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ABSTRACT Admixed populations have been used for inferring migrations, detecting natural selection, and finding disease genes.
These applications often use a simple statistical model of admixture rather than a modeling perspective that incorporates a more
realistic history of the admixture process. Here, we develop a general model of admixture that mechanistically accounts for complex
historical admixture processes. We consider two source populations contributing to the ancestry of a hybrid population, potentially
with variable contributions across generations. For a random individual in the hybrid population at a given point in time, we study the
fraction of genetic admixture originating from a specific one of the source populations by computing its moments as functions of time
and of introgression parameters. We show that very different admixture processes can produce identical mean admixture proportions,
but that such processes produce different values for the variance of the admixture proportion. When introgression parameters from
each source population are constant over time, the long-term limit of the expectation of the admixture proportion depends only on the
ratio of the introgression parameters. The variance of admixture decreases quickly over time after the source populations stop
contributing to the hybrid population, but remains substantial when the contributions are ongoing. Our approach will facilitate the
understanding of admixture mechanisms, illustrating how the moments of the distribution of admixture proportions can be informative

about the historical admixture processes contributing to the genetic diversity of hybrid populations.

XCHANGES of genes between two or more mutually iso-

lated populations can result in new admixed or hybrid
populations. For nearly 80 years, statistical models have been
used to estimate the proportions of the genetic ancestry of an
admixed population that are derived from the various paren-
tal source populations (Bernstein 1931; Roberts and Hiorns
1965; Long and Smouse 1983; Long 1991; Chakraborty et al.
1992; Bertorelle and Excoffier 1998; Pritchard et al. 2000;
Chikhi et al. 2001; Wang 2003; Tang et al. 2005) and, more
recently, to determine the probable ancestral origins of chro-
mosomal segments within individual genomes (Ungerer
et al. 1998; Falush et al. 2003; Hoggart et al. 2004; Patterson
et al. 2004; Baird 2006; Tang et al. 2006; Sankararaman
et al. 2008; Bercovici and Geiger 2009; Price et al. 2009).
Admixed human populations have been employed in assess-
ing patterns of migration and genetic structure (Parra et al.
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2001; Seldin et al. 2007; Wang et al. 2008; Silva-Zolezzi
et al. 2009), detecting natural selection (Workman et al.
1963; Cavalli-Sforza and Bodmer 1971; Chakraborty and
Weiss 1988; Tang et al. 2007; Oleksyk et al. 2010; Lohmu-
eller et al. 2011), and identifying phenotypically important
genes through admixture-mapping strategies (McKeigue
1998, 2005; Halder and Shriver 2003; Reich and Patterson
2005; Smith and O’Brien 2005; Buerkle and Lexer 2008;
Seldin et al. 2011).

Many recent methods consider admixed populations as
statistical combinations of the source populations, treating
allele frequencies in a hybrid population as linear combina-
tions of allele frequencies in the source groups. While this
perspective is informative in diverse applications for de-
scribing the current structure of admixed populations, it
does not mechanistically account for the inherent complex-
ity of admixture processes. In the case of humans, through-
out history, previously isolated populations have come into
contact through colonization waves, forced displacements,
and population migrations. Moreover, admixture processes
have often been influenced by sociocultural rules on in-
termarriage in contexts of ethnic conflict or discrimination,
slavery, and clan or caste systems. Such complex histories of
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social behaviors have produced a variety of patterns of
genetic variation in different admixed groups (Parra et al.
1998, 2003; Bonilla et al. 2005; Bedoya et al. 2006; Chaix
et al. 2007; Wang et al. 2008; Halder et al. 2009; Tishkoff
et al. 2009; Verdu et al. 2009; Bryc et al. 2010).

Mechanistic perspectives that seek to describe the
history of admixture processes through time rather than
estimating admixture proportions from the source popu-
lations in descriptive statistical models have been part
of some recent studies of admixture (Briscoe et al. 1994;
Stephens et al. 1994; Pfaff et al. 2001), and they have been
used to make theoretical predictions of admixture propor-
tions as well as of Wright’s fixation index Fst and statistics
measuring linkage disequilibrium (Chakraborty and Weiss
1988; Long 1991; Guo et al. 2005). Most of these
approaches have relied on models with a relatively simple
dynamic considering a single admixture event between
populations, rather than on models that investigate a more
complex history of admixture processes.

Ewens and Spielman (1995) proposed a mechanistic
admixture model that incorporated multiple admixture
events involving multiple source populations. This model
has been used primarily to evaluate the influence of pop-
ulation subdivision and admixture on the performance of
the transmission-disequilibrium test (Ewens and Spielman
1995) and to examine linkage disequilibrium statistics
(Guo et al. 2005). However, complex mechanistic models
have not been used to directly determine the influence of
admixture histories on the admixture patterns of hybrid
populations.

In this article, expanding on the models of Ewens and
Spielman (1995) and Guo et al. (2005), we develop a gen-
eral mechanistic model of a historical admixture process.
We first introduce the model, the most general form of
which considers m source populations that contribute to
the ancestry of a hybrid population. We treat the fraction
of genetic admixture in the hybrid population originating
from a specific source population as a random variable,
whose distribution we study over time in the m = 2 case.
We next examine the expectation, variance, and higher
moments of the admixture fraction as functions of time
and of the introgression parameters, and we consider in
detail a special case in which admixture is constant across
generations. Finally, we conclude with a discussion of
the implications of the work for empirical studies of
admixture.

The Model

We describe a version of our mechanistic admixture model
in which the number of source populations is two. The
generalization to m source populations is straightforward,
and we provide it in supporting information, File S1, Figure
S1, and Table S1.

Define population H (“hybrid”) as a population consist-
ing of immigrant individuals from two isolated source pop-
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Figure 1 Diagram of a mechanistic model of admixture involving two
isolated source populations.

ulations, S; and S,, and hybrid individuals who have
ancestors from both S; and S,. The hybrid population can
be viewed as having a separate location or status from S;
and S,, so that individuals within H can interbreed with
each other and with new immigrants that come from the
source populations.

We let sq 4, 554, and h, be the fractional contributions of
populations S;, S5, and H to the hybrid population H at
generation g + 1. That is, for a randomly chosen individual
in H at generation g + 1, the probabilities that a randomly
chosen parent of the individual derives from populations
S1, Sz, and H are sy 4, 53¢, and hg, respectively. These prob-
abilities can differ in different generations, but for all g =
0, the parameters s, g4, so5, and h, have values that are
=0 and =1, such that s,z + sy, + hy = 1. At generation
0, the hybrid population is not yet formed. Therefore, hy =
0 and s;0 + sz0 = 1. Hence, considering the period
through generation g, in addition to g itself, this model
has 2g — 1 independent parameters: one introgression pro-
portion in the first generation and two introgression pro-
portions in each of the next g — 1 generations. A diagram
of the model appears in Figure 1.

Admixture fractions for a random individual
in the hybrid population

We focus on a key quantity in admixed populations, namely
the fraction of admixture from one of the source populations
for a random individual in H at a randomly chosen locus.
This fraction represents the proportion of the genome of
a randomly chosen individual in H that ultimately traces
to a specific source.

