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A B S T R A C T   

RANS simulation of turbulent non-isothermal flow in a pipe by transition of Newtonian fluid into 
a viscoplastic non-Newtonian fluid is carried out. Carrier phase turbulence was modeled using 
two-equation isotropic k‒ε̃ – model and Reynolds stress transport model. Results of calculations 
of Newtonian and non-Newtonian power-law fluids were compared with data of DNS calculations 
of other authors. Comparisons with data from other works for isothermal Schwedoff-Bingham 
fluid were performed in this work using k‒ε̃ – model. Satisfactory agreement was obtained 
with data from other studies for the axial averaged velocity and turbulent kinetic energy radial 
profiles (the difference is up to 15 %). Reynolds stress transport model showed significant 
anisotropy between streamwise and transverse velocity fluctuations (up to several times) and 
good agreement with DNS results of other authors. Averaged and pulsation profiles express the 
indicated transformation of the non-isothermal turbulent flow.   

1. Introduction 

Turbulent non-isothermal flows of non-Newtonian viscoplastic fluids (paraffinic oil) in pipes are of great practical importance 
because they are found in many industrial devices (pipelines, offshore oil transport, petroleum product, etc.). Paraffinic oil (waste 
crude oil) exhibits a viscoplastic property with yield point and a sharp increase in viscosity as its temperature decreases [1]. 

Early studies of viscoplastic fluid flows were carried out using friction coefficient correlations [2,3]. Authors have developed a 
methodology for predicting the coefficient of friction of power-law (PL) fluids. Later their found were used in Refs. [4–6] for study of 
NNF with yield stress. Authors [7,8] found friction coefficient correlations in laminar and turbulent flows using modern physical 
approaches [9,10]. There are large discrepancies between predictions and experiments, even when correlations have been confirmed 
experimentally [2,11–13]. Difference between measurements and predictions of viscoplastic fluids can be attributed to complicity and 
limitations of measurements in rheological fluids, for example, slurries [14] and slurry suspensions [15]. The most widely used fluid 
with polymer additive is Carbopol [16]. The dominant characteristics of Carbopol are yield stress and shear thinning and it is 
considered as an ideal viscoplastic fluid in experiments [17]. 

Direct numerical simulation (DNS) is the most accurate and powerful modern method to simulate of generalized NF fluid. 
Schwedoff-Bingham (SB) or Herschel-Bulkley (HB) models of non-Newtonian fluids, are difficult for DNS calculations due to singular 
viscosity at zero shear rate [18]. The friction coefficient values obtained from DNS calculations for PL fluid in Ref. [19] agree well with 
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the measurements of [11]. It is also possible to obtain turbulence parameters, which are difficult to measure, from DNS calculations. 
Authors [19] also analyzed the effect of Reynolds number in turbulent flow regime on reduction of shear stresses. The turbulent kinetic 
energy balances are given for the power-law fluid in tube, where shear thinning is determined by a decrease in the power index n (0 <
n < 1) [20]. The effect of power-law index n on Reynolds stresses is revealed near-wall region, where the velocity gradients as well as 
the shear rate fluctuations are larger. Authors of [18–21] using DNS obtained that shear-thinning effects play a large role in turbulence 
of carrier fluid flow. Decreasing the degree n for Herschel-Bulkley fluids can cause an increase in velocity ripples and a small decrease 
in Reynolds stresses. The study [22] is remarkable in that viscoelasticity was included in laminar regime using modification of the 
Kelvin-Voigt defining SB equation without using regularization. 

The high computational cost of the DNS model for simulation of turbulent viscoplastic flows makes the RANS + RSM approach the 

Nomenclature 

Latin 
Cf = 2τW/U2

1 wall friction coefficient 
CP heat capacity 
D pipe I.D. 
k turbulent kinetic energy 
L pipe length 
Nu hD/λW Nusselt number 
Re Um1D/νW1 Reynolds number 
T temperature 
T1 temperature at the inlet 
TW1 inner wall temperature 
Um1 initial average-mass flow velocity 
〈u/t/〉 turbulent heat flux 
〈u/u/〉 Reynolds stress 
u* friction velocity 
x, r axial and radial coordinates 
y distance normal from the wall 

Subscripts 
1 initial condition 
+ wall unit 
T turbulent parameter 
W wall 
m average-mass 
S soil 

Greek 
γ̇ strain rate tensor 
ε dissipation of the turbulent kinetic energy 
μ molecular viscosity 
μeff effective (apparent) molecular viscosity 
μP is the plastic viscosity, and 
λ t hermal conductivity 
ρ density 
ν kinematic viscosity 
τ0 is the yield shear stress 
τ shear stress 

