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Abstract

Dendrites grow by stochastic branching, elongation, and retraction. A key question is whether
such a mechanism is sufficient to form highly branched dendritic morphologies. Alternatively, are
signals from other cells or is the topological hierarchy of the growing network necessary for
dendrite geometry? To answer these questions, we developed a mean-field model in which
branch dynamics is isotropic and homogenous (i.e., no extrinsic instruction) and depends only on
the average lengths and densities of branches. Branching is modeled as density-dependent
nucleation so there are no tree structures and no network topology. Despite its simplicity, the
model predicted several key morphological properties of class IV Drosophila sensory dendrites,
including the exponential distribution of branch lengths, the parabolic scaling between dendrite
number and length densities, the tight spacing of the dendritic meshwork (which required minimal
total branch length), and the radial orientation of branches. Stochastic growth also accelerated
the overall expansion rate of the arbor. Therefore, stochastic dynamics is an economical and rapid
space-filling mechanism for building dendritic arbors without external guidance or hierarchical
branching mechanisms. Our model provides a general theoretical framework for understanding
how macroscopic branching patterns emerge from microscopic dynamics.
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Introduction

Neurons have the most complex morphologies of all cells. In the fly brain alone, over 8,000
neuronal types are distinguished, primarily by their shapes (Schlegel et al., 2024; Winding et al.,
2023). Different shapes support different functions, which is beautifully illustrated in the cases of
mammalian retinal ganglion cells (Rockhill et al., 2002) and fly dendritic arborization (da) cells
(Jan and Jan, 2010). Much of the diversity in shape arises from the dendrites, which are branched
processes that extend from the cell bodies of neurons and receive signals from other neurons or
the environment. To receive many inputs, dendrites often form highly branched arbors whose
large surface areas can accommodate many post-synaptic sites or sensory receptors (Chklovskii,
2004). Branching is important because it decreases the distance from the synapses or receptors
to the cell body, thereby reducing propagation times and signal losses compared to unbranched
geometries (Cuntz et al., 2010). Propagation times are also reduced by the often-radial orientation
of the branches so that distal signals more quickly reach the centrally located cell body. Branch
points serve as intermediate sites of integration and computation of the information encoded
spatially within the arbor (Branco and Hausser, 2010; London and Hausser, 2005). In these ways,
the branched geometries of dendrites are key to neuronal function.

A fundamental question is: how do branched arbors form and grow? A partial answer
comes from live-cell imaging, which shows that dendrite growth is highly dynamic. During
neuronal development and regeneration, new branches form by lateral branching from existing
branches, and the growing tips of dendrites transition between growing and shrinking states: frog
brain (O’Rourke and Fraser, 1990; Wu and Cline, 2003), cultured (Dailey and Smith, 1996) and
acute (Portera-Cailliau et al., 2003) brain slices, retinal explants (Ing-Esteves and Lefebvre, 2024),
mouse brain (Goncalves et al., 2016), cultured neurons (Fujishima et al., 2012), living flies (Gao
et al., 1999) and worms (Smith et al., 2010). Importantly, transitions from growing to shrinking
states can occur either spontaneously or after the collision of the growing tip with another dendrite,
mediated by self-avoidance molecules (Hattori et al., 2008; Lefebvre, 2021). In fly da neurons,
where dendrite morphogenesis has been studied in detail, the dynamics is highly stochastic
(Shree et al., 2022): branching occurs throughout the arbor, and the transitions between growing
and shrinking states are random, like the dynamic instability of microtubules (Mitchison and
Kirschner, 1984).

Can the stochastic dynamics of dendrite tips generate the observed dendritic arbors of
neurons? So-called agent-based models?!, which simulate the branching and growth of each tip
individually, give a partial answer to this question. They can generate several of the observed
features of dendritic arbors in Purkinje cells (Fujishima et al., 2012), Drosophila class | cells
(Ferreira Castro et al., 2020; Palavalli et al., 2021), Drosophila class IV cells (Shree et al., 2022),
and other neurons (Ascoli and Krichmar, 2000; Koene et al., 2009; Sugimura et al., 2007; Van
Pelt and Verwer, 1985). Agent-based have several limitations, however. First, they are
complicated and may depend on the details of the simulations (Mitchell, 2009). Second, the
complexity makes it difficult to relate the large-scale predictions of the simulations, such as branch
lengths and densities, to the small-scale behavior: for example, how does branch length depend
on branching and growth rates? This will be important when relating molecular and genetic
processes underlying branching and growth to the phenotypic properties of morphologies (Jan
and Jan, 2010; Lefebvre, 2021). Third, there are other mechanisms not addressed in agent-based

! There is another class of models that follow a predetermined template (Cuntz, H., F. Forstner, A. Borst, and M.
Hausser. 2010. One rule to grow them all: a general theory of neuronal branching and its practical application.
PLoS Comput Biol. 6.); these top-down models are distinct from bottom-up agent-based models and, while they
can capture important features of dendrites, do not simulate developmental processes which is the aim of this work.
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models. For example, two-step models distinguish between “main” branches and peripheral
branches, and have successfully recapitulated the morphologies of Drosophila class Il cells,
whose branches are decorated with branchlets that depend on the actin cytoskeleton (Sturner et
al., 2022). Other models consider dendrites as a hierarchy of primary, secondary, tertiary, etc.
branches and propose that the formation of new branches depends on the position within the
hierarchy (Baltruschat et al., 2020; Heiman and Bulow, 2024; Palavalli et al., 2021). In other words,
growth may depend on the topology of the developing dendrite, which cannot be tested by agent-
based models because they have their own inherent topology.

To address the limitations of agent-based models, we developed a “mean-field” model to
test whether stochastic dynamics alone can generate observed dendrite morphologies. Mean-
field models have a rich history in physics and have successfully been applied to several areas of
biology, including electrical excitability (Hodgkin and Huxley, 1952), patterning (Turing, 1990), and
collective migration (Toner and Tu, 1998). The advantage of mean-field models over agent-based
ones is that they greatly reduce the number of variables. For example, even though electrical
excitability can be simulated by an agent-based model with thousands of individual ion channels,
it is the mean-field theory, which takes the form of the Hodgkin-Huxley equation, that revealed the
dependence of the speed of the action potential on the rate and voltage-dependence of channel
gating, axon diameter, and the passive electrical properties of the membrane (Showalter and
Tyson, 1987). In the case of dendrites, the number of degrees of freedom is reduced from the
thousands of individual branches to just the branch number density and the branch length density.
This simplification allows analytic solutions to global morphological properties such as the
statistics of branch lengths and densities in terms of the microscopic properties such as the
branching rates, tip speeds, etc. Furthermore, because branching is replaced by nucleation, the
mean-field approach does not simulate individual arbors nor consider the tree structure of the
networks. Therefore, the field does not have topology. Yet, as we show, the model can
quantitatively account for many geometric properties of Drosophila class IV cells, including branch
length distributions, branch densities and orientation, the rate of arbor expansions, and several
empirical scaling laws. Thus, mean-field models can test whether topology is necessary for arbor
geometry. We discuss how the model could provide insight into mutations and how the model,
which is formulated for two-dimensional arbors, might generalize to other neurons, including those
with 3D arbors.

Results

Class IV da neurons form a dense network of dendritic branches

We used fly sensory neurons to investigate the relationship between the dynamics of dendrite
branches and arbor morphology. The highly branched arbors of Drosophila class IV da
nociceptors sense noxious stimuli, including heat (Tracey et al., 2003), ultra-violet light (Xiang et
al., 2010), and harsh mechanical stimuli (Hwang et al., 2007) over a large area of the larval surface
(Figure 1A,B) (Jan and Jan, 2010; Shree et al., 2022). Because the dendrites grow on the
approximately planar surface of an extracellular matrix (Han et al., 2012), the arbor is quasi-two-
dimensional: this simplifies image processing and theoretical analysis. By 48 hours after egg-lay
(AEL), the arbors fill the larval segments with a fine meshwork of dendrites (called “tiling” (Grueber
et al., 2002)), which serves to detect acute localized stimuli such as penetration of the cuticle by
the ovipositor barbs of parasitoid wasps (Robertson et al., 2013) (Figure 1A). Electrical signals,
initiated by cell-surface receptors, are conducted to the cell body before being relayed to the
central nervous system (Basak et al., 2021; Terada et al., 2016) where they initiate escape
responses, such as rolling, to displace the wasp before it lays an egg (Hwang et al., 2007). While
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these dendrites do not receive synaptic input, their morphology (Lefebvre, 2021) and topology
(Liao et al., 2023) resemble those of central neurons such as retinal ganglion cells and Purkinje
cells, which are also approximately planar. Therefore, principles learned from class IV cells may
provide insight into other 2D arbors (and see Discussion for how the principles may extend to 3D
arbors).
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Figure 1: Growth of class IV neurons during development. A Schematic of a Drosophila larva from the
dorsal side attacked by a parasitoid wasp. Larval body plan axes are marked with anterior (A), posterior (P),
dorsal (D), ventral (V), dorsal left (DL), and dorsal right (DR). The size of the larva is exaggerated in
comparison to the wasp. B Class IV neurons (48 hours after egg-lay, AEL) are marked with the
transmembrane protein CD4 tagged with green fluorescent protein (GFP) (genotype is ;;ppkCD4-tdGFP) and
imaged using a 40x water immersion objective by spinning-disk confocal microscopy and displayed as the
maximum projection of 10 sections (see Methods). The scale bar is 100 um and also applies to panels C-E.
C-E Coarse-grained dendrite length density of class IV neurons at 24 (13 cells from 10 animals), 48 (12 cells
from 12 animals), and 96 (9 cells from 9 animals) hours AEL, respectively. The rectangles represent the
corresponding average segment sizes at each developmental stage, with grey-shaded regions being the
standard error of the mean (9 cells from 3 animals for each developmental stage). F,G Mean dendrite length
density along the AP and LR axes at different developmental stages: 24 hours in red, 48 hours in purple, and
96 hours in yellow. The scales in F-G are the same as for B-E.

Over the five days of development, class IV arbors grow from 100 um to 500 uym in diameter
(Figure 1C-E; (Grueber et al., 2002)). The length density of dendrites, defined as the total branch
length per unit area, reaches a plateau in the central region (uniform color in Figure 1C-E),
suggesting that a steady state has been reached there. The density then spreads as a moving
front (Figure 1F-G). The plateau levels decrease by about 50% over development (see Figure 4B
legend for statistical analysis) while the widths increase 5-fold (see Figure 5B legend for statistical
analysis).

There are two types of branches (Figure 2A,B): terminal branches extend from a branch
point to a tip, and internal branches connect either two branch points or a branch point and the
soma. The number of terminal branches is approximately equal to the number of internal branches
(Figure 2A). The average lengths of terminal and internal branches are also similar (Figure 2C).
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Both types of branches have exponential length distributions, with similar means at all
developmental stages (Figure 2D, Figure S1A-C).

