
C O N V E X A P P R O A C H E S T O I S O L AT E T H E S H A R E D A N D
D I S T I N C T G E N E T I C S T R U C T U R E S O F S U B P H E N O T Y P E S

I N H E T E R O G E N E O U S C O M P L E X T R A I T S

Saikat Banerjee1† Shane O’Connell2† Sarah M.C. Colbert2 Niamh Mullins2 David A. Knowles1,3
1New York Genome Center, NY 10013, USA
{sbanerjee, daknowles}@nygenome.org

2Department of Psychiatry, Department of Genetics and Genomic Sciences, and Charles Bronfman Institute
for Personalized Medicine, Icahn School of Medicine at Mount Sinai, NY 10029, USA

{shane.oconnell, niamh.mullins,}@mssm.edu; sarah.colbert@icahn.mssm.edu
3Department of Computer Science, Columbia University, NY 10027, USA

dak2173@columbia.edu
†contributed equally

A B S T R A C T

Groups of complex diseases, such as coronary heart diseases, neuropsychiatric disorders, and cancers,
often display overlapping clinical symptoms and pharmacological treatments. The shared associations
of genetic variants across diseases has the potential to explain their underlying biological processes,
but this remains poorly understood. To address this, we model the matrix of summary statistics of
trait-associated genetic variants as the sum of a low-rank component – representing shared biological
processes – and a sparse component, representing unique processes and arbitrarily corrupted or
contaminated components. We introduce Clorinn, an open-source Python software that uses convex
optimization algorithms to recover these components by minimizing a weighted combination of the
nuclear norm and of the L1 norm. Among others, Clorinn provides two significant benefits: (a)
Convex optimization guarantees reproducibility of the components, and (b) The low-rank “uncor-
rupted” matrix allows robust singular value decomposition (SVD) and principal component analysis
(PCA), which are otherwise highly sensitive to outliers and noise in the input matrix. In extensive
simulations, we observe that Clorinn outperforms state-of-the-art approaches in capturing the shared
latent factors across phenotypes. We apply Clorinn to estimate 200 latent factors from GWAS
summary data of 2,110 phenotypes measured in European-ancestry Pan-UK BioBank individuals
(N = 420,531) and 14 psychiatric disorders.

1 Introduction 1

Complex diseases often present as heterogeneous groups, encompassing multiple subtypes with distinct clinical 2

manifestations, prognoses, and treatment responses. Such heterogeneous groups of diseases, such as coronary heart 3

diseases, neuropsychiatric disorders and cancers, represent a broad continuum of severity and range of manifestations of 4

several clinical symptoms. For instance, several clinical symptom-based subtypes have been identified using data-driven 5

methods in major depressive disorder (MDD), one of the most common disorders worldwide. Within MDD, almost 1500 6

symptom combinations are possible [1]. Despite phenotypic diversity, these subtypes may share overlapping genetic 7

and environmental risk factors. For instance, genetic and neuroimaging studies demonstrate that MDD is a genetically 8

and biologically heterogeneous disorder involving multiple genes and brain circuits [2]. Sex and age contribute to the 9

heterogeneity of MDD and are associated with differing symptomatology, risk factors, and responses to treatment [3–9]. 10

Understanding the genetic predisposition of such heterogeneous disorders is crucial for elucidating the biological 11

mechanisms driving both shared susceptibility and subtype-specific divergence. 12
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Genome-wide association studies (GWAS) have estimated the effects of millions of single-nucleotide polymorphisms 13

(SNPs) on thousands of diverse disorders in an effort to better understand these phenotypes. The degree to which 14

phenotypes overlap genetically can inform on their underlying biology. For example, the magnitude of correlation 15

between pairs of trait test statistics represented as Z scores corrected for linkage disequilibrium (LD) can indicate how 16

similar traits are genetically [10]. Modeling the genetic covariance matrix can be used to model distinct underlying 17

sources of genetic variance per trait. Examples include bivariate causal mixture modeling [11] and genomic structural 18

equation modeling (gSEM) [12]. Both of these approaches model distinct genetic variance components which can be 19

functionally informative depending on the traits considered. Disorder-specific variants may represent more unique 20

biological processes compared to pleiotropic SNPs. However, approaches to date have several limitations. Bivariate 21

causal mixture modeling does not return SNP-level parameters, instead estimating the degree of causal variant overlap 22

between pairs of traits. While a trivariate version of the method has been developed [13], causal SNP properties across 23

more than three traits cannot be modeled jointly. Methods such as gSEM require that a factor structure be specified, 24

meaning that exploratory analyses or prior hypotheses are required. Finally, gSEM works via pairwise genetic covariance 25

estimates, the estimation of which can be computationally intensive where traits are numerous. 26

For biobank scale analyses, several factor analysis methods based on matrix factorization have been proposed for 27

extracting shared latent genetic components [14–17]. These approaches aim to factorize the matrix of Z scores of 28

associations of SNPs with multiple traits into latent components / factors and their corresponding loadings; sometimes 29

enforcing desired properties on the factors and their loadings. Tanigawa et al. [14] used truncated singular value 30

decomposition (truncated SVD, tSVD), a reduced rank approximation of SVD, to identify the latent factors in a 31

computationally tractable and interpretable fashion. Zhang et al. [15] provided a Bayesian framework for the matrix 32

factorization, FactorGo, where prior distributions of effect sizes are specified and factors are estimated probabilistically. 33

Another recent approach, GLEANR, was developed to estimate regularized latent genetic factors in the presence of sample 34

sharing [16], by enforcing sparsity on the factors and their loadings. However, existing approaches suffer from two main 35

shortcomings: (a) lack of sensitivity with respect to grossly corrupted or outlying observations, which are an inherent 36

feature of genetic association matrices; and (b) nonconvex formulations, which yield different results at each run. This 37

poses an issue from a reproducibility standpoint; results are sensitive to the addition of phenotypes, variants, or simply 38

refitting from a different initialization. 39

Here, we circumvent these issues and introduce Convex LOw Rank Inference via Nuclear Norm, Clorinn, which derives 40

a low-rank “outlier-free" matrix X from a matrix Z comprising N traits and P variant Z-scores using rank minimization, 41

as opposed to matrix factorization. Using X , standard factor analysis methods can be applied to examine trait loadings, 42

important SNPs, and global phenotype structure with greater latent factor resolution than methods applied directly to Z. 43

