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A B S T R A C T   

Natural convection of a viscoelastic hybrid nanofluid along a vertically heated plate with sinu-
soidal surface temperature variations is investigated. The current investigation explores the non- 
similar boundary layer flow patterns and heat transfer of second-grade viscoelastic flow of hybrid 
nanofluid. Effects of magnetic field and thermal radiation are considered. The governing 
dimensional equations are converted into a non-dimensional form taking suitable trans-
formations. Resulting equations are solved with the aid of finite difference method. It is discov-
ered that the momentum boundary layer lessens while the thermal boundary layer grows for 
higher radiation parameters, surface temperature parameters, Eckert numbers, magnetic field 
parameters and amount of nanoparticles. For larger Deborah numbers (De1), shear stress (τ) and 
heat transfer rate (q) accelerate, but momentum and thermal boundary decline near the leading 
edge of the vertical plate. However, the effects of Deborah number (De2) show opposite results. 
Increase in magnetic field parameters causes a reduction in shear stress. The higher volume 
fraction of nanoparticles (φ1, φ2) enhances q as it was expected. Moreover, τ and q were increased 
with larger surface temperature parameters and decrease with higher Eckert numbers. This is 
because higher surface temperature boost up the fluid temperature, but higher Eckert numbers 
admit the fluid to spread over the surface. An increase in the amplitude of surface temperature 
oscillation enhances the shear stress and heat transfer rate.   

1. Introduction 

Second-grade viscoelastic fluid has received the attraction of researchers due to its outstanding practical utilizations including 
automotive coolant, array of heaters, gas burner, heat exchangers, coolant of microchips. In 1963, Beard and Walters [1] researched 
the stagnation point flow of viscoelastic fluid. Results showed that increasing in elasticity parameter increased fluid velocity near the 
boundary layer. Later, Davies [2] theoretically discussed the findings of Beard and Walters [1]. Second-grade fluid flow near the 
boundary of a stretched sheet was analytically investigated by Vajravelu and Rollins [3]. Turkyilmazoglu [4] also theoretically 
analyzed the convective flow of a magnetohydrodynamic (MHD) viscoelastic fluid over a permeable stretched sheet. They discussed 
results for Walters-B liquid and second grade fluid. The peristaltic flow of a second-grade fluid was investigated by Hameed et al. [5]. 
The modified second-grade fluid flow along a non-linear stretched sheet was conducted by Khan and Rahman [6]. Results revealed that 
for larger second grade fluid parameter velocity increases while temperature profiles showed the opposite. Salahuddin et al. [7] 
discussed the viscoelastic fluid flow showing the impact of some thermo-physical parameters along a stretching surface. 
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Heat transfer of fluids is significant from a technical point of view. Usually, base fluids were considered for heat transfer analysis. 
However, there is limitation in heat transfer of base fluids because of low thermal conductivity. To overcome such a type of limitation 
Choi [8] first discovered the concept of nanofluids. Nanofluids are prepared by mixing nanoparticles into the conventional fluids 
(water, kerosene, oil, ethylene glycol). Studies have shown that nanofluids show better thermal performance compared to base fluids. 
It has many applications, such as, heat exchanger, refrigerator, nano-sized electronics, bio-technology, and chemical engineering. 
Numerous authors [9–12] reported the improvement of the heat transfer rate of nanofluids in their respective literatures. Grosan and 
Pop [13] illustrated the heat transport of nanofluids on a biaxial stretched sheet. They achieved dual solutions and performed stability 
analysis for the different values of pertinent fluid parameters including suction parameters, stretching parameters, Prandtl numbers 

Nomenclature 

x̃, ỹ Coordinate axes (Dimensional) (m) 
x, y Coordinate axes (Dimensionless) 
L Length of the plate (m) 
ũ, ṽ Velocity component (Dimensional) (m/s) 
u,v Velocity component (Dimensionless) 
g Gravitational acceleration (m/s2) 
T̃ Temperature (K) 
T∞ Ambient temperature (K) 
Tw Surface mean temperature (K) 
B0 Strength of magnetic field (kg/s2A) 
MHD Magnetohydrodynamic 
GrL Grashof number 
cp Capacity of heat (J/KgK) 
k Thermal conductivity (W/mK) 
De Deborah number 
Ec Eckert number 
Pr Prandtl number 
M Magnetic parameter 
Δ Surface temperature parameter 
Rd Radiation conduction parameter 
q Heat transfer rate 
a Amplitude of surface temperature variations (m) 

