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Bouncing and spinning 
of amorphous Lennard‑Jones 
nanoparticles under oblique 
collisions
Maureen L. Nietiadi & Herbert M. Urbassek*

Collisions of Lennard-Jones nanoparticles (NPs) may be used to study the generic collision behavior 
of NPs. We study the collision dynamics of amorphous NPs for oblique collisions using molecular 
dynamics simulation as a function of collision velocity and impact parameter. In order to allow for NP 
bouncing, the attraction between atoms originating from differing NPs is reduced. For near-central 
collisions, a finite region of velocities – a ‘bouncing window’ – exists where the 2 NPs bounce from 
each other. At smaller velocities, energy dissipation and – at larger velocities – also NP deformation do 
not allow the NPs to surpass the attractive forces such that they stick to each other. Oblique collisions 
of non-rotating NPs convert angular momentum into NP spin. For low velocities, the NP spin is well 
described by assuming the NPs to come momentarily to a complete stop at the contact point (‘grip’), 
such that orbital and spin angular momentum share the pre-collision angular momentum in a ratio 
of 5:2. The normal coefficient of restitution increases with impact parameter for small velocities, but 
changes sign for larger velocities where the 2 NPs do not repel but their motion direction persists. The 
tangential coefficient of restitution is fixed in the ‘grip’ regime to a value of 5/7, but increases towards 
1 for high-velocity collisions at not too small impact parameters, where the 2 NPs slide along each 
other.

Collisions of particles (also termed ‘grains’) play an important role in several branches of science. In environ-
mental physics, the size distribution of aerosols is influenced by their collision dynamics1,2. In chemical engi-
neering, powder technology is based on the manipulation of grains; again, the collisional interaction of grains 
may influence their size and properties3. In protoplanetary disks – where particles are conventionally termed 
dust – agglomeration of dust is the first step leading eventually to the building of asteroids and even planets4–7. 
Also in other situations of astrophysical interest, dust collisions are relevant such as in debris disks of developed 
planetary systems8,9, in planetary rings10, and in the dust tails of comets11,12.

While collision experiments are readily performed on particles of mm- and even µm-size13,14, collisions of 
nanoparticles (NPs) are most easily studied using theoretical tools such as analytical models15–17 or simulation18. 
In the lowest size regime, molecular dynamics (MD) simulation has shown as a promising venue to deliver infor-
mation on collisions of NPs with sizes of a few ten nm. Here, NPs of a variety of materials have been studied, 
among them silica19, water ice20, and also core-shell structures21,22. Interesting results that have been achieved 
include the dependence of the bouncing velocity – that is the velocity discriminating the low-velocity sticking 
from the high-velocity bouncing outcomes of a collision – on material characteristics and NP size.

As a rule, these studies have been performed for central collisions23, as these are essentially one-dimensional 
and reduce both the parameter space to investigate and the number of observables to analyze. However, the 
consideration of oblique collisions opens up new questions such as the collisional excitation of NP rotation or 
the influence of the impact parameter on the bouncing velocity.

In the present paper, we use MD simulation to study oblique collisions in a generic system: NPs that are 
composed of Lennard-Jones (LJ) material. LJ has served for several decades as a prototypical material24–26 since 
its atoms interact via a simple pair potential and the results obtained obey simple scaling rules that often allow 
their transfer to other systems of interest18,27–35. It is thus hoped that the present results can provide a general 
insight into the deviations that occur between oblique and central NP collisions. We shall study the collision 
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modes – from sticking to bouncing – the (normal and tangential) coefficients of restitution, excitation of NP 
spin, the change of the bouncing velocity with impact parameter, and NP deflection under the collision.