Additionally, the low-rank matrix factorization approach of Clorinn is convex, meaning that our method is robust to 44

large amounts of noise or the addition of extra phenotypes/variants. We demonstrate that Clorinn is computationally 45

efficient and capable of identifying latent factors with greater accuracy in the presence of varying degrees of noise than 46

other methods in extensive simulations. We apply Clorinn to 2, 110 real traits from the UK BioBank and identify 47

several trait-group specific factors, allowing us to validate the results from Clorinn with the existing literature. Finally, 48

we apply Clorinn to 14 psychiatric traits and characterize shared genetic latent factors to demonstrate our method’s 49

utility in a more focused setting. 50

2 Results 51

2.1 Method overview 52

We assume that the noisy matrix of observed Z scores for N traits and P SNPs, Z ∈ RN×P , can be decomposed as a 53

sum of a low-rank matrix X ∈ RN×P and some error M ∈ RN×P , 54

Z = X+M . (1)

X corresponds to the shared genetic components of the traits. The problem to recover X from noisy Z is called low-rank 55

matrix approximation (LRMA). It seeks the best rank-k estimate of X by solving the problem, 56

minimize ∥Z−X∥
subject to rank (X) ≤ K .

There are two popular approaches for LRMA: low-rank matrix factorization (LRMF) and rank minimization. 57

LRMF seeks to recover latent structures in the data by factorizing the original data matrix Z into a linear combination 58

of K shared trait-specific loadings L ∈ RN×K with latent factors F ∈ RP×K , 59

Z = LFT +M . (2)

2
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It uses the estimates L̂ and F̂ to reconstruct the low rank estimate X̂ ≃ L̂F̂T. Intuitively, the hidden factors F are some 60

unknown underlying latent embeddings of the variants in K dimensions. These hidden factors can capture interesting 61

biological insights or pathways that drive complex diseases. The above factorization implicitly assumes that factor-trait 62

and variant-factor relationships are all linear. The number of factors (or dimensions) K needed for faithful representation 63

of Z will depend on the complexity of the data. As in classical principal component analysis (PCA) [18–20], (2) can be 64

efficiently solved via SVD if L and F are unregularized and the noise M is small and i.i.d. Gaussian. Under this regime 65

SVD enjoys a number of optimality properties. Other common strategies, such as independent components analysis 66

(ICA) and non-negative matrix factorization (NMF) enforce desired properties on L and F. More recent approaches 67

includes DeGAs [14] and FactorGo [15]. DeGAs applies SVD and truncates the columns of L and F to obtain low 68

rank. FactorGo uses Bayesian priors on L and F to enforce sparsity. However, these methods are susceptible to the 69

shortcomings mentioned above. There are two main issues with these existing approaches: 70

• Outliers and noise. One major shortcoming of classical PCA is its brittleness with respect to grossly corrupted 71

or outlying observations [20]: A single grossly corrupted entry in M could render the estimated X̂ arbitrarily 72

far from the true X. These methods assume that the noise is Gaussian, i.e., M ∼ N (0,Σ) is a matrix of 73

Gaussian residuals with variance Σ. In many cases, particularly for heterogeneous diseases, the Z scores may 74

have non-Gaussian outliers and discrepancies. 75

• Non-convex optimization. With the exception of PCA, matrix factorization models require non-convex 76

optimization, which cannot be fully reproducible. Many practitioners fix the random seeds, which is only a 77

bandaid solution as tiny perturbations in the data may yield very different results. 78

In this paper, we focus on rank minimization methods to obtain a low-rank, “outlier-free” matrix X, before applying the 79

matrix factorization via SVD. In recent computer vision literature, a class of robust PCA methods have been developed 80

to handle outliers and heavy noise [21–25]. Following these methods, we assume that the errors M can be arbitrary in 81

magnitude but sparsely supported, affecting only a fraction of the entries of Z. The outliers and discrepancies captured 82

by the sparse component M may include: (a) the private contribution of a few key variants to specific phenotypes, or (b) 83

measurement or manual errors in the available summary statistics. 84

Therefore, instead of using Gaussian noise, we assume that M is sparse for the rank minimization problem. Since 85

direct rank minimization is itself a nonconvex problem, it is often approximated by minimizing the nuclear norm of the 86

estimated matrix X, which is a convex relaxation of minimizing the matrix rank [26, 27]. This methodology is called 87

nuclear norm minimization (NNM). The nuclear norm of a matrix X, denoted by ∥X∥∗, is the sum of its singular values. 88

NNM approximates Z by X, while constraining ∥X∥∗. NNM is analogous to Lasso regression which approximates 89

minimizing the number of non-zero regression coefficients. 90

Here, we use different convex optimization algorithms to perform LRMA: 91

1. Robust PCA (RPCA) using inexact alternating Lagrangian multipliers (IALM) algorithm, 92

2. Nuclear Norm Minimization (NNM) using Frank-Wolfe (FW) algorithm, and its variant, 93

3. Sparse Nuclear Norm Minimization (NNM-Sparse) using FW algorithm. 94

For Robust PCA, we used Algortihm 5 from Lin et al. [28]. We derived novel Frank-Wolfe algorithms for the NNM 95

problem, as described in the Methods section. 96

Having estimated X̂ via one of these methods, we use tSVD to obtain L̂ and F̂ Fig. 1. Our convex algorithms guarantees 97

reproducible estimates of X̂. By applying tSVD on X̂ instead of Z, we avoid the shortcomings of classical PCA 98

and obtain more robust estimates of the latent factors. In a statistical genetics context, this is especially pertinent; 99

technical noise, measurement error, and population structure can have subtle impacts on association study test statistics. 100

Characterization of latent components representing shared genetic effects via PCA is sensitive to variation arising from 101

these non-biological sources. The estimation of X̂ facilitates the description of accurate and reproducible latent genetic 102

factors robust to the presence of outliers, allowing us to mitigate these issues. 103

