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SUMMARY

As one of the most potential ways to manipulate heat, thermal functional devices
have achieved several breakthroughs in recent years, but are still limited to theo-
retical simulations. One of its theoretical bases is the existence of the negative
differential thermal resistance (NDTR). However, most of the existing systems
where the phenomenon of NDTR is found are atomic-level systems. In order to
realize the macroscopic NDTR and provide effective theoretical guidance and
support for the practical realization of thermal functional devices, we construct
the overlapping graphene homojunction model, using the negative thermal
expansion property of graphene to modify the overlapping area, and thus regu-
lating the heat flow. The COMSOL-MATLAB co-simulation is used to perform cal-
culations through negative feedback loops. It is found that the NDTR phenome-
non exists under certain parameter conditions, which can provide new ideas
and bring more opportunities for the experimental realization of nonlinear ther-
mal functional devices.

INTRODUCTION

The invention of devices that control the electric current, such as diodes1–3 and transistors,4–6 stimulated

enormous and comprehensive development in the field of electricity and witnessed the stage transition

tomodern electronics. Correspondingly, the intention to control the heat flow,7 another basic energy trans-

port phenomenon and fundamental energy transfer tool, through the control of phonons has aroused great

interest. Also, with the integration and miniaturization of electronic devices, heat dissipation has become

one of the biggest bottlenecks restricting the development of microelectronics industry.8–10 It is of great

importance to solve the problem of heat dissipation and realize the control of heat flow. Based on this

idea, in the 21st century, thermal functional devices have entered a new era of rapid growth and extensive

development, with new concepts such as thermal diodes,11,12 thermal transistors,13–15 thermal logic

gates,16,17 and thermal memory18,19 springing up. Similar to electronics transistors, one of the crucial fac-

tors for the realization of thermal functional devices is the existence of nonlinearity, specifically, the exis-

tence of the negative differential thermal resistance (NDTR) effect.

Traditionally, Fourier’s law is widely used in describing macroscopic heat transport, which provides the

general concept that the heat flux always increases with temperature gradient increases. On the contrary,

NDTR is an anomalous heat conduction phenomenon; it refers to the phenomenon that the heat flux de-

creases as the temperature gradient increases.20 It can also be understood from a more intuitive perspec-

tive that the phenomenon of NDTR originates from the increasing interfacial thermal resistance (ITR) as the

temperature gradient across the interface becomes larger.21 In other words, it comes from the competition

between the promotion of heat flux stemming from the increase of temperature gradient, and the hin-

drance of heat flux due to the rise in the thermal resistance when a larger temperature difference occurs.

The NDTR effect is an interesting counter-intuitive phenomenon. The nonlinearity it embodies brings great

possibilities for its further applications and the construction of nonlinear devices.13,22

Previous studies about structures with proved existence of the NDTR effect mostly rely on ultra-strong

phonon anharmonicity or artificial model,23–27 which adds the difficulty to the experimental realization of

thermal functional devices. Therefore, realization of the NDTR effect in the classical macroscopic system
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is of crucial significance to the development of its practical applications. In 2020, Yu et al.21 simulated ma-

terials with known negative thermal expansion coefficients in a homojunction structure to introduce the

negative dependency relation between the thermal resistance and the pressure at the interface, thus

achieving the NDTR effect at a macro level. However, the negative pressure might disintegrate the homo-

junction structure and more macroscopic structures are expected.

In this study, an overlap structure of graphene homojunction is proposed, utilizing the negative thermal

expansion coefficient of graphene, to realize the macroscopic NDTR effect. In overlapping graphene ho-

mojunction model, the overlapping graphene homojunction model is illustrated, including its geometrical

structure, its boundary conditions, and the thermal properties of graphene. Next, theoretical derivation is

conducted, calculating the length change of the graphene material, which is main cause of the heat flux

hindering factor leading to the NDTR phenomenon. Finally, the simulation method is explained and the

results are discussed. The analysis of this graphene homojunction structure could be instructive for at-

tempts to find the NDTR experimentally and may reveal new opportunities and possibilities to realize

the thermal function devices.

