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Abstract

In mid-March 2020, the World Health Organization declared COVID-19, a worldwide public
health emergency. This paper presents a study of an SEIRV epidemic model with optimal
control in the context of the Caputo fractional derivative of order 0 < v < 1. The stability
analysis of the model is performed. We also present an optimum control scheme for an SEIRV
model. The real time data for India COVID-19 cases have been used to determine the parame-
ters of the fractional order SEIRV model. The Adam-Bashforth-Moulton predictor—corrector
method is implemented to solve the SEIRV model numerically. For analyzing COVID-19
transmission dynamics, the fractional order of the SEIRV model is found to be better than
the integral order. Graphical demonstration and numerical simulations are presented using
MATLAB (2018a) software.

Keywords SEIRV model - Stability analysis - Optimal control - Adam-bashforth-moulton
predictor—corrector scheme - Numerical simulation

Introduction

The first instances of corona virus infection in humans in 1965, with symptoms that were
comparable to the common cold were first reported by Tyrrell and Bynoe [1]. From December
2019, a new coronavirus known as SARS-COV-2 has been identified in a number of nations,
infecting thousands of individuals worldwide with a higher mortality rate. The virus, however,
proved deadly in Wuhan, Hubei Province, China, in 2019, after multiple modifications [2].
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Henceforth, the virus was named SARS-CoV-2 and the disease was declared to be COVID-
19. The spread of the disease with fatal consequences soon accelerated in several countries
and was declared a pandemic by WHO on 11th March 2020. When an infected individual
coughs or sneezes, the virus is spread through contact with them or by respiratory droplets. It
can harm the respiratory tract in a variety of ways, from a typical cold to more serious diseases
like SARS [3]. COVID-19 has recently engulfed most of the world’s countries, infecting a
huge number of individuals. COVID-19 has had a significant impact on people’s lives and
has resulted in significant economic losses. Coronavirus (formally known as COVID-19)
has killed 4,336,797 individuals and infected 205,468,881 individuals throughout the world
since it first emerged in China (as on Aug 12, 2021) [4].

Epidemic mathematical models may help in various aspects, including analyzing the role
of epidemic propagation and suggesting effective control measures. The idea that epidemic
disease transmission patterns may be expressed mathematically dates back to 1766, when
Daniel Bernoulli published an article describing the impact of smallpox variolization on
lifespan [5]. The epidemiological model created by Kermack and Mckendrick during 1927
is an example of a mathematical model that can be useful in studying the development and
prevention of infectious illness [6]. Differential equations of integral order are commonly
used in epidemiology modelling of biological processes [7—11]. Many studies have been
conducted in this field of mathematics, and it has been shown that differential equations
using fractional operators are effective in demonstrating epidemic models linked to many
infectious illnesses [12—16].Tang, Wang, Li, and Bragazzi [17] proposed a compartmental
mathematical approach that would combine the disease’s clinical progression, the patient’s
epidemiological state, and intervention measures. There are several concerns, however, about
the integral order of the differential equations in such models. Fractional order differential
equations, a relatively new and growing topic of mathematical calculus, takes into account
such constraints. Various approaches for constructing actual and approximate solutions to
fractional order differential equations have emerged throughout time as a result of exten-
sive research [18-23]. Because of its memory effects, fractional-order models have been
investigated for mimicking actual occurrences in recent decades [24]. In [25], the SEIRA
mathematical model is analyzed using the Atangana—Baleanu fractional derivative method
with the Mittag—Leffler kernel. Furthermore, because fractional models have been shown
to be capable of accurately representing chaotic systems, they have surfaced in a variety of
domains dealing with chaos, including physics, biology, and finances [26-28].

Research Background and Motivation

Fractional derivatives are a powerful tool for describing memory and heredity features in
a wide range of systems and phenomena. Fractional-order differential equations preserve
the function’s fundamental information in stacked form. We have such an additional variable
(order of the derivative) in fractional-order modeling that is beneficial for numerical methods.
Fractional-order modeling has been used to investigate the disease transmission dynamics. In
addition, the integer-order differentiation is local, whereas the fractional differentiation is not
so0. This behavior helps in the simulation of epidemic situations. Furthermore, the fractional
derivative has the capability to improve the system’s stability zone. The calculus of fractional
order system adds an additional parameter to the modeling framework, which helps in numer-
ical simulations. When talking about real problems, the Caputo derivative is highly useful
since it allows traditional starting and boundary conditions be included in the derivation, and
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the derivative of a constant is zero, that is not the case with the Riemann—Liouville fractional
derivative.

In this study, a fractional SEIRV model with optimum control has been created using
Caputo fractional-order differential equations, motivated by the aforementioned studies and
the benefits of Caputo fractional-order differential equations.

The objectives of this work are:

o Investigate the SEIRV model’s dynamical behavior and stability.

e Determine the Basic Reproduction number and Equilibrium points.

e The model system is subjected to an optimal control analysis by controlling ‘vaccination
rate’ parameter.

e Application of the Adam-Bashforth-Moulton predictor—corrector technique to obtain
numerical solution.