Method
Atoms interact via the standard Lennard-Jones (LJ) potential

with length parameter σ and energy parameter ǫ ; the potential is cut off at rc = 5σ such that V(r) = 0 for r > rc . 
In the following, we will use LJ units: The unit of time is τ = σ

√
m/ǫ , where m is the atom mass; lengths are 

measured in units of σ , and the unit of velocity is 
√
ǫ/m . As an example, for the case of Ar clusters, it is ǫ = 10.32 

meV and σ = 3.41 Å36–38; hence the units of time and velocity correspond to 2.16 ps and 158 m/s, respectively.
Amorphous LJ NPs are obtained by rapidly quenching from the melt39,40. In detail, a cubic box of box length 

35.4 is filled with liquid LJ material at a temperature of T = 2.5 and slowly quenched under periodic bound-
ary conditions with a quench rate of 0.0018 in LJ units until the temperature is close to 0. A sphere of radius 
R = 88.23 containing 3,131,097 atoms is cut out from a sufficiently large array of the periodic images of this box 
and then relaxed in an NVE ensemble for a LJ time of 25 in order to obtain relaxed surfaces.

For the collision simulation, one NP is duplicated and put outside of the cut-off radius of the first NP; if 
several simulations are performed with identical velocity and impact parameter, one of the NPs is rotated by a 
random angle before starting the simulation. The two NPs are given an initial velocity of v and −v with equal 
magnitude but opposite direction, see Fig. 1a. Thus, the collision is simulated in the center-of-mass- frame; the 
relative velocity of the 2 NPs is 2v. The impact parameter B is given by the initial distance of the 2 NPs in the 
direction perpendicular to v , see Fig. 1b. We define the relative impact parameter as

Central collisions are characterized by b = 0 and glancing collisions by b = 1.
We found that the amorphous NPs are sticking for central impacts for all velocities; this is in contrast to 

crystalline LJ NPs30,35. In order to improve the tendency for bouncing, we modified the attraction between atoms 
of different NPs by reducing the LJ parameter ǫ in Eq. (1) to a parameter ǫ12 , while the interaction between 
atoms of the same NP is unaltered. Such a changed interparticle interaction might for instance be caused by 
contaminants adsorbed on the NP surfaces. With this modification, we found bouncing if ǫ12 = 0.2 and fixed 
this value in the present study. No systematic research into the dependence of our results on the choice of ǫ12 
was performed. However, in the limit of vanishing interparticle attraction, all collisions will be bouncing, such 
that a relevant collision channel entirely disappears. We note that also in previous simulation studies of LJ NP 
collisions, a reduction of the interparticle attraction was introduced29,32–34.

The simulations are run until the 2 NPs separated from each other at least by the cut-off radius of the 
potential. If the 2 NPs stick after the collision, the termination of the simulation is to some degree arbitrary; for 
determining the lower bouncing velocity, vb , we waited a factor of 5–10 longer than the nearest bouncing case 
to see if the 2 NPs are really stuck together. In the case of fragmentation, which occurred for high velocities, we 
also stopped the simulation before fragmentation was complete, since the study of fragmentation processes is 
not in the center of this work.
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Figure 1.   (a) Sketch of the collision of NP1 and NP2 in the center-of-mass frame. The initial collision velocity 
of NP1 is v , its post-collision velocity is v′ ; they make an angle θ . Because of symmetry, NP2 has – apart from 
the sign – the same pre- and post-collision velocities and deflection angle as NP1. (b) Sketch of the collision 
kinematics at the moment where the two NPs touch at point C. C is also the – unmoving – center of mass of the 
system. The blue circles denote the NPs, R is the NP radius, B the impact parameter, and the angle φ is given by 
Eq. (3).
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Note that because of the symmetry of the collision scenario, it is sufficient to consider the motion of one NP. 
The position, velocity and rotational velocity (spin angular momentum) of the second particle can be obtained 
from the conservation of momentum and angular momentum.

The total angular momentum is calculated by summing mri × vi over all atoms i (mass m) with respect to the 
fixed center of mass, C, of the system. Analogously, the spin angular momentum of NP1 is calculated from the 
analogous expression by summing over all atoms that belong to NP1 and referring positions and velocities to the 
(moving) center of mass of NP1; analogous for NP2. The orbital angular momentum is given by the analogous 
expression, summing over the center-of-mass positions and velocities of NP1 and 2.

