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Abstract

Mendelian randomization (MR) has been increasingly applied for causal inference with

observational data by using genetic variants as instrumental variables (IVs). However, the

current practice of MR has been largely restricted to investigating the total causal effect

between two traits, while it would be useful to infer the direct causal effect between any two

of many traits (by accounting for indirect or mediating effects through other traits). For this

purpose we propose a two-step approach: we first apply an extended MR method to infer

(i.e. both estimate and test) a causal network of total effects among multiple traits, then we

modify a graph deconvolution algorithm to infer the corresponding network of direct effects.

Simulation studies showed much better performance of our proposed method than existing

ones. We applied the method to 17 large-scale GWAS summary datasets (with median N =

256879 and median #IVs = 48) to infer the causal networks of both total and direct effects

among 11 common cardiometabolic risk factors, 4 cardiometabolic diseases (coronary

artery disease, stroke, type 2 diabetes, atrial fibrillation), Alzheimer’s disease and asthma,

identifying some interesting causal pathways. We also provide an R Shiny app (https://

zhaotongl.shinyapps.io/cMLgraph/) for users to explore any subset of the 17 traits of

interest.

Author summary

Understanding the causal relationship and building a causal network among several risk

factors and diseases is a key to therapeutic development and informed clinical decision

making. The development of Mendelian randomization (MR) opens a door to using

observational GWAS summary data for causal inference between a pair of traits. Here we

first take advantage of bi-directional Mendelian randomization to infer the total causal

effect between each pair of traits in the network without specifying an exposure and an

outcome a priori. Then we apply network deconvolution to the (estimated) total causal

network, obtaining an estimated direct causal network, each edge of which represents the

direct causal effect of one trait on another that is not mediated through any other traits.

On the other hand, most MR methods are vulnerable to violation of valid instrumental

variable assumptions and are based on two independent samples while GWAS sample
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overlap becomes inevitable as more large-scale consortium data being used. Therefore we

propose a robust and efficient MR method, called MR-cML-C, accommodating overlap-

ping samples, and show that it has nice statistical properties. We also clarify both finite-

sample and large-sample properties of the causal parameter estimator under the incorrect

independence assumption (i.e. ignoring sample overlap). By reconstructing both a total

and a direct causal networks of 17 traits, including 11 common cardiometabolic risk fac-

tors and 6 diseases, we demonstrate the usefulness of our method.

Introduction

A fundamental task in science is to understand causal pathways among various risk factors

and diseases. This is particularly challenging with observational data due to the likely presence

of hidden confounding, implying that an observed association is not equivalent to a causation.

In our real data example, we’d like to infer which of some known risk factors are causal to cor-

onary artery disease (CAD). While many previous studies have established for example that

obesity is associated with CAD [1], whether it is causal, especially independent of other known

risk factors, is still debatable with conflicting results from observational studies [2]. Mendelian

randomization (MR) is a powerful tool to infer causal relationship between two traits in the

presence of unmeasured confounding, by using single nucleotide polymorphisms (SNPs) as

instrumental variables (IVs) [3–5]. A distinct and useful feature of MR is its applicability when

the two traits come from two different genome-wide association study (GWAS) summary

datasets. The conventional MR analysis usually assumes the causal direction is known from an

exposure to an outcome. When the direction is not clear, bidirectional MR can be applied [6,

7]. However, such a causal estimate only reflects the total causal effect from one trait to the

other, which consists of possibly both a direct effect and an indirect effect mediated through

other factors [8–11]. In our motivating real data example, we’d like to estimate causal relation-

ships among multiple common risk factors and diseases; we are not only interested in a total

effect of a risk factor, say obesity/BMI, on a disease, say CAD, but also its direct effect after

accounting for possible mediating effects through other risk factors. In addition, in general we

do not want to pre-specify any causal directions because, for example, there may be a bidirec-

tional relationship between BMI and CAD. For this purpose, we propose a two-step frame-

work to infer both total and direct causal networks, allowing bi-directional relationships (i.e.

cycles). In the first step, we apply bidirectional MR on every pair of traits to construct a total
causal (effect) graph, depicting the total causal effect from one node to the other. In the second

step, we apply network deconvolution [12] to the (estimated) total causal network to estimate

the direct causal (effect) graph, each edge of which measures the direct effect of one node on

the other after accounting for mediating effects through other nodes in the graph.

In principle, any bidirectional MR method could be used in the first step. However, the

inference of the direct causal graph depends crucially on the validity of the estimated total

causal effects in the first step, which relies on the three key IV assumptions in MR: (i) Rele-

vance assumption—IVs are associated with the exposure; (ii) Independence assumption—IVs

are independent of unmeasured confounding; (iii) Exclusion restriction—IVs affect the out-

come only through the exposure. However, these assumptions may be violated due to the per-

vasive horizontal pleiotropy [13, 14]. Under the plurality assumption (that the valid IVs form

the largest group of IVs sharing the same causal parameter value), MR-cML is robust to the

presence of some invalid IVs violating any or all of three IV assumptions and has been shown

to perform better than many existing methods under various scenarios [15]. Furthermore, as
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shown before [16], with a simple IV screening procedure, MR-cML achieves good perfor-

mance in inferring both causal directions and effect sizes between two traits while allowing

bidirectional relationships (i.e. either trait is causal to the other at the same time). Thus, we

will apply MR-cML in our causal graph framework, called Graph-MRcML.

One limitation of the original MR-cML is its implementation only for two-sample MR (i.e.,

assuming two independent GWAS summary datasets) [15]. However, in practice, multiple

traits may come from the same study, as several lipid traits from the Global Lipids Genetics

Consortium GWAS data to be used in our real data example [17]. More generally, as more

international consortia and large-scale biobanks emerging, it is inevitable to have overlapping

samples between some GWAS datasets. It has been shown that sample overlap may lead to

biased estimates and inflated type-I errors in MR [18]. To address this, we first extend MR-

cML to the overlapping-sample set-up, which turns out to be non-trivial, especially with

respect to valid statistical inference. In addition, we establish theory that, perhaps surprisingly,

the bias of the causal parameter estimator under the incorrect independence assumption (i.e.

ignoring sample overlap) will disappear asymptotically (as the sample size increases); however,

the usual (model-based) variance will be biased, thus we propose a robust/sandwich estimator.

More importantly, the causal parameter estimator fully accounting for sample overlap is more

efficient than the one under the working independence assumption. It is emphasized that, as a

distinct feature, our proposed method not only estimates causal networks, but also can assess

the statistical significance of any estimated causal effects. For this purpose, in addition to devel-

oping statistical theory for large-sample inference, we also develop a novel and effective data

perturbation scheme for more accurate finite-sample inference by accounting for model fitting

uncertainties (e.g. in selecting out invalid IVs). The latter task is technically challenging mainly

because of the presence of some complex dependencies among the traits and the SNPs: we

need to fully take into account of not only possible correlations among the traits (due to over-

lapping samples), but also each trait’s being used multiple times across many pairs of traits

(thus inducing dependencies among the resulting estimates in a causal network) and linkage

disequilibrium (LD) among the SNPs/IVs across all the traits (even if the SNPs/IVs are selected

as independent for each trait). In particular, it would be impractical to restrict the SNPs/IVs to

be independent across all the traits, leading to no or few SNPs.