2.2 Numerical experiments on simulated data 104

We characterize how well Clorinn is able to recover the underlying hidden factors under different conditions and 105

compare its performance to other similar approaches using simulated data. We performed simulations under the model 106

of Eqn 2. We start by generating K orthonormal vectors [29] of length P (number of variants), which form the columns 107

of F ∈ RP×K . Each column of F (denoted by F:k) is an unit vector with mean 0, standard deviation 1/
√
P and is 108

orthogonal to all other columns. They represent the underlying orthogonal hidden factors. For each hidden factor, we 109
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Figure 1: Schematic representation of Clorinn.

generate the latent embeddings for N studies (traits), which form the columns of L ∈ RN×K . To mimic the shared 110

component of traits in real data, we sample each column of L from a multivariate normal distribution L:k ∼ N (0N,Σ) 111

with Σ =
(
ggT ⊙A

)
/K, where ⊙ denotes element-wise multiplication. Here, g ∈ RN is a column vector where 112

element gn is the square root of the heritability g2n contributed by the low rank component LFT to the nth trait. The 113

total heritability of the nth trait is h2
n; the remaining heritability h2

n − g2n is contributed by the sparse component M. A 114

is a block diagonal matrix which encodes the strength of sharing between between different traits within and across 115

disease categories. Each block can be considered as representing a broad disease category with multiple traits. Let Q be 116

the number of disease categories (number of blocks) in A and Aq be the set of indices for the qth block. Then, each 117

element Aij is given by, 118

Aij =


1, if i = j ,

αq ∈ (0, 1) , if i ̸= j and i, j ∈ Aq ,

α0 ∈ (0, 1) , otherwise.
(3)

Here, αq is the amount of sharing between the traits of the qth disease category, whereas α0 is a measure of sharing 119

between the different disease categories. 120

We then generate M ∈ RN×P by sampling each column M:p from a Laplace distribution, 121

M:p ∼ Laplace (0N,λ) , λ =

√
hTh− gTg

2P
(4)

to ensure that the total heritability for the traits is hTh. Each column of M is the portion of the Z score of a SNP which 122

cannot be explained by shared factors. The true effect sizes are then calculated as, 123

Z0 = LFT +M . (5)
Finally, we add some measurement noise to the true Z scores to obtain the observed Z scores, 124

Z = Z0 +E , En: ∼ N
(
0P, s

2
nIP

)
. (6)

We assume that the variants are independent (i.e., no LD) and that the genotype and phenotype have been standardized, 125

so that the standard error sn for the effect sizes depend only on the nth study (trait). In particular, we can assume 126

sn ≈ 1/
√
νn where νn is the sample size of study n. If the genotypes were not standardized, then the standard error for 127

the effect sizes would also depend on the minor allele frequency of each variant. 128

An example simulation with Q = 3 disease categories is shown in Fig. 2a. The covariance of the loadings is block- 129

diagonal (Fig. 2a right panel) and the loadings of the first two factors show 3 different heterogeneous disease groups 130

(left panel). We compare Clorinn versions with tSVD and FactorGo as we vary the number of variants, number of 131

hidden factors and the heritability, respectively (Fig. 2b-d). When the assumed number of factors (10) matches the 132

ground truth, Clorinn and tSVD provides better estimates of the factors and their corresponding loadings, whereas 133

FactorGo provides a better estimate of L̂F̂T. As we increase the number of ground truth factors (keeping the number of 134

inferred factors at 10), all methods get worse at estimating L and F, but the trend remains similar. The trend however 135

reverses when the number of ground truth factors is less than the assumed K. That is, overspecification of number of 136

factors K penalizes Clorinn more than other methods, as compared to underspecification of number of factors. In 137

the top row, we show the adjusted mutual information score, which measures whether the estimated disease groups 138

match the ground truth. The disease groups were estimated by clustering L̂. Clearly, Clorinn performs much better in 139

recovering the disease groups compared to other methods. This is important as a key goal is to disentangle the different 140

heterogeneous disease groups. 141
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Figure 2: Clorinn accurately classifies subtypes of heterogeneous traits in realistic simulations.(a) Left panel shows
the loadings of the first two factors in our ground truth, right panel heatmap shows the covariance of the corresponding
loadings. (b) Comparison of the different methods as we vary the number of variants used in the simulations. The
comparison metrics for each row are shown on the left. F̂ and L̂ are the estimates of F and L by each of the methods.
Adjusted mutual information score measures whether the estimated disease groups match the ground truth. Each boxplot
comprise of 20 simulation replicates. (c) Same as column (b) but with varying number of hidden factors. Each method
used K = 10 for estimating the hidden factors irrespective of the ground truth. (d) Same as column (b) but with varying
heritability of the traits.
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Figure 3: 2D tSNE embedding of the Clorinn low rank shared genetic matrix of 2,110 PanUKB traits group into
clusters similar to their text descriptions. We classified the 2,110 traits into 30 categories from their the text descriptions,
using a publicly available sentence-transformers model. Each point is a trait, colored by its disease category as mentioned
in the legend. The opacity of each point is proportional to their estimated heritability.

2.3 Application to 2,110 UKB traits 142

Having demonstrated the performance in simulations, we used Clorinn to analyze 2,110 real traits from the Pan-UKB 143

data. For prefiltering (see Methods) the Pan-UKB data, we followed the same procedure described by Zhang et al. [15], 144

but we excluded the prescription traits. We constructed a matrix of GWAS Z scores at 51,368 HLA LD-pruned SNP 145

variants across 2,110 traits. We applied Clorinn on this input matrix to obtain the low rank matrix X̂. For NNM-Sparse, 146

we used the NN constraint of r ≤ 155872 and ℓ1 constraint of l ≤ 1770, which were chosen by cross-validation (see 147

Supplementary Figure S1). We then used tSVD to obtain the top 200 factors and their corresponding loadings. 148

