®

Check for
updates

The Reduct of a Fuzzy 3-Covering

Lingling Mao', Jinggian Wang?®, and Peiqiu Yu?

! Department of Basic Education, Xi’an Traffic Engineering University, Xi’an 710300, China
% College of Electrical and Control Engineerings,
Shaanxi University of Science and Technology, Xi’an 710021, China
wangjinggianw@l63.com, 81l157@sust.edu.cn
3 School of Mathematics and Statistics, Minnan Normal University,
Zhangzhou 363000, Fujian, China

Abstract. This paper points some mistakes of three algorithms of updating the
reduct in fuzzy 3-covering via matrix approaches while adding and deleting some
objects of the universe, and gives corrections of these mistakes. Moreover, we
study the reduct of a fuzzy (3-covering while adding and deleting objects further.
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1 Introduction

Recently, fuzzy covering approximation spaces [1-3] were generalized to fuzzy (3-
covering approximation spaces by Ma [4] by replacing 1 with a parameter 3, where
1 is a condition in fuzzy covering approximation spaces. Inspired by Ma’s work, many
researches were done. For example, some fuzzy covering-based rough set models were
constructed by Yang and Hu [5-7], D’eer et al. [8,9] studied fuzzy neighborhood oper-
ators, and Huang et al. [10] presented a matrix approach for computing the reduct of a
fuzzy (3-covering.

The research idea of Ref. [10] is very good, but we find that Algorithms 1, 2 and
3 are incorrect after checking the paper carefully. Moreover, the result of a fuzzy (-
covering can be studied further while adding and deleting objects. Hence, a further
study about Ref. [10] can be done in this paper. Firstly, we explain the mistakes about
Algorithms 1, 2 and 3 in Huang et al. (2020) [10]. Then, we give corresponding cor-
rections of them. Finally, we present some new definitions and properties for updating
the reduct while adding and deleting objects of a universe. The concepts about a fuzzy
[3-covering approximation space after adding and deleting objects are presented, respec-
tively. Some new properties about the fuzzy (-covering approximation space and the
new fuzzy (3-covering approximation space after adding and deleting objects are given.

The rest of this paper is organized as follows. Section 2 reviews some fundamental
definitions about fuzzy covering-based rough sets. In Sect. 3, we show some mistakes
in [7]. Moreover, we give corresponding corrections of them. In Sect.4, we present
some new definitions and properties for updating the reduct while adding and deleting
objects. This paper is concluded and further work is indicated in Sect. 5.

© Springer Nature Switzerland AG 2020
R. Bello et al. (Eds.): IICRS 2020, LNAI 12179, pp. 193-203, 2020.
https://doi.org/10.1007/978-3-030-52705-1_14


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-52705-1_14&domain=pdf
https://doi.org/10.1007/978-3-030-52705-1_14

194 L. Mao et al.

2 Basic Definitions

This section recalls some fundamental definitions related to fuzzy covering-based rough
sets. Supposing U is a nonempty and finite set called universe.

For any family v; € [0,1],i € I, I C NT (N is the set of all positive integers),
we write V;¢cy; for the supremum of {7; : @ € I}, and A;ery; for the infimum of
{7: : i € I'}. Some basic operations on F'(U) are shown as follows [11]: A, B € F(U),

(1) AC Biff A(z) < B(x) forall z € U;
(2) A=Biff AC Band B C 4;

(3) AUB = {(z,A(z) V B(z)) : 2 € U};
4) ANB = {(z,A(z) AB(z)) : 2 € U};

5) A ={(z,1—A(z) : 2 €U}
Ma [4] presented the notion of fuzzy [3-covering approximation space.

Definition 1. ([4]) Let U be an arbitrary universal set and F(U) be the fuzzy power
set of U. For each 3 € (0,1, if (U~ Ci)(z) > B for each x € U, then we call
C = {C1,Cy, ...,Cy} a fuzzy B-covering of U with C; € F(U) (i = 1,2,...,m). We
also call (U, C ) a fuzzy B-covering approximation space.