The molecular dynamics simulations are performed with the LAMMPS code41. Atomistic snapshots are 
generated with OVITO42.

Results
Overview over collision modes – Classification of collisions.  The outcomes of NP collisions can 
quite generally be classified into ‘sticking’ and ‘bouncing’ collisions depending on whether the NPs separate 
again after impact or not; at high velocities, in addition NP fragmentation will set in.

Figure 2 gives an overview of these outcomes for several velocities and impact parameters. The snapshots were 
taken at the time when the simulation was terminated, cf. Sect. “Method”. Quite generally, we observe sticking at 
low velocities, followed by bouncing at higher velocities. For small impact parameters b ≤ 0.33 , a second sticking 
regime is encountered at even higher velocities, which is caused by strong energy dissipation during the colli-
sion. The bounced NPs show deformation after the collision. At the smallest velocities, the plastic deformation 
is concentrated at the collision zone and may be termed ‘flattening’. At the largest velocities, the deformation 
spreads out over the entire NP and even fragmentation sets in. Figure 3 shows how the sticking and bouncing 
collisions depend on the velocity and impact parameter. In this plot, we tentatively subdivided the sticking (S) 
and bouncing (B) regimes further by denoting a small letter indicating flattening (a) and strong deformation 
(b); the exact boundary between flattening and strong deformation is somewhat subjective. For negligible NP 
deformation, the pure symbols S and B are used. The low-velocity boundary between sticking and bouncing 
collisions will analyzed in detail in Sect. “Bouncing velocity”.

For non-central collisions in the sticking regime, the merged NPs spin around each other. In such a case, the 
snapshots of Fig. 2 give only an instantaneous look on the rotating system. For non-central bouncing collisions, 
the 2 NPs have escaped each other at the time when the snapshots were taken; each NP will spin around its center. 
These rotational motions will be further analyzed in Sect. “Angular momentum”.

A typical feature seen in Fig. 2 is the compression (‘flattening’) of NPs in their contact area. This compression 
starts already at quite small velocities and has not been observed for crystalline LJ NPs35. We therefore believe that 

Figure 2.   Overview over the post-collision configurations of 2 NPs colliding with velocity v and impact 
parameter b. Colors denote original association of atoms to NP 1 and 2. Snapshots were taken at the times t 
indicated, when the collision outcome – bouncing or sticking – can be determined from the separation between 
the two NPs.
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it is caused by the soft surface structure of amorphous NPs. A characteristic feature of larger-impact-parameter 
collisions is a ‘shaving’ (or ‘sliding’18) process where the contact area of NPs is not only flattened but NPs leave 
the contact zone again because lateral friction does not allow them to reduce their velocity sufficiently for stick-
ing, see e.g. b = 0.67 , v = 0.8 . At higher velocities, material is moved out sideways from the collision zone by 
friction at the contact zone ( b = 0.67 , v = 1.6 ); this removed material forms long filaments ( b = 0.67 , v = 2.4 ) 
until the two NPs become strongly fragmented at even higher velocities.

For smaller impact parameters, bouncing NPs show mild deformations at the contact zone. In the higher-
velocity regime of sticking, the NPs weld at their contact zone ( b = 0.33 , v = 0.8 ) but start sliding along it for 
higher velocities ( b = 0.33 , v = 1.6 ). This change in transverse-momentum accommodation will be discussed 
in more quantitative detail in Sect. “Normal and tangential restitution coefficients”. At even higher velocities, 
the NPs are strongly deformed to pancake-like structures, which, however, continue to adhere to each other 
( b ≤ 0.33 , v = 4.8).

A similar map, albeit for smaller NPs, R = 13.5 , including similar collision outcomes has been obtained 
previously18. The features of low-velocity sticking, increasing fragmentation at large velocities and ‘sliding’ col-
lisions at larger impact parameters are common for both NP sizes. As novel features we find a bouncing regime 
as well as a second (higher-velocity) sticking regime at low impact parameters; also, the shape of the low-velocity 
sticking-bouncing threshold becomes more complex as will be discussed in Sect. “Bouncing velocity”.