Our first goal was to analyze how the low rank matrix captures the shared genetic components. We observed that the 149

nuclear norm of the low rank matrix, ||X̂||∗ = 106525, is almost 25% of the input matrix, ∥Z∥∗ = 431234. The matrix 150

rank of X̂ was 560. We classified the 2,110 traits into 30 broad disease categories from their text descriptions, using a 151

publicly available sentence-transformers model (ls-da3m0ns/bge_large_medical). We observed that trait clusters 152

obtained from X̂ matches closely with their text-based unsupervised classification (Fig. 3). The clustering of traits using 153

tSNE is based solely on their genetic associations, while the color-coded classification in the figure is based solely on 154

their text description. Thus, the genetic association matrix contains similar information about the traits as their text 155

descriptions and allows clustering into meaningful categories. However, we emphasize that the distance between the 156

clusters in Fig. 3 has little meaning. 157

To illustrate how Clorinn captures the shared genetic components of related traits, we characterized the latent 158

components/factors F̂ and their corresponding loadings L̂; and how they capture related sets of phenotypes, genes 159

and variants in genetic associations. We used the top 200 factors for our analyses. We selected Type 2 diabetes as a 160

focal trait to explore, given its significant genetic heritability. We quantified the relative importance of the factors using 161

squared cosine scores [30]. The top 4 components of Type 2 diabetes (PC2, PC26, PC1 and PC17) explained over 55% 162

of the genetic associations (23.6%, 14.4%, 10.7% and 6.5% respectively). The PCA plots in Fig. 4a and b show the 163

loadings of all traits corresponding to these factors. The top 20 traits for each factor are annotated on the plots (top 40 164

traits for PC1). We found that height, weight and BMI related traits are the major contributors to PC1 and PC2. PC26 165

and PC17 are driven by diabetes-related traits and other major risk factors of Type 2 diabetes, including cholesterol 166

levels, indicating that these factors capture the shared genetic components of these phenotypes. 167

Next, we identified the genetic variants contributing to PC26 using the variant contribution score. In Fig. 4, we show the 168

names of theses variants and their nearest genes. Using the OpenTargets API [31], we obtained the association score 169

of each gene with Type 2 diabetes. OpenTargets associations aim to aggregate all evidence referring to the target and 170

disease and the association scores range between 0 and 1, with higher scores indicating stronger associations. We find 171
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chr12 | rs11553699 | TMEM120B | 0.001

chr6 | rs9373124 | HBS1L | 0.008

chr1 | rs1771575 | FCGR2B | 0.034

chr10 | rs11196180 | TCF7L2 | 0.688

chr8 | rs4922118 | LPL | 0.530

chr1 | rs10799911 | FCRLA | 0.000

chr19 | rs10412413 | BCAM | 0.004

chr17 | rs55701306 | TNFRSF13B | 0.006

chr9 | rs1883025 | ABCA1 | 0.072

(c)

0 1 2 3
log10 (P)

Pancreas

Liver

Ileum

Breast Mammary Tissue

Intestinal Mucosa

Kidney

Subcutaneous Fat

Embryonic Stem Cells

Small Intestine Terminal Ileum

Kidney Cortex

(d)

Figure 4: Characterization of hidden factors of Type 2 diabetes, as obtained from the PanUKB analysis. (a) Loadings of
all traits corresponding to PC1 and PC2, traits with highest variation are annotated. (b) Same as (a) for PC17 and PC26.
(c) Contribution score of variants to PC26. Labels on the y-axis include chromosome number, rsid of the variant, name
of the nearest gene and association score of the gene with Type 2 diabetes as obtained from the Open Targets API. (d)
Significantly enriched LDSC-SEG annotations for PC26.

that many genes that contribute to PC26 (e.g., TCF7L2, LPL, CETP, NECTIN2, CGR3B) have known associations 172

with Type 2 diabetes, thus establishing consistency with previous molecular findings. Finally, using stratified-LD score 173

regression [10, 32] on 205 tissue- and celltype-specific annotation, we found that PC26 was significantly enriched in 174

pancreas, liver and ileum tissues. This is concordant with the etiology of Type 2 diabetes. 175
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2.4 Application to 14 psychiatric traits 176

Clorinn results in a decomposition of the input association matrix into the sum of two matrices, X representing 177

‘uncorrupted’ entries and M representing a noise component. This can be conceptualized in a genomics context as 178

a ‘shared’ space and a ‘disorder-specific’ space. We sought to compare application of Clorinn to results of a recent 179

analysis of 14 psychiatric traits using gSEM to examine the concordance in latent factor embeddings and solution 180

properties [33]. We obtained GWAS summary statistics for each of the 14 analyzed traits using the best-powered 181

available study (Table 1). SNPs were clumped using a subset of European individuals from the Haplotype Reference 182

Consortium (HRC) as a reference with a p-value threshold of 5e−5. We excluded SNPs with missing association 183

statistics for ≥ 4 traits, resulting in a final matrix Z of 14 phenotypes with 5, 815 SNP effects each. 184

Applying Clorinn with λ = 0.016 to Z, we obtained an X matrix with nuclear norm of 867, marking a decrease from 185

the nuclear norm of the input matrix (∥Z∥∗ = 1843). The λ value was chosen to yield a M matrix with approximately 186

50% non-zero values. We applied PCA to the resultant X matrix and plotted the first two PCs (Figure 5A). We found 187

that phenotypes clustered into the categories assigned from [33]. Further, we observed that the Silhouette score was 188

higher for the first two PCs of X compared to that of Z, indicating strong clustering via application of Clorinn (0.21 189

vs. 0.06, Supplementary materials). 190

The relative contribution of traits to PCs can be assessed using the cos2 score. We derived this quantity for the first 10 191

PCs and aggregated contributions by phenotype category to compare results to latent factor embeddings from previous 192

gSEM results [33]. We find that every factor from the 5-factor model in Figure 2B of [33] is represented by at least 193

one PC in our analysis. gSEM fits a model to a genetic covariance matrix of traits using genome-wide information 194

from approximately 1.6 million HapMap3 variants per phenotype, whereas Clorinn approximates the same factor 195

structure in this phenotype panel using 5, 815 SNP effects per phenotype. We visualized the contribution of individual 196

phenotypes to PCs in Figure 5B. 197

Given the representation of our two decomposed matrices, we hypothesized that differences between the shared X and 198

disorder-specific M matrices could be informative about SNP properties. We identified 1,539 SNPs where the average 199

absolute value across phenotypes was greater in M than in X, suggesting these SNPs were more disorder-specific. We 200

expected these SNPs to be nominally significant (Z score ≥ 1.95) in fewer traits compared to SNPs with higher values 201

in X, which we considered more shared. This was confirmed: disorder-specific SNPs were significant in fewer traits 202

on average than shared SNPs, and this difference was statistically significant (Figure 5C, p = 4.9× 10−10). To more 203

rigorously assess statistical significant, we repeated this operation using 1, 000 random re-samplings of 1, 536 SNPs 204

from Z to examine if our observed P-value was due to chance rather than property differences between SNP sets. We 205

found no test statistics more extreme than our observed results in these re-samplings. Similarly, we expected that shared 206