Greek symbols 
ψ Stream function 
α Thermal diffusivity (m2/s) 
β Thermal expansion coefficient (1/K) 
ρ Density (kg/m3) 
μ Absolute viscosity (Ns/m2) 
ν Kinematic viscosity (m2/s) 
σ Electrical conductivity (A2s3/kgm2) 
ρβ Coefficient of volumetric expansion 
θ Dimensionless temperature 
δ Boundary layer 
τ Shear stress 
φ Volume fraction 

Superscript 
(ꞌ) Differentiation with respect to Y 

Subscript 
Cu Cu nanoparticles 
Fe3O4 Fe3O4 nanoparticles 
f Base fluid 
hnf Hybrid nanofluid 
M Momentum boundary 
T Thermal boundary 
w Condition at the surface 
∞ Circumstances for being far away from the surface  
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and Schmidt numbers. They did not take thermal diffusion into account. Anuar et al. [14] have analyzed MHD flow considering the 
inclusion of carbon nanotubes in kerosene oil and water. Tian et al. [15] numerically elucidated a non-Newtonian stagnation flow of 
fluid along a stretched surface. They have solved the presented equations by the collocation spectral scheme and considered the 
magnetic Brownian motion effect. Narahari et al. [16] studied flow of multiphase nanofluids on a vertical plate due to steady heat flux. 
In their literature, they solved the respective equations by Crank-Nicolson scheme. They showed the results graphically with the 
impacts of several fluid parameters on temperature, velocity, local Nusselt number, and average skin-friction. Results reviewed that, 
the ratio of buoyance parameters did not exhibit any impact on the regional Nusselt number profiles. 

In the above literature, we addressed study articles based on nano-fluids. In recent time, a fluid has gained the attention of 
numerous researchers in the case of its fastest heat transport rate. The name of that type of fluid is hybrid nanofluid. It is obtained by 
mixing two types of nanoparticles into conventional fluids. Hussein et al. [17] had examined the heat transfer augmentation of fluids 
by dissolving hybrid nanoparticles in base fluid (ethylene glycol). Lund et al. [18] investigated stability analysis on hybrid nanofluid 
along a shrinking surface. They also taken the participation of viscous dissipation. For the smallest eigenvalue the first solution was 
stable compared with the second solution. Zainal et al. [19] explored the role of magnetic parameters on hybrid nanofluid along a 
vertical plate. Consequences showed that, the velocity increased with larger magnetic field parameters, but the temperature profiles 
showed opposite character. Junoh et al. [20] demonstrated hybrid nanofluid flow that passes a shrinking sheet. They quantitatively 
solved the presented equations using MATLAB and plotted the result graphically based on dual solutions. Compared to nanofluids, 
hybrid nanofluids had decreased skin friction, but increased heat transport rate. In the published literatures [21–30] numerous re-
searchers did their work based on nanofluid and hybrid nanofluid considering convective heat transfer and different shapes of 
geometry. 

Fluids that obey the Newton’s law (that is, fluids with constant viscosity) are known well by Newtonian fluids. Because no base fluid 
abides by the law, Newtonian fluids are utilized for practical purposes based on assumptions. The definition of non-Newtonian fluid 
came from Newtonian fluid. In our present research we consider three types of non-Newtonian fluids, Maxwell, Jeffrey, and Oldroyd-B 
fluid, because of their too many practical interest. Several authors regarded the impacts of different fluid parameters on that types of 
fluids and showed the effective results graphically. 

