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We describe the full rheology profile of vitrimers, from small deformation
(linear) to large deformation (non-linear) viscoelastic behaviour, providing
concise analytical expressions to assist the experimental data analysis, and also
clarify the emerging insights and rheological concepts in the subject. We
identify the elastic-plastic transition at a time scale comparable to the life-time
of the exchangeable bonds in the vitrimer network, and propose a new method
to deduce material parameters using the Master Curves. At large plastic creep,
we describe the strain thinning when the material is subjected to a constant
stress or force, and suggest another method to characterize the material
parameters from the creep curves. We also investigate partial vitrimers
including a permanent sub-network and an exchangeable sub-network where
the bond exchange occurs. In creep, such materials can exhibit either strain

thinning or strain thickening, depending on applied load, and present the
phase diagram of this response.

Transient polymer networks can exhibit excellent mechanical and
thermal properties at low temperatures, and can also be reprocessable
and recyclable at high temperatures as thermoplastics'. Traditionally,
this concept referred to physically cross-linked networks, held by
hydrogen bonds*®, hydrophobic interactions®’, or other self-
assembled constraints®'°. However, in the last decade, there has
been a rapid rise of examples of dynamic covalent networks, also called
‘covalent adaptable networks’, where the cross-links are exchangeable
covalent bonds" ™. Vitrimers*'® are a unique sub-class of the dynamic
covalent networks, distinguished by the associative covalent bond
exchange chemistry, where the total number of the covalent cross-
links remains constant maintaining the material integrity. In other
words, the bonds are only broken if new ones are already formed, as a
single thermally activated process. As a result, the thermal viscosity of
the materials changes with the temperature in the form of the Arrhe-
nius law as in typical inorganic silica materials.

So far, the rheology studies on vitrimers have mostly focused on
their linear viscoelasticity under small deformations”2°, where the
responses of vitrimers resemble those of typical Maxwell materials: the
storage modulus first increases with the deformation frequency and
then saturates at a characteristic frequency w; (-1/7, with 7 as the life
time of the cross-links as often probed by stress-relaxation tests*>),
and the loss modulus first increases and then decreases, peaked at the

saturation frequency. Most of the studies in the literature use the
method of stress relaxation to determine the characteristic relaxation
time 7(7) and determine the activation energy of the thermal activated
process using the Arrhenius plots and fitting. However, although the-
oretically rigorous, this method is vulnerable to several experimental
and analysis errors related to the ambiguity of the time when the
relaxation starts (¢=0), and how the relaxation time is determined.
Also, polymer materials are often utilized in conditions of large
deformations, which is especially important when there is an increas-
ing plastic creep. Here one may wish to consider the ‘effective visc-
osity’ of a vitrimer in the plastic-flow regime, a notion that has
attracted increasing attention in the analysis of recent
experiments®**%, although the underlying mechanism of dissipation
(and thus viscosity) is quite different from the classical fluids. It is
important to develop a full rheological understanding of vitrimer
response that spans between small-deformation elastic (or viscoelastic
limit) and large-deformation (plastic flow) regime. We agree with the
point recently made in the literature that, in such a rheologically
complex material, multiple testing methods must be utilized, and
made certain to agree with each other, for the full understanding of its
response.

In this paper, we develop the fundamental theory of dynamic-
mechanical response of vitrimers, and also of ‘partial vitrimers’
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where a certain fraction of the network is cross-linked permanently,
while the other fraction can exchange bonds by an associative
reaction. The reason we have to do this is a number of emerging
misconceptions in the field, the confusions caused by superficial
analogies of, e.g., steady-state plastic deformation of solids and the
viscous flow of liquids. There is also the problem of frequently
mentioned ‘topology freezing temperature’ or ‘vitrification point’
T,, below which it is claimed that the bond exchanges are negligible.
We find at least three definitions of T, in the literature, ranging from
the original Leibler’s criterion of where the effective viscosity
crosses a value of 102 Pa-s™" to the recent suggestion of Winter
et al.” identifying the point based on where the power-law relaxa-
tion of the modulus occurs, to the crossover point where the
Arrhenius high-temperature relaxation regime changes to the
glassy dynamics suggested by Guan et al.”’. We cannot accept an
empirical definition based on an arbitrary viscosity value, and we
will make a point below to only deal with the ‘simple’ vitrimers
where the single bond-exchange rate is the factor that controls the
dynamics (hence no distribution of relaxation times and power-law
dynamics). We also find a clear crossover in the Arrhenius plot of
relaxation times, and thus find this definition of T, the least objec-
tionable. However, we show that the analysis of internal network
dynamics based on the thermally activated exchange does not have
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any such transition temperature, and it is merely a matter of time (or
deformation rate) at which the plastic flow is detectable—again in
full analogy with silicate glass.