SNPs were likely to be more pleiotropic than disorder-specific SNPs. To examine this, we calculated the HOrizontal 207

Pleiotropy Score (HOPS) [34] in each set across our 14 phenotypes and tested for a difference in means. We found 208

a statistically significant difference in pleiotropy magnitude between SNP sets, with disorder-specific SNPs having a 209

lower mean pleiotropy score than shared SNPs (Figure 5D). Across 1, 000 random samplings of 1, 536 SNPs from Z to 210

act as permuted disorder-specific SNPs, we found no test statistic as extreme as the observed p-value. 211

The degree to which PCs load on variables (traits) is given by multiplying eigenvectors by the square root of their 212

eigenvalues. A method to conduct statistical hypothesis testing of loading values was previously introduced in [35]. 213

Briefly, the relationship between raw variable values across samples and the PC value across samples is expected to be 214

t-distributed under the null assumption of no correlation; this intuition stems from the fact that larger variable loadings 215

imply stronger correlation of variables to respective PC values. The association of a variable with PC activity can be 216

formally investigated by regressing PC values across samples on input variable values. Following this procedure, we 217

regressed scaled PC1 values on each SNP individually. We found that 18 SNPs had genome-wide significant (GWS) 218

test statistics (p ≤ 5 × 10−8, Supplementary Note). We expected that these SNPs would be primarily composed of 219

SNPs significant for phenotypes in the internalizing or compulsive disorder categories based on Figure 5B. 14 of the 18 220

SNPs were GWS for either PTSD or MDD, and 4 were not significant in any of the top 4 phenotypes loaded on by 221

PC1. These SNPs were rs1604060, rs2196150, rs2865303, and rs865020. rs1604060 and rs2196150 were both included 222

as clumped SNPs associated with SCZ [36], with rs2196150 also previously reported as a significant association of 223

leukocyte quantity [37]. rs2865303 was a clumped SNP associated with TUD [38] and was previously reported as a 224

significant association of externalizing behavior [39]. Finally, rs865020 was a clumped SNP from MDD [40] with no 225

previously reported associations; it was also not GWS in MDD. 226

We used FUMA [41] to perform a suite of post-GWAS analyses on PC1. We found that genes significant via a gene-based 227

association test carried out in MAGMA were nominally enriched for brain tissues, but these results were not significant 228

after Bonferroni correction. 229
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Figure 5: A: First two PCs from PCA of ’uncorrupted’ X matrix of 14 psychiatric traits. Phenotype categories are derived
from the 5 factor gSEM model from [33]. Phenotypes are labeled by their abbreviations: AUD (alcohol-use disorder),
AN (anorexia nervosa), SCZ (schizophrenia), ANX (panic disorder), BD (bipolar disorder), TS (Tourette’s syndrome),
ASD (autism spectrum disorder), TUD (tobacco-use disorder), CUD (cannabis-use disorder), PTSD (post-traumatic
stress disorder), OCD (obsessive-compulsive disorder), MDD (major-depressive disorder), ADHD (attention-deficit
hyperactivity disorder), OUD (opioid-use disorder). B: cos2 scores per PC with associated aggregated contribution of
phenotype categories in pie charts. Category contribution is measured as the normalized cos2 score of each phenotype
to a PC aggregated by phenotype category, ordered from left to right (ascending). The variance explained by each PC
is described in parentheses. The color code corresponds to the legend of A. C: Respective distributions of number of
traits where SNPs from each set are nominally significant (Z̄ > 1.95). Shared SNPs are those with mean absolute M
values less than their mean absolute X values; disorder-specific SNPs are those with mean absolute M values greater
than their mean X values. Mean values of each distributions are denoted by dashed vertical lines, and the p-value was
derived from an independent t-test of means between distributions. SNP counts are described on the y-axis and number
of traits where SNPs are nominally significant are described on the x-axis. D: Boxplot of HOPS scores for each set of
SNPs, representing their pleiotropy magnitude [34]. The p-value was derived from an independent t-test of means of
pleiotropy magnitude across SNP sets.
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Disorder name Citation N. SNPs SNP h2 (%) Category

AUD (Alcohol use disorder) [42] 536 12.7 Substance use disorders
AN (Anorexia nervosa) [43] 233 11.0 Compulsive disorders
SCZ (Schizophrenia) [36] 1001 24.0 SCZ/BD
ANX (Panic disorder) [44] 97 28.0 Internalizing disorders
BD (Bipolar disorder) [45] 664 22.0 SCZ/BD
TS (Tourette’s syndrome) [46] 107 21.0 Compulsive disorders
ASD (Autism spectrum disorder) [47] 166 11.8 Neurodevelopmental disorders
TUD (Tobacco use disorder) [38] 528 5.0 Substance use disorders
CUD (Cannabis use disorder) [48] 295 6.7 Substance use disorders
PTSD (Post-traumatic stress disorder) [49] 730 5.3 Internalizing disorders
OCD (Obsessive compulsive disorder) [50] 80 4.1 Compulsive disorders
MDD (Major depressive disorder) [40] 844 8.4 Internalizing disorders
ADHD (Attention-deficit hyperactivity disorder) [51] 387 14.0 Neurodevelopmental disorders
OUD (Opioid use disorder) [52] 223 12.8 Substance use disorders

Table 1: Table of phenotypes included in the cross-disorder phenotype analysis. N. SNPs refers to the number of
clumped SNPs in the final pruned matrix contributed by that phenotype. SNP h2 estimates are taken from the LDSC
parameter estimate from each respective study in European populations on the liability scale [10]. Phenotype categories
are taken from the cross-disorder group analysis [33].