Acronyms 
SB Schwedoff-Bingham 
FD fully developed Newtonian fluid 
HL Hwang and Lin 
NF Newtonian fluid 
NNF non-Newtonian fluid 
PL power-law 
RANS Reynolds-averaged Navier-Stokes equations 
RSM Reynolds stress model 
TKE turbulent kinetic energy  
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viable alternative for engineering applications. For the flow of viscoplastic Schwedoff-Bingham and Herschel-Bulkley fluids of RANS 
model are given in Refs. [23–28]. A new turbulence model based on k-ω SST model to predict turbulent flows of HB, SB and power-law 
fluids is presented in Ref. [29]. In this paper, the approach [27] to describe PL fluid is used to simulate Herschel-Bulkley fluid. The 
authors [29] believe that this approach can be employed to modeling of generalized NF. Most studies of non-Newtonian turbulent 
fluids focus on isothermal flow regime, while calculations of non-isothermal turbulent flows are very limited. A few papers concerned 
the study of heat transfer in turbulent NNF [30,31]. Turbulent viscoelastic polymer flow has been numerically predicted in Ref. [30]. 
The DNS study of laminar Rayleigh‒Benard convection was performed in Ref. [31]. 

In our work we consider axisymmetrical RANS modeling of turbulent non-isothermal flow with yield stress of a viscoplastic SB 
fluid. Carrier fluid turbulence is modeled using isotropic two-parametric k–ε̃ – model, and Reynolds stress transport model (RSM). This 
model shows better results than the k‒ε̃ turbulence isotropic model. The novelty of the study is the transformation of the turbulent NF 
into viscoplastic state due to heat transfer with surrounding medium (cold soil). The results of numerical calculations for Herschel- 
Bulkley fluid are also given in comparison with data of other authors. 

2. Model of mass and heat transfer 

2.1. Rheology of a viscoplastic fluid 

The effective (apparent) molecular viscosity of viscoplastic fluid can be written as [18,29]: 

μeff =

⎧
⎨

⎩

τ0

γ̇ + kvγ̇n− 1, if |τ| > τ0∞, if |τ| ≤ τ0 . (1)  

Here τ0 is the yield stress, |τ| = ̅̅̅̅̅̅̅̅̅τijτij
√ is stress tensor, n and kv are rheological model parameters, γ̇ =

̅̅̅̅̅̅̅̅̅̅̅̅
2SijSij

√
= S2 is shear rate, Sij =

0.5
(

∂Ui
∂xj

+
∂Uj
∂xi

)
is shear rate tensor. Expression (1) corresponds to model of Herschel-Bulkley fluid. This model reduces to SB fluid at n =

1, kv = μp or power-law fluid at τ0 = 0. Effective viscosity demonstrates a singular property at shear stress is less than τ0 [32] and it can 
be given as a smooth function [32]: 

μeff =
τ0[1 − exp(− m|γ̇|)] + kv|γ̇|n

|γ̇|
, (2)  

where m = 1000 is the regularization parameter [32]. formula (2) allows solving numerical problems in the presence of yield stress for 
a Schwedoff-Bingham and Herschel-Bulkley fluids. 

2.2. Governing equations 

The equation system for turbulent non-isothermal flow of viscoplastic NNF fluid is written in Ref. [33]: 

∇·U = 0 (3)  

∇· (ρUU)= − ∇P+∇ ·
(
2μeff S

)
+∇ ·

(
− ρ〈u/u/〉

)
+∇· 〈2μ/

eff S
/〉 (4)  

∇·
(
ρCpTU

)
=∇ · (λ∇T)+∇ ·

(
− ρCp〈u/t/〉

)
+ τ : S (5) 

Here, S is averaged strain rate tensor, S =
̅̅̅̅̅̅̅̅̅̅̅̅
2SijSij

√
. The turbulent Reynolds stress − ρ〈u/u/〉 are modeled using k‒ε̃ turbulence 

isotropic model and RSM approach. Turbulent heat flux − ρCp〈u/t/〉 is given in Ref. [33]. The expression ∇ · 〈2μ/

eff S
/〉 in equation (4) is 

found according to representation [27]. The last term in equation (5) takes into account the dissipation of kinetic energy and has the 
form [33–35]. The expression for the average shear rate in the non-Newtonian fluid was given in Ref. [27]. Let us the average value of 
the molecular viscosity is related to the average value of shear rate such as the same rheological relationship as for instantaneous 
quantities (1) [27]. Finally, formula for the averaged shear rate can be written as [27]: 

〈γ̇〉2
= 2〈Sij〉〈Sij〉 + (ρε)

/

〈μ〉,where 〈μ〉 =
τ0

〈γ̇〉
+ kv〈γ̇〉n− 1

.