Dendrite branches tend to be radially oriented: the angle (6 in Figure 2A) that each branch
makes with its radial direction (example in Figure 2E) is peaked in the outward direction (Figure
2F-H, Figure S1D-F). Further analysis revealed that internal branches predominantly contribute
to this peak (Figure 2H), whereas terminal branches are more isotropic (Figure 2G). In this work,
we show that these properties are a consequence of the dynamics of the dendrite tips of these
cells.
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Figure 2: Distribution of branch length and orientation. A The schematic illustrates branch classification. A
terminal branch extends from a branch point to a tip, while an internal branch connects either two branch points
or a branch point and the soma. For a binary tree, the number of terminal branches exceeds the number of
internal branches by one. Theta (8) denotes the angle of the branch relative to the radial direction (red dashed
line). B The skeleton of an example class IV neuron at 48 hours AEL showing terminal branches in blue and
internal branches in brown. C The average lengths of terminal and internal branches are similar (61 cells ranging
from 24 to 120 hours AEL). The black line has a slope of one. The black point corresponds to the cell in A.
Insets show the terminal and internal branches of the dendrite in A. D Branch lengths at 48 hours AEL are
shown with exponential fits (ignoring the first bin). E The branches in the same cell as A are color-coded by
radial angle. F-H Radial-angle distributions for all branches, terminal branches only, and internal branches only
at 24 and 96 hours AEL. The distributions are peaked in the outward direction in F and H but remain mostly flat
in G.

Branching, growth, retraction, and branch interconversion occur on short timescales

The dendrite tips of class IV cells are highly dynamic on the minute timescale. As previously
reported by Shree et al. (2022), after the formation of a new branch (which occurs on both terminal
and internal dendrites), tips grow, shrink, and pause, and following collision with the shaft of
another dendrite, they retract and disappear (Figure 3A,B). In addition to these behaviors, we
discovered that branches sometimes reappear at the sites of disappearance (Figure 3C). We
measured the probability of reappearance, f, which we call the rebranching probability, and found
it to be ~0.2 throughout development (Figure 3D). The rate of rebranching is much larger than
expected for de novo branching (Figure 3E, see "Experiments and Image Analysis" in Methods
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for details). Rebranching is important conceptually (see Box 1), and it improves the quantitative
agreement between the model and the data. The rates of branching, growth and shrinkage, and
the transitions between states, together with rebranching, are the input to the mean-field model
(Table 1).

Branching and debranching can create and destroy terminal and internal branches. When
a new branch forms on a terminal branch, the proximal part of the terminal branch becomes a
new internal branch (Figure 3A and see Figure S2A). Conversely, when one of the sibling terminal
branches disappears, the parental (internal) branch fuses with the sibling to become a longer
terminal branch (Figure 3B(iii) and Figure S2B-C). In these cases, terminal and internal branches
interconvert. In contrast, branching and debranching on an internal branch do not interconvert
branch types (Figure S2D-F). These are the rules by which terminal and internal branches are
created and lost. The net result is that the numbers and length distributions of internal and terminal
branches are equal (Figure 2C,D and Supplementary Equation S8).
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Figure 3: Dendrite dynamics. A Time-lapse images illustrating the microscopic behavior of dendrite branches
at 24 hours AEL. B Schematics of the branch dynamics in A. Growing, shrinking, and paused tips are indicated
by green, magenta, and orange arrowheads, respectively. The green arrowheads with radiating lines indicate
branching events. The faded green arrowhead with a dashed line indicates a collision. The faded magenta
arrowhead indicates spontaneous branch disappearance. C Time-lapse images of a 24-hour class IV dendrite
tip showing a debranching event (arrowhead indicates the site of tip disappearance) and the subsequent
rebranching (white circle). D The probability of rebranching within 20 min of debranching at different
developmental stages (24 hours: 12 cells from 6 larvae, 48 hours: 6 cells from 6 larvae, 96 hours: 6 cells from
6 larvae). The points represent cells, and the box-and-whisker plots represent animal averages: long horizontal
lines are medians, the boxes enclose the second and third quartiles, and the short horizontal lines (whiskers)
show the range. If rebranching were simply due to spontaneous branching near the debranching location (within
+ 2 pixels), then the probability of a spontaneous branch in a 15-min recording time would be 0.07 (24 hours,
106-nm pixel), 0.021 (48 hours, 162-nm pixel) and 0.012 (96 hours, 162-nm pixel), smaller than the observed
probabilities. The differences between ages are not statistically significant (ordinary ANOVA, Tukey correction,
5% level). E Time to rebranch at different developmental stages. (24 hours: 71 rebranching events from 6 larvae,
48 hours: 22 events from 6 larvae, 96 hours: 44 events from 6 larvae). Box-and-whisker plots are defined as in
D. Spontaneous branching would lead to apparent rebranching times of 300 min, 1000 min, and 1700 min
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respectively, much longer than the observed times. The differences between ages are not statistically significant

available under aCC-BY-NC 4.0 International license.

(ordinary ANOVA, Tukey correction, 5% level).

Table 1: Microscopic parameters associated with dynamic dendrite tips

Parameter Symbol Unit 24 hr AEL 48 hr AEL 96 hr AEL Source
Branching rate ky mint.um? | 0.0082+0.0017 | 0.0016+0.0007 | 0.0009+0.0006 *
Growing speed Vg um-min-t 1.61+0.60 1.62+0.67 1.64+0.91 *
Shrinking speed Vg um-min-t 1.53+0.59 1.08+0.46 1.33+0.61 *
Transition rate kcp min? 0.784+0.036 0.933+0.044 0.923+0.034 *
Transition rate kcs min? 0.640+0.033 0.435+0.030 0.799+0.032 *
Transition rate kpg mint 0.335+0.015 0.155+0.007 0.116+0.004 *
Transition rate kpg min 0.314+0.014 0.235+0.009 0.117+0.004 *
Transition rate ksg mint 0.598+0.033 0.282+0.022 0.575+0.027 *
Transition rate ksp mint 0.946+0.041 1.251+0.045 1.276+0.040 *

Drift velocity v um-min-t 0.038+0.019 0.027+0.018 0.022+0.018 **

Diffusion D um?-mint | 0.5039+0.0443 | 0.2673+0.0691 | 0.0216+0.0332 **
Rebranching B : 0.19+0.04 0.1740.05 0.19+0.02 o
probability
Geometric factor a - 1.564 1.462 1.359 i
Diffusion factor y - 0.602 0.580 0.678 okkk

The subscripts G, S, and P denote growing, shrinking, and paused states. The transition rate kgp there denotes the
rate of transition between the growing and paused states. The errors are SEs except for the branching rates and
speeds, and rebarnching probability which are SDs.

* Shree et al. (2022). ** Calculated from the transition matrix (Methods). *** Figure 2D. **** See text and Methods.

Three-state mean-field model

In this section, we describe the mean-field model in non-mathematical language. The equations
are formulated in Box 1 and solved in the Methods. In the mean-field model, every position in the
arbor is associated with four properties: average branch number density (N, branches per unit
area), average branch length density (p, the branch length per unit area), the distribution of branch
lengths, and the distribution of the radial orientation of the branches (relative to the radial angle).
The branches can be growing, shrinking, or paused and switch stochastically between these
states, analogous to the dynamical instability of microtubules (Dogterom and Leibler, 1993). We
initially focus on terminal branches. Internal branches are accounted for quite simply because
they have similar numbers and lengths to terminal branches (Figure 2C,D and Supplementary
Information: "Full Model" section). This mean-field approach is a great simplification over agent-
based models, which keep track of the hierarchical order of thousands of growing and interacting
branches.

Branching is implemented as nucleation proportional to the local dendrite length density.
This mimics random branching along existing branches, consistent with spatially uniform
branching throughout the arbor (Shree et al., 2022). This leads to spatial homogeneity in the
central region of the arbor (Figure 4A). By modeling branching as nucleation, the arbor can be
thought of as a set of directed lines (Figure 4B,C) with no topology. Branching is assumed to be
isotropic, without directional preference, similar to the observed broad distribution of new
branches (Shree et al., 2022). This leads to isotropic terminal branches in the central region.
Branches are born in the growing state, and then stochastically transition between the three states
(growing, shrinking and paused) according to the measured rates (Table 1). The branches are
assumed to be straight, consistent with their high persistence length (Shree et al., 2022). In our
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implementation of the model, there are no external cues that could lead to inhomogeneities or
anisotropies.

Collision is modelled as the instantaneous elimination of growing dendrites with pre-
existing branches. This is motivated by the observation that, following collision, the dynamics is
strongly biased towards the shrinking state (Shree et al., 2022). The collision rate increases with
the average growth speed, v, as in a chemical reaction, and also increases due to the length
fluctuations caused by stochastic growth (a positive fluctuation may cause a collision sooner than
if the growth were constant). This latter contribution is proportional to the diffusion coefficient D
associated with the stochastic growth ((Dogterom and Leibler, 1993) and see Methods: “Drift and
diffusion”).

Although this coarse-grained approach overlooks the fine structure and topology, it is
amenable to mathematical analysis and has predictive power. The mathematical model in Box 1
is solved analytically in the Methods. In parallel, we implemented a directed-rod simulation that
mimics the mean-field representation (Figure 4C, Methods: "Directed-rod simulation" section),
which provides a visualization of the mean-field model, allows us to determine collision-associated
geometric pre-factors, and serves as a check on the analytic solutions.
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Figure 4: Mean-field model. A Schematic of a radially symmetrical class IV dendrite. The red arrow shows the
radial direction within the black-box region. B Zoomed-in view of tip dynamics. Terminal branches (blue)
transition between growing (green), shrinking (magenta), and paused (orange) states. Branches are lost in two
ways. Either they collide with their base (length zero) in the shrinking state, or they collide with another branch
and disappear. New branches are born by spontaneous branching or by regrowing following shrinkage to zero
length (“rebranching”, green arrowhead with radiating lines on top of a faded magenta arrowhead). Each branch
has length [. C An example frame from the directed-rod simulation. D Schematics of the mean-field model.
Dendrite densities of the growing (green), shrinking (magenta), and paused (orange) states are represented
along the branch length axis with their corresponding colors. Dependence of dendrite densities on radial angle,
radial position, and time are omitted. Green arrowheads represent the flow of growing dendrite density toward
longer branch lengths due to elongation. Magenta arrowheads represent the flow of shrinking dendrite density
toward shorter branch lengths due to retraction. State transitions are shown by grey triangles perpendicular to
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the length axes. Collision-based disappearance of growing dendrites is represented by black parallel arrows
pointing away from the growing length axis. Additionally, boundary fluxes from branching, rebranching, and
spontaneous disappearance are plotted at the left zero-length boundary (I = 0).

Box 1: Three-state mathematical model
The mean-field equations for the dendrite densities ny(r, [, 8, t) for terminal branches with length
[, with radial angle 6, at radial position r, at time t, in state X € (G, S, P) are:

ong(r,1,0,t on v
M = —(kgs + kgpIng + ksgns + kpgnp — UGa_lG — Ko (r,)ng — 7GR(7”: O)ng €Y

at
ong(r,1,0,t) ong v
ST = kGSnG - (kSG + ksp)ns + kpsnp + Vg a_ls + 737?«(7‘: H)ns (2)
onp(r,1,0,t)
PT = kgpng + kspng — (kpg + kps)np ®3)

See parameter descriptions in Table 1. The 0" and 1%t order moments of the dendrite
density ny(r,1,0,t) in state X € (G, S, P, I) with respect to [ and integrated over 6 are:

Ny(r,t) = f " a6 j Cdlng (1.6, 6) @
-1 0

T [o'e]
p(r,t) = f a6 f dll-ny(r 1 6,t) )
-1 0

We call Nx(t) the number density (number of dendrites per unit area) in state X and call px(t) the
length density (dendrite length per unit area) in state X. In addition, we let Ny = Y.x¢(gs,p) Nx and
pr = Xxe,sp)Px be the terminal branch number and length density, respectively. The total
number and length density including internal branches are adjusted by doubling those of terminal
branches, vyielding Ny, = 2Nt and py; = 2pp . See Supplementary Information for formal
derivations using a full model with terminal-internal branch interconversions. The average branch
length equals [ = pyo/Niot-

The three left-most terms in Equations (1)-(3) are the tip transitions between the three
states, with rates given in Table 1. The transitions are assumed to be Markovian, for which there
is experimental support (Shree et al. 2022). The fourth term —v; dng/dl in Equation (1) and
vg dng/dl in Equation (2) describe how elongation or retraction physically shifts the dendrite
densities at a certain length. These terms are an extension of the Dogterom-Leibler model of
microtubule dynamic instability (Dogterom and Leibler, 1993) to three states.