Normal and tangential restitution coefficients.  The velocity changes caused by the collision are con-
veniently described by the restitution coefficients. We consider the collision in the center-of-mass frame of the 2 
NPs, in which the center of mass of the system, C, is fixed. C is also the point at which the 2 NPs would touch first 
if they moved on straight trajectories without interaction, see Fig. 1b. The angle φ between the line connecting 
the centers of the 2 NPs and the initial velocity v is given by

We set up a coordinate system in C with axis n pointing towards the center of sphere 1, and axis t  tangential to 
the 2 NPs, see Fig. 1b. n and t  are unit vectors. Then the initial velocity of NP1 can be expressed as

with the normal component vn = −v cosφ and the tangential component vt = v sin φ.
After the collision, the post-collision velocity of NP1, v′ , can be similarly expressed as

The tangential and normal components of v′ can be expressed as

where en ( et ) are the normal (tangential) coefficients of restitution. Note that in some literature43–46, different 
definitions of these quantities are given – en may have the opposite sign, and et may refer to the instantaneous 
speed of atoms at point C including (pre- and post-collisional) NP spin. For our purposes, the definitions in 
Eq. (5) appear to be most appropriate, as they allow immediately to calculate v′ from v once en and et are known. 
These coefficients of restitution describe the persistence of motion after the collision: Values of 1 indicate that the 

(3)sinφ =
B

2R
= b.

(4)v = vnn+ vt t ,

(5)v
′ = v′nn+ v′t t .

(6)v′n = envn, v′t = etvt ,

Figure 3.   Classification of NP collisions into sticking and bouncing in dependence of collision velocity v and 
impact parameter b. Filled symbols: sticking collisions (S), with Sa: sticking and flattening, and Sb: sticking and 
strong deformation (shearing, fragmentation). Open symbols: bouncing collisions (B), with Ba bouncing and 
flattening, and Bb: bouncing and strong deformation (sliding, fragmentation). Note the logarithmic abscissa 
scale.
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NPs move on unperturbed by the collision; this will occur at grazing collisions. A central impact with en = −1 
denotes a totally elastic reflection; collisions with en = 0 and et = 0 denote a sticking collision.

Figure 4a displays the normal coefficient of restitution as calculated from our simulations; Fig. 4b zooms 
into the low-velocity region. For central impacts, we find that the normal coefficient of restitution assumes small 
negative values, −0.2 < en < 0 , in the bouncing regime, 0.03 ≤ v ≤ 0.4 . en is negative in our definition Eq. (6) 
since the NP velocity is reversed during bouncing. The smallness of en indicates that the collision is strongly 
inelastic and a considerable part of the collision energy is dissipated. In this velocity regime, en is negative also for 
larger impact parameters. Quantitatively en does not change much with b up to b ≤ 0.5 ; only for higher impact 
parameters, its values change and approach 0.

For the large impact parameters which show bouncing also at high velocities ( b ≥ 0.5 ), en assumes positive 
values for v ≥ 0.4 . Since these are near-glancing collisions, even the normal component of v persists after the 
collision; for b = 0.83 and the highest velocities, en approaches 1 as in an unperturbed trajectory.

The dependence of the tangential coefficient of restitution on velocity and impact parameter is displayed 
in Fig. 5a,b zooms into the low-velocity region. Interestingly, at small velocities, it is et ∼ 0.7 for all impact 
parameters. This behavior will be discussed in detail in Sect. “Angular momentum”; there it will be shown that 
when assuming that the 2 NPs come to a complete stop at the collision point, the conservation of total angular 
momentum predicts et = 5/7 , Eq. (12), in fair agreement with our simulation results for velocities v ≤ 0.4 for 
the small impact parameters ( b ≤ 0.5 ). For larger impact parameters, and for b = 0.5 for larger velocities, et 
increases towards 1, as expected for a grazing collision, in which the NPs change their velocity only negligibly.