Nisar et al. [31] analytically solved the MHD convective flow under the effects of chemical reactions using the Adomian 
Decomposition Method (ADM). Over a stretching sheet, Ahmad and Ishak [32] considered Jeffrey fluid flow considering porous 
medium. Consequences showed that, heat transfer decreased for higher magnetic field parameters while increased for higher Prandtl 
number. The flow of Jeffrey fluid under the consideration of an endoscope was conducted by Hayat et al. [33]. Alsaedi et al. [34] 
developed the exact solution of Jeffrey fluid where the boundary conditions were convective. They also took the consideration mass 
and heat transfer with chemical reactions and showed that the exact solutions agreed with numerical solutions. On the other side, 
Turkyilmazoglu and Pop [35] analytically derived the exact solutions of Jeffrey fluid towards a stretched sheet. 

Maxwell fluid is a special case of non-Newtonian fluid that is closely connected with relaxation time. Recently, Haneef et al. [36] 
mathematically delimitated the heat transfer of Maxwell fluid with try or hybrid nanoparticles. Hanif [37] mathematically described 
the fractional Maxwell fluid flow using the aid of Crank-Nicolson method and found that the temperature profiles showed opposite 
characters with Prandtl number. The magnetite dipole effect on Maxwell fluid along a stretched sheet was researched by Kumer et al. 
[38] and Jamshed [39] considered the MHD effect on Maxwell nanofluid. Zhang et al. [40] and Khan et al. [41] studied natural 
convection on Maxwell fluid flow. They [40] performed the comparison between thermal transport and Prabhakar fractional free 
convection. On the other side, Khan et al. [41] performed simulation procedures of Prabhakar fractional Maxwell fluid. Fetecau and 
Fetecau [42] determined two appropriate solutions of Maxwell fluid flow over an infinitely flat plate. Their investigation concluded 
that, the solutions had distinct algebraic structure, but the numerical values corresponding to the solutions were found to be identical. 

Haneef et al. [43] explored the thermal enhancement of Oldroyd-B hybrid nanofluids in the appearance of mass transfer by using 
Cattanio-Christov (CC) heat flux theory. They graphically plotted the results showing the effects of using nanofluid and hybrid 
nanofluid on temperature profiles. Using hybrid nanofluids showed better performance than nanofluids. By using the same (CC) 
theory, Hayat et al. [44] investigated Oldroyd-B nano-fluid flow along a stagnation point. The MHD Oldroyd-B fluid flow was 
investigated by Hina et al. [45] in two contiguous directions. Awan et al. [46] examined how Oldroyd-B fluid flowed electro-
osmotically between two plates. The fluid velocity boosted up for improving values of slip parameters but slowed down for upper 
values of pressure gradient. Liu et al. [47] showed the exact analytical solution of Couette flow of Oldroyd-B fluid in sight of magnetic 
field with fractional derivative. Ibrahim and Gadisa [48] considered the non-linear Oldroyd-B fluid flow along a non-linear stretched 
sheet with the effects of heat absorption. The differential equations were solved by the Galerkin finite element method. They 
graphically showed the results for different fluid parameters and stretching parameters. 

To seek the impacts of thermal radiation on heat transport of several fluids has enormous applications in fluid dynamics. Several 
authors have considered the influences of thermal radiation in their respective literatures for getting better thermal performance. 
Qasim [49] considered the influences of emerging parameters to determine the rate of heat transport of Jeffrey fluid along a stretching 
sheet. It was found that the velocity profiles showed its increasing character while the temperature profile declined with an increment 
of Deborah number. The impacts of radiation on natural convection was investigated by Mahfooz and Hossain [50]. Shehzad et al. [51] 
studied the thermophoresis effects on MHD radiative Jeffrey fluid along a stretched surface. They derived series solutions for con-
centration, temperature, and velocity profiles. Aydm and Kaya [52] showed the impacts of radiation on MHD fluid flow over a vertical 
plate in the case of mixed convection. It was viewed that, an increase in radiation parameter heat transfer coefficients increased, but 
local skin friction coefficients were found to be decreased. Rashidi et al. [53] investigated heat transfer on free convection for MHD 
fluid along a vertically stretched surface. They considered the effects of radiation and analytically solved the presented governing 
equations. Wang et al. [54] studied the heat transportation of a non-Newtonian fluid with a radiative heat flux on a convectively heated 
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surface. Wakif et al. [55] examined the impacts of thermal radiation on MHD hybrid nano-fluid using the Buongiorno’s nanofluid 
model. They performed stability analysis on convection cells and carried out excellent results. The authors [56–59] also considered the 
impacts of thermal radiation in their representative literatures. 