The elliptical relaxation RSM [37] describes the nonisotropy of complex turbulent flows. This model is more complex than the k‒ε̃ 
turbulence model and shows better results for anisotropic flows. The system of basic equations of the second-moment closure model of 
[37] is given: 

Duiuj

Dt
=Pij +Dν

ij +Ф∗
ij − εij +

∂
∂xl

(
CμTT

σk
ulum

∂uiuj

∂xm

)

(6)  
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Dε
Dt

=
Cε1 P − Cε2 ε

TT
+

∂
∂xl

(
Cμ

σε
ulum

∂ε
∂xm

)

+ ν ∂2ε
∂xk∂xk

+ Cε3 ν k
εujuk

(
∂2Ui

∂xj∂xl

)(
∂2Ui

∂xk∂xl

)

(7)  

χ − L2
T∇

2χ = 1
/
(εTT) (8)  

Ф∗
ij =(1 − kχ)Фw

ij + kχФh
ij (9)  

εij =(1 − Akχ) uiuj

k
ε + Akχ 2

3
εδij (10)  

A= 1 −
9
8
(
aijaij − aijajkaki

)
; aij =

uiuj

k
−

2
3
δij (11)  

Фh
ij = −

(

g1 + g∗
1
P
ε

)

εbij + g2ε
(

bikbkj −
1
3
bklbklδij

)

+
(

g3 − g∗
3

̅̅̅̅̅̅̅̅̅̅
bklbkl

√ )
kSij+

g4k
(

bikSjk + bjkSik −
2
3

blmSlmδij

)

+ g5k
(
bikΩjk + bjkΩik

)
(12)  

bij =
uiuj

2k
−

1
3
δij;Ωij =

1
2

(
∂Ui

∂xj
−

∂Uj

∂xi

)

(13)  

Фw
ij = − 5

ε
k

(

uiuknjnk + ujuknink −
1
2
ukulnknl

(
ninj − δij

)
)

(14)  

n→=
∇χ
‖∇χ‖ ; TT =max

(
k
ε,CT

(ν
ε

)1/2
)

; LT =CL max
(

k3/2

ε ,Cη
ν3/4

ε1/4

)

(15)  

where Pij determines the transfer of energy from the average speed to the pulsating one; 
P = 0.5Pkk; TT expresses the macroscale of turbulent time; Dν

ij determines viscous diffusion; Ф∗
ij determines the redistribution term; 

εij determines the dissipation; ε expresses the rate of dissipation. The constants and functions of the system of equation (6)‒(15) are 
taken from Ref. [37]. The RSM and k − ε̃ models did not have additional sink and/or source terms that determine the influence of the 
non-Newtonian fluid on the carrier phase turbulence. 

2.3. Boundary conditions 

The flow schematic is shown in Fig. 1. The boundary conditions on the wall surface (r = R = D/2), in inlet section (x = 0) and at 
outlet edge (x = L) were given in details in Refs. [28,33]. 

On the inner surface wall (r = R = D/2): 

r=R; U =V = k= ε̃= 0; − λw

(
∂T
∂r

)

w
=α1(Tm − Tw); uiuj = 0; ε= 2ν k

y2; χ = 0 (16) 

On the pipe axis. 

r= 0;
∂U
∂r

=
∂T
∂r

=
∂k
∂r

=
∂ε̃
∂r

= V = 0;
∂uiuj

∂r
=

∂ε
∂r

=
∂χ
∂r

= 0 (17) 

Effect of fluid temperature on rheological properties of viscosity μp and yield stress τ0 are given [28]. In Table 1 are given the values 
of the yield shear stress τ0, plastic viscosity μP, and Bingham number Bm = τ0R/(μPUm1) vs fluid temperature. 

Fig. 1. Scheme of non-isothermal flow of paraffinic oil in a pipe: 1 ‒ Newtonian fluid flow area; 2 ‒ area of flow of the Schwedoff-Bingham non- 
Newtonian fluid. 
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3. Numerical realization 

Numerical calculations are performed using the “in-house” code [28,33]. The set of Eq. (1‒17) is solved numerically using finite 
control volume method, QUICK and SIMPLEC algorithms. The simulations use a non-uniform mesh (in streamwise and transverse 
directions) with refinement close to pipe wall and in entrance zone. The numerical realization is given in details in Refs. [28,33]. The 
grid convergence test (GCT) for the radial profiles of TKE is performed on the grids: 500 × 40 (“coarse”), 1000 × 80 (“basic”) and 1500 
× 120 (“fine”) (see Fig. 2). The difference between “basic” and “fine” grids is very small (up to 0.1 %) and the grid with 1000 × 80 CVs 
is used in authors’ simulations as the basic grid. 