Finally, we applied the NNM-sparse model to examine how reproducible the factor structure of our derived X matrix 230

was across algorithms. We observed broadly similar clustering behavior and factor structure; further we observed 231

R2 = 0.611 between X derived by NNM-sparse compared to X derived by robust PCA (Supplementary Note). 232

3 Methods 233

3.1 Frank-Wolfe algorithms for rank minimization 234

We use the Frank-Wolfe (FW) algorithm [53–55] to solve the constrained optimization problem. Other methods [56] for 235

solving NNM, including singular value thresholding [27, 57] and proximal methods [58], are computationally more 236

expensive than the FW-type methods. Frank-Wolfe uses significantly less expensive linear subproblems per iteration 237

compared to the quadratic problems in the latter, which can make certain problems intractable; for e.g., the dual of 238

structural SVMs [59], or an order of magnitude increase in iteration cost for the trace norm (leading eigenvector vs. 239

SVD) [60]. For the FW algorithm, the loss function for the NNM problem is given by, 240

f (X) =
1

2

∑
i

∑
j

(zij − xij)
2
, (7)

and its gradient is given by, 241

∇f (X) = X− Z (8)

We outline the steps for FW minimization in Algorithm 1. The main bottleneck in implementing the algorithm is solving 242

the linear optimization subproblem in Line 2. The objective of the subproblem is linear even though the constraint set Ω 243

may not be. Since Ω is compact, the solution to the subproblem always exists. After finding a solution St to the linear 244

optimization subproblem, the rest of the algorithm concerns finding the appropriate step size to move in the direction 245

dictated by Dt := Xt−1 − St. The new iterate is a convex combination of the previous iterate and St. 246

The term gt is called the surrogate duality gap which is also a certificate of the current approximation quality, 247

i.e., gt ≥ f(X)− f(X̂) where X̂ is the desired solution of the optimization. Although X̂ is not known, we can easily 248

compute X and gt, which can be used as a convergence criterion. 249

Linear optimization subproblem. Denote the singular value decomposition of ∇f (Xt−1) as UDVT, where U ∈ 250

RN×K and V ∈ RP×K are orthogonal matrices, UTU = VTV = IK . The columns of U and the columns of V are 251

called left-singular vectors and right-singular vectors, respectively. D ∈ RK×K is a diagonal matrix whose diagonal 252

entries are the singular values. The rank of the matrix is K = min {N,P}. Then the solution to the subproblem in 253

Line 2 is the convex hull of the singular vectors with maximal singular value, appropriately scaled. In practice, we often 254

take the solution St ≈ −ru1v
T
1 , where u1 and v1 denote the first columns of U and V respectively [54, 55]. 255
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Algorithm 1: Frank-Wolfe algorithm for nuclear norm minimization

Input: f , ∇f , r

Initialize: X0 such that ∥X0∥∗ ≤ r

1: for t = 1, 2, . . . , T do

2: St = argmin
S∈Ω

Tr
(
∇f (Xt−1)

T
S
)

, where Ω =
{
S ∈ RN×P | ∥S∥∗ ≤ r

}
3: Dt := Xt−1 − St

4: gt = Tr
(
DT

t ∇f (Xt−1)
)

5: if gt ≤ ϵ then

6: break

7: end if

8: γt =
2

2 + t
or γt = argmin

γ
f (Xt−1 − γDt)

9: Xt = Xt−1 − γtDt

10: end for

Step size. The step size for the subproblem in Line 8 can be derived analytically. Define 256

X∗ := Xt−1 − γDt . (9)

From (7), we have, 257

f (X∗) =
1

2

∑
i

∑
j

(
zij − x∗

ij

)2
(10)

The derivative of this function is, 258

∂

∂γ
f (X∗) =

∑
i,j

(
zij − x∗

ij

)
dij

=
∑
i,j

(zij − xij) dij + γ
∑
i,j

d2ij

= −Tr
(
DT

t ∇f (Xt−1)
)
+ γ∥Dt∥2F

= −gt + γ∥Dt∥2F . (11)

Setting this equal to 0, we obtain the optimum step size as, 259

γt =
gt

∥Dt∥2F
. (12)

NNM-Sparse. As discussed in Section 2.1, we want to extract sparse outliers from the input data, and propose our 260

problem as, 261

min
X,M

1

2
∥Z−X−M∥2F subject to ∥X∥∗ ≤ r , ∥M∥1 ≤ l . (13)

We identify (X,M) as the estimand and use the Frank-Wolfe algorithm to solve (13). The loss function and the 262

gradients are given by, 263

f (X,M) =
1

2

∑
i

∑
j

(zij − xij −mij)
2
,

∇Xf = X+M− Z ,

∇Mf = X+M− Z ,

(14)
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Algorithm 2: Frank-Wolfe algorithm for sparse nuclear norm minimization (13)

Input: f (X,M), gradient map ∇f (X,M) = (∇Xf,∇Mf), r, l

Initialize: X0, M0 such that ∥X0∥∗ ≤ r, ∥M0∥1 ≤ l

1: for t = 1, 2, . . . , T do

2: SX = argmin
SX ∈ΩX

Tr
(
∇Xf (Xt−1)

T
SX

)
, where ΩX =

{
SX ∈ RN×P | ∥SX∥∗ ≤ r

}
3: SM = argmin

SM ∈ΩM

Tr
(
∇Mf (Mt−1)

T
SM

)
, where ΩM =

{
SM ∈ RN×P | ∥SM∥1 ≤ l

}
4: Dt := (DX,DM) where DX := Xt−1 − SX and DM := Mt−1 − SM

5: gt = Tr
(
DT

t ∇f (Xt−1,Mt−1)
)

6: if gt ≤ ϵ then

7: break

8: end if

9: γt =
2

2 + t
or γt = argmin

γ
f (Xt−1 − γDX,Mt−1 − γDM)

10: Xt = Xt−1 − γtDX

11: Mt− 1
2
= Mt−1 − γtDM

12: Mt = P∥·∥1≤rM

[
Mt− 1

2
−∇Mf

(
Xt,Mt− 1

2

)]
13: end for

so that the corresponding gradient map can be obtained ∇f (X,M) = (∇Xf,∇Mf). In Algorithm 2, we outline the 264

optimization steps. Here, we need to solve two linear optimization subproblem, corresponding to the two constraints. 265