In order to have a focused and controlled comparison with
experimental data, we used the classical Leibler’s vitrimer concept®,
based on the transesterification in the network formed by the
epoxy-acid reaction, see Fig. 1a. This is the benchmark material,
used in many subsequent studies, e.g., in 3D printing of vitrimers?®,
and we have deliberately prepared it for experimental testing of the
theory predictions, as the most studied reference system. Our
choice of the benchmark material is also dictated by the need to
have a sufficiently slow bond-exchange rate. There are many
examples in the literature when the vitrimers with quite readily
exchangeable bonds were made, notably with borolate
exchange'”?°~' as well as several other mechanisms, but when the
exchange rate is comparable with internal rates of polymer chains
relaxation in the network—the result is a complex distribution of
relaxation times (resulting in power-law relaxation) that does not
allow one to study the vitrimer dynamics cleanly. So we choose the
Leibler’'s network with relatively short strands to ensure the poly-
mer relaxation times are shorter, and the catalyst conditions such
that the transesterification is the only rate-limiting process that we
want to study.
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Fig. 1| The benchamrk material and its key properties. a The components of the
classical Leibler's vitrimer: the di-epoxy and a mix of 2- and 3-functional fatty acids,
which bond into a cross-linked network at 130 °C with 5% of zinc catalyst (see refs.
14, 45 for details). Also shown is the scheme of transesterification bond exchange,
reaching the equilibrium of 2-2 and 1-3 chain topology. b The typical linear dynamic
response of a vitrimer. The first two curves show the storage modulus of the Lei-

bler's benchmark epoxy vitrimer (at two frequencies of small oscillation), which

100
Temperature (C)

1
150 200
shows the glass transition and the rubber modulus at high temperature. At these
frequencies, the decrease in modulus is not yet showing. The other two curves are
for comparison, showing the 5%-cross-linked polypropylene vitrimer and its pre-
cursor un-cross-linked polypropylene thermoplastic*®, at 1Hz. The low-
temperature system is the same semicrystalline solid, regardless of dynamic cross-

linking; the melt turns into a liquid above T, while the vitrimer retains its rubber-
elastic modulus.
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Constitutive relation

In vitrimers, polymer chains can exchange at the cross-links or along
the network strands with the rate of this process denoted as:
B=wye " o/keT323 where wo denotes the attempt rate of the exchange
reaction (which is ~10%-10° s for ordinary small molecules®), and W,
denotes the energy barrier of bond exchange (which combines the
association and dissociation steps). Note that the rate S is taken as
independent of the material deformation here for seeking the trans-
parency of the theory (see ref. 34 for details of deformation-dependent
corrections). Moreover, the newly formed cross-links are assumed to
appear in the relaxed state, i.e., they do not contribute to the elastic
energy before applying any additional deformation. By considering the
bond exchange reactions (see “Methods” for details), the total number
of the cross-linked chains at time ¢ is given by a combination of two
terms: the continuously decreasing initial ones (¢ = 0, referring to those
not experiencing any bond exchange), and the sum over the history of
new cross-links (formed by bond exchange) at intermediate times
t/ < t?4,'§5:

t
N(&)=Noe P +N, /O deBe b0 = N, M

which is a constant, one of key features of vitrimers. Correspondingly,
the total elastic energy density of a vitrimer can be presented as a
combination of two terms:

t
F(t)=F(t; 0)e Pt + / dt Be POF (£, @
0

where F(¢; t') denotes the rubber-elastic energy density at the current
time ¢, contributed by the chains cross-linked at time ¢'. In this work, we
use the simplest neo-Hookean model of rubber elasticity:
F(t;t)= %Go(tr[ET(t; t)E(t;t)] — 3), where Gy is the rubber (shear)
modulus, and E(¢; t') is the deformation gradient tensor at time ¢ with
respect to the reference state at time ¢, which can be related with the
full deformation gradient tensor with respect to the reference state at
t=0 by the expression: E(t; t') = E(t; 0)E~}(¢’; 0). Apparently, the chains
cross-linked at ¢’ does not contribute to the elastic energy at ¢’ with
F(t';t')=0, but the contribution becomes non-zero thereafter, ¢ > ¢'.

For the material undergoing a uniaxial stretching test, it elongates
along e, with the stretching ratio A(¢), which can evolve with time, while
the other two directions are free to contract incompressibly. In this
geometry, the deformation gradient tensor is written as:
E(t;0)=Ab)e, ® e, +1/VA(t)e, ® e, +1/vA(1)e, ® e,.Suppose that the
bonds exchange with the rate  and immediately re-cross-link into the
force-free configuration. The constitutive relation relating the engi-
neering tensile stress oy, and the stretching ratio A of the deformed
material can be obtained explicitly as:

5 OF(t) Gre 1 G t it' Be— —t") | A®) At)
el o1 0 e [A(t) /lz(t)} 0 fo tpe et [Az(t’) /lz(t)]'
3)

where G is the rubber (shear) modulus of a permanently cross-linked
polymer network, for which = 0. Other stress components are zero, if
we assume free unconstrained surfaces: 0, = 0,,= 0. This constitutive
relation is too complicated to be of practical use in the analysis of
experiment, which is why we now focus on compact analytical
expressions emerging in key limiting cases.