The influences of surface temperature on boundary layer along a vertically heated surface in streamwise direction was discussed by 
Rees [60]. Result reviewed that, the numerical investigation agreed with the asymptotic results. Then Roy and Hossain [61] utilized 
the results from Rees [60] and numerically showed the effects on variations of concentration and streamwise temperature on free 
convection flow. After that, Molla et al. [62] quantitatively examined the effects of radiation parameters on natural convection in terms 
of variations of sinusoidal surface temperature along a vertical plate. It was identified that, the heat transfer and skin friction became 
the growing function of radiation parameter. Chen et al. [63] derived the solution of natural convection flow in four different methods 
and showed that the four solutions were in good agreement. Ghaffari et al. [64] mathematically analyzed the rate of heat transfer 
owing to sinusoidal wall temperature along an oscillating stretched surface. They plotted the streamlines and isotherm profiles for 
different pertinent fluid parameters. An increase of Prandtl number enhanced the heat transport rate. Roy [65] discussed the MHD flow 
of a nanofluid assuming the variations of sinusoidal surface temperature. It was concluded that, along the streamwise direction the 
heat transport rate increased while the shear stress decreased. 

The aforementioned literature review indicates that viscoelastic second-grade fluid flow along a vertical plate with a magnetic field 
along with thermal radiation is impressive with boundary layer characteristics because of its frequent occurrence in practical purposes. 
Most studies considered streamwise variations boundary conditions. However, similarity transformations were used to analyze the 
problems. It might not always be true that the profiles will be symmetric along the streamwise direction. In this case, non-similar 
transformations must be used. Here sinusoidal surface temperature variations have been considered. So the goal of current investi-
gation is to explore the non-similar boundary layer flow patterns and heat transport of second-grade viscoelastic flow of hybrid 
nanofluid along a vertically heated plate in the company of thermal radiation and magnetic field owing to variations of sinusoidal 
surface temperature. Finite difference method was used to solve the presented governing equations. Outcomes were represented with 
streamlines and isotherms, and rate of heat transfer, and skin friction varying the physical parameters. 

2. Mathematical formulation 

Along a vertical plate, a steady two-dimensional viscoelastic flow of hybrid nanofluid is taken with variations of sinusoidal surface 
temperature. The current structure of the flow is drawn in Fig. 1. Here x̃ indicates the expected length from the leading corner of the 
plate, ỹ is the expected length from the plane which is directed orthogonal to x̃, the characteristic length is symbolized by L. Table 1 
depicts the thermo-physical quantities of nanoparticles and water. The boundary layer equations for mass, momentum and energy [1] 

Fig. 1. Geometry of the problem.  
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are 

∂ũ
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ũ2∂2ũ
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, (3)  

with appropriate boundary conditions [60]. 

ũ= ṽ= 0, T̃ − T∞ =(Tw − T∞)(1+ a sin(πx̃ /L)), at ỹ= 0, ũ= 0, T̃ =T∞ as ỹ→∞ (4) 

Here, ̃a and ̃v are addressed as the components of fluid velocity in the ̃x- direction and ̃y-direction, T̃ refers the steady temperature 
inside the boundary layer, T∞ is ambient temperature, and Tw is the surface mean temperature. Furthermore, β, stands for thermal 
expansion coefficient, ν, stands for kinematic viscosity, g, stands for gravitational acceleration, α1, and α2 are material constants 
associated to second-grade fluid, B0 presents the power of the magnetic field and orthogonal to the vertical plate, the amplitude of 
variations of surface temperature variations is symbolized by a and the expected wave length of fluctuations is 2L. 