The nuclear norm regularization for the subproblem in Line 2 is exactly the same as in Algorithm 1. The ℓ1 norm 266

regularization for the subproblem in Line 3 can be solved by noting that the dual of the ℓ1 norm is the in ℓ∞ 267

norm, i.e., ∥Z∥∞ := max(i,j) |zij | = max∥X∥≤1 Tr
(
ZTX

)
. Therefore, one minimizer is SM = −rMei∗e

T
j∗ where 268

(i∗, j∗) ∈ argmaxi,j |xij +mij − zij |, i.e., SM has exactly one non-zero element. In the standard FW algorithm, 269

the update for the sparse component updates only one element of the matrix (Line 11). To improve the speed of the 270

algorithm, we include an additional step within each loop to minimize the sparse component, as suggested by Mu 271

et al. [61]. Given a threshold β > 0, the projection onto the ℓ1 ball minimizes the sparse component, 272

P∥·∥1≤β [Z] = argmin
∥M∥1≤β

1

2
∥M− Z∥2F . (15)

As shown previously [61], the projected gradient step in Line 12 ensures that the objective is less than that produced by 273

the standard FW step, i.e., f (Xt,Mt) ≤ f
(
Xt,Mt− 1

2

)
. 274

3.2 Application to 14 psychiatric traits 275

We clumped SNPs per disorder using genotypes from 16,886 European individuals from the HRC as a reference with 276

the following parameters in PLINK1.9: P < 5e−5, window = 10, 000kb, r2 < 0.1 [62]. For OUD summary statistics, 277

we obtained the full panel of tested SNPs in European cohorts from the authors [52]. We then annotated SNPs by 278

position and allele using the 1000 Genomes European reference panel (SNP build 151) [63]. We filtered SNPs for 279

missingness across phenotypes, whereby SNPs not present in more than 4 phenotypes were excluded. We verified that 280

SNP values across traits were centered around zero by visualizing their Z-score distributions. We used the Robust PCA 281

algorithm from Clorinn with a λ value of 0.016 to obtain a solution with approximately 50% non-zero values in M . 282

We performed PCA on X with 10 PCs using the scikit-learn package [64]. 283
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Silhoutte scores can be used to index the accuracy of a clustering solution based on comparing the similarity between 284

points within a cluster to those in other clusters. The score can be defined per cluster k via 285

Sk =
(bi − ai)

max (ai, bi)
, (16)

where a is the mean intra-cluster distance between sample i and members of its assigned cluster, and b is the smallest 286

distance between sample i and a member of its nearest non-assigned cluster. The output of this score is bounded between 287

−1 and 1, with higher scores indicating less overlapping clusters. Distances between points were measured in the 288

euclidean space. Results reported are the mean Silhouette score across samples per solution. 289

We obtained cos2 scores via 290

cos2i =
σ2
i∑
σ2
i

, (17)

where σ is the standard deviation of PC i. 291

We tested for a difference in means between numbers of traits where SNPs are significant across sets using an 292

independent t-test of means. We calculated pleiotropy scores using a Python implementation of [34] in ’magnitude’ 293

mode, and tested for a difference in means between SNP sets using an independent t-test of means. We did not correct 294

the score for LD as minimal differences were reported in the original paper when carrying out this operation. 295

We derived an association test statistic per SNP for their association with PC values using the procedure described in 296

[35]. Briefly, we performed a singular value decomposition of the input Z matrix to obtain the right singular vectors 297

V T . The PC score is the product of the input data multiplied by the right singular vectors, yielding a N ×N matrix 298

(where N is the number of traits). The association score was obtained by regressing the scaled values of PC 1 from this 299

matrix across phenotypes on the SNP association Z-scores across phenotypes. We repeated this operation for every SNP 300

and used FUMA [41] to carry out functional enrichment of GWAS results. 301

4 Discussion 302

Clorinn showed comparable or better performance to similar methods for factor discovery in a range of simulation 303

scenarios (Figure 2). This is likely due to the fact that Clorinn first applies LRMA before factor discovery to derive 304

an outlier-free version of the input matrix. This added step ensures that subsequent analyses are not confounded by 305

large amounts of noise, or the addition of extra phenotypes/variants. This property is likely to be useful for consortium- 306

level analyses, whereby re-analysis with additional cohorts is required. Further, the Frank-Wolfe convex optimization 307

procedure guarantees reproducibility of the X matrix regardless of initialization. This convexity feature is attractive from 308

a solution stability and reproducibility standpoint. Secondly, we find that hidden factors derived via Clorinn can be 309

used to accurately cluster large groups of diverse phenotypes in a biobank-scale application, as evidence from our tSNE 310

embedding plot of 30 broad phenotype categories (Figure 3). Of particular note is the large groupings of dietary intake 311

and mental health traits respectively (light blue and brown points in Figure 3). This suggests that granular categorical 312

distinctions of phenotypes are possible even when considering large numbers of traits. In a phenotype-focused example, 313

we found PC26 as the factor loading on Type 2 diabetes to the largest degree. An examination of the underlying biology 314

via squared cosine scores establishes good concordance with previous literature on tissue enrichment and associated 315

genes (Figure 4). For example, the top variant for PC26 was mapped to TCF7L2, which has been previously identified 316

as a significant GWAS association of the condition [65]. We also observe that 4 of the top 8 variants for PC26 map 317

to CETP, a plasma protein responsible for cholesterol transport. Recent research has described the potential of CETP 318

inhibitors for the treatment of new-onset diabetes, demonstrating that our analysis can identify variants with therapeutic 319

potential [66]. We can also leverage the fact that traits can be loaded on by multiple factors for biological insight, as 320

evidenced through Figure 4B, whereby we examined variable traits along PC18 and PC26, which are the 2 top factors 321

of Type 2 Diabetes. We find that several blood traits have large variance in this plot, including albumin/globulin ratio 322

and white blood cell leukocyte count. Unsurprisingly, these traits have been previously reported as having significant 323

genetic correlations with diabetes [67]. Additionally, we find that S-LDSC results implicate the pancreas as the main 324

tissue of interest, which is relevant given that the molecular basis of Type 2 diabetes originates in this tissue [68] (Figure 325

4D). These experiments verify that biologically meaningful factors can be identified from biobank-scale data in a 326

computationally tractable and reproducible manner. Furthermore, it demonstrates that biological discovery is possible 327

at a broad scale for the identification of large category groupings, and at a more granular level via a focus on specific 328

phenotype-factor relationships. 329

Additionally, we find that Clorinn recapitulates gSEM results in our psychiatric trait application. Firstly, phenotypes 330

are shown to group based on their first two PCs according to categories defined in previous work after running PCA on 331
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the resultant X matrix [33] (Figure 5A). This is interesting given that Clorinn makes use of information from just 332