We indicate the possible sources for the (unordered)
parents of an individual in H by $;Sq, S1S,, S1H, S.H, HH,



Table 1 Possible pairs of parents for a random individual in the
hybrid population H at generation g, and their probabilities

Populations of origin of the parents of a
random individual in population

H at generation g = 1 Probability
Sy, and Sy 5{9_1

Sy and H (or Hand Sy) 251,g-1hg1
51 and 52 (or 52 and 51) 251'97152'57,1
Hand H g 1

S, and H (or H and S,) Zszg 1hg_1
S, and S, szg 1

Note that at generation 0, hy = 0 because the hybrid population is not yet formed.

and S,S,. An individual in generation g = 1 has one of several
possible types of parents, each with some probability depen-
dent on the parameters s; 5 1, Sog—1, and hg 1 (Table 1). If
the parents have different ancestries, we do not distinguish
the order of the two parents, so that, for example, “S;H” does
not convey which specific parent is from population S; and
which is from H.

Let Y be a random variable indicating the source popu-
lations of the parents of a random individual in H. Let H; ,
be the admixture fraction from source population S; for
a random individual in population H at a random locus
at generation g. Because at generation O, the hybrid pop-
ulation is not yet formed, hg = 0, and H; o is not defined.
Using Table 1, we can write a recursion relation to calcu-
late Hy, for all g = 1. For the first generation (g = 1),
we have

1if Y = 8181, with P[Y = §181] =53
% if Y= Slsz,With P[Y = Slsz} = 281,082,0
0 if Y = S35, with P[Y = $385] = 53,

Hyq =

)

(1)

For all subsequent generations (g = 2), we have

1 if Y = 8181, with P[Y =5181] =3,
Hig-1+1 if Y = S1H, with P[Y=S1H] = 2514 1hg 1
% ? if Y = $1So, with P[Y = S1S5] = 251 4-1525-1
Hig = HY) ;Hfg)q if Y = HH, with P[Y = HH] = h2_, @
Hyg-1 if Y = S;H, with P[Y = SoH] = 255 4-1hg—1
0 2 if Y = S35, with P[Y = $5S,] = sg_g,l,

Here, H\") ¢-1and H g ¢—1 are fractions of ancestry from source
population S; for the two parents of a hybrid individual at
generation g with Y = HH. We use the superscripts (1) and
(2) only to indicate that H( 1g—1 and H1 )_1 are separate in-
dependent and identically distributed (IID) random varia-
bles, so that if an individual in population H at generation g
has two parents from H, the admixture fraction is distributed
as the mean of the admixture fractions for two IID random
individuals from H in the previous generation.

Equations 1 and 2 allow us to analyze the behavior of
the admixture fraction from a source population for
a random individual in the hybrid population, as a func-
tion of the time g and the parameters s, ;, s2;, and h; for
i=1,2,...,g — 1. Under our model, the set of possible
values of Hy zis Q, = {0, 1/28, ..., (28—1)/28,1}. Using
Equations 1 and 2, we can show that for a value q in the
set Qg, the probability P(H; ; = ¢) that a random individ-
ual in the hybrid population at generation g has admix-
ture fraction g can be computed using the following
recursion relation (Appendix). For the first generation
(g = 1), we have Q; = {0, 1/2, 1} and

25 ifg=1

; . )
P(Hi1=q) = 2510520 if = 5 3

5%,0 if g =
For all subsequent generations (g = 2), for q in Q,
28q —
P(Hig=q) =hgy X [ (ng 1= 2gi1)P(H1,g—1 zg,lr)}

()]

+ 2594 1hg1P(Hig-1 =2q)
+ 251,g71hg71P(H17g71 = 2q - 1) +Ig(q),

where the function I, is defined for all values of q in Q, and
equals

S%Tg—l ifg=1
. 1
L(q) = 2s14-152g-1 if q = -
Sgﬁgfl ifg=0
0 otherwise.

P(H,, = q) is zero when q is not in Q.

We can use Equations 3-5 to examine the evolution of
the distribution of H; ; across generations. For five sce-
narios in which the admixture process is constant after
the founding of population H (s, ; = s; and s5 ; = s, for all
g = 1), Figure 2 plots the complete set of values of P(H; o)
for the first six generations.

In Figure 2A, we consider a scenario in which the hybrid
population H is founded with equal contributions from
source populations S; and Sy (s10 = Sz 0 = %), which do
not subsequently contribute to H (s;, = sy, = 0 for all
g€ = 1). We can see that the probability P(H, g)for a random
individual in H to exhibit a given fraction of admixture from
Sy is distributed symmetrically around 1 at each generation,
with a single mode at H, ; = 1 for each of the first six gen-
erations. This pattern arises from the fact that after a sym-
metric founding event, in the absence of immigration, no
new input enters the admixed population from either
source, and the distribution remains symmetric.

Figure 2B considers an admixture process with the same
starting conditions as in the previous case (s1,0 = Sz = %),
in which the subsequent contributions from the source
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Figure 2 Probability distribution of the admixture fraction from source population Sy [A(H; g), Equations 3-5] for a random individual in the hybrid
population at each of several points in time. Rows correspond to distributions of P(H; o) in five scenarios for each of a series of values of g. Columns
correspond to five constant admixture processes (s; g = s; and s, g = s, for all g = 1). (A) Population H is founded at generation 0 with equal proportions
from source populations Sy and S, (1,0 = S2,0 = 0.5). Subsequently, both source populations do not contribute to H (s; = s, = 0). (B) Population H is
founded with equal proportions from S; and S (51,0 = S2,0 = 0.5). Subsequently, the source populations contribute equally to H (s; = s, = 0.2). (C)
Population H is founded with equal proportions from Sy and S, (s1,0 = $2,0 = 0.5). Subsequently, the source populations contribute unequally to H, with
S, contributing more than S; (s; = 0.0001, s, = 0.2). (D) Population H is founded at generation 0 with a greater contribution from S; than S, (s 0 = 0.8,
S50 = 0.2). Subsequently, the source populations contribute unequally to population H, with S, contributing more than S; (s; = 0.0001, s, = 0.2). (E)
Population H is founded at generation 0 with a greater contribution from S; than S, (51,0 = 0.8, 5,0 = 0.2). Subsequently, the source populations
contribute unequally to population H, with S; contributing more than S, (s; = 0.2, s, = 0.0001).
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populations S; and S, to the hybrid population H are sym-
metric and constant across generations as before, but nonzero
(514 = S2g # O for all g = 1). In this case, because at each
generation, the two source populations make equal contribu-
tions, the distribution of H,, continues to be symmetric
around 3. Instead of being unimodal as in the previous case,
however, it is now multimodal. This multimodality arises
from the fact that in a scenario with continuing gene flow
from the sources, new modes arise as the new immigrants
mate with individuals whose admixture fractions lie near pre-
existing modes.

In Figure 2C, we consider an admixture process with a
symmetric founding of population H as before (s, = s30 = %),
in which the subsequent contributions from the source pop-
ulations S; and S, are nonzero and constant across gener-
ations, but with S, contributing more than S; at each
generation (0 # s, << s, for all g = 1). In this case, the
distribution of H; 4 is no longer symmetric around 1. Instead,
it is shifted toward smaller values after the founding of the
hybrid population H. This pattern arises from the fact that in
a scenario with continuing gene flow in which at each gen-
eration, many more individuals immigrate into H from S,
than from S, matings between new immigrants and admixed
individuals are more likely to occur with immigrants from
S, than with immigrants from S,. Thus, after the symmetric
founding of population H, the probability of randomly
drawing an individual in H with a high fraction of admix-
ture from population S; is lower than the probability of
drawing an individual with a low fraction of admixture
from S;.