The term K., (r, t)ng in Equation (1) is an empirical collision term. Using directed-rod
simulations, we found the collision rate to be K., (t) = [avp(t) + a?yDp?(t)|N(t)/Ng(t), where
the first and second term represents the advective and diffusive component of collision (Methods:
Fitting of collision parameters). Here, « and y are two empirically determined dimensionless pre-
factors that depend weakly on the dynamic parameters. Note that N(r,t)/Ng(r,t) is a
normalization factor to ensure all collisions occur in the growing state.

The terms with the transport operator R(r, 8) = cos 6 9, — sin 6 (1/r)d, in Equations (1) and
2 correspond to changes in radial position and orientation due to branch elongation and retraction.
A factor of 2 appears because the branch midpoints, where position and orientation are
measured, move at half the speed of the tips.

The boundary condition at length zero (I = 0) is:
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kop(r,t) = " d6 [vgng(r,1 = 0,6,t) — Brsns(r,1 = 0,6,0)] (6)

The left-hand side is the rate of increase of the number of new dendrites per unit area due to
branching nucleation with rate ky, (per unit length per unit time). The right-hand side is the rate at
which these newly formed dendrites move away from zero length less a rebranching term, which
effectively increases nucleation when a fraction g = 0.2 (Figure 3D) of shrinking branches switch
to growing.

One-state model

Before describing the predictions of the three-state model, we first present the results of a simpler
one-state model where branches grow with a constant velocity v without pause or shrinkage, and
branches disappear only by collision (Methods: "Steady-state solution of the one-state model").
This corresponds to the limit where the state transitions occur at high frequency. The solution
(Table 2) shows that the macroscopic mean-field properties of the arbor—number density (N),
length density (p), and mean length (I)—can be expressed simply in terms of the microscopic
properties of the tips—the branching rate (k;,), the velocity (¥), and the collision frequency («).

For example, at steady state, the branch birth rate per unit time (k1) is equal to the branch death

rate (/1) due to collisions; therefore, the mean length is [ « ./#/k,. The predictions from the one-
state model, however, do not agree quantitatively with the data (red circles in Figure 4A), showing
that stochastic transitions between the three states are, therefore, important.

Table 2: Predictions of the one-state model

Parameter Formula
Steady-state dendrite number density (N) N = 2k, /(aD)
Steady-state dendrite length density (p) p= (W) Ja
Average branch length (1) I=p/N=.9/2k,
Number-length parabola N = ap?
Expansion rate (c), decay length (1) c=v/2,A=0

See Table 1 for definitions of parameters. a = 0.75 is the collisional prefactor for the one-state model calculated
from simulations (Methods). The factors of 2 in length and density reflect correction for internal branches.

The three-state model predicts the observed branch lengths and densities in the center of the arbor

To compare the model with the data, we obtained steady-state solutions to the three-state model
using the measured microscopic parameters in Table 1. Both numerical (Figure S4) and analytic
(Equation (14)) solutions show that the steady state is reached in only a few hours, being limited
by branching, which has the slowest rate in the system. Because this time is much shorter than
the days-long developmental time, the central region can be regarded as being in a quasi-steady
state throughout development. With internal branches incorporated, the mean-field model predicts
that the length distributions are exponential, as observed (Figure 2D). The exponential distribution
is a consequence of tip dynamics and collisions being independent of branch length, so that
branch survival is a Poisson process. The model predicts the measured average dendrite lengths
and length densities at all developmental stages (Figure 5A,B); the agreement is improved when
the rebranching is included. These agreements show that stochastic dynamics accounts for the
average densities in the central plateau region.
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Figure 5: The mean-field model predicts the steady-state branch lengths and densities. A Experimental
measurements (grey circles) of average branch length at three developmental stages: 24 hours (13 cells), 48
hours (12 cells), and 96 hours (9 cells) AEL. The means and standard deviations are superimposed as vertical
bars. The model predictions with rebranching probabilities, B, varying from 0 to 1 are visualized by color-coded
bars; the measured value of 0.2 is indicated by the red rectangle. The crosses are the decay lengths of the
measured exponential distributions. Predictions from the one-state model are shown in red circles. Statistical
comparisons are done using ordinary one-way ANOVA with Tukey's correction (see Methods: Statistical
Analysis for details). B Measurements and model predictions of average length density. See A for details.
Statistical comparisons are done using ordinary one-way ANOVA with Tukey's correction (see Methods:
Statistical Analysis for details). C The parabolic relation between number density and length density. Each point
represents a different cell. The solid line is predicted by the model using the parameters at 48 hours AEL in
Table 1. Parameters from 24 and 96 hours AEL produce similar results. D The same data are plotted on a log-
log axis, together with data from Horizontal System (HS) cells from Drosophila melanogaster and from the larger
fly, Calliphora erythrocephala) (Borst and Haag, 1996; Cuntz et al., 2013). The model prediction is shown as
the green line. The linear fit to the class IV data is Ny, = apl,, with @ = 0.84 (+ 2SE range 0.69 to 0.98) and
p =1.84 (+ 2SE range 1.75 to 1.94). The fit to the simulation (shown as the black line) has a« =1.03 (+ 2SE
range 1.02 to 1.04) and p =2.01 (£2 SE range 2.01 to 2.02). E The mesh size for class IV cells at various
developmental stages (green circles), directed-rod simulations (orange circles), agent-based simulations (blue
squares), Voronoi tessellations (purple diamonds), and Delaunay triangulations (red triangles). The black
dashed line has a slope of 2 — /2, the ratio for the regular tilings, the lower dotted line has a slope of 0.5, the
slope for equally spaced horizontal lines, and the upper dotted line with a slope of In2 = 0.69, the slope for
randomly spaced horizontal lines. F Tilings of the plane by triangles, squares, and hexagons (left) and class IV
dendrites, Voronoi tessellation, and an agent-based simulation. All are plotted with the same length density.
The red circles are the inscribed circles of the polygonal tilings. The blue circles represent the mesh size, circles
that have a 50% chance of intersecting with the branches.
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The model predicts the parabolic relationship between number and length densities

We found that, throughout development, the number density (N) is approximately proportional to
the square of the length density (p) in the central region (Figure 5C). This approximately parabolic
relationship between N and p is predicted by the mean-field model (Figure 5C, solid curve,
Methods: "Parabolic relation") using the parameters in Table 1. The one-state model predicts an
exact parabola. The parabolic relation was first found by (Cuntz et al., 2012); importantly, our work
shows that the parabolic scaling follows from stochastic branching (without making assumptions
about optimal wiring that were made in the Cuntz model).

Horizontal system (HS) cells in the central nervous systems of Drosophila and Calliphora
show a similar scaling relationship (Cuntz et al., 2013). Interestingly, the data from class IV
dendrites fall on the same line as the data from the horizontal-cell dendrites (Figure 5D), which
are also quasi-two-dimensional. This raises the possibility that horizontal cells develop by a similar
tip-driven process.

Class 1V cells have a small mesh size similar to reqular polygonal tilings

To quantify the space-filling properties of planar meshes, we defined the mesh size as the
diameter of the circle that has a 50% chance of intersecting with a line in the mesh (Ganguly et
al., 2016). It is the median size of the “holes” in the mesh. A similar concept to mesh size, termed
space coverage, is defined in (Baltruschat et al., 2020). Class |V cells have a mean mesh size of
4 um, which ranges from 2 ym to 7 ym over development (Figure 5E, green circles). Because the
mesh size is similar to the diameter of the tip of the ovipositor (5 um at its base, Robertson et al.
(2013)), the geometry of the class IV cells is well suited for the avoidance reflex: an ovipositor
barb that has a >50% chance of making a direct hit on a branch.

As a benchmark for the economy of meshes, we calculated the mesh size of regular tilings
of the plane by triangles, squares, and hexagons (Figure 5F, left column). Unexpectedly, all
regular tilings have the same slope of 2 —v/2 = 0.59 when the mesh size is plotted against the
inverse of their length density (Methods: Tilings by regular polygons). Class IV cells (Figure SE,
green circles), agent-based simulations of class IV cells (Figure 5E, blue squares, (Shree et al.,
2022)), and Voronoi tessellations (Figure 5E, purple diamonds), all fall on the same line with slope
2 —+/2. This means that for a given total length of branches, these different tilings have the same
mesh size: they fill up the space equally economically. Equally spaced parallel lines and directed-
rod simulations (Figure 3E, orange circles) have a smaller slope of 0.5 and are, therefore, more
economical, presumably because they do not contain branch points. Other meshes are less
economical: randomly spaced parallel lines have a slope of In2 =0.69, and Delaunay
triangulations have even larger slopes (Figure 5E, red triangles).

These comparisons show that the class IV arbors economically cover the plane. Therefore,
the bottom-up stochastic growth process, governed by purely local rules, generates global
structures with optimal properties, similar to structures obtained using top-down design principles
such as regular polygons and minimal-spanning-tree models (Baltruschat et al., 2020).
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Figure 6: The mean-field model reveals that arbor expansion is driven by length fluctuations. A Measured
arbor diameters are plotted from 24 to 120 hours AEL along the anterior-posterior (AP) and left-right (LR) axes.
Growth initiates at 16 hours AEL from a soma of size 10 um (black hollow circle). Cubic regressions used to fit
the front speed are shown in solid lines. B Dendrite length density along the LR axis is normalized by its central
density. Solid lines show the mean front profiles at 24 (red), 48 (purple), and 96 (yellow) hours AEL, averaged
from individual neuron front profiles shown in faded lines aligned at 10% of their central length density. The
lower 25% of the densities are fitted with exponential functions (dashed lines) to estimate the decay length. C
Allowed values of the front speed ¢ and decay length A by Equation S10. The marginally stable solution
coincides with the global minimum of the front speed confined on the c-A curve (solid circles). The average
measured front speed and decay length along the LR axis are visualized by solid triangles. Error bars show
standard deviations in front decay length. D Numerical solutions of the dendrite density at 1600 minutes from
an initial isotropic sigmoid front of radius ~10 um. The computation uses parameters at 48 hours AEL. E-F Front
speed and front decay length from measurements along AP and LR axes, theoretical predictions, and numerical
solutions at 24, 48, and 96 hours AEL. Error bars are estimated with bootstrapping.