5, 815 SNPs per trait. Furthermore, we found that the mean Silhouette score was improved via application of Clorinn, 333

suggesting that the accuracy of cluster resolution is increased through derivation of an "outlier-free" SNP matrix. Our 334

squared cosine embeddings describing loading of a factor on traits showed good agreement with results of the 5-factor 335

model from [33] (Figure 5B). Specifically, we found that all factors from the 5-factor gSEM model are represented in 336

the cos2 score embeddings in at least one PC. An advantage of this approach is the reduced amount of SNP information 337

required per phenotype; additionally, a hypothesized phenotype factor structure is not required. This is useful from 338

a computational and factor discovery standpoint. For instance, we find that internalizing disorders and compulsive 339

disorders load primarily on PC1 in Figure 5B. We also observe that categories tend to contribute to PC activity primarily 340

in pairs. For example, internalizing disorders in PC1 and PC6, and SCZ/BD and substance use disorders in PC2 and PC8. 341

Further, certain phenotype categories have more specific contribution patterns to factors, such as in neurodevelopmental 342

disorders, which contributes largely to PC4 and PC10, but with no discernible category pairing. This visualization 343

technique has great potential for identifying correlated sets of traits belonging to broader groupings, especially where 344

the number of traits is large. An advantage of Clorinn from this standpoint is its potential in both biobank-scale factor 345

analysis and more controlled applications. Comparable methods are limited to the derivation of factors from larger 346

numbers of phenotypes. We have demonstrated that Clorinn can be applied to thousands of of traits. 347

We also demonstrate the discovery potential of Clorinn in our psychiatric application via statistical hypothesis testing 348

of factor loadings and the definition of pleiotropic and disorder-specific SNP sets. We found that 18 SNPs were GWS 349

after correlating variant Z scores to factor activity across phenotypes, with 4 variants reported which were not GWS in 350

any of the top 4 phenotypes loaded on by PC1. This framework has the potential to obtain proxy genetic associations 351

with unobserved latent variables, which is a conceptually similar goal to approaches such as gSEM. Our approach is an 352

attractive alternative owing to the computational ease of analysis and the sparsity of genetic information required. The 353

definition of disorder-specific SNP sets could also be used to describe properties related to the residual variance per 354

phenotype from gSEM and FactorGO, although an application of this was not explored in this work. 355

5 Limitations 356

Our simulation results did not include a direct comparison of our method to GLEANR. Our work also did not seek to 357

define residual variance of phenotypes, but the information returned by Clorinn could be used for this application. 358

Finally, while our LRMA approach has many useful properties, our resultant factors do not have a direct SNP-mapping 359

(except through the outlier-free X̂). This abstraction may makes it more difficult to interpret associated factors and their 360

constituent elements. Similarly, an important point of future research will be developing a thorough interpretation of 361

SNP X̂ values relative to the input SNP-trait associations. 362

It has recently been shown that assortative mating inflates estimates of genetic correlation[69]. Factorization approaches 363

like Clorinn will be influenced by this inflation, and it remains an open question how such analyses might be 364

appropriately corrected. 365

6 Conclusion 366

Here, we have developed a computationally efficient and flexible modeling approach to describe robust latent genetic 367

factors of an arbitrary number of GWAS results. Our method is reproducible and does not constitute a direct analysis of 368

the traits-effects matrix for the definition of latent factors, which has several attractive properties. We anticipate that 369

Clorinn can be used for analysis at the trait and variant level in a variety of applications, especially as the number of 370

phenotypes scale. 371

7 Code availability 372

All code is publicly available at https://github.com/banskt/colormann. 373
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Figure S1: Cross-validation to obtain rank threshold for NNM-Sparse FW algorithm on PanUKB data. Both error
metrics, root mean square error (RMSE, left panel) and peak signal-to-noise ratio (right panel) suggests a threshold of
r = 217.25 = 155872

.
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Figure S2: Contribution of some selected traits (shown on y-axis) on the top 100 factors (shown on x-axis) obtained
from the application of Clorinn on the PanUKB dataset. The heatmap shows the magnitude of the loadings (color
scale shown on the right). The traits were selected based on their estimated heritability (h2 ≥ 0.001), and a maximum
of 10 traits were retained for each text-based disease category, see Figure 3 in main text.

19

 . CC-BY-NC-ND 4.0 International licenseIt is made available under a 
 is the author/funder, who has granted medRxiv a license to display the preprint in perpetuity. (which was not certified by peer review)

The copyright holder for this preprint this version posted April 16, 2025. ; https://doi.org/10.1101/2025.04.15.25325870doi: medRxiv preprint 

https://doi.org/10.1101/2025.04.15.25325870
http://creativecommons.org/licenses/by-nc-nd/4.0/


C L O R I N N

60 40 20 0 20 40
PC1

20

0

20

40

60

PC
2

AUD

AN

SCZ

ANX

BD

TSASD

TUD

CUDPTSD

OCD

MDD
ADHD OUD

PCA of 'uncorrupted' X matrix (NNM-sparse)
Phenotype category

Compulsive disorders
Internalizing disorders
Neurodevelopmental disorders
SCZ/BD
Substance use disorders

Figure S3: PC1 and PC2 of NNM-sparse-derived X for the application of Clorinn to 14 psychiatric traits. The nuclear
norm constraint was chosed with a 5 fold cross validation procedure. Points are colored by their phenotype categories
as described previously.
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Figure S4: Scatter plot of X derived from robust PCA vs. X derived using NNM-sparse.
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Figure S5: Squared cosine scores for factors derived from NNM-sparse X . Legend and details are inherited from Figure
5.
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Figure S6: Manhattan plot of PC1 association statistics for 5, 815 SNPs from the application of Clorinn with the
robust PCA algorithm. Statistics were derived by regressing PC score per phenotype against raw variant values across
phenotypes from the input. Nominal and genome-wide significance lines are drawn with dashes; SNPs found to be
GWS for PC1 activity but were not GWS for any of the top 4 loaded phenotypes (MDD, PTSD, OCD, and TS) for PC1
are colored in purple and marked with a triangle. These SNPs are discussed in the main text.
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