4. Calculation results and discussion 

4.1. The k‒ε̃ ‒ model of Hwang and Lin (HL) verification for the isothermal Newtonian fluid 

The predicted results of the wall friction coefficient Cf obtained using the k‒ε̃ – model [36] and RSM [37] are presented in Table 2 at 
various Reynolds numbers for turbulent air flow in a round pipe. Table 2 also shows the result of the calculation using the Blasius 
formula [38]: Cf = 0.0791Re− 1/4. The data in Table 2 shows the calculations by the k‒ε̃– model [36] and RSM [37] model agree well 
with the Blasius theoretical formula given in Ref. [38]. 

The results of the comparative analysis with DNS data and PIV and LDA experiments [39] are shown in Fig. 3 according to the radial 
distributions of the average axial velocity (a), turbulent kinetic energy (TKE) (b) and the rate of its dissipation (c). DNS results and 
measurements [39] were carried out at Re = Uc2R/ν = 7000; Reτ = u*2R/ν = 360; x/(2R) = 75; 2R = 95 mm, where Uc is centerline 
fluid velocity. Calculation by HL model satisfactorily agrees with the data [39] on the axial velocity distributions. The predicted 
position of the peak of the turbulence at r/R = 0.91 using the HL [36] and RSM [37] models according well to the DNS [39]. The 
characteristic value of the maximum is k+ = k/u2

∗ ≈ 4.4 according to the data of [39], which is greater than k+ ≈ 3.75 according to the 
calculations using the model [36] (the difference is up 18 %). Also, HL model gives satisfactory agreement with the data [39] on the 
dissipation rate of TKE for almost the entire pipe section (the difference does not exceed 15 %). The DNS shape of profile of dissipation 
of TKE also agrees qualitatively and quantitative with the calculation by the model [36]. The difference is increased in near-wall region 
at r/R ≥ 0.975. The value of dissipation rate of TKE predicted by the HL model close to the wall is ε+ = ε/νu4

∗ ≈ 0.12. Whereas 

Table 1 
Values of yield shear stress, plastic viscosity and Bingham numbers vs fluid temperature of NNF.  

t, 0С T, K τ0, Pa μP, Pa⋅s Bm 

0 273 589.6 0.3585 822.32 
5 278 34.62044 0.14634 118.29 
10 283 2.03286 0.05974 17.01 
15 288 0.11937 0.02438 2.45 
20 293 0.00701 0.00995 0.35 
25 298 4.1156E-4 0.00406 0.05 
30 303 2.41662E-5 0.00166 0.007  

Fig. 2. The grid convergence test for the k‒ε̃ (a) and (b) RSM models of in-house numerical code. L = 2 m, Re = 8200, U1 = 0.2 m/s, T1 = 298 K, TW 
= 273 K. 
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according to DNS data [39] ε+ ≈ 0.16 (the difference is up to 33 %). The overwhelming majority of two-parametric turbulence models 
cannot accurately predict the profile of dissipation rate of TKE near the wall [39]. 

4.2. Averaged and turbulent characteristics of a power-law isothermal fluid 

For the comparative analysis we used RANS numerical calculations [27] and DNS [18,40] for PL fluid flow in a pipe at variation of 
power in parameter n and different Reynolds numbers of flow. In this case, the model for calculating average viscosity of turbulent NNF 
corresponds to that [27,40]. In this comparison, the RANS data [27] were used, where only the influence of average viscosity was taken 
into account and no additional terms in the turbulence model for non-Newtonian fluid were taken into account. Results of DNS cal-
culations [21] were used when performing comparison of results for the Schwedoff-Bingham fluid. All authors’ numerical results are 

Table 2 
Calculation of the coefficient of wall friction vs the Reynolds numbers.  