Overlapping graphene homojunction model

As stated previously, the appearance of the NDTR phenomenon, which is contrary to intuition that the heat

flux is positively correlated with the temperature gradient, stems from the factor that hinders the heat flow

in the entire structure. This factor is expected to exacerbate (which means to impede the heat flux more

strongly) with the increase of the temperature difference between two heat sources to counteract a natural

heat flow rise in this condition. As a result, the entire structure could have a tendency of increasing temper-

ature gradient and decreasing heat flow. Therefore, it is clear that when looking for the NDTR effect at the

macro scale, it is crucial to find a factor that resists the heat flow in the coarse-scaled structure, and that

could present a generalized positive correlation with the increasing temperature gradient.

In this work, the negative thermal expansion coefficient of graphene is utilized as the hindering factor. The

specific implementation method is to partially overlap two graphene layers to form a macroscopic homo-

junction structure, named the overlapping graphene homojunction (OGH) model. Its geometrical structure

is shown in Figure 1. The size of the graphene layers in this model is in the micrometer scale.

Interfacial and boundary conditions

Since the model is constructed by two overlapped two-dimensional graphene layers, an ITR will inevitably

occur at the interface, which leads to a temperature jump between the upper and lower surfaces, as shown

in Figure 2A. In order to better describe the produced temperature step, a geometric body is inserted be-

tween the two contact surfaces in the OGHmodel, called the gap layer (Figure 2B).21 The gap layer satisfies

the heat conduction formula of general solids, and its upper and lower surfaces will produce a temperature

difference which substitutes the effect of the thermal resistance at the interface. It should be emphasized

that the gap layer is merely an equivalent product in the model whose purpose is to simulate the ITR more

conveniently, and that its thickness is zero in real geometrical structure. In other words, the gap layer takes

the advantage of the temperature difference generated by its geometry to simulate the existence of imper-

fect interlayer contacts. Thus, perfect contact condition should be set on the interfaces between the gap

layer and others in this model. Two heat sources are connected to the left and right ends where fixed

displacement boundary conditions are set.

The working mechanism of the OGH model is as follows (Figure 3): when the temperature difference rises,

the length of the graphene layers is shortened. Since the two ends of the model are fixed, a smaller over-

lapping interfacial area will appear, which hinders the heat flow. This hindering factor counteracts the

increasing heat flow caused by the increased temperature gradient across the plane. When the factor pre-

vails, the NDTR phenomenon will occur.

Figure 1. Geometrical structure of the macroscopic

overlapping graphene homojunction model, where

LA and LB are the length of graphene layers, Loverlap is

the length of the overlapping area, and J0 is the heat

flux in the structure
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Thermal properties of graphene

Monolayer graphene, a two-dimensional material with various unique characteristics and long-term

widespread attention,8,28–31 is chosen here because of its negative thermal expansion coefficient

(TEC).32–34

The negative TEC of graphite has been known to scientists since the 1940s,35 which remains negative in the

temperature range of 0–700 K.36 After the graphene was first obtained by the mechanical exfoliation in

2004,37 the research of its TEC was quickly carried out using the first-principles calculations.33 But even until

2008, when the thermal conductivity of single-layered graphene was measured for the first time, the ther-

mal expansion characteristics of graphene had not yet been clearly supported by experimental data.38 In

2009, Bao et al.39 conducted the first experimental measurement of the TEC of suspended monolayer gra-

phene, and obtained the result of a = �7 3 10�6 K�1 at 300 K. Now, there are many related studies on the

theoretical derivation and experimental measurement of graphene’s thermal expansion coefficient,34,40–44

and it is still one of the research fields that attract much attention.45–47

In this work, the coefficient is selected from the experiment results in Bao et al.’s study.39 A polynomial

fitting of the graphene’s TEC given in this literature is performed, and the result is shown in Figure 4A.