Large fluctuations show up in the coefficients of restitutions for small velocities. As shown in detail below 
(Figs. 10 and 11 and their discussion in Sect. “Bouncing velocity”) the details of the surface structure of 

Figure 4.   (a) Normal restitution coefficient, en , as a function of collision velocity v for several impact 
parameters b. (b) zooms into the low-velocity region. Data are only shown for bouncing collision. Note the 
logarithmic abscissa scale in subpanel (a).

Figure 5.   (a) Tangential restitution coefficient, et , as a function of collision velocity v for several impact 
parameters b. (b) zooms into the low-velocity region. Data are only shown for bouncing collision. Note the 
logarithmic abscissa scale in subpanel (a).



6

Vol:.(1234567890)

Scientific Reports |        (2022) 12:10699  | https://doi.org/10.1038/s41598-022-14754-1

www.nature.com/scientificreports/

amorphous NPs determines the outcome of a collision in the vicinity of the bouncing velocity. Hence the exact 
values of the bouncing velocity – and similarly the coefficients of restitution and the spin excitation – depend on 
the relative orientations of the two NPs and show hence a large sensitivity on the collision velocity and impact 
orientation.

Angular momentum.  In the center-of-mass frame, the collision is symmetric against a permutation of 
NP1 and NP2: v1 = −v2 and R1 = −R2 , where vi and Ri denote the instantaneous velocities and positions of the 
center of mass of NP i. It is therefore sufficient to focus on the angular momentum of NP1 in the following, since 
the angular momentum of NP2 is identical. Since the NPs are initially non-rotating, the initial angular momen-
tum is entirely composed of the orbital momentum around the center of mass, C, and has only a component 
perpendicular to the plane; we will denote this component by L. From Fig. 1b, we see that

This value is conserved throughout the entire collision, but after the collision, L is composed of both a spin and 
an orbital component,

where L′ denotes the post-collision angular momentum.
Since the total angular momentum is conserved, it is sufficient to discuss one component of L′ ; we focus on 

the spin. The behavior of L′spin is analyzed most readily at low velocities. Here, an inspection of the NP trajectories 
shows that at the moment of contact, lateral friction between the two colliding NPs perfectly adjusts their tangen-
tial velocities, see Fig. 6a. This means that the tangential velocity of atoms of NP1 at point C, vC = v′t − ω′R , must 
be equal to the tangential velocity of atoms of NP2 at point C; because of symmetry this means, it must be zero,

Here ω′ denotes the post-collision angular velocity of NP1; it is identical to that of NP2. Eq. (9) relates ω′ to v′t , 
such that

A second relation is obtained from angular-momentum conservation, Eq. (8), which may be written as

with the NP mass M and the moment of inertia 2MR2/5 , since L′orb = MRv′t and L′spin = 2MR2ω′/5 . Eqs. (9) 
and (11) thus imply

From Eq. (9) and Eq. (11) we thus obtain the relative angular momenta after collision

Figure 7 shows the dependence of L′orb and L′spin on collision velocity for the example of b = 0.5 . We see that this 
relation, Eq. (13), is well fulfilled for small v. We denote the condition of vanishing relative velocities of atoms 
NP1 and NP2 at point C, Eq. (9), as ‘grip’45,46.

(7)L =
1

2
MvB = MvRb = MRvt .

(8)L′ = L = L′orb + L′spin,

(9)vC = v′t − ω′R = 0.

(10)ω′ =
v′t
R
.
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2

5
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Figure 6.   Snapshots showing the collision with impact parameter b = 0.5 around the moment of closest 
approach for collision velocity (a) v = 0.05 , (b) 0.4, and (c) 0.8.
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The entire evolution of the spin angular momentum with velocity for the impact parameters investi-
gated is shown in Fig. 8; only data for bouncing cases have been included. At low velocities, the relationship 
L′spin/L = 2/7 , Eq. (13), is well fulfilled.