There are several approaches in the MR literature aiming to estimate the direct causal

effects among multiple traits. [19] proposed a two-step framework similar to ours, which used

MR-Egger to construct a causal network of total effects, then under the sparsity assumption

approximately invert it by penalized regression to infer the corresponding direct causal net-

work. Besides the difference of our using more robust and efficient MR-cML versus their

(modified) MR-Egger, no theory of their method is established; in particular, it is unclear how

their proposed statistical inference would perform, partly due to technical challenges imposed

by their using penalized regression. Another related method is two-step MR [20] or network

MR [8], which focuses on the set-up with a candidate mediator between an exposure and an

outcome. Our proposed method can be regarded as a generalization of this approach to infer a

more complex causal network of multiple traits without pre-specifying causal directions and

mediators. Finally, multivariable MR (MVMR) [9, 10] can be used to estimate direct effects of

multiple exposures on an outcome. However, first, our method depends only on the validity of

univariable MR (UVMR) (and the corresponding valid IV assumptions), while there are addi-

tional assumptions required for MVMR [21]. For example, a valid IV for UVMR may not be

valid for MVMR, and there is a potential issue of multicollinearity in MVMR, leading to weak

IV biases [22]. Second, existing MVMR methods all require the use of independent IVs for all

exposures, sometimes leading to no or only few IVs for some exposures if the number of expo-

sures is not too small. More generally, application of any existing MVMR method would
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reduce the number of the IVs, leading to loss of estimation efficiency and the possible issue of

multicollinearity as to be confirmed in the real data example.

To summarize, we have two main contributions in methods development. First, we propose

a general framework for inferring (including estimating and testing) both total and direct

causal graphs among multiple traits of interest. Second, for better performance of the proposed

framework, we extend the MR-cML method [15] to accommodate overlapping samples, and

modify the network deconvolution algorithm, either of which can be useful in their own appli-

cations. Through extensive simulation studies, we show that the extended MR-cML performed

better than the original one and other widely-used MR methods in the presence of sample

overlap. We also show improved performance of our modified network deconvolution algo-

rithm over that of the original one. Finally, we applied the proposed framework to 17 large-

scale GWAS summary datasets (with median sample size of 256879 and median 48 IVs) to

infer causal networks among 11 common cardiometabolic risk factors and 6 diseases, includ-

ing 4 cardiometabolic diseases (coronary artery disease, stroke, type 2 diabetes, atrial fibrilla-

tion), Alzheimer’s disease (AD) (for its associations with some cardiometabolic risk factors/

diseases [23]) and asthma (more as a negative control), identifying some interesting causal

pathways.

Materials and methods

Causal model

Based on Fig 1, we have

U ¼ �iGi þ �U ; X ¼ giGi þ bXUU þ �X; Y ¼ yX þ bYUU þ aiGi þ �Y ;

where �U, �X, �Y are independent random errors. We can further express the exposure X and

the outcome Y as

X ¼ ðgi þ bXU�iÞGi þ ðbXU�U þ �XÞ≔ bXiGi þ �∗X;

Y ¼ ðybXi þ bYU�i þ aiÞGi þ ðy�∗X þ bYU�U þ �YÞ≔ bYiGi þ �∗Y :

Fig 1. A causal model for the exposure X and the outcome Y.

https://doi.org/10.1371/journal.pgen.1010762.g001
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Accordingly, we have

bXi ¼ gi þ bXU�i; ð1Þ

bYi ¼ ybXi þ bYU�i þ ai≔ ybXi þ ri; ð2Þ

where bXi and bYi are the marginal effects of SNP Gi on the exposure X and the outcome Y
respectively, θ is the causal effect of interest, and ri represents all pleiotropic effects on Y (but

not through X), including both uncorrelated pleiotropy (i.e. αi) and correlated pleiotropy (i.e.

βYUϕi that is correlated with bXi). A SNP i is an invalid IV if ri 6¼ 0 (or bXi = 0).

Given the GWAS summary data fðbbXi; bsXi;
bbYi; bsYiÞ : i ¼ 1; . . . ;mg, where bbXi and bbYi are

the estimates of bXi and bYi with the corresponding standard errors bsXi and bsYi respectively,

the central goal of robust MR is to infer θ in the presence of invalid IVs.

Extension of MR-cML to overlapping samples

In this section, we consider the situation when there are overlapping samples between two

GWAS datasets, and them IVs/SNPs are independent. It is reasonable to assume

bbXi

bbYi

 !

� N
bXi

ybXi þ ri

 !

;
s2
Xi rsXisYi

rsXisYi s2
Yi

 ! !

;

where ρ captures the correlation between bbXi and bbYi due to overlapping samples (and possibly

other reasons) in the two GWAS datasets. We assume it is known or can be well-estimated; we

will discuss its estimation later. We also assume s2
Xi and s2

Yi are known or well-estimated as bs2
Xi

and bs2
Yi respectively. Then the log-likelihood (up to some constants) is

lðy; fbXi; rig; fbbXi; sXi; bbYi; sYig; rÞ ¼
Xm

i¼1

liðy; bXi; ri; bbXi; sXi; bbYi; sYi; rÞ ¼

�
1

2ð1 � r2Þ

Xm

i¼1

ðbbXi � bXiÞ
2

s2
Xi

þ
ðbbYi � ybXi � riÞ

2

s2
Yi

� 2r
ðbbXi � bXiÞ

sXi

ðbbYi � ybXi � riÞ
sYi

 !

;

ð3Þ

where we use {bXi, ri} = {(bXi, ri) : i = 1, . . .,m} to represent a set of the parameters, and simi-

larly for fbbXi; sXi;
bbYi; sYig. With Eq (3), we obtain the constrained maximum likelihood esti-

mator (cMLE) by solving

miny;bXi;ri � lðy; fbXi; rig; f
bbXi; sXi;

bbYi; sYig; rÞ subject to
Xm

i¼1

I ðri 6¼ 0Þ ¼ K; ð4Þ

where I(�) is the indicator function, K is a tuning parameter representing the unknown number

of invalid IVs. As MR-cML requires the plurality condition (see Assumption 2 in Section A.1

in S1 Text), there should be at least two valid IVs, i.e., K can be ranged from 0 tom − 2. We

note that when ρ = 0, it becomes the method proposed by [15]. We refer this extended version

of MR-cML to MR-cML-C (C for correlated samples), and the original version in [15] as MR-

cML-I (I for independence) obtained under the (incorrect) working independence assumption

of ρ = 0.