The model predicts the arbor expansion speed and the decay length of the moving front

To measure the arbor expansion rate, we fitted the arbor diameter in the LR and AP directions to
a cubic equation and calculated the slope at 24, 48, and 96 hours (Figure 6A). The expansion
speed, which is half of the slope, was larger in the LR direction than in the AP direction (Figure
6E), consistent with the larger sizes of the cells in the LR direction (Figure 1C-E). The speed
decreased from 0.03-0.05 pm/min at 24 hours and 48 hours to 0.01-0.02 pm/min at 96 hours.
These expansion speeds are 30- to 100-fold slower than the “instantaneous” growing and
shrinking speeds of the tip, showing that the timescale of arbor growth is well separated from the
timescale of tip growth. To characterize the front shape, we fitted an exponential curve, e™"/4, to
the peripheral length density (Figure 6B) to obtain the decay length A, which is approximately 4
pum throughout development (Figure 6F).

To predict the front speed (c) and decay length (1), we solved Equations (1)-(3) in a co-
moving frame z = r — ct. To facilitate solution, we made three well-justified assumptions in the
distal front: we omitted the internal dendrite density (because terminal branches are in the
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majority), we dropped the collision term (because it is second order in density, which is small), we
set the radial transport term (sin6 /r)d/00 to zero (because it decays as 1/r). Using an
exponential trial solution, e~?/*, we obtained a constraint on the allowed values of ¢ versus 1 as
shown in Figure 5C (Equation 16). The marginally stable solution c,, must satisfy dc/dA|.-. =0

(Van Saarloos, 2003). This condition pinpoints the emerging front speed c,,, as the minimal speed
along the c-1 curve, which corresponds to a singular solution for the decay length A,,.

The model’'s predictions for the front speed and decay length are shown in Figures 6E-F.
To validate these theoretical predictions, we also solved the mean-field equations numerically
(Figure 6D, Methods: Numerical solution): the theory and numerical solutions were in good
agreement (Figure 6E, F). The predicted front speed aligns well with the experimental values at
48 hours. However, the predictions exceed the measurements by approximately two-fold at 24
and 96 hours. We believe that the slower-than-predicted front speed at 24 hours is partly due to
asymmetric growth: on the LR axis, growth preferentially takes place towards the center line,
reducing the expansion speed by roughly half (Figure S5A). The slower-than-predicted front
speed at 96 hours can be explained by dendrite expansion being limited by the diameter of the
segment, which grows more slowly than the arbor can expand (Figure S5B). The predicted decay
lengths are in good agreement with the experiments at all developmental ages (Figure 5F). In
summary, our model semi-quantitatively agrees with the expansion of class IV neurons, especially
before tiling.
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Figure 7: Length fluctuation increases arbor expansion speed. A Phase diagram of front speed as a
function of the tip drift velocity (x-axis) and effective diffusion coefficient (y-axis). The black circle corresponds
to the measured average tip speed at 48 hours AEL. The black curve represents the contour of constant front
speed passing through the black circle. The red curve indicates the phase boundary, which represents a
threshold below which the arbor cannot grow. B Simulated arbor sizes after 1000 minutes using different mean
tip velocities and length fluctuations indicated in A. |: data at 48 hours. Il: zero average tip speed. lll: increased
average tip speed. IV: Increased fluctuations. V: Decreased fluctuations. The color code represents normalized
dendrite density. Representative directed-rod simulations are superimposed.

Length fluctuations increase the expansion speed

To determine how tip stochasticity impacts expansion, we calculated how tip drift velocity () and
tip diffusion (D) (calculated from the transition rates, Methods: Drift and Diffusion) individually
affect the expansion speed (Figure 7A). Expansion can occur even when the drift velocity is less
than zero (to the left of the vertical dashed line in Figure 7A), showing that fluctuations can drive
growth. We calculated the boundary in phase space that separates growth from no growth
analytically (red line in Figure 6A, Figure S7). The boundary curve is a 2D generalization of the
critical concentration in the Dogterom-Leibler model of microtubule dynamics, which separates
the regions of bounded and unbounded growth. Our analysis shows that most of the expansion
speed of real neurons (black pointin Figure 7A) can be attributed to the fluctuations: if tip diffusion
is reduced to zero (D = 0), the expansion speed would decrease roughly four-fold from 0.054
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pm/min to 0.014 um/min (V in Figure 7A,B), equivalent to the one-state model; whereas if the drift
velocity is reduced to zero (v = 0), the expansion speed would only decrease by 37% to 0.034
pm/min (Il in Figures 7A,B). The influence of tip dynamics on expansion speed is illustrated by
the directed-rod simulations in Figure 7B. In conclusion, fluctuations, which are rectified by
branching, play a major role in driving the expansion of dendritic arbors.

The model predicts radial branch orientation

The branches of class IV cells tend to be radially oriented (Figure 2F-H) (Shree et al., 2022),
especially internal branches. To understand this, we plotted the radial orientations in the frontal
and central regions of the arbor: within the frontal region (grey area in Figure 8A), there is a clear
radial orientation of both the terminal (blue) and internal (brown) branches (Figure 8B). This is
well-accounted for by the model (Figure 8B, solid line): the radial orientation in the front arises
because outwardly oriented branches grow fastest in the radial direction (due to the cos 8 in
transport term) and are less likely to collide with other branches. In the central region, the model
predicts that the radial orientation of terminal branches is lost due to isotropic branching, as
observed (Figure 8C, solid line). By contrast, internal branches retain radial orientation in the
center (Figure 8C, brown histogram); we propose that this is because the radial orientation of
frontal terminal branches is “locked in” when they convert to more stable central internal branches.
These conclusions are supported by the simulations (Figure 8D-F).
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Figure 8: Radial orientation of dendrite branches. A The dendrites are separated into frontal and central
regions. The same skeletonized neuron as in Figure 11 is shown (48 hours AEL). B, C Radial-angle distributions
of terminal and internal branches at 48 hours AEL within the frontal and central regions, respectively. The black
curves represent mean-field predictions using 48-hour parameters, agreeing with the terminal-branch
distributions. D The radial orientation of dendrites computed from directed-rod simulations is visualized by the

order parameter |Zj”=1 elfi /M| (zero corresponds to a uniform radial distribution). The left and right halves

depict, respectively, the order parameter from the mean-field theory and the directed-rod simulations. The right
half is overlaid with a representative configuration snapshot from the simulation. E, F The directed-rod
simulations (histograms) align closely with the mean-field theory (solid line).
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Discussion

Using a mean-field model, we have shown that the stochastic dynamics of dendrite tips generates
many of the morphological properties of class IV da dendrites as they grow during larval
development. These properties include the exponential distribution of branch lengths (Figure 2D),
the mean dendrite length (Figure 5A), the dendrite length density (Figure 5B), and the
approximate parabolic scaling between dendrite number and length densities (Figure 5C). It also
predicts the tight spacing of the dendritic meshwork (Figure 5E) and shows that they space-fill the
segments as economically as regular tilings. The model accounts for the radial orientation of
terminal branches in the proximal region and explains the radial orientation of internal branches
in the distal region if we make the additional, reasonable assumption that the orientation of internal
branches is locked in by the branching process. Additionally, the model also shows that stochastic
dendrite dynamics accounts for the expansion of the arbor and that fluctuations, caused by
transition between growing, paused, and shrinking states, increase the expansion rate.
Importantly, there are no free parameters: the microscopic parameters suffice to specify the
macroscopic dynamic morphology.

The mean-field model provides analytic expressions of the geometric properties in terms
of the microscopic parameters. While the analytic expressions are complicated for the full three-
state model, the one-state model gives simple formulae: the average length is related to the

branching rate (k,) and the tip growth rate () by [ = \/#/2k, the branch number density is
proportional to k;, /¥ and the arbor expansion rate is /2. Such simple expressions illustrate the
benefit of the mean-field approach over the agent-based approach.

There are two other important conclusions. First, because the model contains no
interactions with the substrate or other cells, the morphogenesis of class IV cells can be
accurately modeled by a self-autonomous process. The one exception is that signals arising
from the adjacent endothelium restrict the cells to their segments (Parrish et al., 2009), so that
growth is slowed after 48-72 hours, when tiling is complete. Extracellular cues have been shown
to be important for dendrite morphogenesis in other cells, such as Purkinje cells (Joo et al.,
2014). We expect these external signals will add complexity to the stochastic dendrite growth
model by making the dynamics dependent on location within the arbor. Second, because the
mean-field model has no topology (the arbor is a set of disconnected rods), hierarchical
branching mechanisms are not necessary in the determination of class IV dendrite geometry, as
postulated by (Baltruschat et al., 2020). This is an important feature of the mean-field approach
that distinguishes it from agent-based models (such as (Shree et al., 2022)), which are
inherently topological.

In summary, we have shown that stochastic tip dynamics is an economical and rapid
space-filling mechanism for building dendritic arbors, without external guidance or hierarchical
branching mechanisms. Our model provides a general theoretical framework for understanding
how macroscopic branching patterns emerge from microscopic dynamics.

Caveats, limitations, and generalizations

Our findings are expected to generalize to other arbors because the branching, elongation, and
retraction mechanism (including contact-based retraction) has been observed in many other
neuronal types (see references in the Introduction), though the specific parameters of dendrite
growth will lead to cell-type dependent morphological variations (https://neuromorpho.org, Akram
et al. (2018). However, there are important differences between class IV arbors and the arbors of
other cells that restrict the general applicability of our model.
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Hierarchical branching is certainly important in other cells. Drosophila Class Ill da neurons
have actin-rich branchlets along the backbone of their dendrite (Liao et al., 2023; Stlrner et al.,
2022; Tsubouchi et al., 2012) and grow by a back-bone first mechanism (Sturner et al., 2022).
The branchlets may be analogous to the dendritic spines of vertebrate neurons such as Purkinje
and pyramidal cells. The mean-field model could be generalized by adding an additional class of
branches that do not themselves branch and that spontaneously transition (catastrophe) to a long-
lived shrinking state. The number would depend on the branching rate, and the average length
would equal to the growth rate divided by the catastrophe rate. Embryonic Drosophila class I cells
(Ferreira Castro et al., 2020; Palavalli et al., 2021) and C. elegans PVD sensory cells (Heiman
and Bulow, 2024) have a clear hierarchy of primary, secondary, and tertiary branches.

The present model and the agent-based model of (Shree et al. 2022) are inherently two-
dimensional; direct cell-cell collisions take place when the growing dendrite and the target dendrite
grow on a 2D surface, as is the case for class |V dendrites (Han et al., 2012). Collision is crucial
because it provides negative feedback that keeps the dendrite density finite. In 3D, however, direct
collisions will be much rarer because a growing line has a zero probability of colliding with a fixed
line. While dendrites have non-zero thickness, the collision rates will still be very small, and a
contact-based retract mechanism alone would lead to densities much higher than observed.
Therefore, if a collision-based retraction mechanism were to operate in 3D, the effective size of
the growing tip would need to be increased. This could be done by using filopodia, actin-based
structures, to reach out from the growing tip and detect nearby dendrite branches. Filopodia are
well known in the growth cones of axons, and also found in vertebrate dendrites (Fujishima et al.,
2012; Portera-Cailliau et al., 2003) and adult fly dendrites (Yoong et al., 2020), though not in larval
class IV dendrites. Morphogens that can diffuse through the tissue could also provide signaling
cues that lead to retraction in 3D. Thus, generalized contact-based retraction mechanisms might
restrict dendrite density during the development of 3D arbors.