The concept of reducible elements is important for us to deal with some problems
in fuzzy covering-based rough sets [S]. Let C be a fuzzy 3-covering of U and C' € C.
If C' can be expressed as a union of some elements in C - {C}, then C is called a
reducible element in C: ; otherwise C' is called an irreducible element in C. R

As shown in [5], if all reducible elements are deleted from a fuzzy 3-covering C,
then the remainder is still a fuzzy (-covering and this new fuzzy (3-covering does not
have any reducible element. We call this new fuzzy [3-covering the reduct of the original
fuzzy (B-covering C. The following definition presents its concept.

Definition 2. ([5]) Let (U, C’) be a fuzzy B-covering approxlmatzon space. Then the
Sfamily of all irreducible elements ofC’ is called the reduct ofC' denoted as F(C’)

To calculate the result of a fuzzy (-covering by matrix, Huang et al. gave the fol-
lowing definition.

Definition 3. ([10]) Let (U, 6) be a fuzzy [3-covering approximation space. The con-
taining relation character matrix on U is denoted by QU = (ng )mxm, Where

1,C; CCNT#5r ..
U = ’ b= J ’ DR
% {0, otherwise; i,j€{1,2,---,m}
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3 Some Corrections on the Reduct of a Fuzzy 3-covering

In [10], we find that Algorithms 1, 2 and 3 have mistakes after checking the paper
carefully. Then we give corresponding corrections of the paper in this section.

Algorithm 1: Algorithm to compute the reduct of a fuzzy p-covering.

Input: (1)C = {C;,Cp, -+ ,Cum, } QU = {x1,%2,-- , % }. 3)B € (0, 1].
Output: I'(C),QY.

1 fori=1,2,--- ,mdo

2 C(x;) « 0

3 forj=12,---,mdo

1 | C(x) « C(x;) v Ci(xi)
5 if C(x;) < B then

6 | retumn C is nota fuzzy -covering
7T(6) « G

s fork=1,2,---,mdo

9 T« @;

10 forl=1,2,---,mdo

11 if C; C C; then

12 | qﬁ «— 1

13 if g} = 1 then

14 | T+ TuG;

15 if T = C; then

16 | | T(C) «T(C) - {C);

17 return T'(C)

Fig. 1. Algorithm 1 (In [10])

~

By Algorithm 1 (In [10]), we know that I'(C') = () for any fuzzy 3-covering, which
is incorrect. To explain the incorrect results in Algorithm 1, we show the Algorithm 1
(In [10]) in Fig. 1:

In Algorithm 1 (In [10]), U = {x1, 22, -+ ,x,}. By Step 2, C(z;) < 0. Hence,

e Step 1: “4=1,2,--- ,m” should be changed as “t = 1,2,--- ,n”.

According to Definition 3 (Definition 5 in [10]) and Step 12, we find Step 11 of Algo-
rithm 1 (In [10]) is incorrect. By Steps 11 and 12, if Cy C C) then qgl «— 1. But
according to Definition 3 (Definition 5 in [10]), if Cx C C; and k # [ then q,(i]l — 1.
Hence,

e Step 11: “if C C C; then” should be changed as “if C;, C C; and k # [ then”.

From Steps 11 to 12 of Algorithm 1 (In [10]), it is to find all C}, € C— {C;} which
satisfy Cy C () for any C; € C. From Steps 13 to 16 of Algorithm 1 (In [10]), if
Uck co—{ci} = C) then Cj is a reducible element in C. Hence, Steps 8 and 10 should
be swaped pi}aces. That is to say,

— Step 8: “for £ = 1,2,--- ,m do” should be changed as “for [ = 1,2,--- ,m do”.
— Step 10: “for [ = 1,2, -- ,m do” should be changed as “for k = 1,2,--- ,m do”.
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The result of Algorithm 2 (In [10]) will be QA all the time, which is incorrect. To
explain the incorrect results in Algorithm 2, we show the Algorithm 2 (In [10]):
By Algorithm 2, we find:

— Step 15: “T' «— T'U C%;” should be changed as “I" «— T'U G;”.