Figure 2D considers an admixture process in which pop-
ulation S; contributes more than population S, to the found-
ing of population H (510 > s20 # 0), but with the same
subsequent constant admixture process as in Figure 2C
(0 # 514 << sy4 for all g = 1). In this case, the distribution
of Hy 4 is no longer symmetric around 3 at generation 1, but
is shifted toward higher values of the admixture fraction
from source population S;. Nevertheless, as in Figure 2C,
the distribution of H; , shifts toward zero in the subsequent
generations. As in Figure 2C, in each generation, admixed
individuals in population H are more likely to mate with
new immigrants from S, than with new immigrants from ;.

Finally, in Figure 2E, we consider a process in which the
source population S; contributes more than population S, to
the hybrid population not only in the founding of population
H (s1,0 > 530 # 0) but also in each subsequent generation
(0 # 514 => sy 4 for all g = 1). In this case, the distribution
of H, 4 is shifted toward high values of the admixture frac-
tion from population S;. Unlike in Figure 2, C and D, in
Figure 2E, an individual in population H is more likely to
mate with a new immigrant from S; than with a new immi-
grant from S, at each generation following the founding of
population H. Thus, unlike in Figure 2, C and D, generation
after generation, the probability of randomly drawing an
individual in population H with a high fraction of admixture

from S; is higher than that of drawing an individual with
a low fraction of admixture from S;.

This collection of scenarios illustrates three main points.
First, if contributions to the admixed population occur only
in the first generation, then the long-term level of admixture
continues to reflect the initial conditions. Second, the same
starting conditions can lead to quite different long-term
patterns, depending on the subsequent contributions to the
hybrid population. Third, with constant contributions at
each generation, the starting conditions influence the speed
with which the distribution of admixture tends toward its
long-term distribution, but do not predict the qualitative
form of this distribution.

Moments of the admixture fraction for a random
individual in the hybrid population

Analysis of the moments of the distribution of admixture as
a function of time g can provide a way of understanding
features of the distribution and its determinants in the his-
torical admixture process itself. We can utilize the recursion
in Equations 1 and 2 to obtain recursions for the expecta-
tion, variance, and higher moments of H; ; as functions of g
and sy, 524, and h;, fori = 1, 2,...,g — 1. We first obtain
a recursion for the expectation E[H; ,]. Next, we generalize
the method used for finding the expectation, and we obtain
a recursion for the kth moment, E [H’f’g]. Using the case of
k = 2, we obtain a recursion for the variance V[H, g].

Expectation of H; 4: Using the law of total expectation, we
can obtain an expression for the expectation E[H; ] as
a function of conditional expectations for different possi-
ble pairs of parents Y for a random individual in popula-
tion H at generation g:

E[Hi4) = Ey[E[H14|Y]] = ZP(Y =y)E[H1,|Y =y]. (6)

5151
S1H
5182
Y\ HH
SoH
5257

For the first generation, because parents cannot derive from
population H, we have

E[H11] =P(Y = $181)E[H11|Y = 5151]
+ P(Y = S182)E[H1,1 | Y = 5152] @)
+ P(Y = $282)E[H11|Y = S283].
Using Equations 1 and 2,
E[Hy1] =53 4E[1]
+ 251 0520F H ®
+ 55,E[0],
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and for all subsequent generations (g = 2),

E[H1$g] = s%,g—lE[l]

Hig-1+1

PSR RS

1

+t 2s1g-1525-1E )5
(1) (2) C))

H +H
2 1g-1 1g-1
+ h2E 5

Hq,—
+ 252,g71hg71E|: 1e 1}

+ s2, E[0].

Recalling that for all g = 0, S5 + S5, + hg = 1, hg = 0,
andforallg= 2, H 5271 and H fg),l are IID random variables,

we can simplify the recursion expression. For g = 1,

E[Hy1] =510, (10)
and for all subsequent generations (g = 2), we have
E[Hlﬁg] =S1g-1 +hg_1E[H17g_1}. (1)

This result demonstrates that for a random individual in
the hybrid population H, the expectation of the admixture
fraction from population S; in one generation is a linear
function of the corresponding expectation in the previous
generation.

Moments of H; g: Using a similar computation to that em-
ployed in obtaining the recursion for the expected admix-
ture, we can write recursions for higher moments of the
admixture fraction (E[H’{’g], for each k=1). For the first
generation (g = 1), we have for k = 1,

1 if Y =818, with P[Y = §181] =52,
ifY= S1S9, with P[Y = 5152] = 25]7082‘0
0F if Y = 8585, with P[Y = $555] = s .

k
Hy, =
(12)

For all g = 2, we have

1k if ¥ = 5151, with P[Y =8181] = s%_g,l

Hig1+1)\F
2

k k
Hig = (Hf;-l +H§3—1)
2

if Y = S1H, with P[Y = SlH] = 251,g—1hg—1

if Y= 5182, with P[Y = 5152] = 25]‘g7182’g71
if Y = HH, with P[Y = HH] = h?_,

ify= SoH, with P[Y = SgH] = 252,g*1hg*1

0ok if Y = $28,, with P[Y = $585] = 3,4,
13)
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where H;lg),l and H;Zg),l represent IID random variables for
the fractions of ancestry from source population S; for two
hybrid individuals in generation g — 1.

Using the law of total expectation, for k = 1, we have for

the first generation (g = 1)

E [Hlf,l] = S%OE [11{]

1 k
+ 281,082_’()E|:(§>:|

+ S%,OE [Ok] :

(14

For g = 2, we have

E[HE | =2, 1E[1]

Hig1+1\*
+ 2317g_1hg_1E|:(1’g21)

1 k
251g-152g-1F {<§> }

Hyy

+

(15)

k
(2)
o1 THig
2

Hy o k
+ 252’g_1hg_1E|:(1§1)}

+ 55, ,E[0].

+

2
h2E

Recalling that forallg = 0, 514 + 554 + hg = 1, hg = 0, and
forallg = 2, Hfg)_l and Hf;_l are IID random variables, we
can use the binomial theorem to obtain a simplified recur-
sion for the moments of H, .. For the first generation, we

have

$1,052,0

E[Hlfa} =s7o+ ok—1 - (16)
Forg = 2,
k
E[Ht,] = 2, +%<;<?>E [Hi,g71]> =
hz_ k X . —1he—
(30 ) el ]
a7

Note that by simplifying Equation 16 with k = 1, we
obtain for the first generation

E[H11] =s10(51.0 +520) = 510, (18)

which matches Equation 10. Simplifying Equation 17 with
k = 1 using the fact that s; ; + s 4 + hy = 1 forallg = 0, for
all subsequent generations (g = 2), we obtain

E[Hig] =s1g-1+hg1E[H1g-1], 19)

which matches Equation 11.