The fitted thermal expansion coefficient is expressed as:

aðTÞ = � 9:37$10� 4 + 7:25$10� 6T � 1:856$10� 8T2 + 1:639$10� 11T3
�
K� 1

�
Research on graphene’s high in-plane thermal conductivity (TC) has been underway for more than a

decade. The thermal conductivity of graphene is well studied,49 which could be affected by various factors

such as sample length,50,51 number of layers,52–54 defects,55–58 doping,59–62 etc. The thermal conductivity of

graphene discussed in this paper is taken between 1500 and 3500 W/(m$K).49,50

Graphene has an anisotropic thermal conductivity, which is ultrahigh in plane, but rather low in the direc-

tion perpendicular to the plane.63–65 This is because only weak van der Waals forces exist between the

layers.66,67 A previous study described the relation between the temperature and the graphite’s TC in

the cross-plane direction,48 which could be used as an estimation of the TC vertical to the interface in

our graphene homojunction structure. The fitting results are shown in Figure 4B.

Derivation of theory model

This section uses the thermal expansion coefficient of graphene obtained in section thermal properties of

graphene to calculate the change of graphene layer’s length under a specific temperature distribution.

Considering the simplicity of the calculation and the programming process, the derivation mainly uses

the numerical calculation method of Gaussian quadrature.68

The basic calculation formula of thermal expansion coefficient and strain is shown as follows:

ε =

Z TðxÞ

T0ðxÞ
aðTÞdT =

du

dx
;

where aðTÞ is the fitting result of the TEC of the graphene material, T0ðxÞ is the initial temperature value at

the position x, TðxÞ is the temperature value after temperature change, and ε represents the caused length

variation on the length dx.

BA

Figure 2. Illustration of interfacial conditions and the modeling method

(A) Figure on the left is a longitudinal section of the model. The simplified temperature distribution of the part circled by

the red dashed box is shown on the right. A temperature jump (displayed as horizontal line) occurs at the interface of two

graphene layers induced by the ITR.21

(B) A gap layer is constructed in the model. It is a hypothetical layer for the convenience of calculation, representing the

interface.
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For the upper layer of graphene, when the temperature distribution changes from T0 to T , the total length

variation can be calculated as follows:

DL =

Z LA

0

du =

Z LA

0

εdx =

Z LA

0

Z TðxÞ

T0ðxÞ
aðTÞdTdx:

where LA is the length of the upper-layer graphene.

Because Gaussian quadrature handles integration over a symmetrical parameter range,69 a linear transfor-

mation is conducted to map the independent variable to the interval [-1, 1]:

x =
1

2
LA +

1

2
LAx

dx =
1

2
LAdx

Let gðxÞ =
R TðxÞ
T0ðxÞ aðTÞdT . By implementing Gaussian quadrature, the length variation expression can be

written as:

DL =

Z LA

0

gðxÞdx =
1

2
LA

Z 1

� 1

gðxÞdx =
1

2
LA bI1 ;

bI1 = u1gðx1Þ + u2gðx2Þ + /+ungðxnÞ;
where xi are the interior points and ui are the corresponding weights, approximating the integral value by a

weighted sum.

Under a specific xi and ui value, performing similar coordinate transformation dT = 1
2 ½TðxiÞ � T0ðxiÞ�dh,

the function is derived as:

gðxiÞ =
1

2
½TðxiÞ � T0ðxiÞ�

Z 1

� 1

aðhÞdh =
1

2
½TðxiÞ � T0ðxiÞ�bI2 ;

bI2 can be calculated by the same method used before, leveraging the formula of graphene’s TEC.

Let the degree of the polynomial f ðxÞ be N½f ðxÞ� and it could be derived from above that,

N½gðxÞ� = fN½aðxÞ� + 1g3N½TðxÞ�
It is known that an n points Gaussian quadrature can accurately yield the value of the integral of a 2n-1�

polynomial. Therefore, the number of Gaussian points taken by the two Gaussian integrals should be

N1 = 3;N2 = 2.

A similar calculation method could be implemented to the lower layer of graphene. The length of the gap

layer varies with the graphene layers.