Cf HL [36] RSM [37] Blasius [38] 

Re = 5000 0.009 0.0092 0.0094 
1.34 × 104 0.0071 0.00725 0.00735 
3.2 × 104 0.0056 0.006 0.00591 
105 0.0042 0.0046 0.00445  

Fig. 3. Comparisons between the DNS (bold lines), LDA (open points) and PIV (closed points) experimental data of [39] and authors’ results: HL 
[36] (solid lines) and RSM [37] (dashed lines). 
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presented in Figs. 4–6 were obtained using the RANS and RSM turbulence model. 
Figs. 4 and 5 shows comparative results of the distribution of average axial velocity U+ = U/u∗ (a), turbulent kinetic energy (TKE) 

k+ = k/u2
∗ (b) and Reynolds stress 〈uv〉+ = 〈uv〉/u2

∗ (c) as a function distance from the pipe wall y+ = μu∗y/μW = μu∗(R − r)/ μW. Where 
μ is the molecular viscosity of a Newtonian fluid (waxy crude oil). Reynolds stresses were calculated from the dependence of 〈uiuj〉 =

− νT

(
∂Ui
∂xj

+
∂Uj
∂xi

)
+ 2

3 kδij (for k‒ε̃ – model). The authors’ RANS + RSM calculations have been carried out for the PL fluid at n = 0.6 and the 

NF (n = 1) in Figs. 4 and 5 at Reynolds number Re = 0.75 × 103 and 104, respectively. The dots are data of DNS calculations [18,40], 
the lines are numerical RANS calculations [27] and authors’ RANS + RSM. Additionally, Figs. 4a and 5a show logarithmic velocity 
profile for Newtonian fluid (bold lines). 

Characteristic axial velocity profiles in laminar sublayer correspond to linear wall law for both Newtonian and power-law fluids 
(see Figs. 4a and 5a). Also note that values of average velocities of power-law and Newtonian fluids are practically the same in this part 
of the pipe. Good agreement of authors’ calculations for non-Newtonian power-law fluid with the results [18,27,40] for laminar 
sublayer is obtained. Further, at y+ > 9, deviation from linear profile for non-Newtonian fluid is obtained. In logarithmic layer ac-
cording to RANS calculations of [27] and authors we got exceeding of axial flow speed value in comparison with DNS results [18,40] 
for non-Newtonian liquid (max difference is less than 20 %). Also for power-law fluids noticeable deviation from logarithmic velocity 
profile is shown, reaching 35 %. The above features are characteristic both for our calculations and for the data [18,27,40] in the whole 
range of investigated variation of flow Reynolds number. 

Figs. 4b and 5b show the distribution of turbulent kinetic energy (TKE) across the pipe cross section. The turbulence level in the 
power-law fluid k+ is higher than the corresponding value for the Newtonian fluid across the pipe cross section for our calculations for 
both Reynolds number values. The maximum additional generation of turbulence level in non-Newtonian fluid reaches 15 %. Note that 
this conclusion is not in agreement with RANS calculations [27], which show suppression of TKE level (see Fig. 2b), but qualitatively 

Fig. 4. Comparison of the dimensionless axial velocity (a), turbulence kinetic energy (b), and Reynolds stresses (c) in wall coordinates for New-
tonian and power-law fluids. Bold lines in Fig. 4a are logarithmic velocity profile, symbols are DNS at n = 0.6 [18]. Solid lines are RANS calculations 
at n = 0.6 (power-law fluid) [27]; dotted and dashed lines are authors’ RANS + RSM calculations at n = 1 (Newtonian fluid) and 0.6 (power-law 
fluid), respectively. Re = UmD/μW = 0.75 × 104, Reτ = u∗ D/μW = 210. 
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Fig. 5. Comparison of the dimensionless axial velocity (a), turbulence kinetic energy (b), and Reynolds stresses (c) in wall coordinates for New-
tonian and power-law fluids. Bold lines in Fig. 5a are logarithmic velocity profile, solid and open symbols are DNS [40] for n = 1 (NF) and 0.6 
(power-law) fluids, respectively; dashed and solid lines are the authors’ RANS + RSM simulations for the NF and n = 0.6 (power-law fluid), 
respectively. Re = 104, Reτ = 310. 

Fig. 6. Comparisons of the dimensionless average viscosity of a power-law fluid. Symbols are the DNS [18], solid and dashed lines are RANS 
calculations [27] and authors’ RANS + RSM, respectively. Re = 0.55 × 104, Reτ = 160.1 – n = 0.5, 2–0.69, 3–0.75. 
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corresponds to DNS results [18,40]. In the laminar layer, the largest discrepancy with the DNS data is obtained and reaches 50 %. In the 
logarithmic layer (y+ = 10–100) the difference between DNS and our calculation data does not exceed 15 %. Then it increases again 
and at y+ = 200 is about 50 %. It was shown in Refs. [18,40] that in non-Newtonian fluid axial fluctuations are higher than that ones in 
Newtonian fluid, while radial and tangential fluctuations are lower. This is explained by the fact that in a non-Newtonian fluid, due to 
pressure fluctuations, the mechanism of energy transfer from axial fluctuations to the other two components is suppressed [21]. For 
these DNS calculations [18,40] at y+> 120 an insignificant decrease of turbulence level (up to 5 %) in a power-law fluid in comparison 
with Newtonian flow is obtained. In our work, as in Refs. [18,27,40], the generation of turbulence in a non-Newtonian fluid in 
comparison with a Newtonian fluid is shown. 