To infer a possibly bi-directional causal relationship between a pair of traits, we will apply

bi-directional MR with an extra step as proposed in [16] to screen for valid IVs (see Section

D.1 in S1 Text).
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Estimation of causal parameter and its standard error with fixed K. Equating the first-

order derivatives of log-likelihood Eq (3) to zero gives:

briðy; bXiÞ ¼ ðbbYi � ybXiÞ � rðbbXi � bXiÞsYi=sXi; ð5aÞ

bbXiðy; riÞ ¼
bbXi=s

2
Xi � rð

bbYi � ri þ ybbXiÞ=ðsXisYiÞ þ yðbbYi � riÞ=s2
Yi

1=s2
Xi � 2ry=ðsXisYiÞ þ y

2
=s2

Yi

; ð5bÞ

byðfbXi; rigÞ ¼
Pm

i¼1
½bXiðbbYi � riÞ=s2

Yi � rbXiðbbXi � bXiÞ=ðsXisYiÞ�Pm
i¼1
b2
Xi=s

2
Yi

: ð5cÞ

For a given number of invalid IVs (0 < K�m − 2), we use a coordinate descent-like algo-

rithm to iteratively solve Eq (4). At the (t + 1)th iteration:

Step 1: Calculate rðtþ1Þ

i ¼ ðbbYi � y
ðtÞbðtÞXi Þ � rðbbXi � b

ðtÞ
Xi ÞsYi=sXi; In order to select out K invalid

IVs, we choose them as the ones with the largest

dðtþ1Þ

i ≔ liðy
ðtÞ
; bðtÞXi ; r

ðtþ1Þ

i ; bbXi; sXi;
bbYi; sYi; rÞ � liðy

ðtÞ
; bðtÞXi ; 0; bbXi; sXi;

bbYi; sYi; rÞ;

so that the log-likelihood is maximally increased. Specifically, we order dðtþ1Þ

i decreasingly,

then for i = 1, . . ., K, let rðtþ1Þ

ðiÞ ¼ br ðiÞðy
ðtÞ
; bðtÞXðiÞÞ (Eq (5a)); for j = K + 1, . . .,m, let rðtþ1Þ

ðiÞ ¼ 0.

Step 2: Update bXi and θ using Eqs (5b) and (5c):

bðtþ1Þ

Xi ¼ bbXiðy
ðtÞ
; rðtþ1Þ

i Þ; y
ðtþ1Þ
¼ byðfbðtþ1Þ

Xi ; rðtþ1Þ

i gÞ:

We repeat the above two steps until convergence, obtaining the final estimates byðKÞ and

fbriðKÞ;bbXiðKÞg
m
i¼1

. It is noted that at the convergence the (estimated) invalid IVs (withbri 6¼ 0)

do not contribute to estimating θ. We use the observed Fisher information to estimate the

standard error (SE) of byðKÞ.
Model selection and data perturbation. Following [15], we use BIC to select the set of

invalid IVs. We denote B0 = {i|ri 6¼ 0, i = 1, . . .,m} the set of truly invalid IVs, with size |B0| =

K0. Denote the cMLEs obtained from Eq (4) as byðKÞ, bbXiðKÞ, andbriðKÞ for i = 1, . . .,m, and

bBK ¼ fijbriðKÞ 6¼ 0; i ¼ 1; . . . ;mg the estimated set of invalid IVs. We estimate the K from a

candidate set K based on the following Bayesian information criterion (BIC):

BICðKÞ ¼ � 2lðbyðKÞ; fbbXiðKÞ;briðKÞg; fbbXi; sXi; bbYi; sYig; rÞ þ logðNÞ � K; ð6Þ

where N = min(N1, N2). We select bK ¼ arg minK2KBICðKÞ and

bBbK ¼ fijbrið
bKÞ 6¼ 0; i ¼ 1; . . . ;mg. The final estimate by ¼ byðbKÞ and its estimated standard

error cSEðbyðbKÞÞ are used to perform inference on θ. We refer this method to MR-cML-BIC-C.

The proposed MR-cML-BIC-C is based on the (consistently) selected set of valid IVs, ignor-

ing inherent uncertainty in model selection, thus tending to underestimate standard errors for

finite samples. To better account for model selection uncertainty, especially with a small (to

medium) sample size, we adopt the data perturbation approach [15, 16], which is equivalent to

bootstrapping the corresponding GWAS individual-level data [24]. Briefly, for the b−th
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perturbation, b = 1, . . ., B, we generate perturbed samples

bb
ðbÞ
Xi

bb
ðbÞ
Yi

0

@

1

A � N
bbXi

bbYi

0

@

1

A;
s2
Xi rsXisYi

rsXisYi s2
Yi

 !0

@

1

A;

for i = 1, . . .,m independently. Then the remaining steps follow: we apply MR-cML-BIC-C on

each perturbed dataset to obtain byðbÞ, and we use the sample mean and standard deviation over

the B estimates, byð1Þ; . . . ; byðBÞ, from the B perturbed datasets as the final estimate and its stan-

dard error respectively. We call this method MR-cML-DP-C.

We use a generic notation MR-cML-C, referring either MR-cML-BIC-C or MR-

cML-DP-C; we use similar notations for MR-cML-I. We also use MR-cML to denote either

MR-cML-C or MR-cML-I.

Estimation of ρ. The correlation between the GWAS estimates of two (continuous) traits

X and Y is given by r ¼
N0ffiffiffiffiffiffiffi
N1N2

p rðx; yÞ, where N0 is the sample size of the overlapping samples

and r(x, y) is the phenotypic correlation between the two traits, which can be estimated based

on completely overlapped individual-level data (Eqs (4) and (5) in [25], Eq (7) in [26]). With-

out individual-level data, two commonly-used strategies to estimate ρ are (i) using the correla-

tion between the two sets of GWAS null Z-scores [27]; and (ii) using the intercept from a fitted

bivariate LD-score regression model (LDSC) [28]. We note that, while our motivation is to

take into account of sample overlap between the two GWAS studies, other relevant sources for

correlations can also be captured, including not only sample overlap but also population strati-

fication and cryptic relatedness [29].

Graph-MRcML

Now instead of considering two traits, suppose we have T traits/diseases, say Y1, . . ., YT, and

the goal is to construct a causal network among them. This can be done by first constructing

an total causal graph (Gtot), and second deconvoluting Gtot into the direct causal graph (Gdir).

Briefly, in the first step, we apply bi-directional MR-cML-C on every pair of traits and obtain

the total causal graph Gtot. However, such a graph may contain both direct and indirect causal

effects, and we’d like to distinguish them to better understand the causal paths among the T
traits. Therefore, in the second step, we use a network deconvolution method [12] to estimate

the direct causal graph Gdir.

We also extend a data perturbation scheme for statistical inference on such graphs. Briefly,

we perturb the GWAS summary data for the T traits multiple times and obtain the estimated

total and direct causal (effect) graphs with each perturbed dataset. Then the empirical distribu-

tion of such estimates from multiple perturbed samples is used for inference. To account for

multiple testing, we use the Bonferroni adjustment with the effective number of independent

tests estimated as in [30] (see Section D.2 in S1 Text).

