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Abstract

The versatility of the existing A-optimal-based CNN for solving multiple types of signals classification problems has not
been verified by different signals datasets. Moreover, the existing A-optimal-based CNN uses a simplified approximate
function as the optimization objective function instead of precise analytical function, which affects the signals classifi-
cation accuracy to a certain extent. In this paper, a classification method called IA-optimal CNN is proposed. To improve
the stability of the classifier, the trace of the covariance matrix of the weights of the fully connected layer is used as the
optimization objective function, and the parameter optimization model is established without any simplification of the
optimization objective function. In addition, to avoid the difficulty of not being able to obtain the analytical expression
formula of the partial derivative of the inverse matrix with regard to the networks parameters, a novel dual function is
introduced to transform the optimization problem into an equivalent binary function optimization problem. Furthermore,
based on the above analytical solution results, the parameters are updated using the alternate iterative optimization method
and the accurate weight update formula is deduced in detail. Five signals datasets are used to test the universality of the TA-
optimal CNN in signals classification fields. The performance of IA-optimal CNN is showed, and the experimental results
are compared with the existing A-optimal-based classification algorithm. Lastly, the following conclusion is proved
theoretically: For the A-optimal-based CNN, the trace of the covariance matrix will continue to decrease and approach a
convergence value in the iterative process, but it is impossible for the networks to strictly reach the A-optimal state.

Keywords A-optimal - Convolutional neural networks - Signals classification - Alternate iterative optimization -
Dual function

1 Introduction

The classification and recognition of signals data can mine
the hidden information in the signals, thereby providing the
application basis for various fields. For example,
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mechanical equipment will vibrate due to the operation of
parts when working. The equipment vibration signals under
negative conditions and the signals under normal operating
conditions often have different characteristics. Therefore,
vibration signals analysis for power equipment can distin-
guish different operating conditions of equipment, thereby
helping people to diagnose faults and find the cause [1-14].
Different types of sound signals are closely related to the
characteristics of different space or objects. The sound
quality classification assessment of public places is an
important technical background of noise control technol-
ogy study. In the field of medical applications, in addition
to diagnosing heart diseases with the help of electrocar-
diogram, the acoustic signals of different heart sounds also
reflect the health of the heart. The sound signals of human
speaking can be used for voice recognition, which is an
important research topic in the field of human—computer
interaction [15-21]. The human brain is composed of a
large number of neurons, and EEG (Electroencephalogram)

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00521-021-05736-x&amp;domain=pdf
https://doi.org/10.1007/s00521-021-05736-x

9704

Neural Computing and Applications (2021) 33:9703-9721

is the electrical signals generated by the activities between
these neurons. Relevant research and experiments have
proved that there is a specific connection between the EEG
potential and the type of brain thinking tasks or the external
stimuli received. Moreover, the EEG characteristics caused
by different brain thinking tasks and external stimuli are
also different. Based on above research, brain-computer
interface (BCI) technology can be used to identify the
thinking intention of the subject by analyzing EEG. Then,
this intention can be converted into instruction signals, and
mechanical equipment can help people complete a series of
tasks by identifying the instruction signals [22-33].

The purpose of signal classification is to identify the real
category of signals with unknown labels. Traditional sig-
nals classification methods based on feature extraction can
be divided into two steps: (1) Classifier training based on
training dataset: The signals features of the training dataset
will be extracted, and the extracted feature parameters will
be input to the initial classifier. The classifier will contin-
uously optimize the parameters according to the error
between the classification results and the actual labels, so
that the classifier will converge and reach a certain clas-
sification accuracy standard; (2) Signals classification
based on testing dataset: The signals features of the testing
dataset will be extracted, and the extracted feature
parameters will be input to the trained classifier. The
classifier will recognize the signals according to the input
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Fig. 1 Traditional feature extraction-based signals classification
method process
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characteristic parameters. The above classification process
is shown in Fig. 1.

Both above two steps need to perform feature extraction
from the training dataset and the testing dataset. Feature
extraction is a preprocessing of the data. For the signals
classification problem, the raw data are a vector composed
of many vibration amplitudes or electric potential ampli-
tudes. The raw signals without any processing have long
data length and large data scale, so it cannot show clear
signals characteristics. Therefore, the raw data are gener-
ally not directly input to the classifier. Researchers often
first extract some feature parameters that can reflect the
characteristics of the signals, and then input these feature
parameters into the classifier. The classifier will recognize
the type of signals based on the different feature parame-
ters. For example, the peak-to-peak represents the differ-
ence between the maximum value and minimum value of
the signals, which reflects the fluctuation range of the
signals. The kurtosis of the signals measures the steepness
of the signals waveform. The kurtosis of the waveform
which is similar to the normal distribution function is
approximately equal to 3, and the kurtosis of a smoother
signals is generally less than 3. The RMS (Root Mean
Square) of the signals is used to measure the amount of
energy contained in the signals.

However, an inconvenience of the traditional method is
that there are many features that can be extracted from the
signals, such as peak, peak to peak, RMS, kurtosis, skew-
ness, impulse factor, et al. [33-37]. In different application
scenarios, the types and quantities of extracted signals
features need to be selected based on historical experience.
Therefore, for classification problems without prior
knowledge, people do not know in advance which features
are helpful for signals classification. At this time, it is
necessary to manually complete a large number of feature
extractions, and the different signals feature combinations
will be input into the classifier to test the usability of this
combination. Finally, the available feature combinations
will be selected according to the discrimination accuracy of
the classifier, which greatly increases labor costs and time
costs.

Compared with traditional classification methods, CNN
(Convolutional Neural Networks) not only has excellent
classification and prediction capabilities, but also can
automatically extract signals features by special operations
such as convolution and pooling. In this way, it is no longer
necessary to test the availability of different feature
parameters one by one, which greatly reduces the cost of
labor and time. CNN first completes the feature extraction
of the input data by convolution and pooling operations.
Then, it uses the fully connected layer to complete the data
classification. When the output results deviate from the real
situation, the networks parameters will be continuously
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updated to make the networks converges adaptively and
finally approach the correct classification conclusion.
Therefore, since the advent of CNN, people have begun to
carry out CNN-based application research in many fields
such as Internet behavior detection, image recognition, and
signals classification [38—40]. Currently, the world is fac-
ing the risk of a Covid-19 pandemic. CNN has even been
applied to the diagnosis of Covid-19, showing the strong
vitality and adaptability of CNN in solving new problems
in new fields [41].

A strategy of the CNN training is that the networks
parameters are constantly updated according to the value of
loss function. However, due to the different characteristics
of different training datasets, networks parameters often be
too sensitive to training samples. In particular, the weight
of the fully connected layer is likely to have huge differ-
ences due to the changes of input dataset. The general
existing CNN parameter training models are usually focus
on the value of loss function. In this case, the classifier
parameters of the fully connected layer will be highly
sensitive to samples. However, an excellent classifier
should be stable when different training datasets are input
to the algorithm [51]. For a classifier optimization model,
in the most ideal case, the stability of the networks under
various training sample conditions can be maintained when
the loss function value is as small as possible.