Reynolds shear stresses 〈uv〉+ in PL fluid are lower than that one for NF (see Figs. 4c and 5c). The position of their maximum is 
shifted towards the pipe axis (not more than 10 %) in the power stage power-law fluid compared to the Newtonian medium. This 
quantitatively agrees well with RANS [27] and DNS [18,40] (maximum difference less than 10 %). 

The profiles of the average viscosity of a power-law fluid μ+ = μ/μW across cross section of pipe are shown in Fig. 6. Here μ and μW 
are values of the viscosity of non-Newtonian fluid at the considered point and at the pipe wall respectively. A satisfactory agreement 
between our calculation results and the DNS [18] and RANS [27] simulations of turbulent power-law non-Newtonian fluids at Re =
5500 and power exponents n = 0.5, 0.69 and 0.75 is observed. The viscosity significantly increases towards pipe axis and with 
decreasing value of parameter n. For the value n = 0.5 the maximum value of the relative viscosity at the pipe axis μ+ ≈ 5, and at n =
0.75 the maximum growth reaches two times and μ+ ≈ 2. This is typical both for our DNS data and for the results of [18,40]. 

4.3. Averaged and turbulent characteristics of the Schwedoff-Bingham fluid 

Comparison of DNS data [21] and our RANS calculations in wall coordinates for Newtonian fluid (lines 1 and 3) and for SB tur-
bulent fluid (curves 2–6) is shown in Figs. 7 and 8. In Fig. 7 points are DNS data [21], lines are RANS calculation of authors [28] using 
k‒ε̃ – model [36], Re = Um1D1/νW1 = 1.3 × 104, Reτ = u*R1/νW = 323. The axial (see Fig. 7a) and radial (see Fig. 7b) velocities 
fluctuation profiles show differences with the DNS data [21]. The Reynolds stresses (in axial and radial directions) are typically 
predicted in k‒ε̃ – model [36]: u’ = v’ = 2k/3. The axial averaged velocity profile along the tube cross section is qualitatively similar 
to the one for a Newtonian fluid. This is characteristic both for the DNS data [21] and for our RANS calculations. For the axial averaged 
velocity distributions, it is possible to note an excess by RANS calculations (up to 10 %) in comparison with DNS [21]. Distributions of 
TKE calculated by author’s agree satisfactorily well with the DNS [21] and difference is up to 15 %. These data are given in Ref. [28] 
and are not presented here in order to reduce the manuscript volume. However, the isotropic k‒ε̃ – model [36] does not even qual-
itatively describe the complex distribution of velocity fluctuations over the pipe cross section and significant anisotropy of axial and 
radial velocity fluctuations of SB fluid. 

Therefore, authors’ RANS and k‒ε̃ – model [36] predicted axial and radial velocities fluctuations (solid lines) of fluid are the same 
for NF and NNF. Turbulence model of [36] captures the main effect of non-Newtonian behavior on fluid turbulence and difference 
between NF and NNF is obvious. Fig. 7a and b clearly show the deficiency of isotropic turbulence models. In our simulations 
well-known isotropic distributions of axial and radial velocity pulsations is used: u’ = v’ = 2k/3. Difference between DNS [21] and our 
results obtained using k‒ε̃ ‒ model for axial velocity fluctuations is up to 20 % and it is reasonable quantitative difference. The main 
discrepancy is revealed for the radial velocity fluctuations (up to 3 times). It is seen the k‒ε̃ ‒ model is predicted the radial component 
in a reasonable way, but the quantitative difference is large. The locus of maximal radial velocity fluctuations for DNS [21] is located at 

Fig. 7. Comparisons of the results of authors’ RANS calculations using the k‒ε̃ – model [36] of axial u′+ = u′/u∗ (a) and radial v′+ = v′/ u∗ (b) 
velocity fluctuations of the Schwedoff-Bingham fluid with the DNS results [21]. Symbols are DNS [21], lines are authors’ RANS calculations using 
the k‒ε̃ – model [36]. 
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y+ ≈ 70 and it locates for the k‒ε̃ ‒ model [36] at y+ ≈ 20. In reality, streamwise and transverse fluid velocity fluctuations are not the 
same. This is demonstrated by DNS simulations [21]. The difference between axial and radial fluid velocity fluctuations obtained using 
DNS reaches almost 3 times (see Fig. 7a and b). 

