics of electrolytes in
IEMs is not as well-established. Most ion activity models in
IEMs typically assume that the dielectric permittivity of the
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solvent medium is constant, which is a reasonable assumption
in most instances. However, polymer chemistry and water
content have been shown to significantly affect dielectric
permittivity.11 In highly charged IEMs, the electric field in the
membrane can be quite large. This can lead to dielectric
saturation. Dielectric saturation refers to changes in the
dielectric permittivity (i.e., dielectric constant) of the medium
due to a high electric field.11 Dielectric permittivity is often
reported to be low in IEMs due, partially, to high electric field
strengths in the membrane.12 The dielectric permittivity affects
the Gibbs free energy and, in turn, ion activity coefficients, and
hence accurately accounting for dielectric permittivity is
important to accurately estimate ion activity coefficients.
Hence, changes in dielectric permittivity have been shown to
greatly influence ion sorption and ion transport mechanisms in
IEMs.11

The earliest work on the thermodynamics of IEMs was done
by Ostwald,13 who hypothesized that like charged ions (i.e., co-
ions) would be excluded from an IEM. Ostwald’s work was
extended by Donnan,14 who studied the ionic equilibria and
potential in a charged membrane. However, subsequent
research showed that co-ion sorption prediction based on an
ideal Donnan equilibrium was poor, especially for low external
salt solution concentrations.15−17 Most recent work that has
done a good job of modeling the thermodynamics of IEMs
used the Manning−Donnan model.18 This work employed
Manning’s counterion condensation theory to account for the
nonideal behavior of ions in IEMs and the Pitzer model to
account for the nonideal behavior of ions in the external
solution.19 The Manning−Donnan model provides reasonable
predictions of ion activity coefficients in IEMs at salt
concentrations typical of desalination systems with only one
adjustable parameter, which can often be estimated a priori
based on the knowledge of the membrane chemical structure
and the water uptake. However, in several cases, this model
exhibits systematic deviations from experimental data,
particularly at low external salt concentrations.18,20

In this study we will present a thermodynamic model for ion
partitioning and ion activity in IEM using the Poisson−
Boltzmann equation (PBE). PBE provides a rational starting
point for describing ion distribution around a charged surface

immersed in an electrolyte. A key advantage of the PBE is that
it can be modified to account for complex descriptions of the
electrical double layer surrounding a charged surface and still
approach the original description of the interfacial regions set
forth by Debye and Hückel for relatively dilute electrolyte
solutions.21 Several researchers have used PBE-based models
in the past to describe ion equilibrium around charged
surfaces.22−25 Pintauro et al.26−28 in a series of papers
formulated a PBE-based model to describe equilibrium
partitioning of ions into Nafion membranes. However, very
high surface potentials (e.g., −1.5 V) and counterion surface
concentrations (e.g., 12000 mol/m3) were shown in this
work.28 In the literature, membrane potential values are often
reported to be on the order of ∼100 mV for the polymer−
water interface.29,30 Incorporating a Stern layer31 into the
description of the electrical double layer reduces the very high
model predictions of ion concentrations for highly charged
IEMs.

The model proposed in this study uses the PBE, modified to
include dielectric saturation, ion dehydration, and a Stern layer
of condensed ions, to calculate ion concentration profiles in a
dense, nonporous charged membrane. The modified PBE
model is then used to explain the influence of polymer charge
density on dielectric permittivity and demonstrate the effect of
a Stern layer on charge distribution within the interfacial
region of the membrane. Ion activity coefficients determined
using this thermodynamic framework are compared to values
obtained from the Manning−Donnan model and experimental
data.

■ MODEL FORMULATION
The dense IEM considered in this work is a commercially
available cation exchange membrane, CR-61, from Suez
(formerly GE Water). Chemically, it is a cross-linked network
prepared by copolymerizing sulfonated styrene and divinyl-
benzene.18 CR-61 has a composite structure consisting of ion
exchange resin polymerized into a hydrophobic, porous fabric
backing that provides mechanical support to the mechanically
fragile (i.e., brittle) ion exchange resin.32 When such a charged
membrane is in equilibrium with an electrolyte solution, a