Variance of Hy,: When k = 2, Equations 16 and 17 provide
a recursion relation for the second moment of H; ;. For the
first generation, because s; o + 520 = 1, we have

51,0820  S1.0(s1.0+1)
2 2 '

E {Hil} =sio+ (20)

For subsequent generations (g = 2), because s;, + sy, +
hy = 1 for all g = 0, we obtain

51g-152g-1 , S1g-1hg—1
E[H,| =3,y + = 28 4 el (1 4 2 [Hy o] +E[HE )

h2—1 2 s2g-1hg-1
+ gT(E{H%,gfl} + (E[H14-1]) ) +%E|:H%g71:|
_ S1g-1(S14-1 + 1)
N 2
hg-1_T..2
+ gTE[HLg,l].

he—
+ hgfl (318’1 + ngE[Hl‘gfl})E[H]_gfﬂ

2D

With the relationship V[Hi] :E[Hfg]—(E[HLg})Z, and
using Equations 10, 11, 20, and 21, we obtain a recursion
for the variance of H; 4. For the first generation (g = 1), we
have

_ s1,0(1=s10)

V[Hi1] 5 ;

(22)
and for g = 2,

_1(1— _
V[Hl,g} — w _ Sl.g—lhg—lE[Hl,g—l}
N hg—l(lghg—l)

(E[Hlﬁg—l])z"‘ %V[ng—l}-

This recursion for the variance of the admixture fraction
utilizes the variance in the previous generation, along with
the expectation in the previous generation and its square.

Special Case: Constant Admixture after the Founding
of the Hybrid Population

Using our recursions for the moments of the admixture
fraction H; 4, we can examine particular cases in which s g,
So4, and hg are specified. Here we consider a special case
that reflects a constant process in which admixture occurs in
the same way from one generation to the next after the
founding of the hybrid population. In this section, we specify
that for all g = 1, all introgression parameters are constant in
time after the founding of population H (515 = 1, S24 = S2,
and h, = h for all g = 1). We first consider a case in which no
admixture from source populations S; and S, occurs after the
founding of the hybrid population.

A single admixture event

Suppose that source populations S; and S, do not contrib-
ute to the hybrid population after its founding (s; = s5 = 0,

and h = 1). As before, because at generation 0 the hybrid
population is not yet formed, we specify that hy = 0 and
s10 + S20 = 1, with 57 and s; both taking values in
(0, 1).

Expectation of H;,: Under this scenario, we can simplify
Equations 10 and 11 for the expected admixture from
population S;. Because s; = s, =0and h = 1, forall g = 1,
we have

E[Hig] =s10. 24
When admixture occurs only in the initial generation, the ex-
pected admixture fraction for a random individual in the
hybrid population at any generation depends only on the
initial contribution from source population S;.

Variance of H; 4: Using Equations 22 and 23, V[H; ] fol-
lows the recursion relation of a geometric sequence with
ratio 1/2 and initial value V[H; 1] = s1,0(1 — $1,0)/2. There-
fore, for g = 1,

V[HLg] _ s10(1— 81,0).

> (25)

The variance decreases monotonically as a function of g and
is smaller when the initial contribution s; o from source pop-
ulation S; is farther away from 1.

The scenario in Figure 2A, in which s;0 = 550 = % and
S14 = S = 0 for all g = 1, provides an example of the
setting considered here. In Figure 2A, the distribution of
the admixture fraction for a random individual in H becomes
increasingly concentrated near % as time progresses. As pre-
dicted by Equation 24, the mean admixture is constant over
time with a value of % As predicted by Equation 25, the
variance decreases over time; it eventually approaches zero,
so that the admixture fraction for a random individual
approaches the mean. This phenomenon can be attributed
to the fact that except during the founding event, each mat-
ing in the population involves two individuals from the hy-
brid population itself; no new source of admixture draws the
admixture fraction toward extreme values of O or 1. Thus,
with admixture values equal to the mean of those of their
parents, offspring individuals are likely to have intermediate
admixture within the unit interval.

It is noteworthy that if admixture occurs in a single event,
then Equations 24 and 25 provide a basis for estimating the
time of the event from the observed mean and variance of
admixture. Given mean M and variance V (with V # 0),
Equations 24 and 25 yield

_In M(1-M)]—InV

In 2 (26)

It can be seen from Equation 26 that for a fixed mean,
a smaller variance indicates a larger value of g and therefore
a longer time since admixture, and for a fixed variance,
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Figure 3 Founding effect: expectation of the admixture fraction from
source population Sy (E[H, g, Equation 30) for a random individual in
the hybrid population H, when the admixture process is constant over
time. Three scenarios are shown: population H founded exclusively by
source population Sy, population H founded by both source populations
S1 and S, in equal proportions, and population H founded exclusively by
source population S,. The subsequent admixture process is identical
among three scenarios with different starting conditions and is constant
over time after the founding of population H at the first generation: s; =
0.04 and s, = 0.08. For all three scenarios, using Equation 31, the long-
term limit of the admixture proportion from population S; is 1/3.

a smaller value of M(1 — M) indicates a shorter time since
admixture.

Nonzero combined contribution from the source
populations at each generation

In this section, we consider values of s; and s, in [0, 1] and
values of h in (0, 1). As before, because at generation O the
hybrid population is not yet formed, hg = 0 and s1 9 + S20 =
1. This set of assumptions corresponds to a process with
a nonzero combined contribution of populations S; and S,
to H in each generation (s; + s, # O because h # 1), al-
though we do allow one or the other contribution to be zero
(s1 =0and s, #0ors; # 0and s, = 0). The contribution of
population H to itself in each generation is nonzero (h # 0).

Expectation of Hqg: Applying Equations 10 and 11, the
recursion relation for E[H; 4] can be simplified. For the first
generation (g = 1), we have

E[Hl_’ﬂ =S51,0- (27)
For all subsequent generations (g = 2),
E[Hig| =s1 +hE[H14-1]. (28)

This equation is a nonhomogeneous first-order recurrence of
the form
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Figure 4 Ratio effect: expectation of the admixture fraction from source
population Sy (E[H, ], Equation 30) for a random individual in the hybrid
population H, when the admixture process is constant over time. Three
scenarios are shown with the same initial founding event for population
H(s10 =1, 52,0 = 0). After this founding event, the three scenarios have
different proportions of descent from source populations S; and S, in
H (constant at each generation), but with the same ratio s4/s, = 2/3. For
all three scenarios, using Equation 31, the long-term limit of the admix-
ture proportion from population Sy is 2/5.

E[H1g| = ¥(g) + NE[H14-1], (29)
with initial condition E[H; 1] = s;,0, where {i(g) = s; and
N = h. Because we consider an admixture process that is
constant from one generation to the next and we assume
h # 0 and h # 1, we can apply Theorem 3.1.2 of Cull et al.
(2005) to Equation 29 to obtain the unique solution for
E[Hl’g] :

51,0, g=1
1-hs!

h81 -

$1,0 + 1 1-h

E[Hg] = (30)

Figures 3 and 4 illustrate the expected admixture fraction
as a function of g under constant admixture, as determined
in Equation 30. In Figure 3, we can see that in three admix-
ture scenarios with different parameter values for the found-
ing of the hybrid population H, but with identical
introgression parameters constant in the subsequent gener-
ations, the expected admixture fraction from the source pop-
ulation S; approaches the same long-term limit. Moreover,
in Figure 4, considering three scenarios with identical
founding parameter values (s and s, o), but different val-
ues for the introgression parameters s; and s, in the sub-
sequent generations with identical ratios, s,/s,, the expected
admixture fraction also approaches the same long-term
limit.