Insights into molecular phenotypes

Our model provides molecular insights into dendrite morphology. Given the importance of
branching for function, there has been a large effort to identify the molecular mechanisms
underlying the formation, growth, and stability of dendrites during development (Akhmanova and
Kapitein, 2022; Fujishima et al., 2018; Jan and Jan, 2010; Kapitein and Hoogenraad, 2015;
Koleske, 2013; Lefebvre, 2021; Rolls and Jegla, 2015). Altered dendrite morphology often occurs
when the expression of cytoskeletal, membrane-trafficking, and cell-adhesion molecules are
perturbed. However, the mechanisms by which these perturbations alter dendritic geometry (e.g.,
branch length and density, arbor size) are not known. Our work establishes a morphogenetic
“pathway” that causally links tip properties to arbor geometry. This reduces the genotype-to-
phenotype problem to finding the molecular mechanisms that determine the dynamical properties
of the dendrite tip. The model can then be used to extrapolate molecular perturbations of tip
dynamics to those of the whole arbor, as demonstrated above using the one-state model to relate
tip branching and growth to average branch length and density. Thus, the model generates
etiological hypotheses.

We give a few examples. The Drosophila microtubule-associated protein minispindles
(msps) is member of the chTOG/EXMAP215 family of proteins that accelerate microtubule growth
(Brouhard et al., 2008). If microtubules play a role in dendrite growth, we might expect that
knocking down msps would slow tip growth, leading to shorter dendrites, a lower dendrite number
density, and slower dendrite expansion (Table 2). By contrast, the kinesin-family proteins kinesin-
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8 and kinesin-13 are microtubule depolymerases that increase the catastrophe rate of growing
microtubules (Gardner et al., 2011). Again, if microtubule dynamics drives dendrite dynamics, then
we expect that knocking down the Drosophila members of these kinesin subfamilies will decrease
the transition of growing microtubules to shrinking ones, leading to the opposite phenotypes to
msps knockdown. Perturbations of actin growth (Nanda et al., 2020), endocytosis (Peng et al.,
2015), and lipid metabolism (Ziegler et al., 2017) perturb morphology, and the models discussed
here make hypotheses for how they might affect the tip parameters, which can be tested
experimentally. Thus, a morphogenetic “pathway” can be used to interpret molecular phenotypes.

Common mechanisms of branching at the molecular, cellular, and tissue levels

Dendrite growth shares features with branching morphogenesis in other biological systems. A
clear analogy is with cytoskeletal networks. Our model generalizes the 2-state Dogterom-Leibler
model of microtubule dynamic instability (Dogterom and Leibler, 1993) by adding extra states,
branch formation (which is observed for both actin filaments (Pollard and Borisy, 2003) and
microtubules (Petry et al., 2013)), and collision-based retraction. Our model generates radial
expansion of dendritic networks similar to the traveling-wave-like expansion of microtubule arrays
(Decker et al., 2018; Ishihara et al., 2016). Therefore, our model is likely to be a useful
generalization for describing cytoskeletal arrays.

Our model may also prove useful for analyzing the branching of tissues, which is also
driven by dynamic structures. While branching is highly stereotyped in the lungs (Metzger et al.,
2008) and kidneys (Lefevre et al., 2017) and less stereotyped in insect trachea (Gavrilchenko et
al., 2024), branching in other tissues such as mammary glands, is highly variable, reminiscent of
neurons (Hannezo et al., 2017). In mammary glands, the leading front of branch tips has been
described as a “branching engine ... that initiates, directs, and maintains branch outgrowth ...
during development and regrowth” (Lu and Werb, 2008). This description aptly describes dendrite
tips as well.

Methods

Fly Stocks and maintenance

The fly line ;;ppk-cd4-tdGFP (homozygous) was used to image class IV dendritic arborization
neurons and was generously provided by Dr. Chun Han (Cornell University). Fly crosses were
maintained in Darwin chambers set at 25°C, 60% humidity with a 12-hour light/dark cycle.
Embryos were collected on apple-agar plates, with a large drop of yeast paste placed at the center
to stimulate egg-laying. See (Shree et al., 2022) for more details.

Sample preparation

For larval imaging, larvae at 24 hr, 48 hr, 72 hr, 96 hr, and 120 hr AEL were washed with 20%
and 5% sucrose solutions, anesthetized using FlyNap (Carolina Biologicals, Burlington, NC, USA),
and transferred to apple-agar plates for a 1-5 minute recovery. Post-recovery, larvae were
carefully positioned dorsal side up on a 1% agar bed affixed to a glass slide and imaged in a drop
of 50% PBS and 50% halocarbon oil 700 (Sigma Aldrich). To immobilize larvae, a 22 mm x 22
mm coverslip lined with Vaseline or vacuum grease was gently pressed over them.

Imaging
Samples were imaged using a spinning disk confocal microscope, specifically a Yokogawa CSU-
W1 disk (pinhole size 50 um) integrated into a fully automated Nikon Tl inverted microscope with
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perfect focus. Excitation was achieved using a 488 nm laser at 18—21% power, and imaging was
performed with either a 40X (1.25 NA, 0.1615-micron pixel size) or 60X (1.20 NA, 0.106-micron
pixel size) water immersion objective. Images were captured with an sCMOS camera (Zyla 4.2
Plus) and processed using Nikon Elements software. Prior to imaging, samples were manually
focused to identify abdominal third and fourth segment (A3 or A4) neurons.

For density analysis, static images were acquired using a 60X water immersion objective
for 24-hour larvae and a 40X objective for later stages. Images were stitched using ImageJ. Image
processing, including segmentation, skeletonization, and density measurements were conducted
using in-hose MATLAB algorithms whereas branching/rebranching analysis was done manually
using ImageJ. For branching/rebranching and tip dynamics full-frame (2048 x 2048 pixels)
movies with duration 15-30 minutes were acquired, containing 6 to 12 sections (~1 um per section)
collected at 4—6 second intervals.

Rebranching probability ()

We located the disappearance of a retracting branch (a debranching event) and defined a
rebranching event as the appearance of another branch within +£2 pixels over the course of a 15
or 20 minute recording. Rebranching usually occurred within 5 minutes (Supplementary Figure
S1E), which is much shorter than the time expected if the new branched were formed
spontaneously, given the branching rate in Table 1. The rebranching probability, 3, is the number
of rebranching events divided by the number of debranching events.

Densities in the central region

We calculated the dendrite number and length densities at different developmental stages from
skeletonized images. First, the neurons are aligned in the AP and LR direction and then binarized
using an in-house MATLAB algorithm. Second, the binarized image was skeletonized using the
MATLAB function ‘bwmorph’. Assuming, the mass of the dendrite skeleton is uniformly distributed
in a rectangle, we determined the neuron widths in AP and LR directions as D,p =
V12 RP and Dy g = V12 RER, where R, = (%Z?’:l(rj - f)z)l/2 is the radius of gyration. N is the
total number of occupied pixels in the skeleton, 7; is the projection onto the respective axis of the
j™ occupied pixel and 7 is the position of the center of mass. To calculate the densities in the
central region, we removed the peripheral 5% of the neurons from all four sides. We calculated
the total branch length and number of tips in this trimmed region and normalized these values by
the containing area to calculate the branch length and tip densities (Shree et al., 2022). To

calculate the densities in AP and LR directions (as shown in Figure 1 F and G) the total skeletal
mass was projected on these axes and subsequently normalized by the pixel length.

Mesh size

We defined the "mesh size" of a network of lines (branches) as the diameter of the circle that has
a 50% chance of intersecting a branch (Ganguly et al., 2016). To measure the mesh size, we
randomly generated N 4. = 5000 circles with a diameter (D) and randomly placed them within
the network. If a circle overlaps with any part of the network, we consider it as a "hit", with number
Ny - The hitting probability is Py (D) = Npit/Neirae - BY Systematically calculating the hitting
probability as a function of the diameter of hitting circles D, we determined the mesh size, M, such
that P,;.(M) = 0.5. For very small diameters of the hitting circle, the hitting probability is close to
zero. We extensively validated our method using the regular lattices: triangular, square, and
hexagonal. As expected, the measured mesh size as a function of sparsity (inverse of length
density) for these regular lattices fell on a line with a slope of 2-\2 = 0.59, which can be calculated

19


https://doi.org/10.1101/2025.02.24.639873
http://creativecommons.org/licenses/by-nc/4.0/

bioRxiv preprint doi: https://doi.org/10.1101/2025.02.24.639873; this version posted February 25, 2025. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY-NC 4.0 International license.

Ouyang et al. 2025

from the geometry. We also measured the mesh sizes for equal-spaced horizontal lines (expected
mesh/sparsity = 0.5), for exponentially-spaced horizontal lines (expected mesh/sparsity = In2 =
0.69), for Voronoi tessellations and Delaunay triangulation of random points, and minimum
spanning trees (MSTs) using the Trees Toolbox by (Cuntz et al., 2010), varying the balancing
factors (bf) from 0 to 1. The results are plotted in Figure 3E, along with the mesh sizes of class IV
dendrites and simulated dendrites using the one- and three-state models.

Front velocity (c) and front decay length (4)

The arbor diameter was determined by measuring the radius of gyration for each neuron along
the AP and LR axes at 24, 36, 48, 72, 96, and 120 hours AEL. We assumed that growth started
at 16 hours after egg lay from a soma size of 10 ym. The expansion speed was estimated from
the slope of the best-fit cubic curve to the diameter data divided by 2. To get an average front
profile at 24, 48, and 96 hours AEL, dendrite length densities from individual neurons were
normalized to and aligned at 10% of their central plateau values. We measured the decay length
by fitting an exponential curve to the average dendrite length density from the outermost edge to
where the density falls to 25% of its steady state. Standard errors are obtained with bootstrapping.

Radial branch orientation

The radial orientations of dendritic branches were measured at the branch midpoint. A straight
line drawn from the soma to the branch midpoint defines the radial direction. Another line was
fitted through a 1-um segment near the branch midpoint to represent the tangential branch
direction. The radial angle was measured from the radial direction to the branch direction, with
positive angles conventionally defined in the counterclockwise direction.

Statistical Analysis:

We performed ordinary one-way ANOVA tests with Tukey's correction for multiple comparisons
(Figure 3 D, E and Figure 5 A, B) using GraphPad Prism (version 10), considering the number of
animals as the sample size with 5% significance level. Only significant comparisons (p<0.05) are
reported in the figures.

To calculate errors in front velocity measurements (Figure 6A,E), we employed a
bootstrapping method. We randomly sampled a measurement for arbor diameter at each time
point, using which we calculated the front velocity from cubic regression. This process was
repeated 1000 times to generate a distribution of front velocity estimates. The errors in the mean-
field predictions and numerical solutions for the front velocity and front decay length were also
obtained from bootstrapping (Figure 6E,F). We used the measured mean values and standard
errors of the dynamic parameters to generate 1000 sets of parameters. From these, we calculated
the corresponding distributions of front velocities and decay lengths, allowing us to determine the
uncertainty in our theoretical predictions and numerical solutions.