Figure 1. (a) Diagram of a cation exchange membrane equilibrated with salt solution at an external concentration of CS. The counterion
concentration is C+

m, and co-ion concentration is C−
m. (b) Diagram of ion distribution around the polymer in an ion exchange membrane. The

polymer chain is represented by a solid line. (c) Structure of the double layer around the charged polymer. The charge density at the fixed charge
groups is denoted by −σ0, the Stern layer charge density is denoted by σS, and the diffuse layer charge density is denoted by σd. The diameter of the
polymer is denoted by 2r0. The size of the Stern layer from the center of the polymer is denoted by rs, and the total double-layer radius from the
center of the polymer is denoted by rt. An example potential profile (ψ(r)) around a polymer is shown by the red curve.
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potential difference is established between the membrane and
the solution.16 A cartoon of this equilibrium is shown in Figure
1a. To neutralize the fixed charges inside the membrane, high
concentrations of counterions (C+

m) exist inside a membrane
(often greater than in the external solution). This unequal ion
distribution creates a potential difference at the membrane−
solution interface. The difference between the membrane
potential and the solution potential is the Donnan potential.
However, because the charges in an IEM are dispersed in a
finite volume, there should be a continuous change in potential
across the membrane−solution interface rather than a
discontinuous Donnan type potential.33 To account for the
continuous potential, we explicitly model the polymer−water
interface that exists inside a membrane. A cartoon depicting
counterion condensation around the polymer and a corre-
sponding description of the interfacial region of an IEM is
shown in Figure 1b,c, respectively. Electrostatic interactions
within the membrane were modeled by treating the polymer
chain inside the membrane as an infinitely long cylindrical rod
with a constant fixed charge, as shown in Figure 1c. The
complete picture of the double layer modeled in this work is
shown in Figure S1 in the Supporting Information. The
electrolyte confined between two infinitely long charged
polymer rods is modeled using Stern−Gouy−Chapman theory.
This system is in equilibrium with the external salt
concentration (CS), and solving the Poisson−Boltzmann
equation in the domain gives us the ion distribution adjacent
to the polymer having a constant fixed density of −σ0, as
shown in Figure 1c. Any local polymer chain−polymer chain
interactions are assumed to be screened by the condensed ions
in the Stern layer. Additional assumptions are as follows.

i. The ions are point charges.
ii. The bounding surfaces are ideally polarizable.
iii. The fixed charge density is uniform.
iv. Water is a dielectric continuum whose dielectric

permittivity changes as a function of local electric field
strength.

v. The thickness of the Stern layer depends on the Stokes
radius of the solute ions.34,35

vi. The fixed charge density is assumed to be constant (i.e.,
any changes in membrane swelling with changes in ion
concentration are neglected).36

■ MODIFIED PBE FOR A SOLVENT WITH VARIABLE
DIELECTRIC PERMITTIVITY

The starting point for this study was inspired by a previous
application of a modified Poisson−Boltzmann equation to
membrane materials by Basu and Sharma.37 For a charged
surface immersed in a dielectric medium containing ions, the
electrical potential distribution in the radial direction, normal
to the surface, is given by the Poisson equation
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where ε and ε0 are the dielectric permittivities of the medium
and free space, respectively, ψ is the potential in V, r is the
radial distance, and ρ is the charge density given by
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where e is the charge of an electron, zi is the valence of the ith
ion, and cim(r) is the concentration of the ith ion in moles of
ions per liter. To model ρ appropriately, all forces acting on
ions in the free volume around the charged polymer must be
considered, and this is typically done by considering the
potential from the surface. Ion concentrations are generally
assumed to follow a Boltzmann distribution with distance away
from the charged polymer into a medium of constant dielectric
permittivity38,39
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where cib is the bulk ion concentration, k is the Boltzmann
constant, and T is the absolute temperature. The bulk ion
concentration is used as the proportionality constant in eq 3
because the polymer in the IEM is in equilibrium with the
external salt solution. We assume that this external salt
concentration affects the concentration of ions confined inside
the IEM.

However, if the ions reside in a medium with variable
dielectric permittivity, an additional electrostatic free energy
contribution is associated with their movement from a medium
of high to low dielectric permittivity.40,41 This contribution
arises from the fact that the water molecules in this low
dielectric region are highly ordered, and for ions to exist in
hydrated form, they should align these water molecules toward
the ion center rather than toward the external electric field.
This change in the free energy, ΔGi, is given by the Born
equation40
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where ri is the radius of the ith ion and ε(r) and εb are the
dielectric permittivities of the medium at a distance r and in
the bulk, respectively. The leading term in eq 4 can be
evaluated for most ions and is denoted as Hi, the hydration
constant for the ith ion. Experimental values for Hi are
recorded in Table 1.