Results

Linear oscillating viscoelasticity

By applying a small oscillatory deformation to the material, E(¢; 0)
=(1+esinwtle, @ e, +(1—esinwt/2)e, @ e, +(1 — esinwt/2)e, ® e,,
where e=1-1 denotes an infinitesimal tensile strain, we can express

the tensile stress [shown in Eq. (3)] in terms of the strain € to its lowest
order, i.e., 0, ~ €, explicitly as (also see ref. 36):

t
0, (£)=3Gyee {sin wt + / dt'Be? (sin wt — sin wt/)}
Jo

2
@ . (0]
=3Go€| 5——sinwt + Zﬂ
B +w? B +w?

cos wt) +(d.t) ®

=3¢[G'(w) sinwt + G’ (w) cos wt] +(d. t.),

where (d. t.) abbreviates for transient decaying terms proportional to
e, not surviving in the steady-state oscillatory response. The storage
and the loss moduli in this deformation regime are:

A wz v
G(w):Gom, G'(w)=G,

Zﬁiwr (5)
F+w
which is the classical result of the Maxwell viscoelasticity model,
regarding 1/f as the relaxation time in the Maxwell model. Corre-
spondingly, the loss factor of the material is: tan6=G"/G =f/w.
Obviously, the material responds elastically at short times, ¢t<1/8,
while the elastic-plastic transition happens at ¢-1/8. Such linear
viscoelasticity features have been experimentally tested on different
vitrimers'2°2¢3738_The rheological response described by the Maxwell
model can well match how vitrimers respond in the low-frequency
region, w > 0, and the vitrimers experience glass transition at the peak
of the loss factor in the high-frequency region. It is remarkable that
after over 100 years of studies of Maxwell’s viscoelastic model, this is
the first practical polymer system that genuinely and accurately
follows this model. In retrospect, it is not surprising, given the single
relaxation rate 8 that underpins all vitrimer kinetics. We must highlight
again, that these conclusions are only valid when the bond-exchange
rate f is sufficiently low, compared with other internal polymer
relaxation rates, and thus remains the single rate-limiting process.

Aiming to investigate rheological response of the vitrimers
experimentally, we measured their linear dynamic-mechanical (oscil-
lating) response, which leads to the familiar description in terms of a
complex rubber modulus G*(w), and used the time-temperature (¢-T)
superposition® to construct Master Curves (see Fig. 2) both for the
storage modulus (in this case the corresponding Young modulus £'(w)
for tensile deformation) and the loss factor tan §(w). See the Support-
ing Information for more details on Master Curves construction and
properties. Originally, the ¢-T superposition was developed to exam-
ine the glass transition of a material-and the vitrimer does show a
prominent dynamic glass transition features (at an oscillation fre-
quency of 0.1 Hz at 20 °C, or at 100 MHz when we re-scale the Master
Curve for the reference 180 °C). But here we are even more interested
in the other significant dynamical transformation that occurs in vitri-
mers: the elastic-plastic transition. Master Curves have never been
constructed to combine the glass transition and the elastic-plastic
transition, and so it is often confusing to the authors to deal with
superposition in this high-temperature regime. This is technically
challenging, as it requires collecting data at very high temperatures or
very low frequencies, and it is theoretically challenging, as the
response is affected by the classical effect of entropic rubber elasticity
of the rubber modulus growing with temperature, see the inset of
Fig. 2a. We encourage the interested reader to consult the Supporting
Information, where more details of the ¢-T superposition of our data
are listed. Specifically, having a clean set of data around the glass
transition, our superposition does not require any vertical shifts in the
modulus—although to superpose the modulus in the rubbery region
we must indeed vertically shift (rescale) the modulus of different
datasets to match the chosen reference temperature.

The loss factor tan§ does not suffer from this difficulty of
accounting for the temperature-dependent rubber modulus. It
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Fig. 2 | The Master Curves for the Leibler’s benchmark vitrimer, obtained by
time-temperature superposition of frequency scans of the linear dynamic
response at different temperatures. a The tensile storage modulus £’ is presented
as function of scaled frequency spanning the full range. Note that in the rubber-
elastic regime the low-frequency rubber modulus grows with temperature, and
needs to be scaled down proportionally for the proper Master Curve at 20 °C, see
Inset. b The matching Master Curve for the loss factor tan §(w), for the reference
T=20 °C. Both plots show the dynamic glass transition, and the regime of vitrimer
flow emerging at very low frequency.