Using MR-cML for estimation and inference of Gtot. Let bB and S denote them × T
matrices of GWAS summary statistics for the T traits: each entry bB i;j and Si,j are the estimated

association effect size and standard error between the i-th SNP and the trait Yj respectively.

Note that some bBi;j (and Si,j) can be missing if the i-th SNP is never used in the analyses involv-

ing the j-th trait. We use bB i;� and bB �;j to denote the i-th row and the j-th column of matrix bB
respectively. Let P denote the T × T correlation matrix, i.e. Pj,j = 1 and Pj,k = Pk,j = ρjk for j 6¼ k,

where ρjk is the correlation between the GWAS estimates for traits j and k.
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The algorithm consists of two parts. In the first part we perform data perturbation on the

GWAS data, and in the second part we estimate the total causal (effect) network Gtot with the

perturbed data. Instead of using the data perturbation scheme mentioned in Model selection

and data perturbation for each pair separately, here we will perturb the summary statistics for

all traits together (i.e. the whole matrix bB). The reason is that, there might be correlations

among the SNPs/IVs (i.e. the rows of bB) besides the correlations among the GWAS traits (i.e.

the columns of bB), and we need to take the correlations into account. For example, let’s say we

have GWAS summary data for three traits, HDL, LDL and TG, which may come from the

same consortium (i.e. with overlapping samples). Then between the set of IVs for HDL!LDL

and the set of IVs for LDL!TG, there might be SNPs in linkage disequilibrium (LD), though

within the two sets, IVs were independent as selected for MR in practice. For this purpose, we

use a matrix normal distribution [31] to model and perturb the data. Let Z ¼ bB=S denote the

matrix of Z-scores, then for the b-th perturbed dataset, ZðbÞ ¼ Zþ EðbÞ; bBðbÞ ¼ ZðbÞ∗S, where *
is the element-wise multiplication and E(b) follows a matrix normal distribution:

EðbÞ �MN m;Tð0m�T;R;PÞ;

where R is the LD matrix of them SNPs. Or equivalently, we have vecðEðbÞÞ � N ð0mT;P� RÞ;
where� denotes the Kronecker product and vec(E(b)) denotes the vectorization of E(b). To

generate E(b), we first generate anmT-vector v from a standard normal distribution, and vec

(E(b)) = Av, where AAT = P� R and the matrix decomposition is done with eigen decomposi-

tion. Then we convert vec(E(b)) back to E(b) and obtain the perturbed GWAS data

bBðbÞ ¼ bB þ S∗EðbÞ. In practice, we use the 1703 approximately independent LD blocks [32],

and extract the LD matrix R using the 1000 Genomes Phase 3 EUR population as the reference

panel in TwoSampleMR [33]. The algorithm is summarized as follows:

Step 1: Generate the perturbed data bBðbÞ as described above.

Step 2: Apply bidirectional MR-cML-BIC-C on every pair of traits to obtain (all the non-diago-

nal entries in) GðbÞtot .

We repeat the above steps B times and use the element-wise mean of fGðbÞtot g
B
b¼1

as the final

estimate for Gtot, i.e., bGtot ¼
PB

b¼1
GðbÞtot =B. We also use the element-wise standard deviation of

fGðbÞtot g
B
b¼1

to estimate the standard error for each entry in bGtot. Lastly, the p-value for each (off-

diagonal) entry of bGtot (or the edge in the corresponding network) (to test for the entry being 0

or the edge is absent) is calculated based on the standard normal distribution.

Using network deconvolution for estimation and inference of Gdir. Under the assump-

tion that the causal relationships between variables are linear, there is a relationship between

Gtot and Gdir [12]:

Gtot ¼ Gdir þG
2

dir þG
3

dir þ � � � ¼ GdirðIþGdir þG
2

dir þG
3

dir þ . . .Þ ¼ GdirðI � GdirÞ
� 1
; ð7Þ

where I is the identity matrix. The first equality in Eq (7) is by definition with an intuitive

interpretation: a total effect represented by an element (i.e. edge) in Gtot can be decomposed

into a direct effect represented by the corresponding edge in Gdir and the sum of all indirect

effects mediated through one, two, � � �, up to (infinitely) many nodes (due to possible cycles) as

represented by the corresponding edges in G2

dir;G
3

dir; � � � [34]. An illustrative example is given

in Section D.3 in S1 Text. If and only if the spectral radius (i.e. the largest absolute value of all

real/complex eigenvalues) of Gdir is less than 1, the third equality in Eq (7) holds [34, 35]. Then
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it is easy to show

Gdir ¼ GtotðIþ GtotÞ
� 1
: ð8Þ

Note that in Gtot, only the off-diagonal elements are estimated by bidirectional MR. For the

diagonal elements, we may follow the practice in [12] of setting them to zeros, and we refer

this approach to Graph-MRcML-d0. This is correct if there is no cycle in the underlying direct

graph. However, with cycles in Gdir, in general the corresponding diagonal elements in Gtot are

not zeros. To see this, we rewrite Eq (7) as

Gtot ¼ Gdir þGdirðGdir þG
2

dir þG
3

dir þ . . .Þ ¼ Gdir þGdirGtot ¼ GdirðIþGtotÞ:

Denote the adjacency matrices Gtot = (Tij) and Gdir = (Dij), then the i-th diagonal element of

Gtot can be expressed as

Tii ¼
X

j

DijðIðj ¼ iÞ þ TjiÞ ¼
X

j6¼i

DijTji; ð9Þ

where the second equality follows from the assumption that there is no self-loop in the direct

graph (i.e. Dii = 0). Accordingly, we propose a heuristic approach to specify the diagonal ele-

ments of Gtot. We obtain the initial estimate of Gdir by setting bTii ¼
P

j6¼iTijTji. Then we update

bTii and bGdir iteratively based on Eqs (9) and (8) till convergence. If it fails to converge, we will

use the initial estimate (by setting bTii ¼
P

j6¼iTijTji, which can serve as a good approximation in

some scenarios, e.g. when Tij is close to Dij). We refer this approach to Graph-MRcML-d1. As

in the previous section, we leverage data perturbation to obtain a final estimate and perform

statistical inference of the direct causal graph. More discussions and illustrative examples are

given in Section D.4 in S1 Text.

There are some criticisms of the original network deconvolution paper [12]; see https://

liorpachter.wordpress.com/2014/02/11/the-network-nonsense-of-manolis-kellis/. First of all,

the key idea of network deconvolution is in Eq (7), based on a well-established and widely-

used definition of the total effects in terms of the direct effects in the literature of linear struc-

tural equation modeling for directed causal graphs [34]. Second, we only consider smaller

directed graphs with the total effects estimated by UVMR with much larger sample sizes [9,

10]. Hence the concern on relatively poor performance of network deconvolution compared

to Gaussian graphical modeling (i.e. using the correlation and partial correlation to estimate

the total and direct effects in the undirected graphs respectively for high-dimensional data) is

not relevant here. Third, due to the differences between our and the original implementations,

other main criticisms are not applicable here. Specifically, we do not scale, threshold or sym-

metrize the total effect graph Gtot, hence there are no corresponding parameters (and their

tuning). Instead of applying eigen-decomposition to the total graph, we invert the matrix in Eq

(8) directly. We do acknowledge that the method requires the assumption that the spectral

radius of the direct causal graph is less than 1, which may be violated in practice. However, as

to be shown in the numerical examples, our method performed well (without encountering

the spectral radius issue).