Directed-rod Simulations

Simulation of the steady-state density. A square box of size L (200 um) with periodic boundaries
was initialized with N; rods whose bases (x}’,yib) were randomly and uniformly distributed within
the box. The individual rods were assumed to be infinitely thin straight line-segments growing in
random direction 6; [0,2r]. The growing ends of the rods (tips) stochastically transition between
growing (G), paused (P) and shrinking (S) states with experimentally measured rates (k;; j; i,j =
(G,P,S)) from Table 1. We divided the simulation time into small steps At and implemented a
standard ‘Monte-Carlo’ method such that the total probability of a transition in the time interval is
P, = 1 — e kot \where k., is the sum of the transition rates from one particular state: k,,, =
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ZﬁEGIP‘S) k;;. Subsequently, P; is compared with a uniform random number R(0,1) to implement
the transition. If there is a transition, it happens maintaining the ratio k;;/k.... After the transition,
the tip is assigned with corresponding mean state velocity (VG,VP,VS). We calculate the length of
the tips at time t as follows: [;(t) = [;(t — At) + V(g ps)At, Where V(g ps) is the mean velocity in the
growing/paused/shrinking states. The end points of the rods are given by: xf(t) = xP +
1;(t) cos(8;) and yi(t) = y? + 1;(t) sin(6;) where, x(t) and yf(t) represents the location of the
end points it" tip and 6; is the random angle of associated with the tip In the simulations, we
assumed that the rods disappear instantaneously after collision, consistent with our experimental
study showing that after collision the branches shrink (Shree et al., 2022). The lateral branching
of the dendrite tip is conceptualized in our model as formation (birth) of a randomly oriented
nascent branch at a random location within the simulation box (green arrowhead in
Supplementary Figure S3A). We used experimentally measured branching rate ki, (um™* min?)
(Shree et. al) to nucleate new tips in the system. To implement this, we visit all the existing tips
and calculate the branching probability PP = 1 — e li(®kbAt for individual tips. We then, compare
a uniform random number with the branching probability P’ to nucleate a new tip at a random
location within the box.

Simulation of the expanding front. The system is initialized by uniform nucleation of N;,; number
of tips within a circular region of diameter D,,; (Supplementary Figure S3B). Simulation of tip
dynamics follows the same rules as in the case with periodic boundary conditions, except
branching. New branches (green arrowhead) are nucleated at a random location on the circle
passing through the midpoint of the mother branch.

Fitting of collision parameters

The dimensionless pre-factors a and y in the collision term were determined from the directed-
rod simulations. a is a geometric pre-factor. y is a diffusion pre-factor that reflects the likelihood
of tip collision before shrinking to its base The collision rate, defined by the total number of
collisions per unit time normalized by the total number of branches, was calculated at several
different branching rates k;,, ranging from 0.0005 to 0.01 min-um-* (Supplementary Figure S3C).
The three-state collision rate depended quadratically on the length density and the fit to avp +
a?yDp? was used estimate a and y (Table 1), corresponding to the advective and diffusive terms
respectively. The one-state collision rate depended linearly on p (Supplementary Figure S3C),
the a pre-factor value of which is fitted to be @; = 0.750. The Péclet number, defined by the ratio
of advective to diffusive collisions, is plotted for the three-state simulation is on the order of 1
(Supplementary Figure S3D). The simulations recapitulate the parabolic relations between
number density and length density (Supplementary Figure S3E).

Tilings by regular polygons

For tilings by triangles, squares and hexagons of side [, the mesh sizes are (1 — 1/+/2)/+/3, (1 —
1/4/2), and IV/3(1 — 1/4/2) /2 respectively. The respective length densities are (2+/3)/1, 2/1, and
(2/4/3)/1. Remarkably, the ratios are 2 — v/2 for all three.

Dendrite tip drift velocity (v) and diffusion coefficient (D)

The tip drift velocity v and tip diffusion D were calculated from the six transition rates k;; and two
tip velocities v; and vg (Table 1). The steady-state probabilities of the tip being in the growing,
shrinking, and paused state are: Pg = (kpgksg + kpgksp + kpsksg)/P, Ps =
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(kgskpg + kgpkps + kgskps)/P and Pp = (kgpksg + kgpksp + kgsksp) /P where P = kpgksg +
kpcksp + kpsksg + kgskpg + kgpkps + kgskps + kgpksg + kgpksp + kgsksp IS @ normalization
factor. The drift velocity is: v = Pgvg — Psvs.

The diffusion coefficient D was calculated using the Green-Kubo relation, which simplifies
to D = fom[(v(t+ tv(t")), — v%]dt at the steady state (Trottier, 2021). The first term in the

integral (v(t + t")v(t')), is the auto-correlation function of the tip velocity. Making use of the
Markov property and ergodic hypothesis, it can be shown that (v(t+t)v(t)), =
Yijesp) ViviP(i, t]j,0)P; where P(i, t|j,0) is the conditional probability that the tip is in state i at
time t conditioned on it was initially in state j at time 0. The expression for P(i, t|j, 0) can be found
explicitly by solving the linear equations of state transition:

dP —(kgs + kep) ks kpg
—— =KmrP, Kir = ks —(ksg + ksp) kps . (7)
dt

kgp ksp —(kpg + kps)

The transition rate matrix Kpg has three eigenvalues, one is zero, whose eigenvector can be the
steady-state probability wl = PLs = (Pg, Ps, Pp). The other two eigenvalues are both negative,
denoted by —1; and —A,, with their corresponding eigenvectors as w,; and w,. By decomposing
an initial probability in state j P(g’) as PY) = Pss + aPw, + aPw,, the distribution probability at
time t becomes P(t) = Pgs + agj)wle"“‘ + agf)wze"lzt. Hence the conditional probability can be
written as P(i, t|j,0) = P; + ag’)wl,ie"ht + aé’)wzll-e"lzt. As a result, the autocorrelation function
becomes (U(t + t’)v(t’)>t1 =v? + Zi,jE(G,S,P) viij- (agj)wl,ie_’llt + agj)wz,l-e_)‘zt). After taklng the
integral in the Green-Kubo relation, the diffusion coefficient satisfies D =

Yijesp) ViviP; (ai’)wl,i/ﬂl + ag”wz,l-//lz). These calculations were checked by simulations.

Steady-state solution of the three-state model

To determine the homogeneous steady-state solution, we begin by setting all time derivatives and

spatial transport terms to zero in Equations (1)-(3). By expressing np in terms of ng and ng using

Equation (3), we reduce the system to a two-dimensional matrix equation for n; and ng:
_Keoxee _Kes _ KeaXsp | Ksa

i "G _ Vg vg Vg Vg e (8)
dl Ng _& @ ng

Us Us

Here xap = 1+ kgp/(kpg + kps) , xsp = 1+ ksp/(kpg + kps), Kgs = kgs + kgpkps/(kpg + kps) ,
and Ksg = kgg + kspkpg/(kpg + kps) . The coefficient matrix, denoted by K, has two real
eigenvalues of opposite signs, as indicated by its negative determinant. Since n; and ng must
asymptotically approach zero as [ —» o to be physically meaningful, the positive eigenvalue
should be discarded. Denoting the negative eigenvalue as —|v|, the solution takes the form as
ng () = ng(0) exp(—|v|l) and ng(l) = ng(0) exp(—|v|l). These solutions reveal that the growing
and shrinking branches follow exponential length distributions with a characteristic mean length
of [ = 1/|v|. The vector [ng(0),n5(0)]7 is an eigenvector corresponding to the eigenvalue —|v|.
By combining the eigenequation with the boundary condition (Equation 6), we can derive explicit
expressions for ng(0) and ng(0) in terms of p,,: and [
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Kgg + vg/l
ng(0) = >0 S Kpprot . (9)
Ksqvg — BKgsvs + vgvs/l
K
ng(0) = = bPror-  (10)

-k
Ksgvg — BKgsvs + vgvg/l

Substituting the expressions for n;(0) and ng(0) derived above into the definition of total length
density pior = 2 f0°° dl l[ng(D) + ng(1) + np(l)] and canceling p;,; from both sides, we obtain a
self-consistent cubic equation for I:

1
i + + C, (11)

where A, B, and C are given by A = Kg¢/vs — BKgs/vg, B = 2kpxgp/vg, and C = 2k, (xgpKsg +
xspKgs)/vgvs. The cubic equation has a single positive root, corresponding to our desired value
of [. The dendrite length density p can be further obtained from the following quadratic equation
derived from det(K + I/1) = 0 (where I is the identity matrix):

Ksc _ Kgs) 7
1+(175 VG)I
Xop 7o (Ksc | Xsp Kes\ 7,

l+(vs +XGP Vs)l

Vg

(12)

AVPor + VD azptzot =

The total dendrite number density is given by Nio = prot/L.

Steady-state solution of the one-state model

In the one-state model, branches grow with a constant drift velocity ¥ without fluctuation and
disappear only by collision. This corresponds to the limit where the state transitions occur at high
frequency. The mean-field equation reduces to d.n(r1,6,t) = —avpy(r,t)n(r1,6,t) —
van(r,1,0,t) — vR(r,0)n(r,1,6,t)/2 where the subscripts refer to partial differentiation. In the
homogeneous isotropic steady state, the dendrite density only depends on branch length [. Thus,
we can denote dendrite density as n(l) by keeping only the length variable. Consequently, the
one-state equation reduces to 9;n(l) = —api,n(l). Here, pio: can be regarded as an unknown
constant (independent of branch length 1) that the total length density reaches at steady state.
The solution is therefore n(l) = n(0)e~%Prot!, Following the definitions for the total number and
length density by taking the zeroth and first moments, we obtain two relations: N =
21n(0)/(apior) and pyor = 2n(0)/(apor)? . This gives the parabolic relation Ny, = ap?,. The
average branch length is [ = 1/(ap..). In the absence of shrinking branches, the boundary
condition at length zero (I = 0) requires a balance between new tip generation and transport by
drift velocity: kypeoc(t) = vn(l = 0,t) . Substituting n(0) = a?pd /2 (re-writing pr = 2n(0)/
(apeor)?) into the boundary condition, we find that p., = a~*(2k,/7)/? and [ = \/7/2k,. These
relations are summarized in Table 2.

Relaxation time to the steady state of the three-state model

By introducing sudden changes in the parameter sets at 48 and 96 hours AEL, we observed
relaxation times of 1 to 4 hours from numerical solutions of Equations (1)-(3) (Supplementary
Figure S4A-C). This timescale is much shorter than the durations of the three larval stages, which
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are 1 or 2 days. We also varied the microscopic parameters linearly from 24 to 48 hours and 48
to 96 hours. As expected, the numerical solutions closely followed the steady-state curve
calculated by the parameter set at each time point (Supplementary Figure S4D-F). This suggests
that the dendritic branch density in the center of the arbor can be considered to remain in steady
state throughout larval development. Furthermore, we found that the one-state model equilibrates
on a timescale similar to the three-state model (Supplementary Figure S4G-I), indicating that the
relaxation behavior is primarily affected by branching and collision rates, rather than tip transition
dynamics, which equilibrate within minutes.