Incorporating the above equations into a modified
Boltzmann distribution (to account for the variable dielectric
permittivity), we obtain an expression for the distribution of
ions, cim(r), in the double layer near the charged polymer
backbone:
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Table 1. Hydration Constant, Hi, Values for Ions at 25 °C37

ion Hi (kJ/mol)

Li+ 531.7
Na+ 430.9
K+ 356.0
Cs+ 301.6
Cl− 292.8
Br− 266.9
H+ 1096.2
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The first term inside the exponential corresponds to the
electrostatic energy, and the second term is related to the
hydration energy of the ions. Equeation 6 reduces to the classic
Boltzmann distribution if the dielectric permittivity is
constant.37

Using the definition of electric field, E = −dψ/dr, in eq 1
gives
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Substituting eqs 2 and 6 into eq 7 and rearranging yields
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where ε(r) can be described as a function of electric field
strength as given in Basu and Sharma (1994)37
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for E(r) greater than 2.0 × 107 V/m. Here, β is 1.41 × 10−8 m/
V, η (=1.33) is the refractive index of water, and μ (=6.17 ×
10−30 cm) is the dipole moment of a water molecule.

For E(r) less than 2.0 × 107 V/m, the permittivity is as
presented by Grahame et al.41

=r
E q

E q( )
( )

tan ( ( ))b 1

(11)

where q = 1.2 × 10−13 cm2/V2. Significant changes in dielectric
constant occur at electric field strengths greater than about 108

V/m. In most highly charged ion exchange membranes, field
strengths in excess of this value will likely be obtained.33

■ NUMERICAL COMPUTATION
Equation 1 is a second-order stiff differential equation, which
was converted into a system of two first-order differential
equations yielding a boundary value problem. The symmetry
surface between adjacent polymers is shown in Figure S1 in the
Supporting Information. Because CR61 is a highly charged
IEM, we would observe overlapping double layers as shown in
Figure S1. Due to symmetry, this modified PBE is solved for
half of the free volume between polymers inside the IEM. The
symmetry condition as well as the charge balance can be
written as
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where rt and rs are respectively the total radius of free volume
and radius up to the Stern layer location, ψm is the potential
value when r = rt, and σd is the total charge density in the
diffuse layer of the free volume. We can also write

= +0 s d (14)

where σ0 and σs are the charge densities on the polymer surface
and in the Stern layer, respectively. The thickness of the Stern
layer is taken to be constant for a given counterion.35 The
thickness of the Stern layer is an adjustable parameter, and it is
chosen based on the Stokes diameter of the ions. While
researchers in the past (such as Brown et al.35) have provided
higher Stern layer thicknesses, since IEMs have higher charge
density the condensed ions are considered to be dehydrated.
Due to high electric field strengths close to the polymer charge
groups, condensed ions in IEMs have been reported to be
dehydrated and hence have a smaller size in the Stern layer
(Table 2).42 Further study is required to experimentally
validate Stern layer thicknesses for different counterions in
IEMs.

With these boundary conditions, the PBE was solved using a
generalized Runge−Kutta method.43 An iterative procedure
was used by first choosing ψm and then solving the modified
PBE equation to get σd, used as the boundary condition.

The modified-PBE with variable dielectric permittivity has
multiple solutions, and it is easy to show by simply integrating
eq 1 from ro to rt, where ro is the radius of the polymer and rt is
the distance to the center line between polymer surfaces.
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By plotting σs and E(r)ε0ε against E(r), it can be shown that
there are multiple solutions to eq 8 in the case of variable
dielectric permittivity but only one solution for a constant
dielectric permittivity. This has been shown in our previous
work.44 It has no implications for the model results because
there is only one physically reasonable solution.

■ ION CONCENTRATION AND ACTIVITY
Concentration. Counterion and co-ion concentrations in

the double layer are computed by averaging over the potential
and electric field in the double layer (shown in eq 8). The
overall concentrations for counterion and co-ion for a
negatively charged IEM are computed as averages of the
charge stored in the Stern and diffuse layers of the electrical
double layer as shown in eqs 16 and 17, respectively.
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Table 2. Stern Layer Thickness for Different Counterions in
This Study

ion xs (Å)