From Steps 14 to 17 of Algorithm 2 (In [10]), if ngeﬁf{g;} = G, then G; is a
reducible element in G. Hence, Steps 11 and 13 should be swaped places. That is to say,

— Step 11: “for £k = 1,2, --- ;m do” should be changed as “for [ = 1,2,--- ;m do”.
— Step 13: “for [ = 1,2, --- ,m do” should be changed as “for k = 1,2,--- ;m do”.

The result of Algorithm 3 (In [10]) will be é all the time, which is incorrect. To
explain the incorrect results in Algorithm 3, we show the Algorithm 3 (In [10]):
By Algorithm 3, we find:

— Step 15: “T' «— T U C;” should be changed as “T" — T'U G;”.

From Steps 14 to 17 of Algorithm 3 (In [10]), if ngEé—{gz} = G, then G, is a

reducible element in G. Hence, Steps 11 and 13 should be swaped places. That is to say,

— Step 11: “for £k = 1,2,--- ,m do” should be changed as “for [ = 1,2,--- ,m do”.
— Step 13: “for [ = 1,2,--- ,m do” should be changed as “for k = 1,2,--- ,m do”.

4 New Properties of Reducts of Fuzzy 3-Coverings While Adding
and Deleting Some Objects

This section presents some new properties of reducts in fuzzy (3-coverings while adding
and deleting some objects, respectively. In this section, ¢ denotes an integer which is
more than 1.

Firstly, we give some new properties on reducts of fuzzy 3-coverings while adding
some objects of a universe. The concept of increasing fuzzy (3-covering approximation
space is presented in the following definition.

Definition 4. Let (U, C ) be a fuzzy (B-covering approximation space of U, where U =
{z1,22, -+ ,xn} and C = {C1,Cq, - ,Cp}. We call (UT,CT) an increasing
fuzzy B-covering approximation space from (U,C), where UT = {z1,22, - ,Zn,

Tpit, e Tngt), CT ={CT,CF - | CEY, and forany 1 < j <m,

{Cf(m =Cj(z:), 1<i<wn
(UL, O ) (i) > B,n+1<i<n+t
The following proposition shows that an increasing fuzzy [-covering approxima-

tion space from a fuzzy (-covering approximation space is also a fuzzy (3-covering
approximation space.
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Algorithm 2: Algorithm to update the reduct of a fuzzy p-covering while adding some objects
into the universe.
Input: (1) = {G1, G2, -+, G} QU = {x1, %2+, Xn, Xs1, -+, Xnst}. B)P € (0,1],(4)QY
Output: I'(G).

1 QM QY;

2 fori=1,2,--- ,mdo

3 forj=1,2,---,mdo

4 if if:lthen

5 s+ 1;

6 fork=n+1,n+2---,n+tdo
7 if Gi(x;) > Gj(xy) then
8 ‘ s+ 0;

9 qf§<—s;

0 I[(G) « G

1 fork=1,2,--- ,mdo

12 T+ &;

13 forl =1,2,--- ,mdo

14 ifqﬁ:lthen

15 | T« Tucy

16 if T = G then

v | | T(G) «T(@G)-{G};

s return T'(G)

-

Fig. 2. Algorithm 2 (In [10])

Proposition 1. Ler (U, C ) be a fuzzy (-covering approximation space of U, where
U= {x1,29, 2} and C = {C1,Cyq,-- ,Cp,}. Then (UT,CT) is also a fuzzy
B-covering approximation space of U™ .

Proof. By Definition 4, (U}, C}")(x:) = (UL, Cj)(z;) > B forany i € {1,2,---,
n},and (UL, C;)(x;) > Bforeachi € {n+1,--- ,n+t}. Hence, (U™, C) is also
a fuzzy [3-covering approximation space of U™ by Definition 1.