Theory

As shown in Section A in S1 Text, our proposed methods enjoy some desirable statistical prop-

erties: under mild conditions, the BIC can consistently select valid IVs; both the MR-

cML-BIC-I and MR-cML-BIC-C estimators are consistent and asymptotically normal for the
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true causal parameter θ; and the Graph-MRcML estimators are consistent and asymptotically

normal for the true total and direct causal effect graphs.

Simulation for MR with sample overlap

In this simulation, we investigated the performance of different MR methods in the presence

of overlapping samples. We simulated data as follows:

U ¼ Gϕþ ϵU ; X ¼ g �GþUþ ϵX; Y ¼ y �XþGα þUþ ϵY ;

where ϵU, ϵX, ϵY were generated from N ð0; 1Þ independently. 20 IVs were generated indepen-

dently from a binomial distribution with minor allele frequency (MAF) 0.3 and the IV strength

γ was set to 0.08 for all IVs. We considered 0% and 30% invalid IVs. In the case of 0% invalid

IVs, the set-up was the same as that in [18]. In the case of 30% invalid IVs, we generated the

direct effect α iid from N ð0:04; 0:052Þ, and considered (i) uncorrelated pleiotropy (i.e., ϕ = 0)

and (ii) correlated pleiotropy, where ϕ was generated iid from Unif(0,0.01). The causal effect θ
was set to be 0 or 0.2. Additionally, we generated 1000 null SNPs with the same MAF, of which

we used the sample correlation of the Z-scores to estimate ρ. The GWAS sample sizes for the

exposure and the outcome were set as N1 = N2 = N = 25000. We varied the proportion of sam-

ple overlap as one of {0%, 50%, 80%, 100%}. For example, the exposure GWAS summary statis-

tics were calculated using the first 25 000 individuals, and the outcome GWAS summary

statistics were calculated using the next 25 001–50 000 individuals for 0% overlap, or using

individuals 12 501–37 500 for 50% overlap.

For each simulation set-up, we ran 1000 replicates and compared some popular MR meth-

ods, MR-IVW [36], weighted-median [37], weighted-mode [38], MR-Mix [39], MR-RAPS

[40], MR-cML-I [15], with the proposed MR-cML-C.

Simulation for direct causal network inference

We conducted simulations based on real GWAS summary statistics to study the performance

of Graph-MRcML. We generated GWAS summary statistics based on the direct graph among

6 traits as shown in Fig 2. We considered scenarios with and without cycles in the direct graph,

corresponding to Fig 2A and 2B respectively. Briefly, we first generated the true GWAS effect

sizes B based on the underlying direct graph, and then generated the GWAS estimates bB based

on the matrix normal distribution introduced before to capture the LD structure and sample

structure among GWAS data as in the real data analysis. We also considered different GWAS

sample sizes by varying the standard error matrix S. Details are given in Section D.5 in S1

Text.

We repeated the simulation 100 times for each set-up, and applied Graph-MRcML with

200 data perturbations on each simulated dataset bB and S, with other inputs remaining the

same as in the real data analysis, including the LD matrix R and the correlation matrix P of the

GWAS summary data, and the set of IVs used in each MR analysis after the screening process.

We also performed a simulation to study the influence of the number of IVs used in an

analysis.

Real data analysis

We applied the proposed Graph-MRcML framework to study the causal relationships among

17 traits, including 11 cardiometabolic risk factors and 6 diseases. The 11 risk factors were tri-

glycerides (TG), low-density lipoprotein cholesterol (LDL), high-density lipoprotein choles-

terol (HDL), Height, body-mass index (BMI), birth weight (BW), diastolic blood pressure
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(DBP), systolic blood pressure (SBP), fasting glucose (FG), Smoke (cigarette per day) and

Alcohol (alcoholic drinks per week). The 6 diseases were coronary artery disease (CAD),

stroke, type 2 diabetes (T2D), asthma (more as a negative control), atrial fibrillation (AF) and

Alzheimer’s disease (AD). The sample sizes for the 17 GWAS datasets ranged from 10 083 to 1

030 836, with a median of 256 879. We followed the same data pre-process steps described in

Section 2.3 of [16] to prepare the data using TwoSampleMR package [33].

Results

Simulation for MR with sample overlap: Better type-I error control and

higher power of MR-cML-C than other methods

We compared the data perturbation version of MR-cML-I and MR-cML-C, and other com-

monly used MR methods in this section. Here we discuss main findings while more results are

given in the Section B in S1 Text.

In the case of no invalid IVs, most of the methods were able to control the type-I error rea-

sonably well in the presence of sample overlap; only MR-IVW and MR-RAPS had slightly

inflated type-I errors. MR-cML-DP-C, MR-cML-DP-I, IVW, Weighted-Median and

MR-RAPS had comparably higher power than Weighted-Mode and MR-Mix (Fig H in S1

Text). However, as shown in Fig 3, only MR-cML-DP-C gave unbiased causal estimates across

all the scenarios, while other methods might remain biased, even more so in some situations,

as the proportion of sample overlap increased.

In the case of 30% invalid IVs with correlated pleiotropy, Fig 4 shows the empirical type-I

error (left) and power (right) for different methods. Only MR-cML-DP-C, Weighted-Mode

and MR-Mix could control the type-I error as the proportion of sample overlap increased, and

MR-cML-DP-C had the highest power among these three methods. As shown in Section B in

S1 Text, MR-cML-DP-C yielded smaller biases and MSEs than many other methods, especially

when the proportion of sample overlap was high. In particular, with the working independence

Fig 2. Estimated direct causal graphs for 6 traits.

https://doi.org/10.1371/journal.pgen.1010762.g002
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assumption, MR-cML-DP-I was able to control the type-I error when there was no sample

overlap, but had slightly inflated type-I errors as the sample overlapping proportion increased.

In addition, as shown in S1 Text, while MR-cML-C and MR-cML-I yielded biased estimates

because both methods sometimes failed to identify all invalid IVs (perhaps due to the small

sample size and/or small effects of some invalid IVs), the bias of MR-cML-C was smaller than

that of MR-cML-I in presence of sample overlap. A likely reason was that MR-cML-C per-

formed better in identifying invalid IVs than MR-cML-I (Fig O in S1 Text). It is also notable

that as the proportion of the overlapping samples increased, even as the total sample size

decreased, the estimates of the causal parameter θ became more precise with smaller variances,

and the estimate by MR-cML-C was less biased (Figs I and L in S1 Text). This suggests an

advantage of using the overlapping-sample or only one-sample design over using the two-sam-

ple design in MR for causal inference (when the sample structure is correctly accounted for).