The paper is organized as follows: The fractional operator is defined and results for the frac-
tional operatorand the Laplace transform are provided in see section ‘Research Background
andMotivation’. SEIRV model with fractional derivative in Caputo sense and the existence
and uniqueness of the model solution, including positivity and boundedness are established
in see section ‘Preliminaries of Fractional Calculus’. The stability analysis and stability crite-
rion of the model system are discussed in see section ‘Stability Analysis’. We also provide an
optimal control strategy for an SEIRV model using the control parameter “vaccination rate”
in see section ‘SEIRV Model with Optimal Control’. In section ‘Adam-Bashforth-Moulton
Predictor—Corrector Scheme for the SEIRV Model’, we perform Adam-Bashforth-Moulton
predictor—corrector scheme for the SEIRV model. In section ‘Numerical Simulation andDis-
cussion’, numerical simulation and discussion are presented via MATLAB. Finally, section
‘Conclusion’ includes conclusion of the paper.

Preliminaries of Fractional Calculus

In this section we use some fundamental definitions of fractional differential and integral
operators.
The Caputo fractional derivative [29-35] of order 0 < v < 1 is defined as

Definition 1 A function g : R* — R with fractional order 0 < v < 1, is defined as

t

g(p)
L) Jo ¢ —pt=v
Here the Gamma function is defined by I"().

I'(gt) = dp, 2.1)

Definition 2 The Caputo fractional derivative operator of order 0 < v < 1, is defined as

n

1 ! 1 d
T /(; = pyin Wg(p)dp, where n — 1 <v <n 2.2)

Definition 3 The Riemann-Liouville fractional derivative of order 0 < v < 1, is defined as

d}’l
(n—v) dm
Definition4 Let g € C[a, b], a < b, be a function, and 0 < v < 1. The fractional derivative
in Caputo sense is defined as.

M 4 —
DY gty = V) / g (pexp (— ye=p) )>dp, 2.4)
a-vyJ, 1—v

“Dl(g(r) =

t
1
RL v
D 1) = dp, wh —1 2.3
; (8(1)) T A(Z_p)v+l_ng(p)pweren <v<n (23)
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where M (v) denotes the normalization function with M (0) = M (1) = 1.

Definition 5 The Laplace transform for the fractional operator of order 0 < v < 1 is defined
as.

k—1 T
L(CDI ) = p'Lge) =Y, P70 k=1 <v=keN @5

Definition 6 For aj, ay € R* and A € C"*" where C denote complex plane, then.
pal —as

L{tar]Eal,az (Atal)} - pil— A

, where Ey, 4, : Mittag — Lefflerfunction. (2.6)

Lemma 1 (Generalized Mean Value Theorem)
Let 0 < v < 1,®(t) € Cla, bland if CD,"@(t)is continuous in [a, b],then ®(x) =
&(a) + ﬁ(x —a)" . D ®(u).where 0 < u < x,Vx € (a, b].

Lemma 2 Let us the fractional order system as.

DY (D)) =0, Yy = (yh. va. ooyl )ovi i =12,

with0 < v < LLY®) = (' @), y*@®),....y"())and ®(Y) : [ty, 00] — R™". For
calculate the equilibrium points, we have ®(Y) = 0. These equilibrium points are locally
asymptotically stable if and only if each eigen value X jof the Jacobian matrix J(Y) =

mcalculawd at the equilibrium points satisfy |arg()»])} > %

Lemma 3 Assume that g(t) € RYis a differentiable function. Then, for any t > 0,

CD;[g(t) —g*—g*In @] < (1 _£ )CD;(g(t)),g* e R*, Vv € (0, 1).
g* g

Model Formulation

The entire population (N) is divided into five categories, namely, the susceptible individuals
(S), the exposed individuals (E), the infected individuals (1), the recovered individuals (R)
and the vaccinated individuals (V) at any time ¢ > 0. Thus

Nt =SO+EN)+I)+ RO+ V(@) 3.1

The proposed SEIRV model with vaccination is depicted in Fig. 1 as a flow diagram.
The SEIRV model [36, 37] with vaccination in the sense of integral order is defined as
follows on the basis of the flow diagram:

D;S(1) = A — BS(1)I(t) — 80S(1) — 8S(1),
DE(t) = BS()I (1) — (b + D E(1), (3.2)
DiI(t) =81 E(t) — (80 + 82) 1 (1),
D(R(1) = 81 (1) — 8oR (1),

DV (1) =88(t) — 8V (),
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Fig. 1 The SEIRV model is represented schematically

where

A birth rate of susceptible individuals,

B: the rate of infection of susceptible individuals,

8o: the rate of mortality of all individuals,

§: the rate of vaccination,

81: the rate of progression from exposed to infected individuals,

87: the recovery rate of infected individuals.

In this communication, we consider the SEIRV model using fractional order derivatives
with Caputo operator of order 0 < v < 1.