Example 1. Let U = {x1,x2, T3, x4, x5} and C = {C1,C4,C3,C4}, where

_ 0.7 0.8 0.6 0.6 0.7
Cp =907 +08.4 0606, 07

x1 xTo xs3 T4
Cp=03 4084 0384 05 08
C3 =0T+ 054 064 064 01
Crmb b 98400402408

According to Definition 1, we know Cisa fuzzy (-covering of U (0 < 5 < 0.6).

P
Suppose 3 = 0.5. Let Ut = {x1, 29, 23,74, 75,26} and C = {C],CS,CF,Cf},
where

Cf=59714084 0640640706
Of — B+ B+ B+ P21 28
Cf =87 8 804 00 4 0T 4 02
Cf =S4+ 08+ 084+ 024 03 4 01
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Algorithm 3: Algorithm to update the reduct of a fuzzy p-covering while deleting objects from
the universe

Input: (1)G = {G1,Ga, -+, Gm} @U = {x1, %2, ,- -+, xu—t}. B) € (0,1],(4)Q".
Output: I'(G).
1 QY QY
2 fori=1,2,--- ,mdo
forj=1,2,---,mdo
if if:Othen
s+ 1;
fork=1,2,--- ,n—tdo
if Gi(x) > Gj(x;) then
s 0;
. Aqf.j s
1 I(G) < G;
1 fork=1,2,--- ,mdo
12 T + @;
13 for/ =1,2,--- ,mdo
iqu, =1 then
| T« TUCy
16 if T = G then
v | | T(G) <T@ -{G}

18 return I['(G)

© ® N e W e W

Fig. 3. Algorithm 3 (In [10])

According to Definitions 1 and 4, we know Ctisa fuzzy 0.5-covering of U.

We give a relationship about the relation character matrices between a fuzzy (3-
covering approximation space and it’s increasing fuzzy -covering approximation space
in the following proposition.

Proposition 2. Let (U,C) and (Ut,C*) be two fuzzy B-covering approximation
spaces, where U = {x1,22, - ,2n} and C = {C1,Cs,--- ,Cp}. Ifqg = 0, then
qg+ =0foranyi,j € {1,2,--- ,m}.

Proof. Foranyi,j € {1,2,--- ,m}, we have the following two conditions:

For i = j:if i = j, then ¢ = Oandqur =0;

For ¢ # j: by Definition 3, if qg = 0, then there exists £ € {1,2,---,n} such that
C;(zy) > Cj (). Hence, there exists k € {1,2,--- ,n} such that C;" (z}) > C’;“(a:k)

according to Definition 4. Therefore, Cj' is not contained in Cj. That is to say, qff =0.
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Example 2. (Continued from Example 1)

Ci Cy C3 Cy

Ci/0 0 0 0
G| 1 0 0 0
v _ U _ 2
@ =laa=c 1 o 0 o
a;\1 0 1 0

O s e I

vt _ Ut _of |1 0 0 0
Q" =gy Jaxa = crl 1 0o o o
cF\o o o0 o0

Hence, if ¢} = 0, then ¢} = 0 foranyi,j € {1,2,--- ,4}.

We give a relationship about reducible elements between a fuzzy [-covering
approximation space and it’s increasing fuzzy (J-covering approximation space in the
following proposition.

Proposition 3. Ler (U, C ) and (U™, 6+) be two fuzzy (3-covering approximation
spaces, where U = {x1,x9, - ,x,} and C = {C1,Co, -+ ,Cp }. IfC'j' is a reducible
element in Ct, then C; is a reducible element in C for anyi € {1,2,--- ,m}.

Proof. Tt is immediate by Definition 4 and the concept of reducible element.

The converse of Proposition 3 is not true, i.e., “If C; is a reducible element in 6’,
then C’;“ is a reducible element in C* for any i € {1,2,--- ,m}.” is not true. Example 1
can explain this. In Example 1, since C; = C3|J Cs5, C1 is a reducible element in C.
However, C;" is not a reducible element in C+. Based on Proposition 3, we give the
following corollary.