Other simulation results. We performed simulations to study the consistency of MR-

cML-BIC-I when we mis-specified the model by ignoring the correlation between the two

GWAS summary datasets. First, BIC based on the incorrectly specified model was able to select

the correct set of invalid IVs with increasing probabilities as the sample size being increasing.

Second, we studied the performance of MR-cML-BIC-I when assuming it correctly selected

Fig 3. Estimates of the causal effect θ with 0% invalid IVs across 1000 replicates. From left to right correspond to 0%, 50% and 100% overlapping

samples. Top panel: θ = 0 and bottom panel: θ = 0.2.

https://doi.org/10.1371/journal.pgen.1010762.g003
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the set of invalid IVs. In this case, the bias of MR-cML-BIC-I was going to zero as the sample

size increased, but the standard error was overestimated using the usual (naive or model-

based) variance estimator. On the other hand, the robust sandwich variance estimator was

consistent in estimating the standard error but the confidence interval based on it had a low

coverage rate mainly due to the finite-sample bias of the causal estimate by MR-cML-BIC-I.

We also point out that, although the selection consistency of BIC used in MR-cML-BIC-I and

the estimation consistency of MR-cML-BIC-I still hold in the presence of sample overlap, MR-

cML-BIC-C still outperformed MR-cML-BIC-I, especially when the sample size was not large

enough. Details are given in S1 Text.

A model averaging (MA) approach was proposed in [15] (that is often combined with data

perturbation) to achieve better inferential performance for finite samples. We also adopted the

MA approach in MR-cML-C, called MR-cML-MA-C (and MR-cML-MA-DP-C with data per-

turbation). We found that MR-cML-MA-C performed better than MR-cML-BIC-C, but it was

still unsatisfactory: it might yield inflated type-I errors. However, with data perturbation, there

was no additional benefit from model averaging; MR-cML-MA-DP-C performed similarly to

MR-cML-DP-C. For this reason, we skip the discussion of MA in the Methods section, and we

no longer recommend the use of MA. The detailed results are given in the Section C.1 in S1

Text.

Simulation for direct causal network inference: Recovery of the direct

causal network by Graph-MRcML

In this section, we studied the performance of Graph-MRcML in recovering the direct causal

network. We summarize the main findings here while more detailed results and discussions

are provided in S1 Text.

Fig 4. Empirical type-I error and power in the presence of 30% invalid IVs with correlated pleiotropy. X-axis represents different proportions of

sample overlap (0%, 50% and 100%). Left: θ = 0 (type-I error) and right: θ = 0.2 (power).

https://doi.org/10.1371/journal.pgen.1010762.g004
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We first applied Graph-MRcML on the simulated GWAS summary data. The iterative algo-

rithm in Graph-MRcML-d1 converged successfully in all simulations for both set-ups. As

shown in Table 1, Graph-MRcML-d1 was able to control the type-I error reasonably well and

yielded high power. Graph-MRcML-d0 (i.e., the diagonal elements of the total graph were set

to zero) also had similar type-I error and power (Table N in S1 Text). Both methods gave only

small biases for some entries in the direct graph as shown in Tables O and P in S1 Text.

We also applied Graph-MRcML to the simulated GWAS summary data of various sample

sizes. Detailed results are given in Section D.5.2 in S1 Text. To summarize, there were slightly

inflated type-I errors with a smaller sample size, probably because of MR-cML-BIC-C failing

to identify all invalid IVs. But as the sample size increased, type-I error was well controlled.

Furthermore, as there was no cycle in Set-up (a), the diagonal elements of the total graph were

all zeros. As a result, the diagonal elements of the total graph in both Graph-MRcML-d0 and

Graph-MRcML-d1 were consistent, and the resulting direct graph estimates approached the

true values as the sample size increased (Tables Q to S in S1 Text). On the other hand, in the

presence of cycles, the true diagonal elements of the total graph in Set-up (b) were not all

zeros, hence the direct graph estimate by Graph-MRcML-d0 might be off. In contrast, if it con-

verged successfully, Graph-MRcML-d1 yielded almost unbiased estimates of the direct graph

as the sample size increased (Tables W to Y in S1 Text). In general, based on our experience, in

the absence of cycles in a direct graph, Graph-MRcML-d0 and Graph-MRcML-d1 performed

similarly; otherwise, Graph-MRcML-d1 would have better performance than Graph-MRcML-

d0.

Table 1. Empirical type-I error and power by Graph-MRcML-d1 for (a) Set-up (a) and (b) Set-up (b). Numbers underlined correspond to power.

BMI LDL FG TG CAD Stroke

BMI 0 0.59 1 0.9 0

LDL 0 0 0.01 1 0

FG 0 0 0 0.89 0

TG 0 0.01 0 0.06 0.01

CAD 0 0 0 0 1

Stroke 0 0.01 0 0 0

(a) Set-up (a)

BMI LDL FG TG CAD AF

BMI 0 0.8 1 0.87 1

LDL 0.02 0 0 1 0

FG 0 0 0 0.96 0

TG 0 0 0 0.01 0

CAD 0 0 0 0 1

AF 0 0 0 0 1

(b) Set-up (b)

https://doi.org/10.1371/journal.pgen.1010762.t001
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As shown in the real data analysis to be discussed next, the number of IVs used in each MR

analysis had a wide range. To study the impact of the number of IVs on the performance of the

proposed method, we conducted an additional simulation with more IVs for FG, which had

the least IVs in the real data analysis. We found that when we had more (valid) IVs for FG, the

precision of the direct effect estimates of FG on the other traits increased, while the precision

for other direct effect estimates might or might not change much, depending on the underly-

ing relationship among the traits. Details are given in Section D.5.3 in S1 Text.

Real data analysis

We applied the proposed Graph-MRcML framework to study the causal relationships among

17 traits, including 11 cardiometabolic risk factors and 6 diseases. We first estimated the corre-

lation matrix P using both the null Z-scores approach and bivariate LDSC regression as dis-

cussed in Estimation of ρ. As shown in Fig R in S1 Text, most of the GWAS traits were not

highly correlated with each other except for a few such as {SBP, DBP}, {TG, HDL, LDL}, the

GWAS datasets of which were collected from the same study respectively. Two approaches

generally gave very similar results with only slight differences, and we used the LDSC estimates

in the subsequent analysis. For the pairs with small correlations (|ρ| < 0.1), we set them to be 0

in the subsequent analysis because, as shown by our numerical and theoretical studies, the

results would be robust to ignoring such small correlations.

The numbers of IVs used in all pairwise bi-directional MR analyses (after the IV screening

procedure) ranged from 6 to 374, with a median of 48. We performed B = 2000 data perturba-

tions and applied bidirectional MR-cML-BIC-C on each perturbed dataset to obtain the total

graph. Due to the temporal order of birth weight and the other traits, the total causal effect of

each trait to birth weight was set to zero. Given the possible presence of cycles in the underly-

ing (unknown) direct graph (e.g. between SBP and DBP), we applied Graph-MRcML-d1 to

obtain the direct graph. We will discuss the results by Graph-MRcML-d1 based on the Bonfer-

roni-adjusted significance level with 228 effective tests, i.e. 0.05/228� 2.2e-4. Results by

Graph-MRcML-d0 are discussed in Section E.2 in S1 Text, where we might end up with an

estimated direct network with a spectral radius greater than one.