Numerical simulation of the OGH model

Since the length of the graphene layers is simultaneously changing with the temperature distribution,

which in turn changes with the overlapping area, the method of iterative simulation with a negative

A B

Figure 3. Illustration of the deformation mechanism when the temperature gradient increases, serving as a

hindering factor of heat flux, where geometry (A) and (B) indicate the graphene layers
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feedback loop is adopted here to solve the problem. The process is mainly divided into three steps. Step1:

Given the temperature of two heat sources on the left and right ends, finite element method (FEM) is used

to calculate the overall temperature distribution in the graphene’s overlapping structure. Step 2: Through

the numerical approximation in derivation of theory model, the length change of the graphene layers under

the current temperature profile can be obtained. Substitute the updated length into the model to continue

calculation by FEM and obtain a new temperature distribution. Step 3: Repeat the second step until the

length of the graphene layers steadily converges to a fixed value. Through this iterative method, the nega-

tive thermal expansion coefficient of graphene could be successfully taken into consideration and the heat

flow in the model under a specific temperature distribution can be obtained in the simulation.

RESULTS AND DISCUSSIONS

The COMSOL Multiphysics and MATLAB software are used to calculate the thermal flow at a nonequilib-

rium stationary state under different temperature differences. After the simulation, the NDTR phenomenon

in the OGH model is found for the first time when the temperature of the low-temperature heat source is

40 K , the initial length is 15 mm, and the in-plane thermal conductivity is set as 3000W=ðm $KÞ. Figure 5A

shows the relationship between the value of the heat flow, the overlapping area in the model, and the tem-

perature difference between the cold and hot ends. It could be found that the turning point of the heat flow

occurs when the temperature difference is 290K. After this point (as the red dash lines indicate), dJðTÞ=
dDTG0, a negative differential thermal resistance phenomenon appears.

When the low temperature heat source (here, the right end of the model) takes different values, the ther-

mal response generated by the OGH model will change accordingly. As shown in Figure 6A, when the

temperature at the right end is taken as 40 K, the phenomenon of NDTR appears in the homojunction,

while the heat flow does not decrease with the increase of the temperature difference when TR is higher.

In addition, it could be noted from the figure that when the overall temperature is lower, the heat flow in

the structure will be slightly higher. This is mainly because under this condition, the lower the TR , the

higher range the interlayer thermal conductivity will fall within, resulting in greater heat flow in the struc-

ture. Furthermore, in the selected temperature range, the lower the temperature is, the larger the abso-

lute value of the negative TEC is, so the overlapping area is correspondingly smaller, as shown in Fig-

ure 6B. It should be emphasized that the gap layer is merely an equivalent product in the model

whose purpose is to simulate the ITR more conveniently and that its thickness is zero in real geometrical

structures. In other words, the gap layer takes the advantage of the temperature difference generated by

its geometry to simulate the existence of imperfect interlayer contacts. The thickness of the gap layer will

actually affect the eventual results of NDTR for it is only a mathematical model (Figure 6C). The TC of

the gap layer should also be adjusted for satisfied the self-consistency of the model as the thickness

of the gap layer is changed. Moreover, perfect contact conditions should be set on the interfaces be-

tween the gap layer and others in this model. Two heat sources are connected to the left and right

ends where fixed displacement boundary conditions are set.

A B

Figure 4. Thermal properties (TEC and TC) of graphene material

(A) Polynomial fitting (red line) of the graphene’s thermal expansion coefficient-temperature curve. The black dots are

data collected from previous experimental measurement.39

(B) Fitting diagram (red line) of the thermal conductivity cross the graphene layers with temperature change. Black dots

are data collected from Pop et al.48
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The effect of other parameter variations on the appearance of the NDTR phenomenon is further discussed.