superposes naturally, and thus provides the guide for the shift factor
(‘scaled frequency = a(T) - w) to be used in the rubbery region for the
modulus data. Nevertheless, this treatment is classical in polymer
physics, and Fig. 2 clearly shows the onset of the elastic-plastic tran-
sition, on the same Master Curve that covers the glass transition as
well. There are several rheological studies when this elastic-plastic
transition was captured (mostly in the fast-exchange systems that does
not allow simultaneous coverage of the glassy region).”?**° In our
case, this transition happens at very low frequencies for the reference
T=20°C. The reason that ¢-T superposition is able to capture this
elastic-plastic transition is that, as with the glass transition, the intrinsic
process rate is controlled by the single thermally activated process.
The example is shown in Fig. 2b for T,.,=20°C, and its low-
frequency region is enhanced in Fig. 3a, but we constructed such
curves for many different reference temperatures. By fitting the low-
frequency end of these tané vs. w curves with the simple equation,
tand=p/w, Fig. 3a, we have obtained the exchange rates of our
benchmark vitrimer, B(7). For instance, f=0.1s? at T=210°C,
B=0.016s" at T=180°C, and f=0.002s™ at T=120°C. One may
question the virtue of such a fitting, which ignores the small but non-
zero value of tan § in the rubber-elastic regime, but we found it very
reliable since the rapidly rising 1/w part is dominant in the data. Then,
by assuming the Kramers thermally activated dynamics of the bond
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Fig. 3 | Analysis of elastic-plastic transition. a The fitting of the low-frequency
“tail' of the Master Curve in Fig. 2b to the equation tan §(w) = 8/w (blue dashed
line). Carrying out this fitting for the same Master Curve re-scaled for various
reference temperatures, we obtain a set of values for the model exchange rate (7).
b The Arrhenius thermal activation plot of S(T) against inverse temperature, the
slope of which allows to find the activation energy. We found a dramatic change in
this slope (and the activation energy), which gives W, = 72 kJ/mol for the curves for
high temperatures (7 <120 °C)—but a much higher W, =159 kJ/mol for the lower
temperature where the effects of the glass transition become noticeable.

exchange reactions, i.e., B=wye"o/%7, we can determine the energy
barrier W, for the bond exchange at high temperatures. The Arrhenius
fitting gives us W, =1.2x10")=72kJ/mol. This value of W, is very
close to that reported in the original Leibler’'s work': W, =80 kj/mol,
where over 10 years ago it was measured from a completely different
dataset of stress relaxation.

However, we also found that the scaled-frequency data for the
reference temperatures below 90 °C give very different fitting values,
see Fig. 3b, presumably because the raw data is affected by the material
glass transition. So when we blindly re-scale the Master Curve fre-
quencies to reference temperatures below 90 °C, the activation tem-
perature dependence of the relaxation rate B(7) changes to a
significantly higher activation energy of ca. 160 kJ/mol. We assume that
additional (glassy) dynamics contributes here, while the pure trans-
esterification exchange has the activation energy W, given above.
Note, that a similar crossover has been reported before, e.g., ref. 27,
and we could similarly associate the crossover point in Fig. 3b with
T,=122°C in our case. But most of the authors tend to fit the low-
temperature data with the empirical WLF dynamics® or other more
complex temperature-dependent forms**?, while our point is that in
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many polymer-glass system (and certainly in our benchmark vitrimer)
the data does not support the need for an additionl divergent WLF
exponent with 1/(T - Ty) and its extra fitting parameter: we have just
four data points in Fig. 3b while many others have even less'®?, and we
show here that the simple Arrhenius activation law is fitting the data
perfectly. Discussing the glassy dynamics is not our aim here, but we
need to caution from the often unnecessary use of WLF. We will now
turn to the third independent experimental measure of bond
exchange: the iso-stress plastic creep, which can only occur at elevated
temperatures in reasonable time.

Plastic creep in linear viscoelastic regime

The concept of effective viscosity is often used in the description of
vitrimers in plastic flow regime, see refs. 14, 38. If we consider the
material subjected to a constant tensile stress, which we denote gy, the
plastic creep will occur (at different rates depending on the tempera-
ture, see Fig. 2). The effective viscosity in the linear deformation
regime can be defined in the following way: we write the tensile stress
as

¢ de
- / T el 6
g /O dt' 3G(t t)dt” (6)

where the time-dependent (retarded) Young’s modulusis E=3G(t — t')
in this volume-conserving deformation geometry, well above the glass
transition. The strain e(¢) in the time domain could be obtained from
the Fourier-Laplace transformation of Eq. (6) to take the form:

—i6+00 da) eiwt
= == 7
€0 "0/_,-5_00 27 30G @) @)

where § is an arbitrary positive constant defining the integration
contour, and the complex shear modulus is defined as above,
G*(w)=G'(w) +iG"(w). Now we expand it in Taylor series in powers of w:

G'(w)=iw / dt (1 — iot+..)G(t) = iwgy + w>g, + ... (8)
0

with go =[5 dtG(t)=lim,_ (G (w)/w=Gy/B and g = [5° dttG(¢).
Then the strain can be re-expressed as

€(t)=0, (3;0 ¥ fgl(z)), ©)

and the steady-state effective viscosity of vitrimers has to be defined
as:

10)