The increase in L′spin/L at small velocities is connected to the increasing compression of the NPs upon close 
contact. As Fig. 6b shows for the moment of closest approach, with increasing velocity not only the contact area 
of the 2 NPs broadens, but also distance of the contact area to the center of mass of the NPs shortens from R to 
R′ < R . As a consequence, the post-collisional angular velocity increases by virtue of Eq. (10) to ω′ = 5vt/(7R

′) 
and hence the spin angular momentum increases.

With further increase of v, v > 0.5 , spin excitation decreases again. This can be understood by assuming that 
the ‘grip’ is loosened with increasing velocity, see Fig. 6c: Instead of Eq. (9), we thus postulate v′t + ω′R = αvt 
with a positive α . An analogous calculation then gives L′spin/L = 2(1− α)/7 ; that is, a loss of grip leads to a 
decrease in spin excitation, until for α = 1 the collided NPs have only orbital angular momentum. Fig. 2 shows 
that this loss of grip occurs in the ‘shaving’-mode collisions in this velocity regime. At even higher velocities, 
v > 2.4 , strong NP fragmentation makes our analysis inaccurate because more than 2 NPs exist after the collision.

The analysis of our MD simulations thus showed that the grip condition, Eq. (9), holds true for v � 0.5 , with 
the exception of very glancing collisions, b = 0.83 . We do not believe that the range of validity of Eq. (9) could 
be easily stated a priori; rather, it is only the MD simulations that allowed to establish the validity of the grip 
condition.

Figure 8 shows a synopsis of the relative spin excitation as a function of velocity and impact parameter. The 
behavior for b = 0.5 discussed above, is typical also for the other impact parameters. At low velocities, L′spin/L 
is close to the value of 2/7 for all impact parameters. With increasing velocity, for small impact parameters, it 
slightly increases, due to NP compression, as discussed above. The decline of L′spin/L towards high velocities 
is more pronounced for large impact parameters, as here the collision is entirely in the ‘shaving’ mode, Fig. 3.

Figure 7.   Relative spin and orbital momenta as a function of collision velocity v after collision with impact 
parameter b = 0.5 . Note the logarithmic abscissa scale.

Figure 8.   Relative spin momenta as a function of collision velocity v after collision for several impact 
parameters b. Data are only shown for bouncing collisions. Note the logarithmic abscissa scale.



8

Vol:.(1234567890)

Scientific Reports |        (2022) 12:10699  | https://doi.org/10.1038/s41598-022-14754-1

www.nature.com/scientificreports/

NP deflection.  Due to the collision, the NPs are deflected from their initial direction of motion. The deflec-
tion is quantified by the deflection angle θ defined by

The resulting deflection angles are gathered in Fig. 9. They show only few surprises. 

1.	 As for sticking velocities, it is v′ = 0 , the deflection angle becomes undefined.
2.	 For increasing b, the angle θ decreases.
3.	 For high velocities, the deflection angle tends to zero.

Bouncing velocity.  Low-velocity collisions are sticking for all impact parameters, but after passing a critical 
velocity, vb , the two NPs bounce off each other. At higher velocities, v ≫ vb , a second sticking (or fusion) regime 
shows up for small impact parameters b ≤ 0.33 . We will be interested in the (lower) bouncing velocity, since in 
many cases, the onset of NP bouncing at small velocities is relevant for discussing agglomeration processes6,15. 
In Fig. 10, the highest velocity is marked at which NPs stick and the lowest velocity at which they bounce; we 
estimate the bouncing velocity as the average between these two.

Often, the bouncing velocity is only discussed for central collisions. There, the discussion proceeds by refer-
ring to the Johnson-Kendall-Roberts (JKR) model47. It predicts the bouncing velocity of two identical NPs of 
radius R to be determined by the surface energy γ , the indentation modulus Eind , and mass density ρ via17,48,49

(14)cos θ =
v · v′

vv′
.

Figure 9.   Deflection angle, θ , as a function of collision velocity v for several impact parameters b. Data are only 
shown for bouncing collision. Note the logarithmic abscissa scale.