Additional investigations on the relationship among lipid traits and glycemic traits [41] are

discussed in Section E.4 in S1 Text. Our findings are similar to those in [41], suggesting that

fasting insulin has plausible direct effects on TG and HDL.

Total causal effect network identifies many causal relationships among risk factors and

complex diseases. Fig 5A shows the inferred total causal graph (bGtotÞ for the 17 traits. In a

total causal graph, an edge A! B represents the total causal effect of A on B; its presence or

effect size does not depend on whether or what other variables are included in the graph. In

other words, all or a part of a total causal effect may be the sum of all mediating effects through

other variables included or not included in the graph. First, it suggested that BMI had a posi-

tive causal effect on CAD. It also identified many well-accepted causal relationships from the

risk factors to diseases as discussed in [42], such as DBP! CAD, LDL! CAD, FG! T2D

and so on. As a negative control, no causal path towards asthma was identified. It is also noted

that a negative causal effect between Height and AD was suggested. Many observational stud-

ies have found that height is inversely associated with the risk of AD [43–45], and a recent lon-

gitudinal study that analyzed data from hundreds of thousands of men also found a link

between height and the likelihood of developing dementia [46].

Second, some bidirectional relationships between a risk factor and a disease were identified:

BMI$ T2D, FG$ T2D. BMI and FG are both well-accepted causal risk factors for T2D. For

direction FG T2D, it is possible that the pancreas makes more insulin to make up for insulin
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resistance in T2D, and blood sugar levels build up overtime. For BMI T2D, T2D may cause

weight loss since the cells cannot get the energy they need from glucose, and the body breaks

down fat to use for energy instead, but more studies are needed.

Third, there were many interesting links between the risk factors. For example, our method

inferred a positive causal link BMI! Smoke (cigarette per day). Previous observational stud-

ies have reported a positive correlation between BMI and smoking intensity [47], and a com-

mon biological basis for nicotine addiction and obesity was also suggested with genetic

evidence [48]. Recently, an MR study suggested that obese individuals are more likely to

smoke and with a higher smoking intensity in both the discovery and replication samples [49].

Lastly, some links among the diseases were identified, such as CAD$ AF, AF! Stroke

and CAD! Stroke. Common heart disorders are risk factors for stroke [50], for example,

CAD increases the risk for stroke, because plaque builds up in the arteries and blocks the flow

of oxygen-rich blood to the brain. Also AF can cause blood clots that may break loose and

travel to another part of the body, cutting off blood supply to the brain [51]. Studies have

shown that there is a vicious cycle between CAD and AF [52].

Direct causal effect network suggests direct causal pathways. Fig 5B shows the inferred

direct causal graph (bGdirÞ for the 17 traits. It is notable that this bGdir and all the direct graph

estimates from the 2000 perturbed datasets had a spectral radius smaller than one, while the

iterative algorithm in Graph-MRcML-d1 converged successfully in all cases. In a direct causal

graph, an edge A! B represents the direct causal effect of A to B after conditioning on all the

other variables included in the graph; in other words, it is the remaining causal effect of A to B
after accounting for (i.e. removing) all possible mediating effects of A to B through any of the

other variables included in the graph. Accordingly, the direct effect size of A to B also depends

on what other variables are included in the graph.

First, we can see that several independent risk factors of diseases were identified after

accounting for other traits in the graph. For example, LDL was an independent risk factor for

Fig 5. The estimated total (A) and direct (B) causal graphs for the 11 risk factors and 6 diseases. The edges in green represent

positive effects and those in red are negative ones. The nodes in blue are diseases and those in orange are risk factors. The dark-solid

edges are identified at the Bonferroni-adjusted significance level, while the light-colored ones are marginally significant at a less

stringent level of 6.5e-3.

https://doi.org/10.1371/journal.pgen.1010762.g005
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CAD. In the Cooper Clinic Longitudinal Study [53], LDL was found to be associated with the

CAD mortality in a multivariable model after adjusting for atherosclerotic CVD risk factors

such as HDL, current tobacco use, hypertension, BMI and glucose. Another example is BMI

! AF. Many observational cohort studies have highlighted BMI as an independent risk factor

for AF after adjusting for traditional risk factors. In the Women’s Health study, BMI was

found to be associated with elevations in AF risk after accounting for a wide range of covariates

including diabetes, hypertension, history of hypercholesterolemia, alcohol consumption and

smoking [54]. And in the Danish Diet, Cancer, and Health Study [55], BMI was found to be

significantly associated with AF after adjusting for height, smoking, alcohol consumption,

hypertension, diabetes, heart diseases, etc. Similarly, height is also a well-known independent

risk factor for AF (as shown by Height! AF) after adjusting for many traditional risk factors

as evidenced by many studies [56–58]. Overall, some of our findings here have lent strong sup-

port for some existing causal hypotheses drawn from previous observational cohort studies.

Perhaps as expected, the direct causal graph was less dense than the total causal graph in Fig

5A. First, multiple edges among the risk factors in the total causal graph were removed from

the direct causal graph. For example, the edge from BMI to FG disappeared in the direct

graph, which was probably because T2D served as an important mediator: BMI! T2D!

FG. At the same time, the reverse path FG! T2D! BMI was also significant, suggesting the

mechanisms underlying obesity, T2D and fasting glucose might be complicated, and more

studies are needed [59].

Moreover, some edges between the risk factors and diseases were also removed. For exam-

ple, LDL! Stroke is a known causal pair, however, as shown in Fig 5B, CAD might act as a

mediator: LDL! CAD! Stroke. Another important question of interest is the role of BMI

on CAD. While the total graph suggested BMI as a causal risk factor for CAD, it has been con-

troversial about whether BMI is an independent risk factor for CAD [2]. Obesity is associated

with many pathophysiological mechanisms involved in the development of CAD, such as

preposition to insulin resistance and type 2 diabetes mellitus, lipid abnormalities and hyper-

tension. In our analysis, the direct effect of BMI on CAD was not significant (p-value� 0.16)

after accounting for other factors; the direct causal effect estimate of BMI on CAD was attenu-

ated from an estimated total causal effect of 0.31 (in the logOR scale) in bGtot to 0.09 in bGdir.

Furthermore, at a less stringent significance level (p-value<6.5e-3), there were indirect causal

pathways from BMI to CAD via blood pressures, T2D and fasting glucose. Overall, our results

suggested that BMI may be considered as a ‘minor’ independent risk factor for CAD after

accounting for other factors or comorbidities [60].