In fluids, the dissipation and viscous drag arise due to the pair
correlation of interacting monomers, as they ‘push’ past each other in
shear flow. In vitrimers, the plastic flow is controlled by the rate of
bond exchange in the otherwise ‘solid’ elastic network. Both would
show the characteristic thermal-activation behavior in the ‘viscosity’,
but with the very different interpretation of activation energy. Con-
sidering the temperature dependence of the bond exchange rate,
B o e="o/keT we know the viscosity n, o e¥o/%:7, following the same
Arrhenius law as the bond exchange. In contrast, the usual fluid visc-
osity, has the activation energy related to the pair interaction potential
of molecules in the fluid®. These ideas were recently applied in the
similar context in the important work on simulation of vitrimers**.
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Fig. 4 | Strain evolution of vitrimers subjected to a constant engineering stress.
a Comparison of the full numerical solution for A(¢) (solid lines) for different values
of constant stress 0. For comparison, the approximate expression (11) via the time-
series (dashed lines) is shown for low-stress curves. b Experimental measurement
of plastic creep under low constant stress, for the Leibler's benchmark vitrimer, at
T=180"C. Dashed lines show the fitting with Eq. (11), giving the fitting parameter
B=0.0165

Elapsed time (s)

Plastic creep to large deformation

When subjected to a constant tensile stress, which we denote oy, the
vitrimer will creep continuously, eventually reaching large values of
deformations. In this regime, the linearized treatment of the previous
section will no longer be valid and the concepts of linear viscoelasticity
do not apply. The full-time-dependent rheological response is enco-
ded in Eq. (3), but we found no analytical way to invert it to obtain the
full solution for strain A(f) at constant stress oo. This can be done
numerically, and Fig. 4a shows example calculations of such plastic
creep at constant tensile stress and temperature. One immediately
notices the main feature, that at high external stress, the deformation
moves as a simple exponential (highlighted by the log-scale of the
plot). However, at low applied stress the initial non-exponential regime
is evident.

Looking for analytical criteria of shear thinning, and estimates, we
could carry out the approximate analysis assessing the deviation from
the linear regime of Eq. (9). If the material is uniaxially stretched, the
stretching ratio A(¢) in the short time limit (at ¢ > 0) can be expressed in
Taylor series:

A(t;00)=Ao(0p) + A(G)t + B(ap)t* + O(£), an
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where Ao(0o) is the instantaneous elastic deformation of the material
upon the application of stress g and can be obtained by solving 1, —
1//1(2) =0,/G, for constant engineering stress (or simply Ao =1+ 0o/3Go
for small deformations). The first and the second expansion coeffi-
cients, A(g,) and B(0;), can be obtained by substituting the explicit
form of A(¢) in Eq. (11) into the constitutive relation in Eq. (3), and
implementing the constraint of engineering stress g, = go (Or constant
tensile force). We thus obtain

/10(/18—1)
=p. 0%~ 12
A=b 2+/1(3) @
and
Ao (A2 =1) (28 =325 +1043 — 61, — 2
Be 2.o<o )(o 0 0 0 ) 3

2(A3+2)3

If the deformation is small, then A ~ 8- (A, — 1)=Be, and B ~ A%
Note that Ao(0o), rather than the external parameter oy itself, is used in
the expressions of A and B for simplicity. It is important that the
second-order coefficient B is always positive, that is, dn/dt~
—20,B(04)/A*(04)<0 and the material is shear-thinning as is clear
from both plots in Fig. 4.

This initial regime of plastic flow is plotted as dashed lines for the
low-stress curves in Fig. 4a, and we see that eventually it transforms to
the exponential growth of A(¢). The initial regime of Eq. (11) is barely
detectable at 0o > Go. We found a simple interpolation formula that
accurately captures both regimes (see Supporting Information). The
simplified expression takes the form:

M) = A(00) + A(G)t + B(0g)E2 + % [eﬁf - 1] . (14)
0

Characteristically, the simple exponential with the rate of bond
exchange S appears at every turn of the analysis of vitrimer rheology.
The shear-thinning ‘effective viscosity’ of the material is defined
same as in Eq. (10), and takes the form: n=0,/A(0)
[1—2B(oy)/A(0y) - t]. Figure 4b shows the comparison of the theore-
tical expression (Eq. (11)) with the creep experiments on our bench-
mark vitrimer. In these experiments, the initial strain step at £t~ 0 was
measured as Ao =1.005 for oo =10 kPa, and Ao =1.014 for the stress of
30 kPa; this gives the rubber (shear) modulus of the material at that
temperature: Go ~ 700 kPa. By fitting the experimental data with Eq.
(11), we now have another way to estimate the bond exchange rate:
B~0.016s" at T=180 °C, very close to what we had from fitting the
Master Curve tan §(w) data earlier, which is very reassuring and con-
firms that the rheological theory developed here is self-consistent. The
corresponding steady-state ‘effective viscosity’ of the material at
180°C is: 70=3Go/B~13x10%Pa-s. The same effective viscosity at
20 °C is predicted to be: ~3 x10' Pa - s, clearly inaccessible to normal
experiment. We considered ‘large deformation’ here, which
may require to account for the finite extensibility of chains in the
network, especially if the rate of bond exchange is low and the network
chains stretch a lot before re-connecting. That is, we may need to
replace neo-Hookean model of rubber elasticity that underpins Eq.
(2) with a different model incorporating the finite stretchability, for
instance the popular Gent model. However, we would not discuss this
complication here to preserve the full transparency of the theory.