Corollary 1. Let (U, c Yand (U™, 6"’) be two fuzzy (3-covering approximation spaces,
where U = {x1, 22, ,2n} and C = {C1,C4, -+ ,Cy}. If C; is a irreducible ele-
ment in C, then C’f is a irreducible element in C™ for anyi € {1,2,--- ,m}.

Proof. By Proposition 3, it is immediate.

Example 3. (Continued from Example 1) Cs, (3 and Cy are irreducible elements in
C.Cy, Cf and C; are irreducible elements in C.

The converse of Corollary 1 is not true, i.e., “If C;“ is a irreducible element in é+,
then C} is a irreducible element in C for any i € {1,2,--- ,m}. is not true. Example 1
can explain this. In Example 1, C}" is a irreducible element in C*.But C is not a
irreducible element in C. Inspired by Corollary 1, we give the following theorem.

Theorem 1. Let (U, 6) and (U, 6+) be two fuzzy (3-covering approximation spaces.
Then |T(C)| < [T(CT)).
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Proof. By Definition 2, I'(C) and T'(C*) are families of all irreducible elements of C
and C'T, respectively. Hence, it is immediate by Corollary 1.

Note that |T'(C)| and |T'(C*)| denote the cardinality of I'(C) and T'(CF), respec-
tively.
Example 4. (Continued from Example 1) T'(C) = {Cs, Cs, Cy}, I‘( )= {C
Ci,CfY. Hence, |T(C)| = 3 and [T(CT)| = 4. That is to say, [T'(C)| < |F(C’+)|

Then, we give some new properties on reducts of fuzzy (3-coverings while deleting
some objects of a universe. The concept of declining fuzzy (3-covering approximation
space is presented in the following definition.

Definition 5. Let (U, C ) be a fuzzy [-covering approximation space of U, where U =
{z1,29, -+ ,2n} and C = {C1,Cy, -+ ,Cp }. We call (U~,C7) a declining fuzzy 3
covering approximation space from (U,C), where Ut = {x1,x2, + ,Tpn_¢}, C~ =
{C1.Cy -, Cryand CF () = Cj(wy) forany 1 <i<n—t1<j<m.

The following proposition shows that a declining fuzzy (-covering approximation

space from a fuzzy (-covering approximation space is also a fuzzy [3-covering approx-
imation space.

Prop0s1t10n 4. Let (U, C’) be a fuzzy B-covering approximation space of U, where
= {21,290, ,an} and C = {C1,Ca, -+ ,C}. Then (U~,C~) is also a fuzzy

ﬁ—covering approximation space of U ™.

Proof. By Definition 5, (U/Z, C;)(z:) = (Uj=, Cj)(2i) > B forany i € {1,2,---,

n — t}. Hence, (U _,5_) is also a fuzzy (3-covering approximation space of U~ by

Definition 1.

Example 5. LetU = {x1, 29,23, 24,25} and C = {C1,Cs,C3,Cy}, where

07,08, 06 4, 06 0.7
Cl*$1+fb2+r3+z4+f65’

-~ 03,08, 03, 08, 06
Co=p2+0 + o+ 50
03:M+M+M+%+M

1 X2 T3 T4 5 )
— 0 4 O 3 0.2 0.5
Cy = -l- + + > + el

According to Definition 1, we know Cisa fuzzy (-covering of U (0 < G < 0.6).
Suppose 8 = 0.5. Let U~ = {x1, z2, 23} and c = {C[,C5.C5,C  }, where

- _ 07,08 06

Cy = o T T

51337

C’;:%+%+@

€1 xo x3
- =07, 06 4 0.6
5 =t T

- 04, 06, 03
04—114—062—&— .

x3

According to Definitions 1 and 5, we know C-isa fuzzy 0.5-covering of U.
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We give a relationship about the relation character matrices between a fuzzy -
covering approximation space and it’s declining fuzzy (-covering approximation space
in the following proposition.