A-optimal method is a parameter optimization method
to improve the stability of the classifier [42-46]. The
optimization goal of the A-optimal method is the trace of
the covariance matrix of the classification model parame-
ters. The diagonal elements of the covariance matrix of the
classifier weights are the variances of the weights. So, the
trace of the covariance matrix of the weights is the sum of
the weight variances. The variance of the weight measures
the dispersion of the weight. The smaller the sum of the
weight variances, the smaller the overall volatility of the
weights, and the higher the stability of the classifier
parameters. He et al. proposed an image classification
algorithm based on A-optimal subspace learning [47],
which optimizes the parameters by minimizing the trace of
the covariance matrix of the classifier parameters, thereby
improving the stability of the classifier. Liu et al. proposed
the A-optimal NMF model to train the classifier for image
recognition. This method introduces nonnegative matrix
factorization and uses the A-optimal method to update the
parameters of the linear classifier [48]; Li et al. [49] and
Yang et al. [50], respectively, introduce the neighborhood
regularization and hessian regularization to improve the
classification recognition algorithm based on A-optimal. In
order to solve the problem that the existing A-optimal
classification method can only deal with single-instance
and linearly separable problems, Yin introduced the
A-optimal method to CNN for the first time to solve the

multi-instance classification question. Moreover, compared
with existing A-optimal classification methods, the A-op-
timal-based CNN method is stable for multi-instance
learning and has the higher classification accuracy [51].

In the method proposed by Yin, the trace of the
covariance matrix of the weight of the fully connected
layer is used as the optimization objective function, and the
gradient calculation of objective function with regard to the
classifier parameters is based on the above objective
function [51]. In this part, Yin simplified the formula of the
trace of the covariance matrix and replaced the original
optimization objective function with the simplified for-
mula. Therefore, the calculation of the gradient is not based
on the precise optimization objective function but on an
approximate function, which may affect the final accuracy
of the model. In addition, Yin’s literature uses only one
signals dataset to test the performance of different algo-
rithm, but the conclusions based on a single type of sample
dataset may not be comprehensive and accurate. Finally,
Yin introduced the A-optimal method to CNN and gave the
implementation steps of the A-optimal CNN method, but
did not discuss whether the A-optimal-based CNN can
finally reach the A-optimal state when the algorithm
training ends.

This paper proposes an Improved A-optimal CNN
method. Hereinafter, the “Improved A-optimal CNN”
proposed in this paper will be referred to as “IA-optimal
CNN” for short. In the following, the IA-optimal CNN
architecture including the convolutional layer, the pooling
layer, the activation layer, and the fully connected layer
will be introduced, and its data processing to complete the
multi-instance classification will be described. Thereafter,
to maintain the stability of networks under the condition
that the loss function value is as small as possible, the trace
of the covariance matrix of the weight of the fully con-
nected layer is used as the optimization goal and the goal of
networks parameter update is to minimize the value of the
trace. In this part, the calculation expression formula of the
trace of the covariance matrix will not be simplified in any
way, and the precise optimization objective function is
used to derive the weight update formula in detail to
eliminate the possible classification error caused by the
simplified objective function. To avoid the problem that it
is difficult to give an analytical solution to the partial
derivative of the inverse matrix with regard to convolution
kernel, a novel binary dual function is introduced and the
optimization of the trace is transformed into an optimiza-
tion problem. Then, the alternate iterative optimization
method is adopted as the weight update strategy. In addi-
tion, different types of activation functions are test their
ability to express nonlinear characteristics of signals. To
test the algorithm performance and the universality in more
signals classification fields, five signals datasets are used as
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samples datasets. The algorithm result is compared with
existing A-optimal classification algorithms. Finally, the
following question is discussed: In the iterative process of
the A-optimal-based CNN algorithm, whether the networks
can finally reach the optimal A-optimal state.

The main improvements of the model proposed in this
paper and the corresponding work focus are shown in
Fig. 2.

2 |A-optimal CNN method

The proposed IA-optimal CNN method will be introduced
in detail in this chapter, which includes three parts: (1)
Architecture of IA-optimal CNN: In this section, the
architecture of IA-optimal CNN will be showed. [A-opti-
mal CNN includes the input layer, the convolutional layer,
the activation layer, the pooling layer, the fully connected
layer, and the output layer. The data processing and cal-
culation rules of different layer will be introduced,
respectively; (2) Optimization goal: In this section, the
trace of the covariance matrix of the weight of the fully
connected layer will be used as the optimization goal to
train network parameters. To ensure the mathematical rigor
of the algorithm, the subsequent formulas will be derived
based on the precise optimization objective function
without simplification. In addition, a novel dual function is

Proposed IA-optimal CNN

Dataset to test algorithm performance:
Five different types of signals datasets

Improvement 1; Networks parameters are trained
based on the accurate formula of the trace of the
covariance matrix of the fully-connected layer weight
without any simplification.

Improvement 2: A novel dual function is introduced B
to avoid the difficulty of obtaining the analytical
expression formula of the partial derivative of the
inverse matrix with regard to the networks
parameters.

Improvement 3: Using Sigmoid function and Tanh
function to express nonlinear characteristics of
signals

Discussion: Can the A-optimal-based CNN finally
converge strictly to the A-optimal state?

Fully-Connected
Layer

Output Layer

introduced as the optimization strategy to avoid calculation
difficulties during the formula derivation, which provide a
theoretical basis for network parameter training; (3)
Training strategy: In this section, based on the conclusions
of the previous section, the original optimization problem
is transformed into a binary matrix function optimization
problem. The alternating iteration method is used to train
the network parameters, and the algorithm steps for
parameter updating are explained.

2.1 Architecture of IA-optimal CNN

The [A-optimal CNN includes the input layer, the convo-
lutional layer, the activation layer, the pooling layer, the
fully connected layer, and the output layer. The networks is
oriented to multi-instance learning and recognition. The
input of the networks is a dataset including a number of
signals (bag), and the output of the networks is a sequence
of classification results of the input signals dataset. In a
bag, if the classification result of any instance (a sub-se-
quence signals) is positive, the classification result of this
bag is positive; if the classification result of all the
instances is negative, the classification result of this bag is
negative. The architecture of IA-optimal CNN is shown in
Fig. 2.

Input Layer: The input layer is used to accept input
signals. Suppose that the dataset input to the networks

A-optimal CNN

Dataset to test algorithm performance:
One signals datasets

Networks parameters are trained based on the
simplified formula of the trace of the covariance —
matrix of the fully-connected layer weight

Using cube function
to express nonlinear characteristics of signals

Fig. 2 The main improvements of the model proposed in this paper and the corresponding work focus
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contains n signals whose sampling points are all D, and
each signals S; is regarded as a bag. Each signals will be
divided into [/ equal parts by a sliding window, each sub-
sequence signals is an instance, and the number of sam-
pling points in each instance is d. Then, the j-th subse-
quence signals of the i-th sample signals can be denoted as
x;;. For the convenience of subsequent calculations, the /
sub-sequences are combined by column into a matrix, then
each matrix X; can represent a bag, denoted as
X; = [X[lxiz . -x,-,] S RdX], i=1,2,---n.