Li+ 4
Na+ 3
K+ 2
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where C̅+
m and C̅−

m are the overall concentrations for the
counterion and co-ion for a negatively charged IEM,
respectively. ro is the polymer radius in Å, rs is the Stern
layer radius in Å, rt is the radius of the entire double layer in Å,
σs is the Stern layer charge density in C/m2, and F is Faraday’s
constant. The complete set of parameters needed to compute
concentrations shown in eqs 16 and 17 is presented in Table
S1 in the Supporting Information.
Ion Activity. The condition for thermodynamic equili-

brium is derived using the electrochemical potential μ̅i
m as

given by Guggenheim45
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where μ̅i
j0, γij, Ci

j, and V̅i
j are the standard state chemical

potential, activity coefficient, concentration, and partial molar
volume of ion i in phase j, respectively. T is the absolute
temperature, R is the universal gas constant, zi is the valency of
ion i, F is Faraday’s constant, ψj is the electrostatic potential for
phase j, Pj is the hydrostatic pressure in phase j, and P0 is the
reference pressure. At equilibrium, the electrochemical
potential of each diffusing species is equal in the two phases:
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where μ̅i
m and μ̅i

s are the electrochemical potentials in the
membrane and solution phases for species i, respectively.
Applying the condition in eq 18 to both counterions and co-
ions, we obtain eqs 20 and 21.
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The partial molar volume is assumed to be the same in both
phases and to be independent of pressure. The high molar
volume of salts, which increases almost linearly with the square
root of the ionic strength, makes the partial molar term smaller
than the electrostatic and activity terms in eq 20 and 21.46

Combining eq 21 and 22 and neglecting molar volume terms,
the product of ion activity coefficients, γ+

mγ−
m, in an IEM is given

by

=+
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+

C
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S 2

S
2
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The ratio of ion activity coefficients in solution to those in
the membrane is given by

= ±

+

( )S 2

m m
(23)

where γ±
S and CS are the mean ion activity and bulk salt

concentration, respectively, in the external electrolyte solution.
Ion activity coefficients in bulk solution have been widely
reported in the literature.47−50 Pitzer’s model is used to
estimate bulk ion activity in our work.48 Ion activity
coefficients from the modified-PBE model come from using
concentration estimates from eqs 16 and eq 17 in eq 22.

Manning’s Model. In Manning’s model, a polymer chain is
modeled as an infinitely long line charge with fixed charge
groups equally spaced, a distance b apart from each other,
along the chain.19 Manning’s theory has one parameter, ξ,
which is the ratio of two length scales
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where λB is the Bjerrum length and b is the distance between
fixed charges. For a highly charged membrane, b is quite small,
and values of ξ greater than 1 are expected. Within Manning’s
framework, the equation for ion activity coefficients in the
membrane is given by
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where ne and ns are the concentrations of fixed charges and co-
ions, respectively, in the membrane phase (in units of mols per
unit volume of sorbed water) and X = ne/ns. When eq 25 is
combined with the charge balance given below in eq 26 for the
membrane phase, the membrane ion concentration and activity
coefficients can be calculated via Manning’s model.

= +n n ne s c (26)

where nc is the concentration of counterions in the membrane
phase (in units of moles per unit volume of sorbed water).

■ RESULTS AND DISCUSSION
The results from this work are presented in two sections. In the
first section, the modified PBE model was used to compute the
ion concentrations and dielectric permittivity adjacent to the
charged polymer as a function of surface charge density. The
effect of dielectric saturation on counterion concentration
profiles is illustrated by changing the surface charge density on
the polymer surface. The need for inclusion of a Stern layer in
the model is demonstrated by comparing calculated potentials
to expected values.

In the second part of the work the model is used to describe
the ion sorption isotherm of a CR61 membrane, which is a
commercial cation exchange membrane whose structure and
properties are described in more detail elsewhere.18 Two
model fitting parameters, σ0 and σs, were varied to achieve the
best fit between the model and the experimental data. The
model was fit to the experimental data by choosing a value of
membrane surface charge density, σ0, and by varying the Stern
layer charge density, σs, to obtain the best agreement between
the experimental counterion and co-ion sorption data and the
calculated values from the model. The value of σ0 is fixed (for
all cases), and the value of σs is chosen at a given external salt
concentration. The value of the diffuse layer charge density, σd,
is computed from eq 13. By solving the modified PBE in the
diffuse layer, we obtain the concentration profiles for both
counterions and co-ions. Counterion concentration in the
Stern layer is calculated using the value σs and Stern layer
radius, rs, as shown in eq 16. The Stern layer radius, rs, was
fixed based on the literature values of Stokes ionic
diameters.34,35 The sum of the Stern layer thickness, rs − ro,
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and the diffuse layer thickness, rt − rs, was set equal to 10 Å in
all cases. Double-layer thickness is an adjustable parameter,
and we have used the values based on previous work on
charged membranes.26,37 The radius of the polymer, ro, is fixed
at 5 Å in this work. The radius of the polymer is an adjustable
value, and Figure S2 in the Supporting Information shows how
its value affects the charge density needed to model ion
concentrations in CR61. To achieve a good fit of the model to
the experimental ion sorption values across a range of ionic
strengths (i.e., external salt concentrations), it is important to
consider both the presence of a Stern layer near the charged
groups on the polymer chains and to account for dielectric
saturation in the solution adjacent to the charged groups. As
shown in Figure Figure S3b in the Supporting Information, if
one applies the model without a Stern layer to highly charged
systems such as the IEM considered here, unrealistically high
counterion concentrations (higher than a close packing of
dehydrated ions would allow) are observed adjacent to the
membrane surface. The effect of neglecting dielectric
saturation (i.e., using the PBE model with a constant dielectric
permittivity) is shown in Figure 7 and the discussion that
follows. The external ion concentration was varied within the
range of the experimental results (from 0.01 to 1 M) as
described by Kamcev et al.18