Figure 5 Long-term limit of the expectation of the admixture fraction
from source population Sy (limg_, E[H; g, Equation 31) as a function of
the introgression parameters s; and s, when the admixture process is
constant over time.

Using Equation 30 and the relation s; + s, + h = 1 with
h € (0, 1), we can compute the long-term limit of E[H; ;] as
g > o

. S1 S1
lim EHy | = —— = )
g [ l,g] 1-h s1+s2

(31)

Equation 31 demonstrates that the starting conditions (s1 o
and s o) for the founding of the hybrid population H do not
influence the long-term limiting expectation, as observed in
Figure 3. The limiting expected admixture in Equation 31
can be rewritten as 1 — 1/(1 + s1/s5), showing that the
limiting expectation is determined only by the ratio of the
constant contributions from populations S; and S,, as ob-
served in Figure 4.

Using Equation 31, we can plot the long-term limit of the
expected admixture fraction from source population S; as
a function of the introgression parameters s; and s, (Figure
5). When the admixture process is constant over time, for
a given value of s,, the long-term expectation of the admix-
ture fraction from the source population S; increases mono-
tonically with s;. Because the long-term limit depends only
on the ratio s,/s,, different introgression proportions as well
as different founding scenarios for population H can lead, in
the long-term, to the same expected admixture fractions
in H.

Variance of H; ;: When the admixture process is constant
across generations, we can employ the same methods used
for obtaining the expectation of H; , to obtain a solution for
E [Hfg]. In this case, for the first generation (g = 1), Equation
20 gives

S1,0 (51,0 + 1)

B[}, | =0

5 (32)

For g = 2, Equation 21 gives

As was true in the case of Equation 28, this equation is
a nonhomogeneous first-order recurrence with the form

E[H,| = b(g) + ME[HE, ). (34)

Here, the initial condition is E[H} ;] = s10(s1.0 + 1)/2,\ = h/2,
and for all g = 2,

_si(s1+1)

U(g) 3 (35)

h2 2
+s1hE[H1g-1]+ EE[Hl,gfl] .

Using Equation 30, we can simplify Equation 35 for all g = 2,
to obtain

1-h

+ ﬁ s10h87 2% +5 12\
2 1°h )

_hg2
U(g) :s—1(512+ b +S1h(s1,ohg2 +511 h >
(36)

Because h # 0 and h # 1, Theorem 3.1.2 of Cull et al. (2005)
applies in the same way as in the computation of E[H, ],
producing a unique solution for E [Hig]:

$1,0 (SLO + 1)

2 g=1
S1,0 (51.0 + l) ﬁ g1
2 2
E\H? | = X _pi—2
[ 1,8} + > S—1<51 +1) +s1h Sl‘ohl_z +811 h
= 2 1-h

. 2 .

h? i 1-hi~2 h\$™"
+ 7<51,0h Ty <§> , &§=2.

37

Decomposing the summation and summing separate geo-
metric series, we obtain

51,0 (SLO + 1)

2 : g=1
E[H%g] = g—1 X h g1 (38)

Aq +A2hg71 + <A3 + Agq ; (2h)l> <§> s gEZ,

where
s1 ((1—h)2+sl)
Aj=——— (39)
(2—"h)(1-h)
S1 1

A= 251 (s10 ) (m) “0
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Figure 6 Founding effect: variance of the admixture fraction from source
population Sy (VIH; gl, Equation 43) for a random individual in the hybrid
population H, when the admixture process is constant over time. Three
scenarios are shown: population H founded exclusively by source popu-
lation S;, population H founded by both source populations S; and S, in
unequal proportions, with population Sy contributing more than popula-
tion S, (510 = 0.8, 52,0 = 0.2), and population H founded exclusively by
source population S,. The subsequent admixture process is identical
among three scenarios with different starting conditions and is constant
over time after the founding of population H at the first generation: s; =
0.01 and s, = 0.05. For all three scenarios, using Equation 47, the long-
term limit of the variance of the admixture proportion from population S;
is 5/636 =~ 0.008.

A 251 (s1 — s1,0h) s2h s10(s10+1) si(s1+1)
3T 1 oh (1-h)? 2 2—h
— 251510,
41
B 1 2 S1 S1 .
A4 = 5(51’0+1 - h(l —h 251’0))‘ (42)

With the relationship V[Hi,] =E [Hfg]—(E [Hl,g])z, and
using Equations 30 and 38, we obtain the variance of H; 4:

510(1—s10) -~
—— g=1

) R\&7!
V[Hl.g} _JA +Ash8™ " + As (§>

R\ lecl 1-he1\°
+A4( 5 > (2h)' = | s10h8 7! 451 , g=2.
2) & ; 1-h

43)

We can simplify Equation 43 to obtain expressions for
V[H, 4] without the summation " '(2h)". For all values
of h in (0, 1) with h # 1, by summing the geometric series
from Equation 43,
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Figure 7 Opposite admixture processes: variance of the admixture frac-
tion from source population S; (V[H, 4], Equation 43) for a random in-
dividual in the hybrid population H, when the admixture process is
constant over time. Two scenarios are shown with the same initial found-
ing event (s; 0 =1, 55,0 = 0). After this founding event, the scenarios have
opposite proportions of descent from source populations S; and S, in H,
constant at each generation. For both scenarios, using Equation 47,
the long-term limit of the admixture proportion from population S is
60/5523 ~ 0.011.

s10(1—s1,0) _
===, g=1
1\ et n\&!
V[H = A1t (Az —Ash® )hg + (A3 +As) <5> 44
2
1-hs1
- <51‘0hg_1 + 51 1-h > s g=2,

where As = 2hA,/(1 — 2h). For h = }, Equation 43 gives

51,0(1 —81,0) _
2 ) g=1
251 (1 - 251) 251(251 - 1) 51.’0(1 — 51,0)
3 3 2
V[H ] = 2 (45)
+ (%4*251 (51 *S]>0)>
1\87!
-1 = R =2.
<) (3) g

Figures 6 and 7 illustrate the variance of the admixture
fraction under the special case of constant admixture, com-
puting Equation 43 for different sets of values of the intro-
gression parameters. Figure 6 shows that in three scenarios
with different founding parameter values (s1 and s, ), be-
cause the admixture process is constant over time and iden-
tical among the scenarios, the variance of the admixture
fraction from one of the source populations approaches the
same long-term limit. In Figure 7, considering two admixture



Figure 8 Long-term limit of the variance of the admixture fraction from
source population S; (limg_,  V[H; g, Equation 47) as a function of the
introgression parameters s; and s, when the admixture process is con-
stant over time.

scenarios with identical founding events but opposite constant
admixture processes, the variance of the admixture fraction
also approaches the same limit.