Convolution Layer: The convolution layer performs
convolution operations on the input data. The output of
convolution layer is a feature map. Suppose that the con-
volutional layer contains m convolution kernels, and each
convolution kernel w; is a column vector, denoted as
wr € Rk =1,2,---m. For the convenience of subse-
quent calculations, the m convolution kernels are combined
by column into a matrix, then the kernels of the convolu-
tion layer can be expressed as a convolution kernel matrix,
denoted as W = [wywy---w,] € R”™. After the convo-
lution kernels of m channels are, respectively, convolved
with X, the m feature row vectors ¢; € RV (i = 1,2,---n)
will be obtained. The above row vectors are combined by
row into a matrix, then the output of X; after the convo-
lution operation can be expressed as an matrix C;, denoted
as:

C1
T T T
W1 Xi1 wWiXi2 w1 Xil
2 WT)C'l WT.X'2 WT)C‘l T
Ci = = 21 271 27 = W X,'
T T T
W, Xil W, Xi2 W, Xil
Cm

(1)

Activation Layer: An activation function o(+) is used to
process the matrix C; so that the networks can express
nonlinear characteristics of the signals. After using the
activation function o(-) for each element in the matrix C;,
the output of the activation layer is obtained, denoted as
D; = o(C;) € R™L

Pooling Layer: The pooling layer performs down-sam-
pling operations on the feature maps output by the con-
volutional layer to obtain feature vectors that can be used
for classification and discrimination. The pooling size is
1 x [, the row stride is 1, and the maximum pooling is
selected as the pooling method. A column feature vector z;
of size m X 1 can be obtained:

9707
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Input n sample signals (n bags) in a batch, and then n
column feature vectors z; can be obtained. The above
vectors are combined by column into a matrix, the output
of n sample signals through the pooling layer can be
expressed as an output matrix Z = 71,22, - - 24 € R™".

Fully Connected Layer: The fully connected layer
reduces the dimensionality of the output vector of the
pooling layer and initially completes the signals classifi-
cation. The classification of each input sample S; is a binary
discrimination, and the output is a Boolean scalar b;. The
calculation method of the output b; of the fully connected
layer is b; = "z;, w is the fully connected layer weight.
‘b; = I’ means ‘the sample S; is judged as positive’, and
‘b; = 0’ means ‘the sample S; is judged as negative.” In
different questions, the meaning of positive or negative is
different.

Output Layer: The real category label of sample S; is y;.
‘y; = I’ means ‘sample S; is a positive signals’ and ‘y; = 0’
means ‘sample S; is a negative signals.” Then, the loss
function for evaluating the classification accuracy of sam-
ple §; is:

error(S;) = (yi — @"z)’ (3)

If n samples (n bags) are input in a batch, the classifi-
cation label of each sample can be obtained. The n Boolean
scalars are combined into a row vector b, the total loss
function is:

error(S) = Z (i — 0'z)’= Z i — b))’ (4)
i=1 i1
In order to avoid the over-fitting, an L2 regularization
term is added to the total loss function to limit the weight.
Finally, the loss function used in the IA-optimal CNN
method is:
loss(S) =Y (vi — 0"z)* + ofol3
i=1
2 2
=[ly = o Z|[;+al| o] (5)

where, |||, is the 2-norm, o is the L2 regularization
coefficient, and y = (y1, 2, - - yu) is the label row vector of
n samples.

IA-optimal CNN needs to be continuously trained to
minimize the total loss function value of n samples input in
a batch, so the algorithm parameters need to be
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continuously updated. Ideally, we hope to directly obtain
the weight w( that minimizes loss(S):
. 2 2
Wy = arg mm{loss(S) =|y- wTZHerocHa)Hz} (6)
w

It should be noted that although the architecture of the
networks, the form of the loss function, and the selection of
the regularization method can be changed, these changes
may make it difficult to obtain the analytical expression of
the partial derivative of the optimization objective function
with regard to the networks’ parameter in the subsequent
derivation process. The analytical expression formula of
the partial derivative is necessary to achieve A-optimal
state, so the networks design has its unique characteristics.

2.2 Optimization goal

In order to continuously update the weight w, of the fully
connected layer and the convolution kernel matrix W, it is
necessary to derive the mathematical relationship between
loss(S), W and wy. In this section, the weight wo will be
derived when loss(S) takes the minimum value. According
to the A-optimal criterion, the optimization goal of the
convolution kernel matrix W is to take the minimum value
of the trace of the weight covariance matrix Tr(cov(wy)). In
addition, a novel dual function is introduced to transform
this optimization problem into a problem of finding the
minimum value of a binary function. This approach will
provide important support for the gradient calculation in
Sect. 2.3.

2.2.1 Optimization goal: trace of the covariance matrix
of the weight

The loss function can be written as follows:
2 2
loss(S) = ||y — wTZ||2+oc||wH2
=(y—o"2)(y—0'2) +o0’w (7)
=y — 20! Zy" + o' ZZT o +ow’ ®
In order to obtain the weight @y when loss(S) takes the

minimum value, the derivative of loss(S) with regard to w

is set to O.
O(loss(S
% = —22y" + 272" w200 = 0 (8)

The analytical expression of @y is
wo = (ZZ" + o) ' zy" (9)
For a certain sample set {S}, y is an invariant, so only Z
in formula (9) is a variable. Z is a function of the convo-

lution kernel matrix W, so wg is also a function of the
convolution kernel matrix W.

@ Springer

The trace of the covariance matrix of the weight wg can
be written as follows:

cov(mg) = cov((ZZT + ocI)_IZyT)

=(ZZ" + al) ' Zcov(y"Z" (22" + al) !

=6(ZZ" + o) '2Z" (22" + al) ™! (10)
=6X(2Z" +ol) (22" + ol — al)(ZZ" + al)™

=c?[(Z2Z" +al)™" — a(ZZ" + o) ?

where 21 = cov(yT).

In the literature [51] published by Yin, in order to
simplify the calculation, the above formula (10) is sim-
plified, and the following conclusions are used:

cov(wo)=6>(ZZ" + ol) ™" (11)

Moreover, Yin took function (11) as the optimization
objective function to complete the subsequent formula
derivation. This approach reduces the complexity of for-
mula calculation to a certain extent, but may have a certain
impact on the rigor of the conclusion.

In order to ensure the accuracy, this article does not
simplify the formula, but complete the subsequent formula
derivation based on the expression formula (10). Therefore,
the trace of the covariance matrix of the weight wy is:

Tr(cov(wy)) = azTr<(ZZT +ol) ' —a(zZ" + ocI)fz)
(12)

In the process of networks training, we hope to find the

convolution kernel matrix W that minimizes Tr(cov(wy)):

Wy = a‘fvg min{7r(cov(mo))} (13)

In the following section, the detailed steps to find W,
and the formula derivation process will be given.