For the Schwedoff-Bingham fluid the results of the RSM model calculations of the axial u′+ = u′/u∗ (a) and radial v′+ = v′/ u∗ (b) 
velocity fluctuation profiles are shown in Fig. 8. Here points are DNS [21], lines are RANS calculation of authors using RSM model 
[37]. As can be seen from the data shown in Fig. 8, the RSM model qualitatively well describes the anisotropy of the axial and radial 
velocity fluctuation profiles. The positions of maximum values and practically coincide with DNS data [21]. The obtained calculation 
data confirm the possibility of successful use of the RSM model [37] to describe non-isothermal flow of the SB fluid. Further in our 
calculations of flow and heat transfer at transition of turbulent NF to NNF we will use exactly RSM model [37]. 

The following crucial points can be noted in conclusion to these two subsections concerning the verification a numerical model for 
describing turbulent isothermal power-law and Schwedoff-Bingham fluids. The use of the isotropic k‒ε̃ – model [36] makes it possible 
to predict, in the first approximation, the distributions of the averaged parameters of the turbulent flow (averaged axial velocity and 
TKE) of non-Newtonian fluids with a reasonable degree of accuracy. However, this model is completely unsuitable for calculating axial 
and radial components of carrier phase velocity fluctuations (up to 300 %). The use of RSM of [37] in describing turbulence makes it 
possible to calculate the anisotropic behavior of turbulent characteristics in axial and radial directions of non-Newtonian fluids with 
satisfactory accuracy (up to 20 %). 

4.4. Predictions of turbulent non-isothermal flow structure 

Fig. 1 shows a diagram of the flow of non-isothermal waxy crude oil (WCO) in an underground oil pipeline. The Reynolds number is 
Re––U1D/νW1 = (0.4–1.2) × 104 and Prandtl number Pr = μW1CP1/λ1 = 42. The pipe has an inner diameter D = 2R = 0.2 m and a length 
L = 20 m (x/D = 100). A turbulent flow of a Newtonian fluid flows into the pipe entrance. Then WCO cools down by flowing along pipe 
length due to heat transfer through pipe wall with cold soil. Reynolds number is based on the fluid viscosity determined under wall 
conditions and the viscosity depends on the fluid temperature. 

Results of calculations of non-isothermal motion in the pipe show change of state of Schwedoff-Bingham fluid (paraffinic oil). The 
value of longitudinal velocity in core zone increases (up to 1.7 times in comparison with velocity at the inlet cross-section), and it 
decreases in the wall zone. As oil flows through the pipe, the height of the section with fully stopped fluid in pipe gradually increases 
and reaches y/R ≈ 0.15 at x/D = 20 (see Fig. 9a). Accordingly, the core area with maximum fluid velocity decreases to y/R ≈ 0.9. 

Turbulent kinetic energy increases significantly in the flow core (more than 1.75 times) and noticeably decreases in the near-wall 
zone (see Fig. 9b). TKE for axisymmetric flow is determined by well-known equation: 2k ≈ 〈u′2〉+ 2〈v′2〉. The boundary of region of NF 
properties has been determined. Profiles of evolution of dimensionless temperature Θ = (T − TW1)/(T1 − TW1) of fluid show cooling of 
paraffinic oil flow due to heat exchange with environment through pipe wall (see Fig. 9c). Here TW1 is wall temperature at the inlet 
section. Yield stress profiles τ0/τNF are shown in Fig. 9d, where τNF is the shear stress value in the turbulent Newtonian fluid. The radial 
profiles of average dynamic viscosity coefficient distributions μeff/(μT1+μ1) are given in Fig. 9e. Here μeff is the effective averaged 
viscosity of the turbulent NNF and (μT1+μ1) is the sum of turbulent and molecular viscosities of NF (waxy crude oil) at the inlet. This 
ratio is clearly showing of non-Newtonian behavior of the fluid movement. Decrease in fluid temperature in near-wall zone by tur-
bulent Newtonian fluid cooling causes significant increase in the value of average dynamic viscosity coefficient of fluid. 