In Figures 6 and 7, we can see that for some sets of values
of 51,0, 51, and sy, the variance of the admixture fraction from
one of the source populations increases monotonically from
the beginning of the admixture process until it reaches
a maximal value and then decreases monotonically to its
long-term limit. In these cases, at the beginning of the ad-
mixture process, the source populations introduce consider-
able variance to the distribution of the admixture fraction
for a random individual in H. After a certain amount of time,
the proportion of matings that involve members of the hy-
brid population H with similar admixture fractions
increases, reducing the proportion of matings that generate
offspring admixture fractions at opposite extremes. Addi-
tional matings then occur among individuals with similar
admixture, ultimately decreasing the variance of the ad-
mixture fraction until V[H,,] approaches its long-term
limit.

Because h # 0 and h # 1, we can compute the long-term
limit of V[H, ¢] as g— o using Equation 43. We obtain, for
all values of h in (0, 1),

(s1/(1=h)*+s1 _ (51 )2
2—h (l—h)

S1 ( S1 )
=—(1—7—=).
2—h 1-h
The starting conditions do not influence the long-term limit,
as observed in Figure 6.

Recalling that s; + s, + h = 1, an alternative represen-
tation for Equation 46 is

glin}o V[Hig| =

(46)

. s1 ) S1+$2
lim V|H = . 47
gal ) [ l,g] (Sl +52) (51 -I-Sg) (1 +351 + Sz) (47)

It is possible to see from Equation 47 that if s; + s, is fixed,
then the limiting variance is greater when both source pop-
ulations contribute similarly to the hybrid population (s; ~ s5)

than when one source population contributes more than the
other (s; >> s, or s, >> s;). Additionally, for a fixed ratio s,/
So, the variance is greater when the combined contribution
from both source populations, s; + s, is greater. This result is
sensible, as continuing contributions from the source popula-
tions generate individuals with admixture fractions at oppo-
site extremes, thereby increasing the variance of admixture
fractions.

Using Equation 47, we can plot the long-term limit of
the variance of admixture proportions as a function of
s1 and s, (Figure 8). Figure 8 illustrates that the long-term
limit of V[H 4] is greater when s; = s, and s; + s, ~ 1 (and
thus h ~ 0). This scenario corresponds to an admixture
process in which the admixed individuals in population
H contribute little to the next generation, and the pop-
ulation H is largely founded anew at each generation
from the source populations S; and S,, with identical
proportions.

When s; + s, — 0, with s;/s5 held constant, h — 1 and
Equation 47 gives

lim lim, ., «V[Hg| = 0.

S1+s5—0

(48)

This scenario corresponds to an admixture process in
which populations S; and S, found the hybrid population
H at the first generation and contribute little in subse-
quent generations. It tends toward the special case in
which the source populations do not further contribute
to the hybrid population after the founding event. The
result in Equation 48 is consistent with the corresponding
limit of Equation 25 for the case of no continuing
admixture.

Considering our results on the expectation and vari-
ance of the admixture fraction together, although differ-
ent admixture proportions that are constant and nonzero
across generations can lead in the long-term to the same
expected fraction of admixture, such parameter values
can produce different variances. The long-term limiting
expectation and variance do not depend on the conditions
of the founding event of the hybrid population H; they
depend only on the subsequent constant admixture
process.

Discussion

Our study provides a theoretical framework for analyzing
complex admixture processes that involve dynamic con-
tributions of mutually isolated source populations to the
ancestry of a hybrid population. Using our mechanistic
approach, we have analytically derived recursions for the
expectation, variance, and higher moments of the ad-
mixture fractions in a hybrid population. In the special
case of constant admixture, we have solved the recur-
sions and analyzed the behavior of the expectation and
variance.
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An important observable quantity that can be estimated
in modern admixed populations and used for understanding
historical aspects of the admixture process is the mean
admixture fraction from a source population. For a hybrid
population, this quantity provides a simple summary of its
overall level of admixture. However, when a hybrid pop-
ulation is founded in a single admixture event, we have
found that the mean admixture fraction is constant across
generations and is therefore uninformative about the time
since the founding of the hybrid population. When the
source populations contribute in a constant manner to the
hybrid population after the founding event, very different
admixture processes can produce identical expected admix-
ture fractions in the long-term.

The behavior of the variance of the admixture fraction is
more complex than that of the expectation. First, the
variance is not constant in time, and therefore it does
contain information about the time since the founding
event. Second, the limiting variance can differ quite sub-
stantially for processes with the same limiting expectation,
with the limit depending on the magnitude of the ongoing
contributions from the source populations. Third, a low
variance is characteristic of an admixture process that
occurred as a single event, whereas higher variance occurs
when admixture is ongoing. These results suggest that in
addition to the mean admixture, other easily measured
quantities such as the variance and higher moments of the
admixture fraction are likely to be informative, together
with the mean, in statistical procedures for estimating the
parameters of the historical admixture model that gives rise
to a hybrid population.

Numerous statistical methods have been developed to
estimate the admixture proportions from given source pop-
ulations in hybrid populations using, for instance, maximum
likelihood (Wang 2003; Tang et al. 2005; Alexander et al.
2009), least squares (Roberts and Hiorns 1965; Long and
Smouse 1983), coalescence times (Bertorelle and Excoffier
1998), Bayesian approaches (Pritchard et al. 2000; Corander
et al. 2003; Patterson et al. 2004), and principal components
analysis (Paschou et al. 2007; McVean 2009; Bryc et al
2010). Although many of these methods do estimate a com-
posite parameter representing the time since initial admix-
ture, they generally do not use a full mechanistic approach
and have largely not tried to reconstruct the history of the
admixture process.

Our model incorporates a general variation over time in
the relative contributions of the source populations to the
hybrid population. Owing to the potentially large number of
parameters in a general case with arbitrary changes in
admixture with time, it is unclear when the full history of
admixture will be identifiable from genetic data. Indeed, as
we have focused on the mean and variance of admixture in
special cases of constant admixture processes, it is also
uncertain how much information will be available for
estimation from higher moments in a complex case with
more parameters. However, our model is flexible enough to
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accommodate reductions in the number of parameters
through assumptions of constant admixture over periods of
many generations or over the entire history of the model. It
is thus likely that identifiability can be achieved at least in
some cases.

The initial theoretical framework that we have developed
can be expanded to account for additional aspects of the
admixture process for hybrid populations. For instance, in
File S1, we extend the approach to consider m potential
source populations, deriving general expressions for the
moments of the random fraction of admixture originating
from any specific one of the m source populations. However,
we have not modeled sex-specific contributions from the
source populations or assortative mating between hybrid
individuals on the basis of their admixture fractions (Risch
et al. 2009). Further, while we have considered the distribu-
tion of the admixture fraction across individuals in a hybrid
population, we have studied admixture only pointwise in
the genome, and we have not investigated variation in ad-
mixture across the genome of a random individual. The
distribution of the length of chromosomal segments ulti-
mately tracing to a particular source population, and other
variables that could potentially be examined in a recombina-
tion-based model, could provide a useful additional set of
quantities to consider beyond those available in our current
formulation.