2.2.2 Optimization strategy: dual function

Since ¢? is a constant value, so the following conclusion is

established:

Wo = arg min{Q(Z) - Tr((ZZT val) —a(zZ" + od)*z)}
w

(14)

In order to find the convolution kernel matrix W, that
minimizes Tr(cov(wp)), a novel dual function H(¢p,Z) is
introduced, and the expression is as follows:

H(p,Z) = Tr(—q)(ZZT +al)e" + 2ZT(pT) (15)

Theorem Q(Z) is the minimum value of the dual function
H(p,Z) with regard to the matrix ¢ € R™™
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0(z) = mi”nm{H(q),Z) - Tr(—qo(ZZT ol + 2ZquT) }
(16)

Proof In order to obtain the weight matrix ¢, € R
when H(¢,Z) takes the minimum value, the derivative of
H(o,Z) with regard to ¢ is set to 0.

0H(¢p,Z
$: —2p(2Z" +al)* + 227 =0 (17)
@
The analytical expression of ¢, is:
0o =27 (22" + al)* (18)

Substitute ¢, into H(¢,Z), the minimum value of
H(¢,Z) can be calculated as follows:

H(¢py,Z) = Tr(—(po(ZZT +al) ol + ZZT(pg)

=0(2)
(19)
Thus, O(Z) is the minimum value of the dual function
H(p,Z) with regard to the matrix ¢ € R**". The opti-

mization problem can be equivalently converted to the
following problem:

Wy = arg min{ min H((p,Z)}

WeRdxm peR™™

QERMM

= arg min{ min Tr(—q)(ZZT + otI)Zq)T + ZZquT) }

WeRdxm

(20)

The optimization problem can be regarded as the opti-
mization of a binary matrix function.

argmin  {H(¢p,Z)}

WeRdxm 7(/7€Rn><m

Wo, @9 =

= argmin

{Tr(—(p(ZZT +ol) " + ZZT(pT)}
WER"X’",(/?GR”X’"

(21)

The significance of this step is that the inverse matrix
(ZZT 4+ o)™ is included in the analytical solution of
Tr(cov(wp)). In order to calculate 0Tr(cov(wy))/Owi to
obtain the update strategy, the derivative of (ZZ7 + ol )71
with regard to w; must be calculated. Due to the existence
of the inverse matrix, it is very difficult to directly obtain
the analytical solution of 0Tr(cov(wy))/Owy. Therefore,

the problem of finding the minimum value of Tr(cov(wy))
needs to be transformed into the problem of finding the
minimum value of its dual function H(¢,Z). By doing so,
the inconvenience of obtaining the derivative of the inverse
matrix can be avoided.

Based on the conclusions of this section, the training
process of the IA-optimal CNN method will be given in the
next section, including the update strategy of the networks
parameter and the detailed derivation process.

3 Training strategy

In this section, based on the dual function and its properties
introduced in the previous section, the analytical formula
of the gradient of the H(¢p,Z) with regard to the convo-
lution kernel w; will be derived, the minimum value of
H(¢p,Z) will be found by the alternate iteration method,
and the detailed steps of parameter updating based on the
gradient descent method will be given.

3.1 Alternate iterative optimization

CNN can continuously adjust the networks parameters
according to the loss function value during the training
process, so the loss function value of CNN will contin-
uously decrease and gradually converge. The commonly
used gradient descent method is to make the networks
parameters change in the direction of the gradient.
Therefore, the IA-optimal CNN method also uses the
gradient descent method to complete the parameter
updating.

According to Sect. 2.2.1, the analytical expression of the
weight @y when loss(S) takes the minimum value is
wo = (ZZ" + al)~'Zy" . In the iterative process, the weight
of the fully connected layer can be updated according to
this formula. The weight @y is a function of the convolu-
tion kernel matrix W, so the next round of convolution
kernel matrix W can be adjusted according to the wg. The
optimization goal of W is to make Tr(cov(wy)) as small as
possible.

According to Sect. 2.2.2, the problem of finding the
minimum value of Tr(cov(wy)) has been transformed into
the problem of finding the minimum value of H(¢,Z).
H(¢,Z) is a binary matrix function, so the alternate iter-
ation method is used for optimization in parameter update.
The main steps are as follows:

1. After the end of the ¢-th iteration, calculate loss(S) and
update the weight w;,; of the fully connected layer
according to formula (9);

2. Keep the convolution kernel matrix W, unchanged, and

update ¢, according to formula (18);

@ Springer
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3. Keep ¢,,; unchanged and update wy according to the
gradient descent method:

aH((PtJrlaZ)

6wk(t) (22)

where, f is the learning rate coefficient, and W, ; can be
updated by combining all the wy (¢ + 1). In the next section,
the calculation process of the partial derivative of the dual
function with regard to the convolution kernel w; will be
showed.

3.2 Derivative of the dual function with regard
to the convolution kernel

The H(¢p,Z) can be written as follows:

H(p,Z) = Tr<—([)(ZZT + ocl)z(pT + ZZT(pT)
:Tr(—(pZZTZZT(pT — 20022 " — az(p(pr + 2ZT(/)T)
:Tr(—ZZTZZT(/)T(p — 2027 T — o’ + ZZT(/)T) (23)
= —Tr(ZZ"7Z" " ¢) — 2aTr(ZZ" 9" )

—Tr(pe") +2Tr(Z" ¢")
In order to facilitate writing, the following provisions
are made:

Tr()2Tr(ZZ"7Z7 " )

Tr(2)£Tr(ZZ" ¢" ) (24)

Tr(3)2Tr(Z" ¢")

Then, formula (23) can be rewritten as:
H(p,Z) = —Tr(1) — 20Tr(2) + 2Tr(3) — *Tr(pe”)

(25)

In the following, OTr(1)/0wy, 0Tr(2)/Owy and
0Tr(3) /0wy will be calculated, respectively.

First of all, the analytic formulas of the elements of the

matrices Z, ZZ' and ZZ'ZZ" need to calculate. The ele-
ments of matrix Z can be written directly:

Z(k, i)

o = argmax{a(wlx;)}
J

= max{o(wjx;) 2o (wix)
" (26)

where, Z(k,i) represents the element in the k-th row and
i-th column of the matrix Z, and other matrix elements are
expressed in the same way in the following.

According to (26), the expressions of the row vector of
the k-th row of the matrix Z and the column vector of the
k’-th column of the matrix Z” can be obtained:
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Z(k,) = [owfxz) o(wfny) o olwixy)]
T
o0, |

(27)

ZT(:ak,) = |:6(W17c"’x1(5’f/) G(W]z;xz(jé’)

The analytic formula for the elements in the k-th row
and k’-th column of matrix ZZ” can be given:

Z(k,:) - Z"(:, k)

n

= o0wlx)o(whxy)

i=1

77" (k, k') =

(28)

the expressions of the row vector of the k-th row and the

column vector of the k-th column of the matrix ZZ” can be
obtained:

77" (k,:) = {Z a(wixg)owixg) - X U(kamk)“(wflxiag")}

— i=

227 K) = [z«fwmk) o0 Tx)

T
o(wzx,swa(w,t,w)]
i=1 !