Figure 10.   Dependence of largest sticking velocity and smallest bouncing velocity on impact parameters b. 
Their average gives an estimate of the bouncing velocity vb . Error bars for b = 0 , 0.17 and 0.83 are taken from 
the statistics shown in Fig. 11. This figure provides detailed information on the boundary between sticking and 
bouncing collisions appearing on the low-velocity side of Fig. 3.
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The factor of 1/2 enters since velocities in our study correspond to single-particle velocities, while the JKR 
formula is usually used for relative velocities. (Our previous papers19–22,35,50,51 contain an erroneous factor of 2 
in the the bouncing velocity, since the velocity in the simulation referred to the single-particle velocity, while 
the analysis used relative velocities. Thus the bouncing velocities are higher by a factor of 2 than reported in the 
papers.) Here, C is a constant which – depending on the model assumptions – assumes values between 0.30 and 
18.315,17,48,49. As we noted previously, we do not find bouncing for central collisions of amorphous LJ spheres 
of radius R = 88.23 with unmodified potential; this is in contrast to crystalline LJ NPs35. Only by reducing the 
attractive interaction between the spheres by a factor of 5, cf. Sect. “Method”, we obtained bouncing trajectories. 
We note that the parameter ǫ12 describing the interparticle interaction is linearly related to the NP surface energy, 
γ,52, since the surface energy is described by interparticle interactions, ǫ12 , rather than the bulk interaction ǫ . 
We can therefore conclude that it is the high surface energy of NPs that prevents bouncing. Crystalline NPs may 
bounce, since they show less internal energy dissipation during the collision, such that enough kinetic energy 
is available for making them bounce.

For amorphous LJ material, it is γ = 1.63 , Eind = 53.5 , and ρ = 1.0052; with the reduced interparticle interac-
tion, ǫ12 = 0.2 , the surface energy is reduced to γ = 0.33 . Eq. (15) thus predicts vb = 1.39 · 10−3

√
C ; with the 

range of C quoted above, this gives a range of vb extending between 0.7 · 10−3 and 5.4 · 10−3 . Our simulations 
give a considerably higher value, vb = (34± 7) · 10−3 ; as mentioned above, amorphous LJ NPs of the size studied 
here do not bounce at all without reducing the interparticle attraction, and even with reduced attraction, they 
only bounce at comparatively high velocities. We presume that this is caused by the strong energy dissipation 
during the collision.

Interestingly, the bouncing velocity shows a nonmonotonic dependence on impact parameter, see Fig. 10. 
In order to enhance the statistical reliability of our data, we performed further simulations (up to 6) by rotating 
both NPs by random angles before colliding them. Figure 11 shows that the bouncing probability pb – i.e., the 
fraction of collisions at the same velocity that leads to NP bouncing – increases within a finite velocity range 
from 0 to 1; in this range, the probability of bouncing depends on the atomistic details of the surface structure of 
the amorphous NPs. The width of this zone amounts to 0.013 (0.008, 0.028) velocity units for b = 0 (0.17, 0.83). 
The data in Fig. 11 corroborate our finding that the bouncing velocity first decreases slightly increasing impact 
parameter, but increases for grazing collisions.

Previous studies of the impact parameter dependence of the bouncing velocity seem to be rare. Kalweit and 
Drikakis18 found a decrease of vb with b for collisions of crystalline LJ NPs for considerably smaller NP sizes, 
R = 13.5 . They used an unmodified LJ interaction potential for the interparticle interaction and found bouncing 
velocities that were considerably higher, ranging between v = 5 for b = 0.2 and v = 0.5 at b = 0.9 . These high 
values cannot be accounted for by Eq. (15), such that other bouncing mechanisms may prevail in their study as 
compared to ours.