Proposition 5. Ler (U, 6) and (U _,6_) be two fuzzy (3-covering approximation
spaces, where U = {x1,x2, -+ ,xn} and C = {C1,Cq,--- ,Cp, }. Ifql-[f = 0, then
q% =0foranyi,j € {1,2,--- ,m}.

Proof. Foranyi,j € {1,2,---,m}, we have the following two conditions:

For i = j:if i = j, then ¢;; = 0 and q%7 =0;

For ¢ # j: by Definition 3, if qg_ = 0, then there exists k € {1,2,---,n — t}
such that Cj(zr) > Cj(zr). Hence, there exists k& € {1,2,---,n — t} such that

Ci(zy) > Cj(xy) according to Definition 5, i.e., there exists & € {1,2,--- ,n} such
that C;(zy) > Cj(xy). Therefore, C; is not contained in C;. That is to say, g} = 0.

Example 6. (Continued from Example 5)
C, Cy C3 C4

cC,/0 0 0 0
0o 0 0 o0
U __ U _ 2
@ =laa=c 1 o 0 ol
c,\1 0 1 0
cr Gy Cy Cf
g; 0 0 0 0
U- _ (U _ Gy 1 0 0 0
@ = (g Jaxa c;l 1 0 o o
c;\ 1 0 10

Hence, if ¢f; = 0, then ¢, = O forany i,j € {1,2,--- ,4}.

Huang et al. [10] gave a relationship about reducible elements between a fuzzy -
covering approximation space and it’s declining fuzzy (-covering approximation space
in the following proposition.

Lemma 1. ([10]) Let (U, é) and (U™, é’) be two fuzzy [(-covering approximation
spaces, where U = {x1,x9, - ,x,} and C = {Cy,Csq,--- ,Cy }. If C; is a reducible
element in C, then C;” is a reducible element in C~ foranyi € {1,2,--- ,m}.

The converse of Lemma 1 is not true, i.e., “If C; is a reducible element in Cc , then
C; is a reducible element in C for any i € {1,2,--- ,m}. is not true. Example 5 can
explain this. In Example 5, since C; = C5 |JC5, C7 is a reducible element in c-.
But C} is not a reducible element in C. Based on Lemma 1, we give the following
corollary.

Corollary 2. Let (U,C) and (U=, C~) be two fuzzy 3-covering approximation spaces,
where U = {x1,22, - ,x,} and C = {C1,Cs,--- ,Cp}. If C; is a irreducible
element in C~, then C; is a irreducible element in C for any i € {1,2,--- ,m}.
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Proof. By Lemma 1, it is immediate.

Example 7. (Continued from Example 5) C5, C5 and C are irreducible elements in
C~. (9, C3 and C} are irreducible elements in C.

Based on Corollary 2, we give the following theorem.

Theorem 2. Let (U, é) and (U, C ~) be two fuzzy 3-covering approximation spaces.
Then |T(C)| > |T'(C7)|.

Proof. By Definition 2, F(a ) and I'(C™) are families of all irreducible elements of C
and C'~, respectively. Hence, it is immediate by Corollary 2.

Example 8. (Continued from Example 5) T'(C) = {C4, Cs, C5,Cy}, T(C™) = {Cy,
C5,Cy }. Hence, [I'(C)| =4 and [I'(C™)| = 3. That is to say, |I'(C)| > |[T'(C7)|.

5 Conclusions

In this paper, we explain the mistakes about Algorithms 1, 2 and 3 in Huang et al.
(2020) [10]. Moreover, we present some new definitions and properties for updating the
reduct while adding and deleting objects of a universe. It is helpful for others to investi-
gate the work further. In future, updating the reduct while adding and deleting objects at
the same time will be done. Neutrosophic sets and related algebraic structures [12—15]
will be connected with the research content of this paper in further research.
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