For comparison, we also applied MVMR-IVW and MVMR-Robust [61] to

investigate the causal effects of the 15 traits on CAD; we did not include Alzheimer’s

disease (mainly because we did not expect to detect its causal effect on CAD). We used the

mv_extract_exposures function in TwoSampleMR package to obtain the candidate

IVs that were (nearly) independent across all the 15 traits (as required by current MVMR

methods), leading to fewer IVs: 6 traits only had 6 or fewer IVs, and T2D only had one IV

(with p-value<5e-8); this is a downside of using any current MVMR methods as discussed

earlier. As shown in Table AH in S1 Text, 13 out of the 15 traits as exposures had a condi-

tional F-statistic smaller than 10 (4.74 for BMI), suggesting that an MVMR analysis may

suffer from weak instrument biases [22]. At the end, MVMR gave a similar conclusion: the

estimated direct effect of BMI on CAD by MVMR-IVW was 0.07 with p-value 0.37, and it

was 0.12 with p-value 0.06 by MVMR-robust. A recent study found a significant direct

effect of BMI on CAD using MVMR-Robust, but with a smaller set of 6 risk factors, includ-

ing Height, BMI, LDL, TG, SBP and HbA1c [62]. We further applied MVMR with the 5
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exposures (excluding HbA1c), and the conditional F-statistics for BMI and SBP were still

smaller than 10 (Table AI in S1 Text). Nevertheless, with this smaller set of risk factors, the

estimated direct effect of BMI on CAD by MVMR-Robust was 0.20 with a significant p-

value 6e-4, while by MVMR-IVW it was 0.13 with p-value 0.08. Lastly, our approach also

suggested a significant direct effect of BMI on CAD (with an effect estimate 0.23 and p-

value 1e-4) in this smaller network with the five traits and CAD.

Discussion

It is always of interest to disentangle the causal relations among multiple traits, in which, for

example, one can distinguish direct versus indirect/mediating causal effects. In this paper, we

have proposed a general framework called Graph-MRcML to infer both a total causal (effect)

network and a direct causal (effect) network. This framework has several merits. First, it allows

for bidirectional edges or cycles in a directed graph, which is more likely to reflect true biologi-

cal processes [63]. Second, using bidirectional MR to infer a total causal network alleviates the

issue of unmeasured confounding and reverse causation with observational data. It does not

require users to specify causal directions in advance. Third, many current methods of estimat-

ing causal networks require that the data for all the traits come from the same sample without

hidden confounding [64, 65]; in contrast, our proposed framework can use GWAS data of

traits from different (and possibly overlapping) samples with hidden confounding. Fourth,

besides estimating both a total and a direct causal networks, the proposed data perturbation

scheme allows for robust inference; that is, in addition to reconstructing a causal network, it

allows testing the presence of an edge and constructing a confidence interval for any causal

effect. Moreover, our proposed data perturbation scheme is both novel and effective by using a

matrix normal distribution to effectively account for possible correlations among the SNPs

(due to linkage disequilibrium) and among the traits simultaneously.

While our proposed framework is flexible in that it can use any bidirectional MR method to

construct a total causal graph, we have focused on using MR-cML for its superior and robust

performance. In particular, MR-cML is robust to both correlated and uncorrelated pleiotropic

effects, while it possesses some nice statistical properties (e.g. estimation consistency and

asymptotic normality) with impressive numerical performance. Furthermore, as shown in [16]

both numerically and theoretically, with a simple IV screening procedure, MR-cML achieves

good performance in inferring bi-directional causal directions under different scenarios with

the exposure and the outcome being continuous and/or binary, as well as with some SNPs

associated with a confounder of the two traits. However, it was originally proposed as a two-

sample MR method. Nowadays, many large-scale GWAS were/are conducted by various con-

sortia formed by many smaller studies with overlapping samples to maximize the total sample

size and statistical power. Therefore, some SNP-exposure associations and SNP-outcome asso-

ciations might be estimated from overlapping samples. To our best knowledge, except for a

few newly proposed methods [13, 66, 67], most of the widely-used MR methods are based on

two independent samples [15, 39, 68]. In this work, we have extended MR-cML to a more gen-

eral set-up allowing sample overlap—it can be applied to two-sample, overlapping-two-sample

and even one-sample set-ups. We have shown that all desirable statistical properties in the

original version [15] carry over in this extended version of MR-cML. It is notable that we have

also shown in the Supplementary that both the BIC selection consistency and the estimation

consistency based on the original MR-cML-I in [15] (under the possibly incorrect assumption

of no sample overlap) still hold in the presence of sample overlap; however, with realistic finite

sample sizes, the extended MR-cML-C performed much better than MR-cML-I in the pres-

ence of sample overlap as shown in our simulation studies. Nevertheless, our numerical and
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theoretical results on MR-cML-I in the presence of sample overlap does suggest its (asymp-

totic) robustness, explaining why in practice it might be fine to ignore the issue of sample over-

lap if the proportion of overlapping is small.

There are a few limitations in this work. First, our proposed method is based on the classic

statistical theory for a large sample size (N) and a fixed/small number of both IVs (m) and

traits. This is suitable for a typical MR analysis with the sample sizes of GWAS data in tens to

hundreds of thousands, while the number of IVs is often from tens to hundreds and that of

traits in in low tens. However, if the number of (valid) IVs is small and/or the number of traits

is large relative to the sample sizes, the finite-sample performance may go down with less pre-

cise estimates and loss of power. As shown in the simulations, in the presence of invalid IVs,

the proposed method may yield biased estimates due to finite sample size; however, as shown

by the theory, we expect it to give consistent selection of invalid IVs and consistent estimates

as the sample size increases. Moreover, with a large number of traits, as in multiple regression,

an issue similar to multicollinearity may appear or become more severe. In the future, it would

be useful to incorporate variable selection to select and use only a subset of necessary traits to

be included in the graph, though it may be then necessary to address the issue of post-selection

inference, e.g. via data perturbation. Second, as in typical MR applications, we used the same

GWAS sample to select significant SNPs as IVs and to estimate their association effects with

the exposure. This will lead to the well-known “winner’s curse” or selection bias [69]. As in

[66], we may account for the selection process by suitably adjusting the likelihood, which will

be a future topic. Third, although the graph deconvolution algorithm is straightforward with a

closed-form solution, the key assumption is that a direct causal graph has a spectral radius

smaller than one. In practice, this assumption may be violated for an estimated direct causal

graph, e.g. due to errors in estimating the corresponding total causal graph. However, when

such a violation is not severe, the estimated direct causal graph might still be useful. Further-

more, because our proposed estimators for both the total and direct graphs are consistent

(when the assumptions for MR-cML and graph deconvolution hold), it is expected that

increasing sample sizes of GWAS will alleviate the potential problem. Fourth, in the real data

analysis, due to the fact that one’s birth weight cannot be affected by any traits developed/mea-

sured in a later time, the (true) total causal effects of any latter traits to birth weight should be

zeros, and we set them as zeros in the estimated total causal graph. While such a practice is not

necessary when applying our proposed method, we expect that, by taking advantage of this

prior knowledge, doing so would perform better for finite samples. Finally, as different MR

methods rely on their own assumptions as well as the quality of genetic variants as IVs, more

applications to real data, including applying alternative MR methods would be warranted as a

means of causal triangulation.
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