Effect of Surface Charge Density and Dielectric
Saturation on Counterion Concentration Profile. In
this section we show the effect of surface charge density on
electric field strength, dielectric saturation, and counterion
concentration with no Stern layer (i.e., σs = 0). We varied the
values of polymer charge density from −0.1 to −0.5 C/m2.
This range of charge densities is consistent with literature
values for moderate37 to highly charged materials.26−28 Figure
2a shows the electric field strength in an electrolyte solution
near a charged surface. As shown in Figure 2b, at high charge
density (i.e., −0.5 C/m2) the dielectric permittivity decreases
closer to the surface (i.e., in the region of higher electric field
strength). However, in Figure 2b, where a lower surface charge
density (i.e., −0.1 C/m2) is considered, the decrease in
dielectric permittivity across the electrical double layer is
significantly smaller. Reorientation of water molecules in a
strong electric field creates a polarized field of oriented dipoles
that reduces the dielectric permittivity,51 and hence to model
the environment around highly charged polymers we need to
account for dielectric saturation. In this study, we use the
dielectric saturation expression developed by Booth et al.52 (as
shown in eq 9) to account for interactions between the water
dipole moment and the electric field generated by a fixed
charge on a polymer chain in a membrane. While more
simplistic than the theory set forth by Debye,53 it has been

Figure 2. (a) Electric field strength as a function of distance from the polymer for σo = −0.1 C/m2 (dashed line) and σo = −0.5 C/m2 (solid line) at
an external salt concentration of 0.01 M NaCl, where σo is the surface charge density of the polymer. (b) Dielectric permittivity as a function of
distance from the polymer for σo = −0.1 C/m2 (dashed line) and σo = −0.5 C/m2 (solid line) at an external salt concentration of 0.01 M NaCl. The
X axis is the distance from the polymer surface, where ro is the polymer radius.

Figure 3. (a) Counterion concentration profile in the EDL for three different surface charge densities at an external salt concentration of 0.01 M
NaCl. (b) Counterion concentration profile in the EDL for three different external concentrations for a surface charge density of −0.5 C/m2, where
σo is the surface charge density of the polymer and CS is the external salt (NaCl) concentration. The X axis is the distance from the polymer surface,
where ro is the polymer radius.
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shown to better predict the dielectric permittivity of strongly
polar molecules such as water.52

In Figure 3, we present the effect of surface charge density
and salt concentration on counterion concentration distribu-
tion. Figure 3a shows the effect of surface charge density on
counterion concentration profiles. The case with σo = −0.1 C/
m2 corresponds to a relatively low electric field strength, and
the water dielectric permittivity remains close to that of bulk
water. This leads to a Gouy−Chapman type exponential decay
in concentration as a function of distance from the surface, as
seen in Figure 3a. However, with a higher surface charge
density (σo = −0.5 C/m2), a peak is evident in the
concentration profile. This peak in concentration is evidence
of two competing forces. When the hydration energy is
accounted for in the Poisson−Boltzmann equation (as shown
in eq 6), the ion concentrations show a clear maximum with
distance from the charged polymer interface, as shown in
Figure 3. This maximum is ascribed to two competing effects:
(1) electrostatic attraction of the counterions toward the
charged groups on the polymer backbone, resulting in a higher
concentration of counterions near the polymer, and (2) ion
hydration energy that favors movement of the counterions
from regions of high electric field strength or low dielectric
permittivity to regions of low electric field (i.e., high dielectric
constant). In this case, counterions must overcome an
additional hydration energy barrier to move into the region
of low dielectric permittivity (i.e., near the fixed charge groups
on the polymer backbone). In contrast, Figure 3b shows that
the bulk solution ion concentration has little effect on the
location of the peak but the value of the peak in the
concentration increases with bulk solution ion concentration.
The center line counterion concentration is not equal to the
external salt concentration because the electrostatic potential at
the center line, equidistant between two polymer interfaces, is
nonzero.
Application of Modified PBE Model to Ion Exchange