EDIS(t) = A — B"S(1) (1) — 53 S(t) — 8 S(1),
CDVE(t) = B"S()1 (1) — (85 +8)E(), (3.3)
EDVI(t) =8VE(r) — 851(r) — 851 (1),
CDYR(r) = 851(t) — 83 R (1),

CDIV(t) =8"S(t) — 8§V (1),

It is found that the model system’s time dimension (3.3) is correct as both sides of the
model system’s equations have dimension (time)™" [38]. Next, let us consider #7p = 0 and
disregarded the super script v of all parameters and the system becomes:

CDYS(t) = A — BS()I(1) — 8oS(t) — 8S(1),
CDYE(t) = BS(0)I(t) — (8o + 81 E(t), (3.4)
CDYI(t) = 81E(t) — 8ol (t) — 821 (1),
CDYR(t) = 821 (1) — SoR (1),

DYV (t) = 8S(t) — 8oV (1),
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The initial conditions are

S0)=8>0, EQ)=Ey>0,I00=1p>0, RO)=Ry>0, V(0O =V >0 (3.5

Positivity and boundedness of Solutions

Proposition For all t > 0,the variables are non-negative.

The closed region Q = {(S,E,I,R,V) € R5:0<N < %}is positive invariant for the
system (3.4).

Proof From the model (3.4) we have.
CDVS+E+T+R+V)(t)=1—80(S+E+I1+R)1).
= “D'N(t) =1 — 8N (1) (3.5)
= CD'N(@1) +8oN (1) = 7.

Using Laplace transform, we obtain

A
P'LIN(®) — p""'N(0) + 8 L(N (1)) = »

= LIN®)(p"*' +80) = p"N(0) + & (3.6)
p'N() + A p'N(0) A
L(N(t)) = - .
= ( (t)) pv+1 + 80 pv+l + 80 pv+l + 50

Taking inverse Laplace transform, we have
N(t) = N(O)E, 1(—80t") + At” Ey i1 (—S01").

According to Mittag—Leffler function,

1
Ec,d(Z) = ZEC,C+d(Z) + =

r@)’
Hence, N(1) = (N(0) = ) Eu1 (=801") + .
. A
Thus lim SupN(t) < —. 3.7
t—00 50

And hence the model (3.4) is bounded above by %
Thus S, E, I, R, and V are all positive functions, and the system (3.4) is positive invariant.

Existence and uniqueness of solution

This section demonstrates that the system (3.4) has a unique solution. To begin with, we
rewrite system (3.4) in the following manner:

“DS(t) = Gi(t, S®)),
CDYE(1) = Ga(t, E(1)), (3.8)

DY) = Gs(t, 1(1)),
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CDYR(t) = Ga(t, R(1)),

CD'V(t) = Gs(t, V1)),
where
G1(1, S(1) = A — BS(I(1)=80S(1) — 8S(1), Ga(t, E(1)) = BS(1)I(1)—(S0 + 81 E (1),
G3(t, I (1) =81E () — 80l (1) — 821 (t), G4 (s, R(1))
=681(@t)—8R(1),Gs(t, V(1) =851 — 8V ().

Taking integral transform on both sides of the Egs. (3.8), we obtain

t
_ L _ v—1
S0 = SO = 0/ Gi(p. )t — p)*dp,
1 t
E(t) — E(0) = To) / Ga(p, E)(t — p)"dp,
1 Ot
0 -10)= =~ / Ga(p. D)t — p)~dp, (3.9)
v) J
1 t
RO = RO) = / Ga(p. R — p)*~dp.
0

t
1 _
V(D) - V0) = —/Gsw, V)t = p)'~dp,
I'(v)
0
The kernels G;, i = 1, 2, 3, 4,5, fulfil the Lipschitz condition and contraction, as demon-
strated.

Theorem 1 Gsatisfies the Lipschitz condition and contraction if the following condition
holds: 0 < Bay +38p+68 < 1.

Proof For S and S,
1G1(t, ) — Gi1(t, SO = [I=BI(®)(S(t) — $1(2)) — 30(S(t) — S1(1)) — 8(S(1) — S1 (M)l

< B [+80 +)UISE) — S1OID-
Suppose K1 = Baj + 8o + &, where I(¢) < a; is a bounded function.
So |G1(t,8) — Gi(t, SDI=< K1 (IS@) = St (). (3.10)

For G, the Lipschitz condition is obtained, and if 0 < Ba; + 80+ < 1, then G is a
contraction.
In the same manner, G, j = 2, 3, 4, 5 satisfy the Lipschitz condition as follows:

1G2(1, E) — Ga(1, ED)|| = Ka(I[E(t) — Ex(D)]),

1G3@, 1) = G3(t, Il = K3(1(t) — I (D)D),
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Ga(t, R) — Ga(t, RDIl < K4(IR(?) — R1 (D)D),

1G5, V) — Gs@t, V)l = Ks(I1V (@) — Vi()ID,

where Ky = 80 + 81, K3 = 80 + 82, Ka = 80, K5 = 8.
For j = 2,3,4,5, we obtain 0 < K; < 1, then G; are contractions. Consider the
following recursive patterns, as suggested by system (3.9):

1
@1 (1) = 5 (1) — Sp—1(t) = o) /(Gl(p, Su—1) — G1(p, Su—2))(t — )" dp,
0
1
() = Eq(t) — Eqn—1(t) = o) /(Gz(p, En_1) — Ga(p, En—2))(t — p)'dp,
0
1
O3 (@) = 1,(t) — I,1(t) = o /(Gs(p, Lim1) — G3(p, Lim2)(t — p)'~'dp,
v