Partial vitrimers
Now we turn to another class of dynamic networks: partial vitrimers,
which consist of two sub-networks—a typical vitrimer network allowing

bond exchange and a permanent one without any bond exchange. The
fraction of the vitrimer part is v and that of the permanent elastic part
is 1-v, respectively.

For the material undergoing a uniaxial stretching test, it elongates
along e, with the stretching ratio A(¢) which can evolve with time, the
derivation follows the steps outlined earlier, and produces the con-
stitutive relation for the engineering tensile stress o, and the
stretching ratio A:

O (t;v)=G[A - z/)+1/e’ﬂt]- [/1(1’) + Gz/fo dt'Be~ —Be=t) Pm Mt)]

2wy 2o

as)

Other stress components are zero, if we assume free unconstrained
surfaces in tensile test, i.e., 0y, = 0., = 0. Note that the reference states
for the cross-links in the permanent network part, and the cross-links
in the exchangeable part of the network, which exist at the beginning
t=0 and have survived until the time ¢, are identical. This is reflected in
defining the initial condition A(¢=0) =1, as shown in the first term of
Eq. (15). However, the reference state for the cross-links which re-form
at a certain time ¢’ during the deformation in the vitrimer part is
different, as was the case in pure vitrimers, and it is defined by A(¢’) in
the second term of Eq. (15).

By applying a small oscillatory deformation to the material, and
following the derivation steps that led to Eq. (4) the stress-strain
relation now becomes:

mJ

0, =3€[G'(w) sinwt + G"(w) coswt]+(d.t.), 16)
where we ignore the transient decaying terms, and obtain the storage
and the loss moduli of the partial vitrimer:

vGoy ?
BFrw?’

Note the elastic plateau G'(w)= (1 — v)G,, for partial vitrimers when
w ~> 0 (or t <1/P), and recall that there is no dissipation in the classical
neo-Hookean rubber elasticity: the only loss arises from the bond
exchange. Expressions (17) represent the classical Zener model of
viscoelasticity.

Following the discussion on the creep response at constant stress

0o in a full vitrimer, here we also present the analytical approximation
for the evolving strain A(¢) in terms of time-series. In the partial vitri-
mer, such an expansion is only meaningful at the short times, the initial
stages of plastic deformation, because at long times the strain will
necessarily saturate at the constant value provided by the permanent
network fraction with the final modulus (1-v)G,. However, the time
series helps to assess the thinning vs. thickening response of the
material at early stages of plastic creep:

G//( )_ vGy fw

w2’

G@)=1-v)Go+ a7

At; 04, 1) =Ag(00) + A@g, V)t +B(0g, NEE+OE),  (18)
where, again, A is the instantaneous stretching ratio of the material
under a constant applied engineering stress go (Which is independent
of vitrimer fraction v): Ag=1+0o/3Go for small deformations. Para-
meters .A(0, v) and B(0,, v) are the expansion coefficients, which now
depend on the vitrimer fraction v. We obtain
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Fig. 5| Acceleration, dA*/d¢, of material extension in the short time limit, ¢ 0,
in the space of (vitrimer fraction v, stress). v.=1/2 denotes the critical vitrimer
fraction, below which the material can only exhibit strain thickening regardless of
the applied stress. Positive and negative accelerations represent shear thinning
[Region (1lI)] and thickening [Region (I) and (II)], respectively. The red line (the
boundary between regions) is v*(0p) calculated from the full numerical solution,
and the black line is represents the approximate low-deformation limit by Eq. (18);
they overlap indicating the accuracy of approximation.

Similarly, the ‘effective viscosity’ of the material is still defined
as: n=0y/A, and in the limit of >0, it is given
by n(¢t; 0, v) = 0o/ A0, v) - [1 — 2B(0g, v)/ A(G¢, V) - t].

For a permanent elastic network, i.e., v=0, the result is simple:
A(0qy,v)=B(0y, v)=0, meaning that for a permanent elastic network,
there will be no further evolution of deformation after the instanta-
neous deformation. On the other hand, a full vitrimer with v=1 will
exhibit strain thinning as discussed in the previous section.

For materials with 0 <v<1, there exists a critical value v.=1/2,
below which the material can only exhibit strain thickening regardless
of the magnitude of the tensile stress [Region I in Fig. 5]. This critical
value can be obtained by assuming the material is stretched by a large
tensile stress, when the second-order coefficient takes the limit
B= ﬁzwlo(z/ —1/2), thus the material exhibits strain hardening when
v<1/2. For partial vitrimers with v>v,, the materials show strain
thickening for small tensile stresses [Region II in Fig. 5] and strain
thinning for large tensile stresses [Region Ill in Fig. 5]. The character-
istic vitrimer fraction of strain thinning-thickening transition v* for
given stress gg is shown as the solid line in Fig. 5. In the limit of small
stress, when the low-deformation limit [Eq. (18)] is valid, we find
v*=1-200/3G, and in the limit of large stress, i.e., gp > Go, then v* =v..
Alternatively, one can obtain the characteristic stress of strain
thinning-thickening transition, oy, from the solid line in Fig. 5 for the
materials with given vitrimer fraction v.