Membrane’s Ion Sorption Data. In this section, we
consider both the Stern layer (with charge density σs) and
diffuse layer (with charge density σd) to model IEMs with
higher surface charge density than the values used in the last
section. The effect of high surface charge on ion distribution
and the need for a Stern layer is justified in Figure S3 in the
Supporting Information. We used experimental results for
equilibrium uptake of NaCl, LiCl, and KCl in a cation

exchange membrane from recent publications.18,54 The charge
density of an ion exchange membrane is related to the ion
exchange capacity (IEC) and water uptake of the membrane.
CR61 has a reported IEC of 2.2 mequiv/g (dry polymer) and a
charge density of 3.21 mol of fixed charge groups per liter of
sorbed water (in dilute solutions of NaCl).18 Under typical
working pH conditions, sulfonyl groups are expected to be
completely dissociated; thus, the surface charge density is
assumed to be a constant for the entire concentration range
(0.01−1 M). The surface charge density value (σ0) for CR61
used in this work is −0.85 C/m2. This value of charge density
is in the range of values used to model IEMs in the past.26 It is
one of the fitting parameters in our model.

To fit ion activity coefficients over a range of salt
concentrations, the charge density in the Stern layer is varied.
As the solution bulk ion concentration increases, the
concentration of ions in the diffuse double layer increases,
and the electric field strength increases. An increasingly large
percentage of the charge is stored in the diffuse layer due to
dielectric saturation. At lower external salt concentration, ions
have lower electrostatic energy, and hence, cannot easily cross
the energy barrier associated with dielectric saturation close to
the polymer. However, at higher ionic strength, the electric
field strength becomes large enough in the diffuse layer to
allow ions to enter the Stern layer (the electrostatic energy of
the ions increases). Beyond this bulk ion concentration, the
charge stored in the diffuse layer decreases, and more ions are
forced to reside in the Stern layer, as illustrated in Figure 4.

This effect is made obvious if we consider eq 6. The increase
in diffuse layer charge density with increasing external
concentration continues until the electrostatic energy (first
term in the exponential of eq 6) of the ions is comparable to
the ion hydration energy (second term in the exponential of eq
6). At this threshold external concentration, counterions can
more readily access the low dielectric permittivity region near
the fixed charge groups, causing σd to decrease. Similarly, as
shown in Figure 4b, the Stern layer charge density has a
minimum that is set by the same competing forces of
electrostatic energy and ion hydration energy.

By using the charge density values above, the electrical
potential profiles in the diffuse layer around the polymer−
water interface are shown in Figure 5. Ohshima et al.33 has
presented a comprehensive study comparing the classical
Donnan discontinuous potential to a more continuous surface

Figure 4. (a) Diffuse layer charge density as a function of external salt concentration for CR61 in NaCl solution. (b) Stern layer charge density as a
function of external salt concentration for CR61 in NaCl solution, where σd is the charge density in the diffuse layer and σs is the charge density in
the Stern layer around the polymer. The dashed lines are drawn to guide the eye. The polymer surface charge density (σo) used in this work is
−0.85 C/m2.
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potential.55 Our current approach in this work is similar to the
latter, where we assume that the membrane fixed charges are
uniformly distributed, and the PBE is solved to obtain a
potential gradient inside the membrane next to the polymer−
water interface. This potential difference controls the ion
distribution inside the membrane and also facilitates exclusion
of co-ions from the membrane.

The potential far from the polymer−water interface (i.e., r =
7 Å) decreases with increasing external salt concentration,
consistent with Gouy−Chapman theory. The Stern layer
potential (potential at r = 0 Å in the above figure) has a similar
trend with σs, increasing with increasing counterion concen-
tration in the Stern layer. The center line potential values are
less than 100 mV for all external salt concentrations. These
values are consistent with ζ potentials reported in the literature
for charged membranes.56 These potential values suggest that
our choice of parameters is within the range of measured
values.

The dielectric saturation in the diffuse layer for the above
potential in Figure 5 is shown in Figure S4 in the Supporting
Information. For the potential and dielectric permittivity
presented above, the counterion concentration profiles in the
diffuse layer are presented in Figure 6. The hydration layer
thickness is the distance from the polymer surface to the peak
of the concentration profile. Hydration layer thickness is
related to the charge density in the diffuse layer; with
increasing external concentration, the counterions are excluded
from the low dielectric region as shown in Figure 4. As shown
in Figure 6, the hydration layer thickness first increases and
then decreases as the external salt concentration increases. The
reduction in the Stern layer charge causes the region of
influence from the fixed charge in the free volume to increase.
As discussed earlier, above a certain external concentration
(>0.3 M) when the ions have enough electrostatic energy to
overcome the hydration energy, the hydration layer thickness
decreases.