@an(t) = Ry(1) — Ry—1(t) = —— | (Ga(p, Ru—1) — Ga(p, Ru—2))(t — p)"~'dp,
r( ¥

©5p(t) = V() = Vo1 () = ro )/(GS(P’ u—1) — Gs(p, Va_2))(t — p)' " dp,

with So(r) = S(0), Eo(r) = E(0), Io(r) = 1(0), Ro() = R(0) and Vo (1) = V(0).
Throughout the above system, we compute the norm of its first equation, and then

t
1
o, I = 1Sp () = Su—1 (DIl = o) / (G1(p, Su-1) = G1(p, Su-2)) (¢ — p)’ " dp
0

< 155 20 [(G1(P, Su1) = Gi(p, Sp-2))(t — p)"~"|| dp.
Possessing Lipschitz’s condition (3.10), we have

o] < f ler-1y(p)| dp- (3.11)

F(v)

In similar aspect, we obtain

lgan ()] < m) / [o20-1) | dp,
sl < F(U) / [o301 ()] dp, (3.12)
lpan ()l < m) / leac—1 ()| dp.
losn (DI < F(v) / lesm—1(p) |dp-
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As a result, we may write

Su ()= @1 (), Ex()= 02 (1), L, (1)

i=1 i=1
=Y @), Ri@) =) 0 (1), Va() =) 05 (1).
i=1 i=1 i=1

Theorem 2 A system of solutions described by the SEIRV model (3.4) exists if there exists t
such that (ﬁﬁ Kj) < 1.

Proof From (3.11) and (3.12), we have.

1 n
eI < ”Sn(o)”I:it Kl] :

T ()
lgon (1l < IE4O)] :F o Kz
lg3n ()] < ||1n<0>||[ o K3]n,
lgan() ]l < R ()] ﬁr K4:
lgsa ()]l < Vo) ﬁr Ks:n

Thus, the system is continuous and has a solution. Now we’ll explain how the functions
listed above may be used to construct a model solution (3.9). We make the assumption that

S@) = S0) = Sp (1) — P1a (1),
E(1) — E0) = E,(1) — P (1),
I(1) = 1(0) = I, (t) — P3,(2),
R(1) = R(0) = Ru(1) — Py (1),
V(1) = V(0) = V(1) — Psp(2).

So

[ Pia(DIl =

t

1
o) f(Gl(p, S) = Gi(p, Sp-1)) dp
0

t
1
< m/nGl(p, S) = G1(p. Su_)lldp
0

1
< ——t K1||S — Sp—1ll-
=T il n—tl

We get the result by repeating the process.

1 n+1
1P < [mf] KMk, (3.13)
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[P = 0 asn — oo.

Similarly, we may establish that || P, (1) H — 0, j=2,3,4,5asn — oo.

To examine the uniqueness of the solution, we assume that there is another solution of the
system, such as S1(¢), E1(t), I1(t), R1(¢) and Vi (t).

Then

t
1
S@t) —81(t) = o) /(Gl(p, S) = G1(p, Sp—1))dp.
0

Taking norm we have

t
1
IS0) = 10l = 1 /nGl(p, $) — G1(p. Sa_)ll dp.
0

From Lipschitz condition (3.10),
1
1S@) — Si1@®)I < Wt Ki|IS(@) — Si@)ll.
Thus
1
IS@) — Sl(t)||<1 — ﬁt K1) <0. (3.14)

Theorem 3 The model system (3.4) has a unique solution, provided that

<1 — LI‘K1> > 0.
INQY)

Proof Assuming that condition (3.14) is valid,
1
S@) -S|l ——=——tK; ) <0.
1S(#) — Si( )||< NO) 1> <

Then || S(t) — S1(¢)|| = 0. So, we have S(¢) = S1(¢). Similarly, we can prove that E(t) =
Ev(0), I(t) = i (1), R(t) = R (1), V() = Vi(D).

Equilibrium Points and Basic Reproduction Number

The disease-free equilibrium points E( and the epidemic equilibrium point E; of the system
(3.4) are obtained from

CD'St)=CD'E(t)=D'1(t) =°D'R(t) =°D}V(t) =0. (3.15)

We have Eg = (555, 0, 0,0, 5-5%5) and Ey = (S*, E*, I*, R*, V"),

x _ (Bo+8D(0+8) px _ (Botdd) px px _ Ady _ ot px _ &
where 5% = g BT =T I = Gameemn — 5o K =51

y* — Got8)(+82)8

The basfijgoﬁéproduction number, indicated by Ny, is the estimated number of secondary
cases generated by infection of a single susceptible individual.

Using next generation matrix method [39, 40], the reproduction number (Rp) can be
obtained from the leading eigen value of the matrix FV~! where,

BA
F = 0 S+ | gnd V = do+dr 0 .
0 0 —81 8o+ 82
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BAS
(80 +8) (80 +81)(80 +82)

Therefore, the reproduction number Rg = (3.16)

Each parameter is obviously dependent on v. So N is a function of v. For analysis purpose,
we have fixed the value of v. If we change the value of v, then all other parametric values
will be changed and this will change the value of Rg.

Significance of Sensitivity Parameters

This section shows the impact of altering parameter values on the N, reproduction number’s
perceived usefulness. The crucial parameter, which might be a critical threshold for illness
management, must be identified.