As discussed in previous sections, the full vitrimer with v=1
always exhibits strain thinning, and the acceleration of material
extension increases with time under constant force (engineering
stress), which is shown in Fig. 4. On the other hand, for purely elastic
rubber with v=0, there is no further strain evolution after the instan-
taneous deformation (within the simple rubber-elastic model we
employ here). If the vitrimer fraction of the materialsis 0 <v<v.=1/2,
the material can only show strain thickening, from ¢=0 to t > .

The case for partial vitrimers of 1/2<v<1 is more interesting, as
shown in the ‘phase diagram’, Fig. 5. The material under constant load
will exhibit strain thickening if the tensile stress is small, with the rate of
plastic flow decelerating all the time until saturation at A,,. If the
applied tensile stress is large, one finds a crossover from the thinning to

5 T T T T T T T T
_ 5,=1.0G,
T4t .
<
c 6,=0.8G
§ -l 0 0_
»
[} =
& 6,=0.6G,
c 2 =
()
[l

1

0 -'-"‘""-'l-'-'—T_—_l 1 1 1 ] ]

0 2 4 6 8 10 12 14 16

a Scaled time, Bt
@) P d2)/dt?
. .
= 0.8
g 4
o 0.4
[&]
23
2 0
2
G 2
e -0.4
£
= 1 T
1 :: Strain-thinning 0.8
0 : : . -1.2
0 0.5 1 1.5 2 2.5
(b) Applied stress 6,/G,

Fig. 6 | Rheological characteristics of partial vitrimers. a The strain evolution on
plastic creep of partial vitrimer with the exchangeable fraction v= 0.8, at different
values of applied engineering stress (constant force), as labeled in the plot. At long
times the deformation saturates at the level A,,,, given in the text. b The “phase

diagram' mapping the regions of strain thickening and strain thinning for different
applied stress and time of creep, again for the partial vitrimer with v=0.8. Both

plots are calculated numerically from the full solution of the constitutive Eq. (15).

thickening regime as the plastic creep progresses. This transition is easy
to see in the changing sign of the second-order expansion coefficient
B(oy,v) discussed above. In all cases, in the long time limit, ¢ > <, the
tensile strain will reach the saturation value A,,,,,, given by the solution
Of Ay — 1/A%,, = 04 /[Go(1 — v)]; in other words, the material behaves
elastically in the long time limit. As always in vitrimers, the characteristic
time for reaching saturation is determined by the bond-exchange rate
B(T). All of these rheological features are summarized in Fig. 6.

Discussion

We investigate the rheology of classical vitrimers, that is, polymer
networks with associative bond exchange—and their ‘partial vitrimer’
counterparts where a fraction of the network is permanently elastic.
Although the theory is complicated by retarded integral expressions
accounting for the internal kinetics of network strands under load and
relaxed, we aimed at presenting simple analytical expressions useful
for practical application and analysis of experiment. Specifically, we
examined two rheological regimes often found in experiment: the
linear oscillating response, where we identified a close analogy with
Maxwell materials, and the deformation (elastic and then creep) under
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constant load. In the latter case, we were able to offer analytical
expressions for the creep strain at the early stages of iso-force defor-
mation where many of the practical processing of vitrimers takes
place. The results and fitting in Fig. 4b suggest that our approximate
expressions are valid up to quite significant creep deformation.
Examining the full large-deformation regime, we found that full vitri-
mers under high load deform with a simple exponential rate of flow,
and offered an interpolation formula (14) for the crossover between
the low-stress and high-stress regimes.

By applying this theory to experimental results obtained for the
‘benchmark vitrimer’, we took two methods of data analysis that give
detailed information about material properties. In the small-strain
oscillating regime, by constructing and analyzing Master Curves, we
found a way to re-scale the low-frequency plastic-flow tail of the
response (only visible at very high temperatures, due to the instrument
limitations) to all temperatures, and thus find the rate of plastic flow
(and the associated effective viscosity) at any temperature! Obviously,
at lower temperatures, these are extremely low. For instance, the
relaxation time for this benchmark epoxy-acid vitrimer (the inverse
rate of plastic flow 1/f) is measured in minutes at 7=200 °C, but is
around 600 years at T=20°C. However, we found an unexpected
feature of this analysis: the mere shifting of Master Curve to different
reference temperatures works well until the temperatures at which the
glass transition effects become noticeable. The time-temperature
superposition still works, as expected, but the activation energy
emerging from the Arrhenius fitting of B(T) in the low-temperature
region returns a very different energy barrier, which can be associated
with the glassy dynamics as noted before'®?”?! (quite irrespective of the
vitrimer rheology).