Time-dependent solution of the one-state model

To solve the time-dependent solution, we reformulate the one-state equation to the governing
equations of the branch number density dNt/dt = ky,pr — avprNt and length density dpr/dt =
Nt — avp?. These equations can be derived by taking the 0t and 15t order moments of [ on both
sides of the one-state equation d,n(l,t) = —avprn — vd;n. Given the average branch length [ =
pr/Nr , quite surprisingly, we found that [ satisfies an autonomous differential equation.

dl_ de 1 Pt dNT _ -
— = = —— =7 — k., [? 13
dt dt Ny NZdt P (13)

which is independent of the geometric pre-factor a. Solving the equation analytically yields that:

|l_(t) - l_ssl _ e_z Koot |l_(t = 0) - l_ssl

The characteristic time scale is 7 = 1/2/ky,7 = 1/(2kylss) , Which is about 28, 76 and 112

minutes for 24, 48 and 96-hour AEL parameter set. In retrospect, 1/,/k, 7 produces the only
timescale from the viewpoint of dimensional analysis.

Parabolic relation between dendrite number density and length density

In the limit of small length density p,; and long average branch length [, the right-hand side of
Equation (12) Slmp|IerS to (KSGUG - KGSUS)/I_(XGPKSG + XSPKGS) = (PGUG - Psvs)/l_: ﬁ/l_ If the
second-order diffusive collision term on the left-hand side of Equation (12) is left out, one arrives
at ap, = 1/1 with ¥ cancelled out from both sides. Coupled with [ = py/Not, it becomes
evident that N, = ap?, which is identical to the parabolic relation between dendrite number
density and length density derived from the one-state model.

Traveling wave solution for the expanding arbor
With an exponential ansatz e =%/ in the co-moving frame z = r — ct, one can rewrite Equations
(1)-(3) as follows:

cosf 1 [c Ksg(c, A)
p (nc) |z " e </_1XGP(C» ) + Kgs(c, /1)) T oe <TLG> as)
al B Kqs(c, 1) cos@ 1 [c
Ng _ 2GS\ 7 i Ng
Ve 22 + Ve </1XSP(C: ) + Ksc (e, /D)
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Here, we modified the notations of y¢p, xsp, Kgs, and Kgg to incorporate dependence on ¢ and A:
Xep(6, ) =1+ kgp/(c/A+ kpg + kps) , xsp(c,A) =1+ ksp/(c/A + kpg + kps) , Kgs(c, 1) = kgs +
kcpkps/(c/A + kpg + kps), and Kgg(c, 1) = kgg + kspkpg/(c/A + kpg + kps). Notice that we have
left out the internal branch density near the dendrite periphery, the collision term K (1, t)ng as a
higher-order density term, and the radial transport term sin 8 d/rd6 due to its 1/r decay. The
eigenvalues g, of Equation (15) are g4 = cos6 /24 + P(c, 1) £ \/Pz(c, A)+Q(c,A), where we
define P(c,1) = [xsp(c,A)c/A+ Kge(c,A)]/2vs — [xgp(c,A)c/A+ Kgs(c,)]/2ve and Q(c,A) =
[xsp(c, D/ + Ksa (e, Dlxgp(c, De/A + Kgs(c, V] /vgvs — Ksg(c, DKgs(c, 1) /vgvs . Considering
P +./P2+ Q > 0 since Q is positive, the larger eigenvalue q, must be discarded. Otherwise, q,
can be positive for some values of 8, resulting in unrealistic divergence of branch density as
branch length [ approaches infinity. With g_ being the only permissible eigenvalue, the branch
densities ng and ng can be expressed by ng(z, 1) = ng(0)e?-"?/* and ng(z,1) = ng(0)ed--%/1,
Integrating over [ and 6 as per Equation (5), we could express length density p in terms of ng(0),
ng(0), xgp(c, 1), xsp(c, 1), P(c, 1), and Q(c, 1). One can eliminate p with the boundary condition in
Equation (6) and obtain a fractional constraint on n;(0) and ng(0). Meanwhile, this ratio
[ns(0),n5(0)]" constitutes an eigenvector corresponding to eigenvalue g_. Eventually, we arrived
at a condition where the only unknown variables are the front velocity ¢ and decay length A.

(16)

Vg 1% Vg

[\/PZ(C, A) + Q(C, A) + R(C, A)] [1 _ kaGP(C) }{)M(C; /1):| — KGS (C: A) I:ﬁ + kaSP(C: A)M(C: A):|
G

Here we define R(c,A) = [xsp(c,D)c/A+ Kgg(c,D)]/2vs + [xgp(c, A)c/A+ Kgs(c,)]/2v; and

2 3/2
MM = [VPGDT + Qe n) — P )|/ [(\/P(c, DT Q@D ~Pe) - 1/4/12] for ease of

expression. The linear spreading velocity c,, is further determined with the stability condition
dc/dA|.=c,, = 0 (van Saarloos, 2003) by finding the minimum of ¢ numerically with the MATLAB
function ‘fmincon’ constrained by Equation (16).

Phase boundary

The phase boundary (red curve in Figure 4G and Supplementary Figure S7) divides the phase
diagrams into two regions: one where growth is permitted, and another where no growth can
occur. The critical transition is set forth by a positivity requirement of Equation (12), that 1/1 +
Ksc/vs — Kcs/ve on the right-hand side must be greater than zero. Accordingly, one can set 1/1 =
Kgs/ve — Ksg/vs in Equation (S5) to locate the phase boundary curve.

Kos Kgo\?
(1-5) (ﬁ_ﬁ> =k, (@4_@)_ (17)
Vg Vg Vg Vg

Traveling wave solution of the one-state model

In the co-moving frame z=r —ct, the one-state model can be written as dn(z1[,60) =
—(c/# — cos0/2)n(z,1,6) /2 with the exponential ansatz e=?/#, ignoring second-order collision
term. Thus, the solution satisfies n = n(0)e~"I! where |v| = ¢/#A — cos 8 /2. Taking the integral
over | and 8, along with the boundary condition, we arrive at condition that relates A to c:

2 1)\3/?
A2 = 52 <C———> /. (18)

V2 4
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When 0 < c < v/2, Ais negative hence must be discarded; when ¢ > v/2, there is always a
single positive value of 1 that satisfies Equation (18). Consequently, the marginally stable solution
cm, Which satisfies dc/dA|.. =0, is ¢, = ¥/2 where A4,, = 0. The equivalence of the front
velocity to the midpoint drift velocity indicates that the one-state expansion is driven exclusively
by the elongation of the radial branches within the leading edge. This growth mechanism is
predicated on the persistent extension of these subpopulation of branches, which accounts for
the sharp density cutoff at the boundary, i.e. the front decay length being zero.

Numerical solution

For ease of computation, we reduce the system dimensions by taking the 0" and 15t order moment
of Equations (1)-(3) with respect to [ (without the interconversion terms). This doubles the number
of equations to 6 but eliminates [ as a variable. We discretize radial distance r and radial angle 6
from (0,100] and [—m, r] with a 200 x 100 mesh. After each time step of 0.05 minutes, a new set
of values are updated using backward Euler method.
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1. Pseudocode of directed-rod simulation procedure

Inputs:
T,im: Total simulation time in minutes
At : Small time step (~0.01 min)
L : Size of the square box(~200 pum)
N; : Number of initial rods
k, : branching rate constant (um min-t)
k;; : Transition rate between states
Ve, Vp Vs : Mean velocities for Growing, Paused and Shrinking states
Initialization:
I. Create a square box of size L with periodic boundaries.
ii. Put random bases (x?,y?) within the box for the tips.
iii. Set the length of tips [; = 0 in a growing state.
iv. Set random orientations for the tips 6; € [0,27]
Simulation loop:
For t=0 to Ty;,, with step At:
1. Branching event:
Branching events are treated separately because it is independent of the state (G, P, S) of the
tip.
For each tip:
I. compute branching probability:
Pib =1 e—li(t)kbAt
ii. Compare PP with a uniform random number R1 € (0,1)
jii. If R1 < PP, nucleate a new tip in growing state with a random orientation and random
position within the box.
2. Tip Transition:
i. Compute the total transition rate:

J#i
Ko = Z ) kij
j=(GP,S)

ii. Compute transition probability:

P, =1 — g krotht

iii. Compare P; with a uniform random number R2 € (0,1)

iv. If R2 < PP, transition the tip state comparing another uniform random number R3 with
each k;;/k., to execute the proper state and assign corresponding velocity Vg, Vp or Vs.
3. Growth/shrinkage:

i. Update tip lengths:

L;(t) = L;(t — At) + V(g ps)At
ii. Update tip endpoints:

xf () = x + 1;(t) cos(6;)

yi®) = yP + L) sin(6,)
4. Collision check:
Detect intersection between tips and remove the tip that intersects other tips.
Stopping condition:
If t < T repeat steps 1 to 4, otherwise terminate the simulation.
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2. Full model including terminal-internal dendrite interconversion

Here, we present a full model including internal dendrite density as a fourth species. As described
in the main text, terminal and internal branches interconvert following branching and debranching
(Supplementary Figure S2). Branching from a terminal branch will “sever” it into two shorter
branches: the proximal part becomes a terminal branch, and rest becomes an internal branch
(Supplementary Figure S2A). Conversely, debranching, either through collision or spontaneously,
fuses a pair of adjacent terminal and internal branches to form a longer terminal branch
(Supplementary Figure S2B-C). If branching or debranching occurs alongside an internal branch,
it only breaks or joins internal branches. While this process converts internal branch density within
its own kind, it does not involve interconversion with terminal branches.

For proof of principle, we first present a minimal model that includes terminal-internal
interconversion based on the one-state model. This eliminates spontaneous disappearance by
assuming constant growth for all terminal branches. Without loss of generality, we further assume
that branching and debranching occur exclusively on terminal branches. Ignoring the transport
term, the equations can be written as follows:

ong(l,t) _ong(l,t)
Ta—t = —vTa—l — Kcol(t)nT(l, t) + 7}_,'1'(71'1', ny, l) (Sl)
on (1, t)

Iat = j-"I‘—>I (nT) ny, l) (SZ)

The dendrite density of the terminal and internal branches are denoted by n; and ny,
respectively. v represents the drift velocity in the one-state model. The remaining terms are
Tor(np,n, ) and T, (nr,ng, 1), which represent terminal-internal branch conversions. More
specifically, 7i_,r(ng,n;, 1) represents net conversion from terminal branches of all lengths to
internal branch of specific length L. Similarly, 77_;(nt, ny, [) represents net conversion from internal
branches of all lengths to terminal branch of specific length .