The following are the mathematical representations of Jig’s sensitivity index towards the
parameters A, B, 8, 8, 81, 82:

My Bd1

AN (89 +8)(8g +81) (80 +82)°

Mo _ Ady Mo _ BAS

B Go+&B+8)G0+8)" 38 (89 +8)2(80 +81)(80 +82)
Mo _ BAd Mo _ BAS:

81 (Bo+8)(Bo+31)>@Bo+52)" 882 (8+52)> (80 +81) (50 +9)
My BASI[363 +280(80 + 8 +82) + (861 + 8182 +852) ]

380 [(80 +8)(80 +81) (S0 + 82)1?

It is inferred that some derivatives seem positive, and that the basic reproductive number
Ro increases as any of the aforementioned positive value parameters A, 8, §; is increased.
The proportionate reaction to the proportion stimulation is used to calculate the elasticity.

We have
A Ny B No 81 aNo 8o
A= =1, Eg= =1, B, = — = .

No 061 8o + 61

No IA P~ % 98

As a result, we observed that E5, Eg and Es; are positive. This means that increasing
the values of the parameters A, B and §; raises the value of the fundamental reproduction
number Np. The fundamental reproduction number might vary a lot depending on how these
factors are changed. A highly sensitive component should be computed with care, since even
slight variations might result in significant quantitative systemic changes.

Stability Analysis

For stability analysis, the Jacobianmatrix of the system (3.4) at disease-free equilibrium point
Ey is given by Jo = P, where

Py 0 P3 0 O
0O P»n Py O 0

0 0 Py Py O
Ps; 0 0 0 Pss
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with Pj; = —(8+8¢),P13 = —BSo,Pra = —(81+80),P23 = BSo, P2 = 61,P33 =
—(80 + 82), P4y = —80, P55 = —80, P43 = 83.

Theorem 4 When RoWhen < 1, the disease-free equilibrium point of the system (3.4) is
locally asymptotically stable, and when 0y > 1, it is unstable.

Proof The characteristic equation of Jy is given by determinant (P — A[5) = 0.

The roots of the characteristic equation are —§¢p, —8¢p, — (8 + o) and A2 — M Py + P33) +
(P P33 — P3Py) = 0.

By Routh-Hurwitz Criterion, the roots are negative if (Pxp+ P33) < 0 and
(Pn P33 — Py3P3) > 0.

Now (P2 P33 — P3P3) > 0

BAS;

=> (81 +380)(80 +82) — G0+

>0

=> N < 1.

Since the first three roots are negative and other roots will be negative if g < 1 and
positive if g > 1.

Therefore the equilibrium point Ej is locally asymptotically stable or unstable according
asNg < lorhy > 1.

Theorem5 When N < 1, the disease-free equilibrium point Eqof the system (3.4) is globally
asymptotically stable, and unstable when Ry > 1.

Proof Taking the appropriate Lyapunov function into consideration.
F=(@1)E + (o +d1)].
The time fractional derivative of the above function is
EDVF(t) = (51)° DV E(t) + (80 + 81) DY I (1).
From (3.4) we get,
CDJF(t) = BDIBSI — (80 +81)E] + (80 + 8)IS1 E — (80 +62)1]

Now,
CDYF(1) = BSIS; — (80 +81) (80 + 82) 1
BSs
=1[(6g+61)(Sp+6 —_— 1
[(80 +81)(S0 + 2)][(80+81)(60+52)
Since S = 50% < N, it follows that
C v BAS
D'F(t) = I[(8¢g+61)(6p + & —1
; F (1) [(8p +81) (80 + 2)]|:(<SO+8)(80+81)(80+62) }

= I[(80 +31) (0 + 62)1[No — 1]

Hence if g < 1, then CD;’F (t) < 0. Hence, by LaSalle’s extension to Lyapunov’s
principle [41, 42], the disease-free equilibrium point Ey is globally asymptotically stable
and unstable if fg > 1.
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Theorem 6 If No > 1, the epidemic equilibrium E1 = (S*, E*, I*, R*, V*)islocally asymp-
totically stable.

Proof The characteristic equation is (—8yp — A)(—8p — M3 + AxZ + BA + C) = 0. where

A=—(Gn+Gn+G33), B=G11(Gxn+G33)+(G22G33 — G363 + G13G21G32),
C =—-G11(G22G33 — G23G32 + G13G21G ),
with
G = —BI" =880, Gap = =80 — 81, G33 = =80 — 82, Go3 = BS™, G2 =61,
Gz = —BS*, Gz = pI*, Gy = BI™.

Since A > 0,C > 0, AB > C, by Routh-Hurwitz Criterion, the system (3.4) is locally
asymptotically stable at E;.

Theorem 7 The epidemic equilibrium Eis globally asymptotically stable if Ry > 1.

Proof The Goh-Volterra form’s non-linear Lyapunov function is defined as.
S E 1
W = <S —5* - S*log§> + <E — E* — E*logﬁ> + Q<I —I*— I*logﬁ>.