Finally, we have not accounted for genetic drift in the
founding populations over the course of the admixture
process, a phenomenon that can confound the accurate
estimation of admixture proportions (Long 1991). In the
future, all of these factors can be incorporated by extending
our initial mechanistic admixture model. The various exten-
sions will make it possible to draw more information from
genetic data to shed light on the complex mechanisms un-
derlying observed genetic variation in hybrid individuals
and populations.
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Appendix

Here, we obtain the recursion relation for the distribution
of the admixture fraction from source population S; in the
hybrid population H at generation g (Equations 3-5). Using
the definitions of random variables Y and H, z, we can ob-
tain an expression for P(H;, = q), where q lies in
Q. ={0, 1/2%,..., (28—1)/2%, 1}, conditional on the dif-
ferent possible pairs of parents Y for a random individual in
population H at generation g:

PHig=q)= >, 6 P =yPHig=qlY=y). (AD
5151
S1H
518y
Y HH
SoH
5985

Using Equations 1 and 2, we can evaluate the conditional
probabilities P(H; , = q | Y = y) in Equation Al in terms of
the unconditional probabilities P(H; . 1) in the previous
generation, where for all g = 1, P(H;, = q) = O when q is
not in Q,. For q in Q,, we have

1 ifg=1

P(Hl‘g =4 | Y= 5151>: { 0 ot}?erwise (A2)

Pt —q|¥ = SiH) ~Plthgr —20-1). (A9
1 ifg=1

P(Hyg =q|Y =5,S5)= { q 2 (A4)
0 otherwise,
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281
1 r 2 28q—r
P(Hig =q|Y =HH) = P(Hgg_l :—er;g)_1 = )

r=0 271 2¢71
(A5)
P(Hig=q|Y = S;H) = P(H4-1 = 2q), (A6)
_ . _J1 ifg=0
P(Hig=q|Y = 5252)= { 0 otherwise. (A7)

By inserting Equations A2-A7 into Equation Al, we obtain
the following recursion relation for P(H;,; = q). For the first

generation (g = 1), we have Q; = {0, %, 1} and
P(Y = 5151) if q= 1
P(Hi1=q) ={ P(Y =51S3) if g=3 (A8)
P(Y =83S2) if g=0.
For all subsequent generations (g = 2),
P(H1g=q) =P(Y =51S1)P(Hig =q| Y =551)
+ P(Y = SlH)P(HLgfl = Zq - 1)
+ P(Y =85183)P(Hig =q|Y =S$152)
+ P(Y =HH)
2871 g4 —
(1) roog@ 24 f)
X P H _ = — mH _ = —
r:zo <1,g1 28—1 1g-1 2¢—1
+ P(Y = S3H)P(H1g-1 = 2q)
+ P(Y =S35)P(Hig=q|Y =5252).
(A9)

For any value of q in Q, where g = 1, we can use Table 1 to
evaluate Equations A8 and A9 in terms of parameters s; g1,
52,41, and hg_. Simplifying Equations A8 and A9 we obtain
Equations 3-5.



GENETICS

Supporting Information
http://www.genetics.org/content/suppl/2011/10/03/genetics.111.132787.DC1

A General Mechanistic Model for Admixture
Histories of Hybrid Populations

Paul Verdu and Noah A. Rosenberg

Copyright © 2011 by the Genetics Society of America
DOI: 10.1534/genetics.111.132787



File S1
Supporting Material for

A General Mechanistic Model for Admixture Histories of Hybrid Populations
Paul Verdu and Noah A. Rosenberg

In this supplement, we generalize the two-source-population admixture model
considered in the main text to allow m source populations. For a random individual in the
hybrid population A, we obtain recursion relations for the moments of the admixture
fraction from any specific one of the source populations. The derivations are almost
completely analogous to those for the m=2 case, and we show that the results for arbitrary
m agree with corresponding results in the main text for m=2.

The General Model Considering m Potential Source Populations

Define population A (“hybrid”) as a population consisting of immigrant individuals
from m mutually isolated source populations, S;, S5, ..., S;, and hybrid individuals who
have ancestors that trace ultimately to Sy, S5, ..., Sy

We let S1,g7 = Smg» and hg be the fractional contributions of populations S, ..., S;,,
and A to the hybrid population at generation g+ 1. That is, for a randomly chosen
individual in H at generation g+ 1, the probabilities that a randomly chosen parent of the
individual derives from population Sy, ..., S;,, and H are sy 4, .., S g, and h,respectively. For
all g= 0, the parameters hg and Sig with i € {1, ..., m} have values that are greater than or

m
equal to 0 and less than or equal to 1, such that h,+ Z Siz = 1. At generation 0, the
i=1

hybrid population is not yet formed. Therefore, h, =0 and Zﬁlsw:l. Hence,

considering the period through generation g in addition to gitself, this model has mg— 1
independent parameters: m — 1 introgression proportions in the first generation and one
introgression proportion from each of the m source populations in each of the next g— 1
generations. A diagram of the model appears in Figure S1.

Admixture fractions for a random individual in the hybrid population

As in the m=2 case, we focus on the fraction of ancestry from a specific source
population for a random individual in H at a random locus. This fraction represents the
proportion of the genome of a randomly chosen individual in H that ultimately traces to the
specified source.
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We indicate the possible sources for the (unordered) parents of an individual in H
by S;S; and S;H, with i,j € {1,...,m}, and HH. An individual in H at generation g > 1 has
one of several possible types of parents, each with some probability dependent on the
parameters s; ;. with i € {1, ..., m}, as described in Table S1. If the parents have different
ancestries, we do not distinguish the order of the two parents, so that, for example, “S;H”
does not convey which specific parent is from population S; and which is from H.

Let Y be a random variable indicating the source populations of the parents of a
random individual in H. Let H;, be the admixture fraction from source population S;
with i € {1,..., m}, for a random individual in population H at a random locus at generation
& Because at generation 0, the hybrid population is not yet formed, hy = 0, and H; is not
defined. Using Table S1, we can write a recursion relation to calculate H; , for any one of the
source populations S;,i € {1, ..., m}, and for all g=> 1. For the first generation (g= 1), for
any mutually distinct values of i, j, and [ between 1 and m, we have

(1 ifY = S;S;, with P[Y = §;S;] = s?

1 .
S ifY =S5, with P[Y = S:S;] = 2s105)0
Hiy = (S1)

0 ifY =S5;S;,with P[Y = 5;;] = s

0 ifY =S;S;, with P[Y = 55| = 25 05.0.