Terminal branches with length [ are severed at the same rate of branching from dendrites with
length [, which takes place with rate k. Assuming random branching locations, the probability

density of having a severed branch of length I" < [ is given by kyl np(1) X % = kynr(l). Summing

over all possible [ > I', we find ky, fl°° nr(l")dl’ to be the total production rate of terminal or internal
branch with length I’ severed from a longer terminal branch. Meanwhile, following each collision
event, one internal and one terminal branch are randomly selected by their dendrite densities to
be fused. For a combined length of [, the rate of terminal branches formed following debranching
is proportional to the convolution of ny(1) and n;(1), namely fol nr(")n; (L —1")dl’. With proper
normalizations, 7;_r(ng, n;, 1) and J_,;(ny, ny, 1) satisfy:

Jy ne @y (0 = 1)dl’

N

:TI'—>T(nT' np, l) = _kbl nr + kb f nT(l’)dl’ - Kcol(t)nT + Kcol(t) (83)
l

*® N.
Troi(ng,n, ) = kbj np(l)dl" — Ko (t) FT"I (54)
l

Given (S3) and (S4), Equations (S1)-(S2) are solved at the steady state using the Laplace
transform to convert the length variable [ to the Laplace variable s.
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D - dg 1 g - 7

ly — k_ngT — lrgr + [d_sT + <; - ?T) —lrgr + lrgr9:1| =0 (S5)
1 gr -
] =0 S6
S S TII (56)

Here, gr(s) = L[np(D)]/Nr and g;(s) = L[n;(1)]/N; denote the Laplace transform of ny and n;,
normalized by Ny and Ny respectively. When s = 0, notice that L[nt(l)]s=o = f0°° nr(l) dl = Ny
and L[n;(D]s=o = f0°° ni()dl = N;, hence gr(s =0) = g;(s =0) =1. Assuming terminal and
internal number densities are initially identical, we can set Ny = Nj; at all times since they vary with
the same rate. More specifically, dN¢/dt = dN;/dt = kypr — Ko (t)Nr. After eliminating g; in
Equation (S5) with Equation (S6), we substitute gr with an exponential ansatz in Laplace space
gr(s) = A/(A + s). As a result, it must satisfy that:

(l‘ 17A)+(1 21_A+17A2> 1 =0 (S7)
T kb T kb A+S_

For condition (S7) to be valid for all s, both coefficients inside the brackets must vanish. This
requires that Iy = /9/k, and A = 1/I; = \/k,/¥. Substituting this back to Equation (S6), it
becomes clear that g (s) and g,(s) have the same expression: grss(s) = giss(s) = 1/(1 + Is).

The superscript SS stands for steady state. Taking the inverse Laplace transform immediately
yields that terminal and internal branches share the identical exponential distribution:

nyss() = nyss(l) = Np/lp exp(=1/1r) (S8)

Plugging the exponential solution (S8) into equations (S3) and (S4), it becomes apparent that
Tior(np, n, ) = 7o (np,ny, 1) = 0. This result signifies that the terminal-internal interconversions
reach equilibrium for any given length [ at steady state.

To investigate the stability of this exponential solution, we added a small perturbation term
around the steady state, i.e. np(l,t) = nrss(l) + mp(l,t) and ny(l,t) = n;ss(1) + my(l, t), where
mr(l,t) K npss(l) and my(l,t) K niss(l). To keep the total branch number unchanged, we
required fO°° mr(l,t)dl = f0°° m;(l,t)dl = 0. With proper linearization, we obtained the differential
equations of the perturbation terms m(l, t) and m;(l, t).

1dmy -, 0mg
ky 0t T ol

%) l _lf_l,
— 2lymy — Imp + f mr(1)dl’ +f [mr() +myID]e 't dl' (S9)
l 0
L om _ jm @Hdl — T 510
ky Ot = : mr tm;  (S10)
Taking the Laplace transform of (S9) and (S10) results in the following matrix-form equation:

It Ay

_ 1 L

My /—Zl — 25 —— = \ My -

%%( >=| T slps+1) lTs+1|< >+ ds (S11)
b

my

SN AY

(N J

M

my
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mr(s,t) and m;(s,t) are the Laplace transform of my(l,t) and m;(,t). For s >0, it is
straightforward to identify that oM = —It[3 + Ips + 1/[lrs(lps + 1)]] <0 and detM = I3 [2 +

lrs + 2/[lps(lps + 1)]] > 0. It indicates it (s) = /i;(s) = 0 as a global stable fixed point for a

dynamical system governed by the matrix M with any s > 0. The additional differential term
—adnir/ds only shifts @i positively along the s axis, while having no effect on the total amount of
mr. Consequently, both #it(s) and m;(s) converge to zero over time. In other words, m(l,t) and
m;(l, t) must converge to zero for all [ as t - c. Hence the exponential steady-state solution is
globally stable. To verify this stability, numerical solutions of Equations (S1) and (S2) are
calculated with the forward Euler method from different initial conditions, up to 2000 minutes with
a time step of 0.01 minutes (Supplementary Figure S9A). Both terminal and internal dendrite
densities converge to the predicted exponential distributions (S8). Figure inlets in Figure S9A
demonstrate the convergence of terminal-internal interconversion to zero for all branch length [,
as previously predicted.

To examine these conclusions in a full model based on the three-state model, we first
extend Main Text Equations 1-3 to incorporate a fourth species: internal dendrite density.

—anG(g'tl' 6,9 = —(kgs + kgpIng + ksgns + kpgnp — UG% — Koo (r, t)ng — %R(r, O)ng

+ Tim6 (g, ny, D) (512)
ong (7;;: 0, t_) = kgsng — (ksg + ksp)ng + kpsnp + vg % + %R(ﬂ O)ns + Tios(ns,n, ) (S13)
W = kepng + kspns — (kpg + kps)np + Tiop(np, 1y, 1) (514)
—anl(réi' 0,t) = Tooi(ng,ny, D) + Tso(ng,ny, ) + Tpoy(np, ny, D) + Tioy(ny, D (515)

This full model is illustrated in Supplementary Figure S9B. Following the same arguments as
previously discussed in the minimal full model, we can explicitly write out the interconversion
terms in Equations (S12)-(S15) as:

° Jy nxm(1 = 1yl
Tox(mx, ) = —kplng +ky | nx(l)dl' — Kgisap(Onx + Kgisap (t) (S16)
p p NI
!
* N;
Tx-1(ng,mp) = kbf nx(I")dl" — Kgisap (t) F)I(nl (517)
!
o L @n = 1l
g}HI(nI) = _kbl ny + 2kb j np (l,)dl, - 2Kdisap (t)nl + Kdisap (t) NI (818)
!

Here, X € (G, S,P) and Kgisap(t) = [Keoi(0)Ng + (1 — f)ng(l = 0)vs]/Nio is the net rate of branch
disappearance, combining collision-based and spontaneous catastrophe. Using the steady-state
condition that branching equals debranching, kypioc = KaisapNiot» ONE can verify that the

eXponentia| solution Nxss = NX/l_eXp(—l/l_) and Nyss = NT/l_eXp(—l/l—) SatiSfy j}_)x(nxlss,nljss) =
Txo1(nxss niss) = Tor(niss) = 0. Again, this solution indicates that internal branches have the

same length and exponential distribution as terminal branches. Thus, we can disregard the
internal variable and terminal-internal interconversion terms, while setting pio: = 2pr and Ny, =

5
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2Ny. Equations (S12)-(S14) hereby reduce to Main Text Equations (1)-(3) with the correction for
internal branches.
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Supplementary Figures
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Supplementary Figure S1: Extended data on branch length and radial angle distributions:
A-C Branch length distributions at 24, 48, and 96 hours AEL are shown with exponential fits
(ignoring the first bin). D-F Radial angle distributions at 24, 48, and 96 hours AEL, respectively.
Data from all branches are shown in black circles, from terminal branches are shown in blue
triangles, and from internal branches are shown in brown rectangles.
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Supplementary Figure S2: Terminal-internal branch interconversion and internal branch
self-transition following branching and debranching. A Branching alongside a terminal
branch divides a terminal branch into a shorter terminal branch and an internal branch. B, C
Debranching alongside a terminal branch, either from collision-based (B) or spontaneous (C)
retraction, merges an internal and a terminal branch to form a longer terminal branch. D-F
Branching or debranching alongside an internal branch only breaks or joins two internal branches.
Terminal and internal branches do not interconvert in this case.
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Supplementary Figure S3: Directed-rod simulations and determinations of collision-related
pre-factors. A Simulation schematic for the steady state case. The green, orange, and magenta
arrowheads represent the dynamics of the growing end arising from the transitions between
growing, paused and shrinking states. The rods nucleate with a uniform distribution within the
simulation box (gray square) and grow in random direction, as shown by the it" black tip. A rod is
removed (dashed line) when its growing end collides with another existing rod (black circle). B
Simulation schematic for the expanding case. The system is initialized by uniformly nucleating
N;,; number of tips inside a circular region of diameter D;,;. Tip dynamics follows the same rules
as in A, except branching. New branches (green arrowhead) are nucleated at a random location
on the circle describing the middle point of the mother branch. C Collision rate as a function of
length density for branching rates, k,,, ranging from 0.0005 to 0.01 using tip parameters at 24, 48,
and 96 hours AEL (Table 1) for the three-state model (3s). The values of « and y are 1.4-1.6 and
0.6 (Table 1). In contrast, for the one-state model (1s) where collision rates linearly correlate with
length density, the geometric factor a is 0.75. D The Péclet number, defined by the ratio of
advective to diffusive collisions, is plotted for the 3-state simulation in C. The Péclet number
approaches 1 when branching rate k; and rebranching probability g are near their experimentally
measured values. This indicates that advection and diffusion contribute comparably to total
collisions. E The parabolic relation between the number density and length density in one-state
and 3-state simulations. The differences in the pre-factors suggest that one-state and 3-state
branching networks have different structures.
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Supplementary Figure S4: Relaxation towards the steady state. A-C Numerical solutions of
the length density, number density and average branch length in response to a sudden change
in microscopic parameters introduced at 48 and 96 hours AEL. D-F Numerical solutions of the
length density, number density and average branch length with a linear change in parameters
from 24 to 48 and 48 to 96 hours AEL. G-l one-state numerical solutions of the length density,
number density and average branch length with a sudden change in microscopic parameters
introduced at 48 and 96 hours AEL.
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Supplementary Figure S5: early-stage asymmetric growth and late-stage tiling. A
Examples of asymmetric growth of class IV neurons at 24 hours AEL. Both neurons exhibit
faster growth along the left direction (towards the centerline for these examples). B Tiling of
class IV neurons at 96 hours AEL.
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Supplementary Figure S6: Examples of directed-rod simulations over time. Examples of

directed-rod configurations at 200, 400, 600, 800, and 1000 minutes using the parameters in
Figure 4G marked with I, 11, 1ll, IV, and V.
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Supplementary Figure S7: Supplementary on phase diagram. A-B Phase diagrams of
average branch length and front speed predicted by the model using 48-hour-AEL parameter set.
The black circle represents experimental measurements for drift velocity and transition rates. Error
bar is also included for drift velocity. C-D Phase diagrams of average branch length and front
velocity from mean-field simulations within the same parameter space as A and B.
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Supplementary Figure S8: Supplementary on radial orientation. A-C Distributions of branch
number density in the front at 24, 48, and 96 hours AEL. D-F Distributions of branch number
density in the center at 24, 48, and 96 hours AEL. G-I Distributions of branch length density in the
front at 24, 48, and 96 hours AEL. J-L Distributions of branch length density in the center at 24,
48, and 96 hours AEL. Throughout the figure, blue histograms show data from terminal branches,
orange histograms show data from internal branches, and black curves represent model
prediction from numerical solution.
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Supplementary Figure S9: Schematics of the full model with terminal-internal branch
interconversion. A Upper and lower panels showcase how terminal and internal dendrite
densities evolve numerically from a sigmoidal initial distribution towards the predicted steady-state
exponential distribution (yellow dashed curve). Density profiles are shown at 0, 15, 30, 45, and
2000 minutes with decreased transparency. Figure insets demonstrate convergence of
interconversion terms J;_; and J;_1 to zero for all branch lengths [ with a time interval of 50
minutes. B Schematics of the mean-field model. Dendrite densities are illustrated by rods in boxes.
Black bidirectional arrows demonstrate tip-state transitions between growth, shrinkage, and
pause. Gray circular arrows signify branch interconversion. Contributions from branching,
rebranching, collision-based, and spontaneous disappearance are shown with black arrows.
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