Using Lemma 3 and then the above function’s time fractional derivative is,

CDYW() < <1 - %)CD,”S@) + (1 - %)CD;’U) + Q(l - 17*>CD,”I(Z). 4.1)

Using system (3.4) we get,

S*(A — BSI — 808 — 88
CD,"W(I)f(A—ﬂSI—SOS—SS— (A-p 0 ))

S
+ ((,BSI _ o+ E) — BT _1;50 +51)E)>.
I*(81E — (80 + 82)1
+Q((81E—(50+52)1)— Gl 1(0+ 2 )> 4.2)
We have Eq. (3.4) in steady state,
A = BS*I* +805* +85*. (4.3)

Substituting Eq. (4.3) into (4.2) we have

SH(BS*I* + 80S* + 85* — BSI — 805 — 5
CD;’W(t)§<ﬂS*I*+80S*+SS*—ﬂSI—(SoS—SS— (¢ 0 < i 0 ))

E*(BSI — (80 +81)E)
—
1*(M1E—(30+52)1))

i .

+ <(/351 — G0 +81E) —

+ Q<(51E — (b0 +2)1) —

@ Springer



28 Page 14 0f 25 Int. J. Appl. Comput. Math (2022) 8:28

Further simplification gives,

CDYW(r) g(ﬂs*l* +808* +88F — 805 — 88 —

E*(BSI — (80 +51)E)>

S*(BS*I* +80S* +8S* — BSI — 80S — <SS))
S

+ (—(50 +461)E) —

E
I*(81E — (8o +82)1

+Q<(81E—(80+82)1)— O 1(°+ 2) >>. 4.4)

Adding all infected classes without a single star (*) from (4.4) to zero:
S*BI — (8o +81)E + Q(81E — (8 +82)1) = 0. 4.5)

The steady state was somewhat perturbed between (3.4) and (4.5), yielding:

S*B I*S*B (8o +8)I*
= e Go+d) = b = . 46
o G0 +52) (80 +61) e 1 T (4.6)

Substituting the expression from (4.6) into (4.4) gives:

S*(BS*I* +80S* — 80 — 8
CD;}W(I‘)5(,35*1*+805*+5S*_503_ B + OS 0 ))

E*BSI I*S*EBI*
+( - p +1*S*B ) + —7ﬂ+ﬁ5*1* .
E IE*
We have an arithmetic mean that is greater than the geometric mean.

S* S* I*E  SE*I
2—1—— <0, {3————— <0.
S* S S 1E* E
Hecne,

CDYW(t) <0 for Ry > 1.
Hence W is a Lyapunov function. If fp > 1, the epidemic equilibrium E; is globally
asymptotically stable, according to LaSalle’s Invariance Principle [42].

SEIRV Model with Optimal Control

Vaccination is an important tool in the fight against infectious illnesses. The vaccine against
Covid-19 has recently been proven to be an effective means of stopping the disease’s trans-
mission. Ding et al. [43] and Agarwal et al. [44] have contributed on optimum control theory
in fractional calculus. Pontryagain’s maximal principle [45] strikes at the core of the concept
of optimal control in fractional calculus. Our goal is to incorporate the effectiveness of vac-
cination through a control measure namely w(0 < w(#) < 1) and to identify the best control
w™ to minimize the cost function J (w) of the control strategy.
Ig
The cost function J (w*) = min(J (w(1)))with J (w) = /[E +1+Aw?]de, (5.1
0

subject to

CD,"S(I) =A-=-BS®)I(t) —60S(t) —wS(), SO) =S >0,

“D}E@) = BS0)I(t) — (80 +81)E(), E(0) = Eg >0, (5.2)
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CDYI(t) = 81E(1) — 8ol (t) — 821 (1), 1(0) = Io > 0,
CDYR(t) = 821 (1) — 8oR(t), R(0) = Ry > 0,

CD,”V(t) =wSk)—§V(@), V)=V, =0,
where 0 < w(r) < 1.

Theorem 8 Let w(t)be a measurable control function on [0, lg], with w(t)having a value in
[0,1]. Then an optimal control w*minimizing the objective function J(w)of (5.1) with.

w* = max{min{w, 1}, 0},

(e1 —&5)S
2A

w=w =

where
(S, E, I, R, V) is the corresponding solution of the system (5.2).

Proof The Hamiltonian has been analyzed in the following manner:

H :[E +1+ Ale] +e1(A—=BS@O)I(@) —60S() —wS () +e2(BS)I(t) — (89 +61)E(1))
+e3(81E(@) — 8ol (t) — 821 (1)) +&4(821 () — SoR(t)) +es(wS(t) — oV (1)), (5.3)

with

gi(t),i=1,2,3,4,5 are the adjoint variables with ¢; (tg) = 0, expressed in terms canonical
equations:

RL ryv oH
Diei(r) = BT e1(BI(t) + 30 — w) — e2(BI(1)) — e5(w),

RL v oH
Dyex(t) = ~3F = —1+&2((60 +31)E()) — &3(81), 54

RL ryv oH
Dyes(r) = By —L+e1(BS@)) — 2(BS(1)) +€3(80 + 82) — €4(52),

OH
RLDYey(r) = —ag = &40,

oH
RLDYes(t) = —ay = &5,

As aresult, the issue of determining w* that minimizes H in the presence of (5.2) is recast
as minimizing the Hamiltonian with regard to the control. We then establish the following
optimum condition using the Pontryagin principle:

oH
— = 2A1w - (81 - 85)S = 0, (5.5)
ow

which may be solved using state and adjoint variables to yield
(g1 —&5)S

2A1 '

w = (5.6)
For the best control w*, take into account the control constraints as well as the sign of %.
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As a result, we have

. oH
0 lf %<0
I e
w={w if m_0 5.7
. OH
1 lf w>0
and w* = max{min(. 1), 0) where 1 = 7525,

By substituting w* to the equation, the optlmal condition may be determined for the system
(5.2).