The necessity quantities of hybrid nanofluids are presented below: 

μhnf =
μf

(
1 − φhnf

)2.5,φhnf =φFe3O4
+φCu, ρhnf =φFe3O4
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+φCuρCu +
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=
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)

(
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)
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(
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,
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σhnf
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=

(
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(
σf − σnp
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)
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(
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φFe3O4
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φFe3O4
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,

here ρf, indicates the density, μf, refers the effective dynamic viscosity, σf and κf are refer the electrical and thermal conductivity, cf 
indicates the heat capacity, the volumetric expansion coefficient of conventional fluid is (ρβ)f. The similar expressions for hybrid 
nanofluid are denoted by the subscript hnf. Again, the subscripts Fe3O4 and Cu refer to the volumes of the Fe3O4 and Cu nanoparticles. 

To make the calculations easier, the leading Eq. (1)− (4) are designed to reduce into non-dimensional form by using the following 
dimensionless variables: 

ũ= νf Gr1/2
L u

/
L, ṽ= νf Gr1/4

L v
/

L, T =(T̃ − T∞) / (Tw − T∞), x̃= xL, ỹ= yLGr− 1/4
L . (5)  

Here GrL = gβq0L4/(κfνf
2) indicates the local Grashof number. 

Combining Eq. (5) and Eq. (2)− (4), we obtain 

Table 1 
Thermo-physical quantities of based fluid and nano-sized particles [66,67].  

Quantities Base fluid (H2O) Cu Fe3O4 

c (Jkg− 1K− 1) 4179 385 670 
ρ (kgm− 3) 997.1 8933 5180 
κ (Wm− 1K− 1) 0.613 401 9.7 
β × 10− 5 (K− 1) 21 1.67 1.3 
σ mΩ− 1 0.05 5.96 × 107 2.50 × 104  
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(

u+De2v
∂u
∂y
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(6)  

u
∂T
∂x
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Pr
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4
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(

∂u
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,

(7)  

with reduced boundary conditions, 

u= v= 0, T = 1+ a sin(πx) at y= 0, u= 0, T = 0 as y→∞ (8)  

in Eqs. (6) and (7), the parameters are defined by 

De1 =
α1Gr1/2

L

ρf L
2 ,De2 =

α2νf Gr1/2
L

L2 , Pr =
νf

αf
,M =

B2
0L2σf
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L
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T∞
,
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ν2

f GrL

cf L2(Tw − T∞)
,Rd =

4σT3
∞

kf k∗
.

Here, Pr indicates the Prandtl number, De1 and De2 are Deborah numbers, M refers the magnetic parameter, Rd is the radiation 
parameter, Δ is the surface temperature parameter, and Ec is the Eckert number. 

Stream function formulation is introduced here as, 

ψ =X3
4f (X, Y),T = θ(X,Y),X = x, Y = yX− 1

4 (9) 

Using Eq. (9), the system of equations (6)–(8) reduces to 
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here, Dex1 =
ρf

ρhnf
X− 1

2De1,Dex2 = X− 1
2De2, . 

with transformed boundary conditions: 

f = f ′

= 0, θ= 1+ a sin(πX) at Y = 0, f = 0, θ= 0, as Y→∞ (12)  

in Eq (10)− (12), f ′ indicates the differentiation of the function f(X,Y) with respect to Y. 
The significant quantities of physical interests are the shear stress τ, and the heat transfer rate, q, are given by, 

τ̃=
[

μhnf
∂ũ
∂ỹ

− α1

(

u
∂2ũ
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∂ỹ
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(
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∂ỹ
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. (13) 

Using equations (5) and (9) into equation (13), the non-dimensional quantities of Eq. (13) are 
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4
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2

(
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+
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,
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where, τ = τ̃L2

νf μf Gr3/4
L 

and q =
q̃L

kf (Tw − T∞)Gr1/4
L

. 