Non-Newtonian fluid properties appears and yield shear stress τ0 arises when a fluid temperature T ≤ 293 K [1,41,42]. The fluid 
flow (WCO) exhibits the NF behavior when T > 293 K. This agrees with numerical calculations data for laminar flow of waxy crude oil 

Fig. 8. Comparisons of the results of authors’ RANS calculations using the RSM model [37] of axial u′+ = u′/u∗ (a) and radial v′+ = v′/ u∗ (b) velocity 
fluctuations of the Schwedoff-Bingham fluid with the DNS results [21]. The legends to the figures are the same as in Fig. 7. 
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in a pipe [11]. Earlier in works [35,41,42] it was shown that heat transfer of moving fluid flow in pipe or channel and surrounding 
ground has the main influence on manifestation of non-Newtonian properties of SB liquid. The results of numerical calculations for 
influence of ambient soil temperature TS on turbulent characteristics of paraffinic oil are shown in Fig. 10. For a Newtonian fluid, flow 

Fig. 9. Distributions of the dimensionless average axial velocity U/Um1 (a), turbulent kinetic energy k/k1 (b), average temperature Θ (c) and yield 
shear stress τ0/τNF (d) and averaged effective dynamic viscosity (e). Re = 8200, T1 = 298 К, TS = 273 К. 
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and heat transfer calculations were performed for paraffinic oil without taking into account the non-Newtonian properties at TS = 298 
K. Note that for NF our numerical calculations are in good agreement with DNS [18]. These results are not given in these figures. 

A decrease in the temperature of the surrounding soil causes the additional generation of turbulence in the flow core and its 
significant suppression in the near-wall part of the pipe (see Fig. 10). There is a shift of position point of turbulent pulsation level 
maximum, Reynolds stress and TKE towards the pipe axis. In Newtonian liquid it is located y/R ≈ 0.1 for axial fluctuations, Reynolds 
stress and TKE (see Fig. 10). For a liquid with manifestation of non-Newtonian properties and ultimate shear stress (TS = 273 K), the 
maximum is located at (y/R ≈ 0.23). The ratio of axial velocity fluctuations to radial fluctuations one is AR= (u’/v’)max ≈ 5.3 and 
shows significant turbulence anisotropy (see Fig. 10). 

The appearance and behavior of the non-Newtonian viscoplastic properties in waxy crude oil is given in Fig. 11. The ratio of τ0/τNF 
= 10 is used as the threshold value of appearance of NNF viscoplastic behavior. Height y0 is the distance from the wall where the yield 
stress magnitude of τ0 = 10τNF and τNF is the shear stress value in the turbulent Newtonian fluid. Let us assume when this ratio of τ0/τNF 
is reached, the flow becomes completely viscoplastic. The height of near-wall part of the pipe with lowered temperature increases 
towards pipe core zone due to fluid cooling and correspondingly the length of NNF manifestation zone increases. Height of non- 
Newtonian behavior zone increases as the Reynolds number of flow (velocity) decreases. 

The temperature of the carrier fluid is reduced due to the heat exchange of waxy crude oil with the environment. This causes an 
increase in plastic viscosity and a yield stress in the near-wall zone of the pipe. The values of plastic viscosity and yield stress in the 
near-wall region increase for a colder carrier fluid. As temperature decreases, length of near-wall zone of the viscoplastic fluid expands, 
covering more and more parts of the pipe. Figs. 9–11 clearly demonstrate the occurrence of a stagnation zone and the viscoplastic state 
of the fluid, and also illustrate the transition of paraffinic oil from the Newtonian state to the viscoplastic Schwedoff-Bingham state due 
to heat transfer with cold environment. 

Fig. 10. Effect of soil temperature TS on the profiles of axial u′/U1 (a), radial v′/U1 (b) turbulent fluctuations, Reynolds stresses u′v′/ U2
1 (c) and 

turbulence kinetic energy k/U2
1 (d): Re = 8200, x/D = 20, T1 = 298 К. 
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5. Conclusion 

A numerical study of flow motion and heat transfer of a turbulent non-isothermal Schwedoff-Bingham fluid in a pipe has been 
carried out. The calculated data show the transition of an incompressible Newtonian fluid to a non-Newtonian viscoplastic fluid flow. A 
better agreement with the DNS calculations on distribution of turbulent non-Newtonian flow characteristics is obtained by including 
additional sink and source terms in the transport equations for the averaged flow characteristics. It should be noted axial velocity of 
Schwedoff-Bingham and power-law non-Newtonian fluids in logarithmic part of the pipe flow larger than that one in the case of 
Newtonian flow. 

One of the significant results is an increase of turbulent kinetic energy in flow core and damping in zone of yield stress manifes-
tation. A numerical result obtained with Reynolds stress model qualitatively describes the anisotropy of axial and radial velocity 
fluctuations well. The locations of maximum values of axial and radial velocity fluctuations are in agreement with DNS of other 
authors. 
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