Adam-Bashforth-Moulton Predictor-Corrector Scheme for the SEIRV
Model

The Adams—Bashforth-Moulton strategy is the most widely used numerical technique for
addressing any fractional order initial value problems.
Let’s look at the fractional differential equation below.

CD}Fj(1) = g;(t. Fj(1)), Fj(0) = Fr, (6.1)

r:O,l,Z,...,v, jEN

where F is the arbitrary real number, v > 0 and the fractional differential operator Dy’ is
identical to the well-known Volterra integral equation in the Caputo sense.

v—1 n 1 t
Fi(t) = ano F;O% + W/o (t—uw) 'g;(u, Fjw)du, jeN.  (6.2)

Using Adam’s-Bashforth-Moulton predictor—corrector scheme, we explore the numerical
solution of a fractional order SEIRV model with vaccination. The algorithm is described in
the following manner.

Leth= % t,=nh,n=0,1,2,...,/M

Corrector formulae:

hv
Spsl = So + Tos 2)( —BSP L IP = 808P —8SP)
hY n
+m21=0a1’n+1(1\_ﬁsj1]_80S1_8S])’

v

h
P P
Eu41 = Eg+ Fo+2) (BSpili — Go+81) Ey.,)

hY n
mz ajnt (BS;1j — (Bo+8D) Ej),
hV
Inv1 = Io + m ((SIE,H] (80 + 82) In+1)
" ! SIEj — (0+8) 1
+mzj=00{j,n+l(l j — (8o +82) j)7
Rusi = R+ — (5,17, — 80k " " (821 — SR,
n+l = 0+m(2n 0 n+1) mzjzoaj,n+l(21_ 0 j)z
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hY B
(887 — VP
F(v+2)( 0

Vn+1 = VO + n+l n+1) + F(V +2)
Predictor formulae:

Z’;:o ojns1(88; = 8oVj).  (6.3)

1 n
S5+1 = So+ﬁzj=0 ®j,n+l(A —BS;j1; —80S; —55]'),
1

n
EP  =Eo+ o ijo O .1 (BS;j1; — (80 + 81 Ej), (6.4)

n
2, =1+ o Do @it (B1E; = (Go+82)1)),

1 n
14
Rn+1 = Ro + F(U) Zj:() (H)j’”+1 (82]j - 80Rj)’

1 n
VP =Vo+ o) ZFO ©;.ns1(88; — 80V;),

where
"t — (= v)(n+ 1Y, if j=0,
Vipti =3 m—j+ 2" e (n— ) —2m—j+ )", if 0<j<n,.
1, if j=1,
and
v
O 1 = — [(n+1—])”—(n—])”)],0<] <n

Numerical Simulation and Discussion

In this section, we perform rigorous numerical simulations to evaluate and verify the analytical
results of our model system (3.4). Using mathematical software MATLAB (2018a version),
we have employed Adam’s-Bashforth-Moulton predictor—corrector scheme to obtain numer-
ical solution to the system (3.4).

We investigate numerical simulations of the model system (3.4) for India in the Caputo
sense, using the parameters listed in Table 1. We estimate and anticipate the progression of
the COVID-19 pandemic using recent Indian data up to the 10th of August 2021 [4]. In the
India scenario, Table 1 is utilized for simulation. The following figures were produced to
examine the behavior of the model (3.4) under various initial conditions.

Table 1 Estimated values of

parameters for India: Parameter Value References
A 0.0182 [46]
B 0.476 [47]
51 0.071 (48]
5 0.286 [47]
80 0.0073 [46]
8 0.01 Model to fit
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Fig. 2 Comparison of dynamical behaviour of all individuals with respect to time for fractional order v = 0.82,
8 =0and é =0.01

Figure 2 demonstrates the dynamical behavior of all individuals for fractional order
v = 0.82. The comparison of the number of susceptible, infected, exposed and recovered
individuals in case of § = 0 and § = 0.01 is quite obvious.The number of susceptible indi-
vidualsis more for § = 0 than § = 0.01. Similar is the case with exposed individuals and
infected individuals. However, in case of recoveredindividuals, it is just the opposite, due to
obvious reasons. Now, the recovered individuals will be more in case of § = 0.01 than in
case of 6 = 0.

Figure 3 depicts the dynamical behavior of all individuals with a vaccination rate of 0.01
at fractional orders of v = 0.8, 0.9, 1 and the value of % is 1.55. The purpose of this study
is to demonstrate the importance of the COVID-19 vaccination rate. When we enforced a
vaccination rate, the basic reproduction number decreases.