3. Solution methodology 

The equations (10) and (11) give a system of Eqs. with boundary conditions (12). The system of Eqs. is solved by the aid of finite 
difference method. When it is tough to find an analytical solutions of a system of equations then finite difference method is applied to 
solve them. Higher order accuracy can be easily obtained by using this method. Initially, by assuming V = f and U = f′ Eqs. (10) and 
(11) are transformed to a system of second order differential equations. To discretize the obtained resulting equations, a backward 
difference scheme is applied in X-direction and a central difference scheme is applied in Y-direction. As a result, a tri-diagonal system 
of algebraic Eqs. of the following type is generated: 

PkFm− 1,n +QkFm,n + RkFm+1,n = Wk, (15)  

where k (= 1 and 2) presents U and θ respectively, the grid points in Y and X directions are m (= 1, 2, 3, …, mx) and n (= 1, 2, 3, …, nx) 
respectively. Fixing n, the tri-diagonal Eq. (15) for m (= 1, 2, 3, …, mx) are solved by Thomas Algorithm [68]. The solutions converge 
when the difference between two successive iterations is less than 10− 6. The step sizes ΔX and ΔY are used to partition the domain (X, 
Y). These are set at ΔX = 0.002 and ΔY = 0.0005 in order to maintain the grid independence of the solutions. 

4. Results and discussion 

Fig. 2 exhibits a comparison between current results and Beard and Walters [1]. It should be emphasized that the velocity profile is 
generated using the boundary conditions proposed by Beard and Walters [1] considering De1 = De2 = φ1 = φ2 = Δ = Ec = Rd = a = M =
0. Fig. 2 clearly shows that the two outcomes are in excellent agreement. 

Fig. 3(a)-(b) describe the effects of Deborah number, De1, on τ and q. With an increase in De1, τ increases slowly, however, in case of 
De1 = 0.1 and De1 = 0.2 small changes are found. From Fig. 3(b), the changes in heat transfer show little change with the increase of 
De1. 

Fig. 4(a)-(b) explain the influence of Deborah number, De2, on τ and q. We have considered three different values of De2, these are, 
De2 = 0.0, De2 = 0.3 and De2 = 1.0. The increasing values of De2, slow down both τ and q. Because, increasing of De2, diminish fluid 
velocity and τ. 

The impacts of amplitude of surface temperature variations, a, on τ and q for several increasing values of a shown in Fig. 5(a)-(b). 
When a = 0.0, the surface temperature remains constant, that is, no oscillation happens. The results are clearly observed in Fig. 5(a) 
and (b). But for improving values of a, τ oscillates slowly, whereas, q oscillates rapidly. Higher amplitude of surface temperature makes 
the surface an oscillating surface. 

The effects of surface temperature parameters, Δ, on τ and q are elucidated in Fig. 6(a)-(b). For different increasing values of Δ, τ 
increases with an increase in X. On the other side, q attains its maximum at the leading edge, and decreases its value with the increase 
in X. Also higher Δ augments q. This is because, when surface temperature is higher, ambient temperature is less than surface 

( ,0)
0.0 0.2 0.4 0.6 0.8 1.0

0

1

2

3

Beard and Walters [1]
Present

Fig. 2. Comparison between the current result and Beard and Walters [1].  
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temperature that leads to increase the heat transport rate. 
In Fig. 7(a)-(b), the influence of Eckert number, Ec, on τ and q are displayed. It is seen that q decreases and τ increases with larger Ec. 

It is because viscous dissipation increases the temperature near the surface and thereby reduces the temperature gradients at the plate. 
Fig. 8(a)-(b) demonstrate the impacts of magnetic field parameters, M, on τ and q. As the existence of magnetic field creates obstacle 

for the fluid flow, hence, τ show decreasing behavior with the higher M. Furthermore, q showed decreasing behavior when M takes 
larger values. 
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(b)