To elucidate the importance of dielectric saturation on ion
concentration and activity coefficients, the results obtained
from the modified-PBE are also compared with results using a

constant dielectric permittivity PBE model, Manning−Donnan
theory, and ideal Donnan theory (Γ = 1). Pitzer’s model was
used to calculate the mean salt ion activity coefficient in the
external solution for all models.49 In Figure 7, counterion and
co-ion concentrations calculated via the modified-PBE model
with variable dielectric permittivity are compared to the
experimental results from Kamcev et al.,18 the modified-PBE
with an assumption of constant dielectric permittivity, and the
Manning−Donnan model. Model concentration values are
presented in units of moles of ions per liter to compare directly
with experimental data. Not surprisingly, the constant
dielectric permittivity model overpredicts co-ion concentration
because the hydration energy barrier is zero when the dielectric
is the same as that of bulk water from eq 6. Therefore,
counterion interactions with the fixed charge are overpredicted
and co-ion exclusion from the membrane is underpredicted.
Similar issues with co-ion concentration predictions were
observed by Delville et al. in using a PBE-based model to
describe simple salt activity in the presence of polyelectro-
lytes.57 Ideal Donnan theory overpredicts co-ion exclusion, as
shown in Figure 7b. This discrepancy is higher at lower
external salt concentrations, since differences in ion activity
coefficients in the membrane and in solution are neglected,
forcing Γ = 1 in the ideal Donnan model. The concentrations
of both Na+ and Cl− are predicted quite well with the variable
dielectric permittivity modified-PBE model. The concentra-
tions presented here are used to predict the ion activity
coefficients using eq 22 and are presented in Figure 8.

The experimental ion activity coefficients for NaCl in CR61
were taken from the experimentally determined values of
Kamcev et al.18 In the Manning−Donnan model,58 ξ = 1.83 is
used to calculate mean ion activity coefficients using eq 25.
The recently developed Manning−Donnan model is quite
simple and predicts experimental ion activity data reasonably
well without any fitting parameters.58 One of the main
drawbacks of the Manning−Donnan model, shown in Figure 8,
is that it does not match experimental data at dilute external
salt concentrations in this particular IEM. This discrepancy is
currently believed to occur because it was developed as a

Figure 5. Electrostatic potential profiles in the diffuse layer at different
external salt concentrations. Cs is the external salt concentration, and
the thickness of the Stern layer is 3 Å for NaCl. The X axis is the
distance from the Stern layer, where rs is the size of the Stern layer
from the center of the polymer.

Figure 6. Counterion concentration profiles in the diffuse layer at
different external salt concentrations. Cs is the external salt
concentration, and the thickness of the Stern layer is 3 Å for NaCl.
The X axis is the distance from the Stern layer, where rs is the size of
Stern layer from the center of the polymer.
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“limiting law” for polyelectrolytes. Mathematically, eq 25
approaches a plateau of (eξ)−1 at low external salt
concentration,19 and hence the model is not sensitive to
changes in external concentration at low values of external salt
concentration. In the original article in which the Manning−
Donnan model was first presented, this deviation is related to
the breakdown of one or more of the assumptions used in the
Manning model.18

In our modified-PBE model, the immobile counterions in
the Stern layer are fundamentally similar to Manning’s
“condensed ions”. Figure 8 presents ion activity coefficients
calculated with a constant dielectric permittivity, and the value
is much lower than the experimental data. This is due to the
overprediction of co-ion concentration, as shown in Figure 7.
The ion activity coefficients calculated by the modified-PBE
model fits the experimental data well at lower concentration
better than the Manning−Donnan model. During this process
of improving the prediction of ion activity coefficients we have
included two fitting parameters in the modified-PBE model,

whereas the Manning−Donnan model has no adjustable
parameters.