(29)

1

Based on (29), the analytic formula for the elements in
the k-th row and k-th column of matrix ZZ7ZZT can be

given:
G 1 xm,’):|

777777 (k, k') Z [zn:a wkxwk a( m, :| |:z”:0' wkx
j=1 Li=l1 i=1
(30)

So, the analytical expressions of Tr(1), Tr(2), and Tr(3)
can be written as following:
Tr(1) = Tr(22" 22" " p)
=Tr[(2Z2"2Z7)(¢p" ¢)]

m._m

=N"N"772"77" (k,K')- 0" o (K k)

k=1 k=1

_inz {Z {Za wkxmk Ja(w; xlo,)} {Zo‘ wkxmk Yo (w; xm,)} }

j=1 Li=1

: wTw(k/-, k)

3

(31)
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Tr(3) = Tr(Z"¢")
=Tr(Z¢)

m n

_ZZZ (i, k) (33)
k=1

izfr(wzxiaf)-(p(i, Y

k=1 i=1

In order to calculate the derivative of (31)-(33) with
regard to wy, write the terms containing wy and the terms
not containing wy separately:

Yo (w; Xm/):| }

Tr(l) = Z Z {Z {Z O'(VVZ/.X”I( a(w 7 Xigi } {Za wh, X
vk A i=1
X ) O kaiaf)} } o oK', K)

p
n

+ ”kan‘ a(w Xigt) Z‘”ka,s* a(w; m,) o p(k,K)
[rareral W =

n n
+ { {Za \/V,()C")k a / “,, a(w, X! Jo(w; m")} } ol (K" k)
1. k !
n n
{Z oL Jo(n Ty )} { a(wixf(5¢>«<wlxi(;¢>} } ook K)

i=1

Z O’(szmf ) a(w[xmf )} {

‘([)T(/)<k” k’)

n n
+ E {|: T wkxmk a kamk } [E a(w
Tk b pary

i=1

=

J(Wkr"x,(if‘”)”(wlxmf ):| } o (K", k)

,—..—.
T
2
=
3
=
Q'x
z
=Y
2
.
R
g
.
—
[

0<Wka,-»¢')<f(W,»Txiag)} } T p(k,k)

1

(34)

2

K'#k

) U(Wlfxiéf)z‘| 0" p(k, k)

Z U(W/inaf)o'(wlgfxi(;fﬁl o (K" k)

i=1

+

(35)

n

E E g Werék’

Kk i=1

(i, k") + 2": O'(W]{Xi(;fc)'(p(l., k)
(36)

According to the above conclusion, the partial derivative
of the dual function H(¢p,Z) with regard to wy can be
obtained. For the convenience of writing, the analytical
formulas of 0Tr(1)/0wy, 0Tr(2)/Owy, and 0Tr(3) /0wy will
be derived, respectively:

oTr(1) - T kam* -
o Z Z { L a(wk,xmk ;a Wi xlék

kam*)} }

n r r n do Wk X”
+ E E U(Wk'x,gf’)Ukamf) E a(w mk
T2k K i=1
h

ke =1
@' oK' ,K)
[ n_ do(wixz)
T T kit
+ { Zo‘(wk,x’_’i’kr)a'(w/ X;0 ):| po , Xigl }}
KAk A L=t i=1 k

r
- . -
dowlng) ][4
+ Z o o(wjxm’,) a(w X! Yo (w ] ,)l
ik A& (L=l k 1=t
T

@ (k" k)

r n
do wkxmk

{ Za kau)k :| [Za Wk)f“)k a( kaml\):| } ook, k)
Li=t =1

[ n da(w! x, )

+ { ZO' wkx Jo VVkak :| 2 o Wk)f“)k ko :| } ol ok, k)
2k \ =1 Wk

[ da(wl. xl A)

{ 220’ w,{xlok k7 } |:Za

L =1 =1

)a(wixig )} } o (K" k)

[ n da(wlx.s)
+ { ZJ wkxnsk a kam :| |: a( ”k :/ 9 }} ol (k" k)
Z Li=1 i k

i=1

+ {_iaa ;vvkvk”k a(w } > (wixig)a(w ,<>’):| } o g(k, k)
7 L =
+ { S el Ty } { e W 4 wa,g,»} } 0o (k.k)
Ll =
+4 ,:1 U(kamk wkxmk } {g pu kamk ‘;k:‘m*)} o ok, k)
(37)
oTr(2) o (Wi x;)

n
= Tx ) ———2| - ol o(k, k'
aWk I(/Z# [i O-(Wk 'xz():.‘) aWk ] (P (p( ) )

z ao_(wkxté")
+ 3 (WX s ) o (K" k)
ok = Wk :
n Oa(wy x.g
+12) a(wixs) i mf)] o ok, k)
i=1 aWk
(38)

oTr(3) & 5"
6wk n Z 6wk P

The partial derivative of the dual function H(¢,Z) with
regard to wy can be written as:
OH(¢,Z) oTr(1) 0Tr(2) oTr(3)

=— -2 2 40

e v Tow T om 0)

Substitute (37) ~ (39) into (40), the analytical expres-
sion of OH(¢,Z)/Owy can be obtained. Substitute
OH(¢,Z)/0wy into (22), the update formula of the con-
volution kernel can be obtained.
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3.3 Algorithm steps for updating

In Sect. 2.3.1 and 2.3.2, the optimization goal of networks
parameter and calculation process of parameter updating is
studied. Summarize the training process of IA-optimal
CNN as follows: Initialize the networks structure and
networks parameters. Input the training dataset and output
the classification result. If the number of iterations p is less
than the upper limit P, the convolution kernel matrix and
weight will be, respectively, updated according to the
parameter update strategy proposed in Sect. 2.3.2; other-
wise, the algorithm ends and the final convolution kernel
matrix and weight are output.

Based on this, the training process of IA-optimal CNN
can be written as follows:

®  Algorithm: Training of IA-optimal CNN
-START-
® Input: Signals samples dataset- {S}

Label vector- y

L2 regularization coefficient- a

Learning rate-

Maximum number of iterations- P
®  Stepl: Initialization

Convolution kernel matrix- W

Weight - @

Iteration counter- p=1
®  Step2: Input data and obtain the classification result;
® Step3:if p<P

{update @ base on formula (9);
update ¢ base on formula (18);

update ¥ base on formula (22);

to Step 2 }
else
{to Step 4 }
®  Step4: Output: W and

-END-

The output convolution kernel matrix W and weight
can be used as the final parameters of [A-optimal CNN, and
the trained networks can be used to classify the signals
from the testing dataset.