Kalweit and Drikakis18 discuss their results by referring to sticking and bouncing of liquid clusters, for which 
an extensive body of research exists based on experiments and continuum theories53–57. This may be justified 
since at the high bouncing velocities found in their study18, considerable collision-induced heating is reported 
and also the snapshots shown display apparently molten clusters. For liquid clusters, experimental studies find for 
central collisions sticking (‘coalescence’)53,54; only at higher velocities, bouncing – denoted as ‘reflexive separation’ 
– occurs55–57. For oblique collisions, bouncing may occur, termed ‘stretching separation’. The bouncing velocity 
obeys a law vb ∝ 1/b based on the idea that ‘the rotational energy must exceed the additional surface energy 
required to form the initial drops form the coalesced drop pair’53,58. This decrease of the bouncing velocity for 
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Figure 11.   Probability of bouncing, pb , as a function of collision velocity v for impact parameters b = 0 , 0.17 
and 0.83. The data are based on 7 collisions for b = 0 and 0.17 and 4 collisions for b = 0.83.
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oblique impact parameters may explain the initial decrease seen in our data, Fig. 10, up to b ≤ 0.33 . The increase 
of vb towards grazing collisions, b > 0.5 must be based on the fact that our NPs are solid and do not melt under 
the collision; thus we observe NP deformation under the collision which changes the energy balance of rotational 
and surface energy considered for liquid clusters53,58.

Summary
We studied the collision behavior of amorphous LJ NPs. Since LJ NPs always stick for central impacts, we 
decreased the interparticle attraction between atoms of differing NPs. We investigated in detail the collisions of 
two identical NPs with radius R = 88.23 nm and found the following features. 

1.	 For central impacts, there exists a ‘bouncing window’ ( 0.03 ≤ v � 0.3 ): For too small velocities, NPs stick 
since their kinetic energy after the collision is too small to surpass the attractive forces; for too large veloc-
ity, strong NP deformation dissipates the kinetic energy and the NPs cannot separate after collision. This 
behavior is similar to that found previously for crystalline LJ NPs35.

2.	 This bouncing window exists up to relative impact parameters of 0.33. For larger impact parameters, high-
velocity collisions are always bouncing.

3.	 The lower bouncing velocity vb is of particular importance for particle agglomeration processes. It has a non-
monotonic dependence on the impact parameter, but changes by less than a factor of 2 from the bouncing 
velocity at central impact.

4.	 Due to the amorphous surface structure of the NPs, the bouncing velocity shows some spread, in which the 
probability of bouncing increases from 0 to 100 %. This spread increases for large impact parameters.

5.	 Oblique collisions of non-rotating NPs convert angular momentum into NP spin. For low velocities, the NP 
spin is well described by assuming the NPs to come to a complete stop at the contact point (‘grip’), such that 
orbital and spin angular momentum share the pre-collision angular momentum in a ratio of 5:2.

6.	 While central collisions are fully described by the (normal) coefficient of restitution, en , oblique collisions 
also require a tangential coefficient of restitution, et . The latter is fixed in the ‘grip’ regime to a value of 5/7, 
but increases towards 1 for high-velocity collisions at not too small impact parameters, where the two NPs 
slide along each other.

7.	 The normal coefficient of restitution assumes low values in the bouncing window existing for small impact 
parameters, indicating strong dissipation processes acting in this low-velocity regime.

8.	 For larger impact parameter and larger velocities, the normal coefficient of restitution changes sign, since 
the two NPs do not repel but their motion direction persists.

These results may serve to outline the generic behavior of collisions between amorphous nanoparticles. The 
collision dynamics of amorphous NPs may be easier to study than that of crystalline particles, since collision 
results will in general depend on the crystalline faces with which the 2 NPs encounter each other35. From a 
computational point of view, the NPs employed here are quite large, containing more than 3 million atoms each. 
The results depart in detail from previous results of NPs containing only 104 atoms18; there collisional heating 
rendered the NPs liquid during the collision, affecting the dynamics in particular at large-velocity collisions. 
But also the low-velocity bouncing velocity differed from the present results obtained for larger NPs in that it 
showed a monotonic decrease with increasing impact parameter.

In future work, it will be interesting to compare the present generic results with simulations for concrete 
materials, such as silica or water ice. Also, it might be relevant to extend this study to liquid NPs, in order to 
make contact with available data and theories of collisions between liquid droplets.

Data availability
All data used for this study are contained in this article.
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