For all subsequent generations (g > 2), we have

s 1 ify = §;S;, with P[Y = §;S;] = Siz,g—l
Hi,g—l +1 . _ : — —
— ifY = S;H,with P[Y = S;H] = 2s; ;_1hy_4
1 . .
— ify = SiSj' with P[Y = SiSj] = 2'S‘i,g—lsj,g—l
@ @
HY 4+ HZ.
Hig={—S——5—5= IfY = HH,with P[Y = HH] = h}_, (S2)
Hi,g—l . .
> ifY = S;H,with P[Y = S;H| = 25 ;_1hg—y
0 ifY = S;S;, with P[Y = §;S;| = s7,_,
L 0 ifY = S5, with P[Y = 5;S,] = 25 ,_15,5-1.
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Here, Hi('i,)_l and Hl.(;,) , are fractions of ancestry from source population S; for the two

parents of a hybrid individual at generation g with Y = HH. We use the superscripts (1)

and (2) only to indicate that Hl-(‘i,)_l and Hi(;,)_l
distributed (IID) random variables, so that if an individual in population H at generation g
has two parents from H, the admixture fraction is distributed as the mean of the admixture

fractions for two IID random individuals from H in the previous generation.

are separate independent and identically

Moments of the admixture fraction for a random individual in the hybrid population

Similarly to the m=2 case, we can utilize the recursion relation in Equations S1 and
S2 to obtain recursions for the expectation, variance, and higher moments of Hl-,g,
i €{1,..,m}, as functions of g and the proportions of descent in the hybrid population

H:sy¢, . Spmeand by, fort = 1,2, ..., g — 1. We first obtain a recursion for the expectation
E[Hl-,g], i € {1,...,m}. Next, we generalize the method used for finding the expectation, and
we obtain a recursion relation for the Ath moment, E[Hl-’fg]. Using the case of k = 2, we
obtain a recursion for the variance V[Hi,g], i€{1,..,m}

Expectation ofH,-,g, i € {1,..,m}: Using the law of total expectation, we can obtain an
expression for the expectation E[Hl-,g], i €{1,..,m}, as a function of conditional
expectations for different possible pairs of parents Yfor a random individual in population

H at generation g:
E[H;g] = Ey [E[H,,IY]| = Z P(Y = y)E[H 1Y = y]. (53)
YEA

The sum proceeds over the set 4 of all possible parental types for an individual in
population H. For, the first generation, because parents cannot derive from population H
itself, we have for any value of i from 1 to m,
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E[H1| = P(Y = $;S)E[H;1 1Y = S;S;]

m
+z P(Y = 58)E[H;s|Y = 5;5)]
ot

m
+ > P(Y =S;S)E[H;1|Y = S]]

Jj=1
J#EL

m m
+Z Z P(Y = $;S,)E[H;,|Y = S;5,] -

j=11=1
JEIMES!
l#j

(54)

As in the m=2 case, we use Equations S1 and S2 and recall that for all g= 0, h,+
m
Z Sig=1,hy =0, and for all g= 2, H1(2—1 and Hl(?_l are IID random variables. We
i=1 ’ ’
then obtain a recursion for the expectation of the admixture fraction. For g= 1, for any
value of i from 1 to m,

m m
E[H ] = 5.2 + SinSin = S: S:in + S: = S:
i1 1,0 1,0°j,0 1,0 1,0 j,0 i,0° (55)
j=1 j=1
JE! JE!

Forall g=> 2,

m m
E[Hl‘,g]z Si,g—l Si,g—l + h’g—l + Z Sj,g—l + hg—l Si,g—l + h’g—l + Z Sj,g—l E[Hi,g—l]
=1 =1
J#L j#i (56)
S Si’g_l + hg—lE[Hi,g—l]'

Setting i = 1, Equations S5 and S6 match Equations 10 and 11 from the m = 2 case.

Moments ofH; pe

the recursion for the expected admixture, we can write recursions for higher moments of

i € {1,...,m}: Using a similar computation to that employed in obtaining
the admixture fraction from population S;, with i € {1, ...,m} (E[H[,], for each k > 1). For

the first generation (g = 1), we have for k> 1 and for any mutually distinct values of i, j,
and [ from 1 to m,
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(1% ifY = §;S;, with P[Y = §;S;] = s,

1
<—) ifY = 5;S;, with P[Y = $;S;] = 25,05/
0k ifY = S;S;, with P[Y = S;S;] = s

L 0% ifY = 5,5, with P[Y = §;S;] = 25, ¢50-

For all g > 2, we have

( 1k ify = SiSi,With P[Y = SiSi] = Siz,g—l
Hizoq +1)\"
<T) ifY = S;H,with P[Y = S;H] = 2s;,_1h, 4
1 k
(§> ifY = S;S;, with P[Y = ;S| = 251 5-15) g1
) @ \*
HE, = B P Mr1) ey g, with P[Y = HH] = h? S8
g — 2 - ’ - - tg—-1 ( )
Hi,g—l k . .
—— ifY = S;H,with P[Y = S;H| = 25 ;_1h,—4
0k ifY = S;S;, with P[Y = S;S;| = s, _,
L 0k ifY =SS, with P[Y = §;S;] = 25,1511,

where Hi(;,)_l and Hi(,?—l represent IID random variables for the fractions of ancestry from
source population S; for two hybrid individuals in generation g— 1.

Using Equations S7 and S8 with the approach used previously to obtain the
expectation of the admixture fraction from source population S;, and using the binomial
theorem, we obtain a recursion for k > 1. For g= 1, we have for k > 1 and any i from 1 to

m,

m

S',O
E[H] = sty + 2;—1 Z Sj,0- (S9)

j=1
Jj#i

For g=> 2,
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k m
S h S;
B[] = sty + Lt 1<Z( ) el ) S Siant
k
2 (X ) sttt )+ (55 s el )

]:
JES!

(S10)

m
Recalling that for all g=> 0, hg+ Z Sig = 1, and that h, = 0, Equations S9 and S10
i=1
reduce to Equations S5 and S6 by setting &k = 1. Moreover, by setting i = 1, Equations S9
and S10 match Equations 16 and 17 from the m = 2 case.

Variance of H; ,,i € {1, ..., m}: When k = 2, Equations S9 and S10 provide a recursion

ig’

relation for the second moment of H;,, i € {1,...,m}. For the first generation, because

ig’
m
> i—1 Sio = 1, we have for any value of i from 1 to m,

E[HZ] = M (s11)

m
For subsequent generations (g = 2), because h,+ Z Si,z = 1, for g= 0, we obtain
i=1

Sl,g—l(si,g—l + 1)
2

h h
E[ng - +h 1<51g 1t = 1E[ng 1])E[ng 1]+ = IE[HLg 1 (812)

Setting i = 1, Equations S11 and S12 agree with Equations 20 and 21 from the m = 2 case.

With the relationship V[Hi’g] = E[HL-Z,g — (E[Hi,g])z, i €{1,..,m}, and using
Equations S5, S6, S11, and S12, we obtain a recursion for the variance of Hi,g. For the first
generation (g = 1), we have for any i from 1 to m,

V[t = Sl =5 (s13)
and for g= 2,
Sig_1(1—5; ,_
V[Hi,g] == 1( 2 = 1)_5i,g—1hg—1E[Hi,g—1]
(S14)
h,_1(1—h,_ h,_
PR Res) oy gy 4 B, ),

Setting i = 1, Equations S13 and S14 agree with Equations 22 and 23 from the m = 2 case.
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Table S1 Possible pairs of parents for a random individual in the hybrid population /at generation g

and their probabilities.

Populations of origin of the parents of a

random individual in population H Probability
at generationg>1

Si and Si Siz,g—l
S;and H (or H and S;) Zsi,g_lhg_l

S;and §; (or §j and S;)

2Si,g-15),6-1

Hand H hZ_q
S;and H (or H and ;) 25j g_1hg_4
S; and S; Sfg-1

Note that at generation 0, h, = 0 because the hybrid population is not yet formed. The indices i and j represent distinct populations.
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Generation

0

g+1

Figure S1 Diagram of a mechanistic model of admixture involving m isolated source populations.
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