The modified PBE model was further used to predict
equilibrium uptakes of NaCl, LiCl, and KCl in CR61 from
work by Galizia et al.54 The xs (Stern layer thickness) values
were set to 2 Å for KCl, 3 Å for NaCl, and 4 Å for LiCl, based
on Stokes radii. The charge density used in the Stern and
diffuse layers for NaCl, LiCl, and KCl are shown in Figure S5
in the Supporting Information. The ion activity coefficients
calculated by the modified-PBE are plotted against the
measured ion activity coefficients in the parity plot in Figure
9. The difference in sorption is due to the fact that different

counterions have different hydration energies. The hydration
energies for different counterions display the following trend:
La3+> Mg2+> Ca2+ > Li+ > Na+ > K+ > Cs+.59 This effect is
taken into account by the hydration constants in the modified-
PBE model, and hence our model is quite consistent with the
experimental results. On the other hand, Manning−Donnan

Figure 7. (a) Comparison of counterion (Na+) concentration for experimental, modified-PBE model, constant fielectric PBE model, Manning−
Donnan model, and ideal Donnan model. Experimental results for Na+ are denoted by ■. (b) Comparison of co-ion (Cl−) concentration for
experimental, modified-PBE model, constant dielectric PBE model, Manning−Donnan model, and ideal Donnan model. Experimental results for
Cl− are denoted by ▲.

Figure 8. Comparison of ion activity coefficients from experimental
data and estimated from the variable dielectric permittivity modified-
PBE, constant dielectric permittivity PBE, Manning−Donnan, and
ideal Donnan models.

Figure 9. Parity plot between the modeled ion activity coefficients
using the modified-PBE model and experimental ion activity
coefficients. Model performance is plotted against the experimental
values for NaCl (red ●), LiCl (black ▲), and KCl (blue ■).
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model predictions of equilibrium uptake are not sensitive to
the counterion type.

■ CONCLUSIONS
The concentration and ion activity coefficients in ion exchange
membranes are modeled using a general electrical double-layer
theory that includes changes in the hydration free energy of
ions. These ion hydration effects in the polymer matrix of
highly charged polymers arise from changes in dielectric
permittivity of the solvent induced by large electric fields.
When the dielectric saturation effect is considered, the model
does a good job describing the ion concentration and ion
activity coefficients. Model predictions are compared to
experimental data and to existing models of ion activity. All
parameters in this general model have a physical basis and can
be related to key experimentally measured properties. In this
article we have used values for these parameters based on
similar previous modeling efforts to describe charge distribu-
tion in charged membranes. The following conclusions are
drawn from this work.

• Accounting for dielectric saturation allows us to
quantitatively match the ion activity coefficients in
highly charged membranes, particularly at lower external
salt concentrations.

• The effect of dielectric saturation can be quantified by
accounting for variable dielectric permittivity and the
hydration free energy of ions in the PB equation. When
these effects are taken into account in our model, the ion
activity coefficients and concentrations are shown to
accurately match experimental data.

• Accounting for dielectric saturation effects results in ion
concentration profiles that show nonmonotonic trends
and are quite different from those predicted by classical
Gouy−Chapman double-layer theory.

As future efforts focus on the experimental determination of
the values of membrane charge density, free volume thickness
and Stern layer thickness will make it possible to improve the
robustness of the modeling approach described in this work.
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■ NOMENCLATURE
symbol definition
σ0 surface charge density on the polymer with Stern layer
σd charge density in the diffuse layer
σs charge density in the Stern layer
ρ volumetric charge density
ε dielectric permittivity of the medium
ε0 dielectric permittivity of free space
εb dielectric permittivity of bulk water
ε(r) dielectric permittivity of the medium at a radial

distance r from the polymer
ψ(r) electrical potential at a radial distance r from the

polymer
ψm electrical potential in the membrane
ψs electrical potential in solution
ψm electrical potential at the center of the free volume
ζpot ζ potential
E(r) electric field at a radial distance r from the polymer
cim(r) concentration of ith ion inside the membrane
cib concentration of ith ion in the bulk solution, same as

CS
C̅i

m average concentration of ith ion in the membrane
CS concentration of external salt solution
ΔGi Free energy change of ith ion
Hi hydration constant of ith ion, prefactor in the free

energy of ith ion
zi valency of ith ion
xs Stern layer thickness
r radial distance from the polymer
rm radial distance to the center line between two

polymers
rt Total size of the EDL (Stern layer + diffuse layer +

polymer radius)
rs Stern layer radius (ro + xs)
ri radius of ith ion
ro radius of polymer
μ̅i

m electrochemical potential in the membrane for ith ion
μ̅i

s electrochemical potential in solution for the ith ion
γij activity coefficient of ith ion in the j phase
γ+
mγ−

m ion activity coefficients of monovalent salt in the
membrane

γ±
S mean ion activity in solution

ξ Manning parameter
λB Bjerrum length
b distance between fixed charges
ne concentration of fixed charges
ns concentration of co-ions
nc concentration of counterions
η refractive index of water
μ dipole moment of water molecule
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F Faraday’s constant
k Boltzmann’s constant
T absolute temperature
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