When the in-plane thermal conductivity of graphene in the model is changed, we obtain the results shown

in Figure 7A. It is found that a relatively lower in-plane thermal conductance results in an overall smaller

heat flow. And as the thermal conductivity decreases, the temperature difference required for the NDTR

phenomenon to appear tends to increase. The thermal conductivity across the graphene layers also affects

the simulation results. By multiplying a constant coefficient c on the TC value obtained from the previous

paper,48 the interlayer thermal conductivity is changed as shown in Figure 7B. It can be seen from the figure

that a small cross-plane TC will accelerate the appearance of NDTR effect, that is, it tends to appear when

the temperature difference is smaller. It could be understood from the perspective that the smaller TC am-

plifies the hindering effect on the heat flow caused by the reduction of the overlapping area. In addition,

graphene follows different heat conduction mechanisms in-plane and cross-plane. Heat transfer is by co-

valent bonds (atomic bonds) within the in-plane graphene and van der Waals force (molecular bonds) be-

tween the cross-plane graphene, which is also the reason of this phenomenon. This conclusion is favorable

for future experimental verification, because due to the influence of defects, imperfect contact and other

factors, the thermal conductivity between layers is usually smaller than expected. Changing the initial

length of graphene, that is, changing the initial overlapping area of the upper and lower graphene layers,

can also affect the simulation results. Figure 7C shows the effect of different initial lengths on the heat flow

in the homojunction. It can be found that when the initial length is shorter, the graphene homojunction

structure will exhibit NDTR phenomenon at a smaller temperature difference. It shows that when the initial

area is smaller, the thermal response of the structure will be more sensitive to the change in area. This could

be valuable for future implementations, enhancing the usability of the experimental model by decreasing

the overlapping aera at the beginning. Also, the smaller the overlapping area, the greater the resistance to

heat flow, which is reflected as an overall heat flow decrease as the length decreases. In addition, the ther-

mal effect of this structure is sensitive to the change of length, which also verifies the rationality of choosing

to use the negative TEC to change the overlapping area to manipulate the heat flow.

A B

Figure 5. Appearance of the NDTR phenomenon in the OGH model

(A) The relation between the heat flow J, the temperature difference DT , and the overlapping area S. The red dash lines

indicate the point when the heat flow no longer grows with the increase in the temperature difference.

(B) An illustration of the temperature distribution in the OGH model.

A B C

Figure 6. Factors that affect the thermal responses of the model and the appearance of the NDTR phenomenon

(A) The relationship between the heat flowand the temperature difference between two heat sources when the low-temperature heat source takes different values.

(B) The relationship between the overlapping area and the temperature difference when the low-temperature heat source takes different values.

(C) The relationship between the heat flow and the temperature difference when the thickness of gap layer takes different values.
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Conclusion

In summary, we found the existence of NDTR effect in the overlapping graphene homojunction structure,

which professes the possibility of NDTR in the macro system. A mathematical and physical model of over-

lapped graphene and an iterative calculation method are innovatively proposed to simulate the macro-

scopic NDTR phenomenon. Meanwhile, the mathematical solution of simulation with varying length is

derived by MATLAB coding. It is a macroscopic NDTR realization mechanism that may have guiding signif-

icance for further experimental verification.
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RESOURCE AVAILABILITY

Lead contact

Further information and requests should be directed to and will be fulfilled by the Lead Contact, He Tian

(tianhe88@tsinghua.edu.cn).

Materials availability

The study did not generate any new materials.

Data and code availability

d All data will be shared upon request to the lead contact.

d This paper does not report original code.

d Any additional analysis information for this work is available by request to the lead contact.

METHOD DETAILS

We constructed the overlapping graphene homojunction model using COMSOL Multiphysics� Version

5.6, and conducted the iterative simulations controled by COMSOL-MATLAB co-programming. The simua-

lations are repeated under different boundary conditions to achieve the NDTR effect at macro scale.

QUANTIFICATION AND STATISTICAL ANALYSIS

No statistical analysis is used.

REAGENT or RESOURCE SOURCE IDENTIFIER

Software and Algorithms

MATLABMatlab R2019a MathWorks www.mathworks.com

COMSOL Multiphysics� Version 5.6 COMSOL www.comsol.com
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