Fig. 3. (a) τ and (b) q for higher De1, when Pr = 6.2, a = 0.1, φ1 = 0.05, φ2 = 0.05, De2 = 0.2, Δ = 0.5, Ec = 0.1, Rd = 0.5, and M = 0.05.  
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Fig. 4. (a) τ and (b) q for higher De2, when Pr = 6.2, a = 0.1, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, Δ = 0.5, Ec = 0.1, Rd = 0.5, and M = 0.05.  
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Fig. 5. (a) τ and (b) q for higher a, when Pr = 6.2, Δ = 0.5, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Rd = 0.5, and M = 0.05.  
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In Fig. 9(a)-(b), the impacts of Fe3O4 nanoparticles, φ1, on τ and q are discussed. As it is known that, adding more nanoparticles 
improved q, so the heat transport rate increased for higher φ1. Since, adding nanoparticles makes the fluid heavier, hence it slows down 
the fluid velocity. As a result, τ slowly increases with higher φ1. 

Fig. 10(a)-(b) delimitate the influences of Cu nanoparticles, φ2, on τ and q. More nano-sized particles inclusion into the base fluid 
augments the thermal conductivity and heat capacity of the fluid. The increasing values of φ2 enhance q and τ. 

Fig. 11(a)-(b) depict the impacts of radiation conduction parameter, Rd, on τ and q. Here, Rd takes three values, Rd = 0.0, 0.5, and 
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Fig. 6. (a) τ and (b) q for higher Δ, when Pr = 6.2, a = 0.1, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Rd = 0.5, and M = 0.05.  
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Fig. 7. (a) τ and (b) q for higher Ec, when Pr = 6.2, a = 0.1, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Δ = 0.5, Rd = 0.5, and M = 0.05.  
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Fig. 8. (a) τ and (b) q for higher M, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, Rd = 0.5, and a = 0.1.  
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1.0. Both profiles show strong changes with higher values of Rd. Both τ and q increases with increasing Rd. 
The influences of Deborah number, De1, on the ψ(X, Y), and θ(X, Y) are discussed in Fig. 12(a)-(b). With the increase of De1 the 

momentum, and thermal boundary are decreased for growing De1. The impacts of De1 on momentum boundary are noticeable, but they 
are small on the thermal boundary. 

Fig. 13(a)-(b) depict the impacts of Deborah number, De2, on ψ(X, Y), and θ(X, Y). The thermal, and momentum boundary are 
significantly increased with an increase of De2. The increasing rate is higher away from the leading corner of the plate compared to the 
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Fig. 9. (a) τ and (b) q for higher φ1, when Pr = 6.2, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, Rd = 0.5, a = 0.1, and M = 0.05.  

0 2 4 6 8 10
0.4

0.6

0.8

1.0

1.2

2=0.0
2=0.05
2=0.1

(a) 0 2 4 6 8 10
0.0

1.0

2.0

3.0
2=0.0
2=0.05
2=0.1

(b)

Fig. 10. (a) τ and (b) q for higher φ2, when Pr = 6.2, φ1 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, Rd = 0.5, a = 0.1 and M = 0.05.  
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Fig. 11. (a) τ and (b) q for higher Rd, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, a = 0.1 and M = 0.05.  
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lower portion flow on the vertical plate. 
The effects of surface temperature parameters, Δ, on ψ(X, Y), and θ(X, Y) are elucidated in Fig. 14(a)-(b). The momentum boundary 

lessens while thermal boundary enhances with large Δ. For Δ = 1.0, ambient temperature is higher than mean temperature that leads 
to enhance the heat transfer. 

The impacts of radiation conduction parameter, Rd, on ψ(X, Y), and θ(X, Y) are shown in Fig. 15(a)-(b). In downstream flow, the 
momentum boundary decreases rapidly, while, away from the leading corner of the vertical plate, the momentum boundary increase. 
As expected, thermal boundary improve remarkably with an increment in Rd. 

Fig. 16(a)-(b) exhibit the influences of Eckert number, Ec, on ψ(X, Y), and θ(X, Y). The momentum boundary significantly declines 
with higher Ec. Along the vertical plate, the thermal boundary slowly increases then it starts to gradually increase with higher Ec. 

Fig. 17(a)-(b) display the impacts of magnetic parameter, M, on the ψ(X, Y), and θ(X, Y). Since it is expected that the magnetic field 
diminishes the velocity of fluid, so the momentum boundary diminishes slowly in downstream region but reduces rapidly on the upper 
part fluid flow near the plate. Moreover, the thermal boundary slowly decreases with the increase of M. 