4 Experiments

In this chapter, experiments are carried out with different
types of signals data to test the classification ability of the
IA-optimal CNN. The classification results are showed, and
the algorithm performance are compared with the existing
A-optimal-based classification algorithm.

4.1 Experimental data
In order to verify the ability of IA-optimal CNN on clas-
sifying different types of signals data, this article uses five

datasets: P300 EEG signals dataset, bearing fault signals
dataset, English spoken digit signals dataset, arrhythmia
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signals dataset, gearbox signals dataset. The above five
datasets cover a wide range of engineering application
fields, and the signals generation mechanisms are diverse,
which can be used to test the classification universality of
the different method for different signals datasets.

P300 EEG signals is an evoked EEG signals, which is
generated when the human brain is stimulated by a small
probability event. The EEG data are collected by the
character matrix flashing experiment. During the experi-
ment, a character matrix is displayed on the computer
screen, and a “target character” is displayed at the same
time to let the subjects pay attention to this character. Then,
each row or column of the character matrix flashes in a
random order. When the row or column contains the target
character is flashed, the P300 potential will appear in the
EEG signals. The experimental dataset contains 20 chan-
nels of collected data from the subjects. The IA-optimal
CNN method will recognize the input EEG signals sample
and determine whether it contains P300 [22]. The bearing
failure signals of mechanical equipment are collected by
the sensors installed on the bearing failure test stand, and
the sampling frequency is 12 kHz. In order to distinguish
the fault signals from the normal signals, the dataset also
contains the normal bearing signals waveform at the same
sampling frequency. The selected fault type is that outer
ring fault magnitude is 0.021 mil, and the fault location is 6
o’clock. The TA-optimal CNN method will be used to
recognize the input signals samples and determine whether
the signals are a fault signals and then determine whether
the bearing has this type of fault [5]. The English spoken
digit dataset consists of the audio of 6 speakers, each of
whom repeats different digits 50 times, and the speakers all
use English pronunciation when speaking. In this experi-
ment, digital 1 audio data are used, and all audio will be
converted into acoustic signals, and then input into the
networks for signals classification. The IA-optimal CNN
method will recognize the input acoustic signals samples
and determine whether the signals is the audio signals of
the target digit [52]. The arrhythmia signals dataset con-
tains 48 dual-channel Holter signals records, and each
record contains the ECG waveform signals with a duration
of more than 30 min and expert diagnosis results. The
records came from 47 subjects in the arrhythmia labora-
tory. The IA-optimal CNN method will use the dataset to
distinguish between normal beat signals and arrhythmia
signals [53]. The gearbox signals dataset collects signals
data under different working conditions based on drivetrain
dynamic simulator. The gearbox is driven by a motor, and
the experiment is carried out on a simulated failure test
bench. The rotating speed-system load is set to be 20 Hz—
0 V. The IA-optimal CNN method will distinguish the
signals under normal operating conditions and the fault
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signals under the damage conditions that the gear miss one
of feet [54].

The computer brand used for calculation is DELL, and
the processor model is Intel(R)Core(TM)i5-8250U CPU @
1.60 GHz 1.80 GHz. The experiment uses cross-validation.
Each rotation takes 80% of the sample set as training
samples dataset and the remaining 20% as testing samples
dataset. The final metrics is the average of all test results.
L2 regularization coefficient o = 0.02, learning rate
B = 107", maximum number of iterations P = 1000.

4.2 Performance comparison

The performance comparison section is divided into two
parts: In the first part, the performance difference of the IA-
optimal CNN method using different activation functions
will be compared, and the method with the best perfor-
mance will be selected as the object for subsequent com-
parison with other algorithms; In the second part, the TA-
optimal CNN will be compared with the existing A-opti-
mal-based classification algorithm to show the perfor-
mance difference.

4.2.1 Performance comparison of I1A-optimal CNN using
different activation functions

Based on the same dataset, the accuracy of the IA-optimal
CNN using six different activation functions will be com-
pared with each other. The six activation functions are
Sigmoid function, Tanh function, ReLu function, Leaky-
ReLu function, ELU function, and Cube function used by
Yin [51]. The activation functions ¢(-) and the corre-
sponding partial derivative aa(w,fxiéf) /0wy can be calcu-

lated by the following formula [55, 56]:
1
a1 (x) igmoid(x) T exp(—)

o1 (Wi Xz )
e (1 -0 (w{xi5§)> .al(w,fxi(;f) "Xk

awk
(41)
= tanh(x) = exp(x) — exp(—x)
a2(x) = tanh(x) exp(x) + exp(—x) (42)
0oy (Wl x
Z(GTkkwi) - (1 - o%(w]fxiaf)> " Xk
0(x<0)
0—3(x) = RELM(X) - {x(xz O)
(43)

0a3(wjx;5) O(lexiéf.‘ <0)

Ow Xisk (WZ X5 > 0)

9713
px(x<0)
04(x) = Leaky ReLu(x) =
x(x>0)
44
004 (Wi x;4t) PXigh (ngidf <0) (44)
o - X5t (Wi x5 > 0)

e (e =1)(x<0)

x(x>0)

os(x) = ELU(x) = {

Rl (w,{xiéﬁ-) ) eXP(‘“’/{xmf) " Xt (sziéf <0)

W Xigk (lexiéf >0)
(45)
o6(x) = Cube(x) = x°
006 (Wi x5 ) T 2 (46)
7@% = 3(kai5ff) Xk

The accuracy comparison results are shown in the fol-
lowing table:

According to the results in the table, the following
conclusions can be obtained: (1) When using IA-optimal
CNN for signals recognition, arrange the recognition
accuracy in descending order, the rank is as follows:
arrhythmia signals, English spoken digit signals, bearing
failure signals, gearbox signals, P300 signals; (2)When
classifying P300 signals, arrhythmia signals and bearing
failure signals, the networks using sigmoid activation
function have the highest accuracy. When classifying
English spoken digit signals and gearbox signals, the net-
works using tanh activation function have the highest
accuracy; (3) When using ReLu or Leaky-ReLu activation
functions for classification and recognition, the accuracy
rate is generally low. The possible reason is that the ability
to extract nonlinear features of the signals is insufficient
when ReLu or Leaky-ReLu is used as activation functions
based on the [A-optimal CNN structure.