The second independent method to determine the intrinsic rate
of bond exchange in the vitrimer is by the analysis of creep at con-
stant load. Here, by fitting our theoretical expressions, we were able
to determine the values of f, which matched the ones obtained in
small-strain oscillating response—and by reflection, also the stress
relaxation analysis in these materials. This reassures us about the
validity of the theory, and the specific expressions designed to help
with experimental analysis. The study of partial vitrimers was an
extension of the main theory, where we also show the plastic-flow
mediated transition from the fast elastic response of the full network
to the slow elastic response of its permanent fraction alone. This
crossover is controlled by the same intrinsic exchange rate 8 but
changes its features depending on applied stress and the permanent
network fraction. We hope that the use of exact, approximate, and
interpolated equations given here, and the choice of several methods
of experiment and analysis that could be used concurrently for
validation, would help in practical development of vitrimer
applications.

Methods

Sample preparation

To prepare the benchmark Leibler’s vitrimers, we strictly followed
procedures in their 2011 work™. In brief, to obtain ‘soft vitrimer’, we
mix the di-functional epoxy DGEBA with the combination of two- and
three-functional fatty acids, Fig. 1a, calculating the equal molar ratio of
epoxy and carboxylic acid reacting groups. The mixture (23% di-
functional and 77% tri-functional) of carboxylic fatty acids (Pripol
1040) was kindly donated by CRODA. The 5mol% of zinc catalyst
Zn(Ac), was added, and the regent mixed at 130 °C before pouring into
a mould to react for at least 6 hours at 130°C. Supporting Information
gives more details of the preparation.

Linear viscoelasticity measurements

For dynamic-mechanical studies, we used the TA instrument DMA
850. Strips of the vitrimer, about 1-mm thick to avoid instrumental
artefacts at too thick and too thin films, were mounted in tensile

mode. For oscillating linear-response studies we run frequency
scans at constant strain amplitude of 0.2% and fixed temperature, to
obtain values G’(w) and tan §(w) for each temperature. These data-
sets were then used for time-temperature superposition explained
in more detail in the Supplementary Information. For iso-force
creep studies, the samples were equilibrated at a given tempera-
ture, after which a fast ramp of stress was applied to reach a set
value o0o. After that, the change of strain with time was recorded
while keeping the stress and temperature constant.

We deliberately did not employ stress-relaxation as characteriza-
tion method, because it has been the method of choice by many
authors, beginning from the original Leibler's work. We have used it
ourselves on other occasions, in full and partial vitrimers®, and are
aware of several difficulties in data interpretation: the constant strain
must be applied very fast, so no initial relaxation would take place
during the ramp, and the effective ¢ =0 point is difficult to define (an
error in this early time of relaxation affects the fitting very
significantly).

Internal Kinetics

In vitrimers, polymer chains can exchange at the rate:
B=wye " o/ksT323 where wo denotes the attempt rate of the exchange
reaction (which is ~10%-10° s for ordinary small molecules®), and W,
denotes the energy barrier of bond exchange at the cross-links (or
interpreted as that for bond association and dissociation process).
Note that the rate f is taken as independent of the material deforma-
tion here for seeking the transparency of the theory (see ref. 34 for
details of deformation-dependent corrections). Moreover, the newly
formed cross-links are assumed to appear in the relaxed state, i.e., they
do not contribute to the elastic energy before applying any additional
deformation. Starting from the time ¢=0, the total number of the
cross-links is No; after an infinitesimal time interval At, the number of
initial cross-links (referring to those not experiencing any bond
exchange) will decrease to No - €#*, and meanwhile, the same number
new cross-links will form with the cross-linked chains in the relaxed
state (defined at time ¢= At); the number of these new cross-links is
No - fAt (a common characteristic of associative adaptive networks). If
one repeats this bond exchange process at equal short intervals At,
then after n time intervals (with ¢ = nAt), the number of initially cross-
linked chains (those not experiencing any bond exchange) will
decrease down to Ny - e?™, and the number of chains cross-linked at
some intermediate time = kAt will decrease to Ny - BAt- e P 0, By
summing up all cross-linked chains with different reference states
defined at corresponding bond exchange time ¢’ (0 <t <t) and
writing in a continuum form, the total number of the cross-linked
chains at a time ¢ is given by a combination of two terms: the con-
tinuously decreasing initial ones (those not experiencing any bond
exchange), and the sum over the history of forming new cross-links at
intermediate times ¢’ < t**°

t
N(t)=Noe P +N, /0 dt'Be PO = N,,. (20)

Correspondingly, the total elastic energy density of a vitrimer can be
presented as a combination of two terms:

ot
F(t)=F(t;0)e P + / dt' BePOF (¢ t), 21
JO

where F(t; t') denotes the rubber-elastic energy density at the current
time ¢, contributed by the chains cross-linked at time ¢'.

Data availability
The data that support the findings of this study are available from the
corresponding authors upon request.
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Code availability
The code that support the findings of this study are available from the
corresponding authors upon request.
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