Figure 4a-e shows the time series of susceptible individuals, exposed individuals, infected
individuals, recovered individuals and vaccinated individuals across a time period of [0,100]
with optimal control taking fractional order v = 1.
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— =1
=0.9
=0.8] |

0.8 -

Susceptible(S)
Infected(])

0
o 100 200 (0] 100 200 0o 100 200
time(t) time(t) time(t)
(a) (b) (¢)
For 6=0.01 For 6=0.01
1.6 0.8
0.7 — =1
—v=0.9
K IS
gos ]
o = 0.4
0.3
0.2 0.2

0 100 200 ) 100 200
time(t) time(t)
(@ (e)

Fig. 3 Dynamical behaviour of all individuals with respect to time with a vaccination rate, § = 0.01 and
fractional order v = 0.8, 0.9, 1

Vaccination is a critical component in preventing people from COVID-19, and various
ideas have been proposed in which vaccination rates are viewed as quite beneficial. As a
result, the addition of the vaccination parameter decreases the reproduction number . For
the simulation of the optimal control problem subject to the model (3.3) corresponding to
Table 1 in the India scenario, we used a final time of ¢, = 100. Figure 5 depicts the time
series of optimal control variable w* and optimal cost J*.

Data Fitting and Model Validation

The data fitting and model validation of the system (3.4) for Infected population in Brazil are
described in this section. From the 10th of April to the 19th of July, 2021, we compared the
model values with the real scenario for Brazil. The total initial population of Brazil is around
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Fig. 4 With respect to time, the time series of the model system (3.3) corresponds to Table 1

209500000 [4]. The parametric values are given in Table 2. We have taken 1 = 1 day as time
unit and # = 100 as final time. Table 3 recommends day wise Infected population from 10th
April, 2021 to 19th July, 2021. Figure 6 depict time series solution of Infected population of
the system (3.4) for Table 2 taking v = 0.8, 0.85, 0.9.

Conclusion

In this paper we have discussed the optimal control of fractional order SEIRV model
with vaccination as the control parameter w. Based on the COVID-19 cases data in
India, collected upto 10th August, 2021, we estimated the basic reproduction number
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o 20 40 60 80 100 20 40 60 80 100
Time(t) Time(t)

Fig. 5 Time series of optimal control variable w* and optimal cost J* with parameter values corresponding to
Table 1

Table 2 The estimated parametric

values are as follows in Brazil Parameter Value References
A 0.0187 [46]
B 0.32 [47]
81 0.344 [48]
5 0.041 [47]
8o 0.0063 [46]
8 0.01 Model to fit

No without vaccination to be 3.67 and with vaccination to be 1.55. The fractional-order
derivatives are usually more suitable in modeling since the choice of the derivative order
provides one more degree of freedom and this leads to better fit to the real time data with less
error than the integer-order model. A comparison of the number of individuals in different
compartments for v = 0.82 has been presented in Fig. 2 in case of § = 0 and § = 0.01. The
stability analysis of the model shows that the system is locally as well as globally asymptot-
ically stable at disease-free equilibrium point Eg when iy < 1 and at epidemic equilibrium
E1 when 9 > 1. Sensitivity analysis shows that N is directly proportional to thebirth rate
of susceptible individuals A, the rate of infection of susceptible individuals 8 and the rate of
progression from exposed to infected individuals 81, all of which may be controlled with the
effective execution of vaccination drives. We have used the Pontryagin’s Maximum Principle
to provide the necessary conditions needed for the existence of the optimal solution to the
optimal control problem. Adam-Bashforth-Moulton predictor—corrector technique has been
used to obtain numerical solutions to the system. Numerical simulations are presented using
MATLAB to validate the efficacy and impact of the control parameter. It is evident that if
the control measure w is employed then the transmission of the disease may be checked and
eradicated. Additionally, the optimal control value w* has been determined in Theorem 8 to
minimize the cost of vaccination given by J (w) = f(;g [E + I+ Ajw?]dt. We have assumed
a final time #, = 100 for optimal control. The order of derivative can differ from region to
region. If we vary the order of derivatives while keeping other parametric values fixed, the
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Table 3 Day wise Infected

population of Brazil from 10th Day Infected population

April, 2021 to 19th July, 2021
10/04/2021 1,269,000
20/04/2021 1,285,000
30/04/2021 1,270,000
10/05/2021 1,111,000
20/05/2021 1,068,000
30/05/2021 1,108,000
09/06/2021 1,128,000
19/06/2021 1,257,000
29/06/2021 1,227,000
09/07/2021 813,700
19/07/2021 825,000

4 x10°

35T 1
= 3F .
=
=
[30]
=25
o
(=)
o
o 2f
D
°
2
= 1.5c___\ Real Data

1l —zm |
D
v=0.87""
0:5 ' ' ! '
0 20 40 60 80 100
time(Days)

Fig. 6 Time series solution of Infected population of the system (3.4) for Table 2 taking v = 0.8, 0.85, 0.9.

results will be different (Fig. 6). This demonstrates that the order of derivative is important
in system simulation. We have comparatively studied the model values and real scenario of
Brazil starts from 10th April 2021 and continues up to 100 days. It has been observed that
our model fits with v = 0.85 with realistic data.
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