4.2.2 Performance comparison of different A-optimal-
based classification algorithms

In this section, the algorithm performance of IA-optimal
CNN will be compared with five existing A-optimal-based
classification method. Algorithms used for comparison are
A-optimal subspace learning method proposed by He [36],
the nonnegative matrix factorization method proposed by
Liu [37], the method based on neighborhood regularization
proposed by Li [38], the method based on Hessian energy
Regularization proposed by Yang [50], and the A-optimal
CNN method proposed by Yin [51]. The five metrics to
evaluate networks performance are accuracy, precision,
recall, G-score, and Fl-score. The above metrics can be
calculated using following equations:
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TP + TN
Accuracy = i (47)
TP + FP+ FN + TN
TP
Precision = —— (48)
TP + FP
TP
Recall = — 49
O TTPYEN (49)
G — score = VPrecision - Recall (50)

Precision - Recall
F1 — score =2 rec‘jls.lon cea (51)
Precision + Recall

where, ‘TP’ means ‘Ture-Positive’, ‘TN’ means ‘Ture-
Negative’, ‘FP” means ‘False-Positive’, ‘FN”’ means
‘False-Negative’. The experimental results are shown in
the following table:

In order to more intuitively show the performance dif-
ference between the algorithms, the above data are drawn
into the following picture:

According to the results in Tables 2—6 and Figs. 3-7, the
following conclusions can be obtained: (1) The five metrics
of TA-optimal CNN are superior to other A-optimal clas-
sification algorithms. The five metrics measure the per-
formance of different classification methods from different
aspects to ensure that the evaluation metric system is as
comprehensive as possible. It can be seen that IA-optimal
CNN has advantages in all metrics and shows stronger
recognition capabilities; (2) [A-optimal CNN has the best
classification performance on all signals datasets, which
proves that IA-optimal CNN algorithm has good versatility
for a variety of signals classification problems. The five
different signals datasets used in this paper involve dif-
ferent application fields, and the generation mechanism of
signals are also different. Among the existing classification
algorithms based on A-optimal, using five types of datasets,
IA-optimal CNN ranks first in all the classification metrics,
which can show the universality of IA-optimal CNN; (3)
From Table 2-6, it can be found that if the datasets are
arranged according to the classification accuracy of IA-
optimal CNN from largest to smallest, the order is:
arrhythmia signals dataset, English spoken digit signals
dataset, bearing failure signals dataset, gearbox signals
dataset, P300 EEG signals dataset. The accuracy rankings
of other A-optimal-based classification algorithms are
roughly the same. This sort can show the difficulty degree
of distinguishing different types of signals in different
datasets. The quality of the data in the arrhythmia signals
dataset and the English spoken digit signals dataset are
relatively better. For most classification algorithms, dif-
ferent types of signals in these two datasets are easier to
distinguish. The signals in the bearing failure signals
dataset and gearbox signals dataset are more complex and
are easily interfered by noise in the engineering environ-
ment, so the classification accuracy is relatively low.
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Compared with the signals in other datasets, the signals
characteristics of P300 EEG are the least obvious, and the
classification accuracy is generally the lowest; (4) The
performances of the two A-optimal-based CNN methods
are better than the other four methods. Both IA-optimal
CNN and A-optimal CNN introduce the A-optimal crite-
rion into the CNN framework. The convolutional layer and
the pooling layer further enhance the nonlinear expression
ability of the network, which can better extract the non-
linear features of the signals; 5) The performance of the IA-
optimal CNN proposed in this paper is better than that of
A-optimal CNN. Compared with A-optimal CNN, the IA-
optimal CNN uses an optimized objective function that has
not been simplified to improve the accuracy. In addition,
A-optimal CNN uses the cube function as the activation
function, while TA-optimal CNN uses the Sigmoid function
and Tanh function as the activation functions, so that the
network can approximate higher-order nonlinear features;
6) In other A-optimal classification algorithms, the per-
formance of algorithms that introduced regularization
improvement methods has generally been improved to a
certain extent.

The accuracy box plots of different algorithms using
different datasets are as follows:

According to the results in the above figures, the fol-
lowing conclusions can be obtained: The accuracy of the
[A-optimal CNN recognition method is generally high. In
addition, the accuracy distribution of IA-optimal CNN is
relatively more stable and the degree of dispersion is low.

5 Discussion: can the A-optimal-based CNN
finally converge strictly to the A-optimal
state?

In the above, the IA-optimal CNN framework is given, the
update strategy of the networks is studied in detail, and the
performance of algorithms is compared with different
methods based on different types of datasets.

In the TA-optimal CNN method, the alternate iterative
optimization method is used to update the convolution
kernel matrix W. The convolution kernel matrix is con-
tinuously updated along the gradient direction, so that
Tr(cov(w)) continues to decrease until it converges. In this
case, the new problem will arise: Can this method make the
trained networks reach a strict A-optimal state? Can
Tr(cov(w)) converge to its theoretical minimum in the end?

According to Sect. 2.2.1, when 9(loss(S))/0w = 0, the
expression of g is wy = (ZZT +al) "' Zy". In this for-
mula, only Z is a variable. Set B = (ZZ" +al)”", then
formula (12) can be written as:

Tr(cov(w)) = o*(Tr(B) — oTr(B*)) (52)
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Table 1 Accuracy comparison—six activation functions

a(x) P300 EEG signals Bearing failure signals English spoken digit signals Arrhythmia signals Gearbox signals
Sigmoid 0.778 0.851 0.869 0.899 0.836
Tanh 0.765 0.823 0.889 0.879 0.837
ReLu 0.661 0.725 0.811 0.814 0.717
Leaky-ReLu 0.643 0.722 0.784 0.813 0.702
ELU 0.738 0.787 0.830 0.851 0.759
Cube [51] 0.741 0.827 0.844 0.856 0.788
Izz;;risﬁsgg(%r%ggf;r;ﬁ:e Method Accuracy Precision Recall G- score Fl-score
A-optimal subspace learning [49:He] 0.661 0.515 0.634 0.571 0.568
nonnegative matrix factorization [50:Liu] 0.685 0.535 0.628 0.580 0.578
neighborhood regularization [51:Li] 0.703 0.549 0.649 0.597 0.595
Hessian energy Regularization [52:Yang] 0.673 0.524 0.618 0.569 0.567
A-optimal CNN [53:Yin] 0.741 0.563 0.692 0.624 0.621
IA-optimal CNN 0.778 0.587 0.720 0.650 0.647
IZE:;aiisérllg/ogign%eg?{gznce Method Accuracy Precision Recall G-score Fl-score
signals A-optimal subspace learning [49:He] 0.701 0.489 0.665 0.570 0.564
nonnegative matrix factorization [50:Liu] 0.796 0.627 0.748 0.685 0.682
neighborhood regularization [S1:Li] 0.753 0.525 0.750 0.628 0.618
Hessian energy Regularization [52:Yang] 0.724 0.506 0.769 0.624 0.610
A-optimal CNN [53:Yin] 0.827 0.703 0.846 0.771 0.768
IA-optimal CNN 0.851 0.789 0.871 0.829 0.828
In order to obtain the matrix B when Tr(cov(w)) takes B, = 2l_oc I (54)

the minimum value, the derivative of Tr(cov(w)) with
regard to B is set to O:

The matrix ZQZOT € R™™ when Tr(cov(w)) takes the

oTr(cov(w minimum value can be calculated:
Ofr(cov()) _ a*(I —2uB") =0 (53)
OB o 0 0
. . . 0 o 0
X m .
The analytical expression of By € R is: 702! = S (55)
0 0 0 «
Table 4. Algorlthm performance Method Accuracy Precision Recall G-score F1-score
comparison/English spoken
digit signals A-optimal subspace learning [49:He] 0.711 0.571 0.703 0.634 0.630
nonnegative matrix factorization [50:Liu] 0.778 0.594 0.725 0.656 0.653
neighborhood regularization [51:Li] 0.803 0.652 0.784 0.715 0.712
Hessian energy Regularization [52:Yang] 0.731 0.568 0.691 0.627 0.624
A-optimal CNN [53:Yin] 0.844 0.747 0.850 0.797 0.795
IA-optimal CNN 0.889 0.833 0.900 0.866 0.865
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Table 5 Algorithm performance
comparison/arrhythmia signals

Table 6 Algorithm performance
comparison/gearbox signals

Method Accuracy Precision Recall G-score F1-score
A-optimal subspace learning [49:He] 0.704 0.685 0.698 0.692 0.691
nonnegative matrix factorization [50:Liu] 0.786 0.726 0.754 0.740 0.740
neighborhood regularization [51:Li] 0.793 0.743 0.806 0.774 0.773
Hessian energy Regularization [52:Yang] 0.774 0.700 0.780 0.739 0.738
A-optimal CNN [53:Yin] 0.855 0.813 0.871 0.842 0.841
IA-optimal CNN 0.899 0.880 0.884 0.882 0.882
Method Accuracy Precision Recall G-score F1-score
A-optimal subspace learning [49:He] 0.695 0.524 0.681 0.597 0.592
nonnegative matrix factorization [50:Liu] 0.733 0.665 0.716 0.690 0.690
neighborhood regularization [51:Li] 0.708 0.596 0.740 0.664 0.660
Hessian energy Regularization [52:Yang] 0.717 0.632 0.702 0.666 0.665
A-optimal CNN [53:Yin] 0.807 0.726 0.822 0.773 0.771
IA-optimal CNN 0.837 0.787 0.847 0.816 0.816

To satisfy this condition, the matrix Z must have the
following form:
Zy(k,i) = { (56)

According to Sect. 2.3.2, the elements in Z, are obtained
by maximum pooling, namely:

Zo(k, i) = I}ﬁalx{ﬂ(w/fxij)} (57)

Obviously, for any input sample X;, it is almost
impossible to find a convolution kernel matrix W that meets
the formula (57).

Therefore, the answer to the question in this chapter is:
For all the classification algorithms based on A-optimal
including IA-optimal CNN and A-optimal CNN proposed
by Yin [51], Tr(cov(w)) can continuously reduce in the
process of algorithm iterations, but the theoretical mini-
mum cannot be achieved, and the networks cannot strictly
achieve the best A-optimal state. Nevertheless, the classi-
fication algorithm based on A-optimal still makes the value
of Tr(cov(®w)) as small as possible when conditions permit,
which can ensure the stability of the optimization model to
a greater extent.
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6 Conclusions

This paper proposes an novel IA-optimal CNN method and
test it universality to solve different signals classification
problems. The main contributions of our works include five
aspects: (1) The existing A-optimal-based CNN simplifies
the trace of the covariance matrix of the fully connected
layer weights and uses the simplified calculation formula as
parameter optimization objective function, which affect the
classification accuracy to a certain extent. [A-optimal CNN
did not perform any simplification on the trace of the
covariance matrix and directly used the precise analytical
expression of optimization objective function to complete
the subsequent formula derivation. This approach makes
the results more precise; (2) The A-optimal-based CNN
framework uses gradient descent method for network
training, so it is necessary to calculate the analytical
expression of the partial derivative of the optimization
objective function with regard to the network parameters.
The precise expression of the trace of the covariance matrix
contains the inverse matrix, so it is difficult to directly
write the analytical solution of the partial derivative with
regard to the network parameter. For this reason, a novel
dual function is proposed and the following conclusions are
proved mathematically: the minimum value of this dual
function is exactly equal to the optimization objective
function. According to this conclusion, the original
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optimization problem is transformed into an equivalent
binary matrix function optimization problem, avoiding the
difficulty of not being able to obtain the analytical solution
of the derivative of the inverse matrix with regard to net-
work parameter; (3) To improve the nonlinear expression
ability of the network, the Tanh function and Sigmoid
function are used as the activation function instead of Cube
function which is used in A-optimal CNN; (4) To further
verify the versatility of the A-optimal-based CNN algo-
rithm on signals classification problems, five different
signals datasets are used as samples to test the algorithm
performance; (5) The following conclusion is proved
mathematically: In the iterative process of A-optimal-based
CNN, the trace of the covariance matrix will continuously
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shrink and approach a convergence value, but the theo-
retical minimum cannot be achieved.

The results of algorithm performance test show that
compared with the existing A-optimal classification algo-
rithm, the TA-optimal CNN has the best performance in
classifying five datasets. In addition, the accuracy distri-
bution of IA-optimal CNN is relatively more stable and the
degree of dispersion is low, which verifies the accuracy and
stability of the IA-optimal CNN.
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7 Future works

At present, the research on the A-optimal-based CNN
network architecture and mathematical principles is still in
its infancy, and there are few related theories and appli-
cation results. The A-optimal-based CNN has specific
operating rules, so the further expansion of the network
depth is restricted. According to the principle of A-optimal
CNN, the dimensionality of the data will reduce once after
each round of convolution and pooling. The signals are a
one-dimensional vector. If the depth of the convolutional
layer and the pooling layer increase, the structure of the
input signals must to be changed continuously according to
the network depth. We have not yet found a data input
structure with clear mathematical meaning to ensure the
feasibility of this approach. So, further research is
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Fig. 9 Accuracy box plots/bearing failure signals
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necessary for the issues such as “how to expand the net-
work structure to a deeper network,” “how to adjust the
data input format or network architecture to adapt to the
deeper network,” and “how the training time, algorithm
complexity and classification accuracy will change as the
network depth increases.” Therefore, the depth expansion
of the IA-optimal CNN network, the time-consuming of
deep network iteration, the computational complexity, and
the accuracy of algorithm will be the focus of the future
research.

In addition, based on the specific application back-
ground, the structure of IA-optimal CNN can be improved
to make it more targeted to solve different types of signals
classification problems. For example, when using vibration
signals for fault diagnosis, based on full research for the
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structural mechanism and mechanical characteristics of the
equipment, the IA-optimal-CNN-based fault signals diag-
nosis networks for different types of power equipment can
be designed [57, 58]. When classifying signals based on
multiple sensor channels, the signals data from different
sensors can be used as the input of different channels of
CNN to complete the signals classification based on data
fusion[41, 59]. Taking into account the noise interference
and data loss that may occur in the process of sensor sig-
nals transmission, the model for loss data recovery can also
be considered when designing the algorithm. In this case,
multiple structures such as SNN, RNN, GRNN, LSTM and
SGTM can be combined with A-optimal-based CNN
[60-66].
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