3.67

3.26

2.85

2.45

2.04

1.64

1.23

0.82
0.42

0.0 4.0 8.0 12.0 16.0 20.0 24.0
0.0

2.0

4.0

6.0

8.0

10.0

(a)

Solid line : 1=0.0
Dashed line : 1=0.2

0.05
0.150.300.550.90

0.0 1.0 2.0 3.0 4.0 5.0 6.0
0.0

2.0

4.0

6.0

8.0

10.0

(b)

Solid line : 1=0.0
Dashed line : 1=0.2

Fig. 12. (a) ψ(X, Y), and (b) θ(X, Y) for higher De1, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De2 = 0.2, Δ = 0.5, Ec = 0.1, Rd = 0.5, a = 0.1 and M 
= 0.05. 
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Fig. 13. (a) ψ(X, Y), and (b) θ(X, Y) for higher De2, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, Δ = 0.5, Ec = 0.1, Rd = 0.5, a = 0.1 and M 
= 0.05. 
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The impacts of amplitude of surface temperature, a, on ψ(X, Y), and θ(X, Y) are exhibited in Fig. 18(a)-(b). Larger values of a 
remarkably affect the flow of the fluid with decreasing characteristics. But it shows no effect on thermal boundaries along the plate. 
Away from the plate, the thermal boundary oscillates slightly. 

Fig. 19(a)-(b) show the effects of Fe3O4 nanoparticles, φ1, on ψ(X, Y), and θ(X, Y). Both the momentum, and thermal boundary are 
increased with an increasing effect of φ1. In the lower part flow, the momentum boundary increases slowly than upper part flow. This is 
because, adding more nano-sized particles in base fluid makes the fluid sticky on the plate and considerably increases the thermal 
conductivity. 

Fig. 20(a)-(b) illustrate the impacts of Cu nanoparticles, φ2, on ψ(X, Y), and θ(X, Y). The thermal boundary increase with higher φ2. 
In the lower part fluid flow along the plate, the momentum boundary increase slowly than the upper part flow. Inclusion of additional 
nanoparticles in conventional fluids markedly augmented thermal conductivity and heat capacity. 
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Fig. 14. (a) ψ(X, Y), and (b) θ(X, Y) for higher Δ, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Rd = 0.5, a = 0.1 and M 
= 0.05. 
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Fig. 15. (a) ψ(X, Y), and (b) θ(X, Y) for higher Rd, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, a = 0.1 and M 
= 0.05. 
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5. Conclusions 

In the current study, we have studied natural convection viscoelastic second grade fluid flow with variations of sinusoidal surface 
temperature. Initially, the plate is considered heated. The influences of thermal radiations and magnetic field parameters are also 
taken. The streamlines and isotherms are also plotted and they give the expected results. The dimensional model equations are 
modified to non-dimensional form by suitable dimensionless quantities and solved by the finite difference method. Outcomes are 
showed in graphically for improving effects of several relevant fluid parameters. The inclusion of hybrid nanoparticles into conven-
tional fluids augments q, momentum, and thermal boundary layers. The improving values of radiation conduction parameters and 
surface temperature parameters augment τ, and q. The increasing values of Eckert numbers boost up τ, but slow down q. Magnetic field 
parameters hinder the fluid flow and slowly declines q. The larger values of a, make τ, and q oscillating. 
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Fig. 16. (a) ψ(X, Y), and (b) θ(X, Y) for higher Ec, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Δ = 0.5, Rd = 0.5, a = 0.1 and M 
= 0.05. 
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Fig. 17. (a) ψ(X, Y), and (b) θ(X, Y) for higher M, when Pr = 6.2, φ1 = 0.05, φ2 = 0.05, De1 = 0.1, De2 = 0.2, Ec = 0.1, Δ = 0.5, Rd = 0.5, and a 
= 0.1. 
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Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.heliyon.2023.e15703. 
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