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ABSTRACT: Copper-exchanged chabazite (Cu-CHA) zeolites are the preferred catalysts for the selective catalytic reduction of
NOx with NH3. The low temperature (473 K) SCR mechanism proceeds through a redox cycle between mobile and ammonia-
solvated Cu(I) and Cu(II) complexes, as demonstrated by multiple experimental and computational investigations. The oxidation
step requires two Cu(I) to migrate into the same cha cage to activate O2 and form a binuclear Cu(II)-di-oxo complex. Prior steady
state and transient kinetic experiments find that the apparent rate constants for oxidation (per Cu ion) are sensitive to catalyst
composition and follow nonmean-field kinetics. We develop a nonmean-field kinetic model for NOx SCR that incorporates a
composition-dependent Cu(I) volumetric footprint centered at anionic [AlO4]− tetrahedral sites on the CHA lattice. We use
Bayesian optimization to parameterize a kinetic Monte Carlo model against available experimental composition-dependent SCR
rates and in situ Cu(II) fractions. We find that both rates and Cu(II) fractions of a majority of catalyst compositions can be captured
by single oxidation and reduction rate constants combined with a composition-dependent Cu(I) cation footprint, highlighting the
contributions of both Cu and Al densities to steady-state SCR performance of Cu-CHA. The work illustrates a pathway for
extracting robust molecular insights from the kinetics of a dynamic catalytic system.
KEYWORDS: Cu-CHA zeolites, NOx selective catalytic reduction, dynamic active sites, kinetic Monte Carlo, Bayesian optimization

■ INTRODUCTION
The selective catalytic reduction (SCR) of NOx with ammonia

4NO 4NH O 4N 6H O3 2 2 2+ + + (1)

is commercially practiced for abatement of NOx emissions
from diesel and lean-burn engines. Copper-exchanged
chabazite (Cu-CHA) zeolites are the most common catalysts
for these applications because of their exceptional activity and
hydrothermal stability over conditions relevant to exhaust
after-treatment.1−3

The essential features of the Cu-CHA SCR catalyst system
at low temperatures are well understood (Figure 1).4,5 Copper
cations are associated with anionic tetrahedral AlO4[ ] sites on
the primarily siliceous CHA zeolite framework. In the Cu(II)
state, those ions are nominally associated with either two
AlO4[ ] as a so-called Z2Cu(II) or one AlO4[ ] as a

ZCu(II)OH.6−9 However, during low-temperature (<523 K)

SCR conditions, NH3 solvation liberates Cu cations from the
zeolite framework, imparting mobility important to closing the
Cu(I)/Cu(II) SCR redox cycle.9−12 In the oxidation half-cycle,
two Cu(I) ions selectively pair with O2 to form a binuclear
Cu(II) intermediate which in turn is reduced through reactions
that consume NO and NH3.

In steady-state kinetic experiments on Cu-CHA, low-
temperature (473 K) SCR rates are observed to be
approximately second-order with Cu density at low Cu
loadings, evolving to a first-order dependence as Cu loadings
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increase.10,13−17 A similar compositional dependence is
observed for SCR on other Cu-exchanged zeolite catalysts.18

Steady-state SCR rates on CHA catalysts of a wide range of Cu
compositions and Si/Al ratios exhibit a Langmuirian depend-
ence on O2 pressure.16,17,19 Those kinetics are independent of
ex situ Cu(II) ion speciation.17 In operando X-ray absorption
spectroscopy (XAS) measurements, steady-state Cu(II)
fractions increase with increasing O2 pressure irrespective of
sample composition, reflecting the kinetic relevance of Cu(I)
oxidation at low O2 and Cu(II) reduction at high O2
pressures.16,17 Apparent rate constants in the oxidation (low
O2 pressure) and reduction (high O2 pressure) limits have
been extracted by fitting the steady-state SCR rates to an
empirical Langmuir-type expression. At fixed volumetric Al
density (Si/Al ratio) and at 473 K, the Cu-normalized
oxidation rate constants vary nonlinearly with Cu density, as
opposed to a strictly linear variation expected from mean-field
second-order kinetic behavior expected from the mechanism of
Figure 1, while reduction rate constants (per Cu) are invariant
to Cu density.16 In addition, at fixed Cu density (Cu/Al ratio),
oxidation rate constants are observed to increase monotoni-
cally with Al density while reduction rate constants have a
nonmonotonic dependence.17 These observations reflect a
composition sensitivity to SCR kinetics with a stronger
sensitivity to the oxidation step. These findings are further
supported by the observed composition-dependent apparent
Cu(I) oxidation activation energy and compositionally
invariant Cu(II) reduction apparent activation energy,
especially at higher Cu loadings.19

The sensitivity of standard SCR kinetics at 473 K to Si/Al
ratio and Cu loading suggests intrinsically nonmean-field
behavior. Further evidence is provided by transient operando
XAS experiments.16,17 When samples are prepared in the
oxidized [Cu(II)] state and subsequently exposed to flowing
NO and NH3, Cu(II) reduces to Cu(I) in a process that is first
order in Cu and goes to completion, reflective of the apparent
single-site kinetics. In contrast, samples prepared in the
reduced [Cu(I)] and exposed to flowing O2 are oxidized to
Cu(II) in a process that is second order in Cu(I), consistent
with the dual-site oxidation process.10,15,20 The oxidation
reaction, however, does not go to completion,10,16,17 reflecting
recalcitrant Cu(I) that can be rationalized as either spatially
isolated from other Cu(I) or functionally isolated due to prior
conversion of candidate partner Cu(I) to Cu(II).10,17 In

contrast, Cu(I) oxidation goes to completion in NO2
independent of Cu composition, reflecting the single-site
nature of this oxidation process.10 Ab initio molecular dynamics
simulations indicate that Cu(I)(NH3)2 are electrostatically
attracted to anionic framework AlO4[ ] ,4 are able to travel
between the three cha cages sharing that AlO4[ ] with modest
activation energy,21 and are able to travel further from that
AlO4[ ] , through remote 8-membered rings into adjacent cha

cages, with free energy barriers on the order of 60 kJ mol−1

depending on exact system details.10,21 Comparison of
observed recalcitrant Cu(I) are consistent with statistical
predictions based on this assumed constrained mobility of
Cu(I)(NH3)2 within and between adjacent cha cages.17 Taken
together, these observations underscore the contributions of
zeolite composition, including Al and Cu densities and
distributions, to observed low-temperature SCR kinetics.

A variety of macrokinetic and microkinetic models have
been proposed for NOx SCR on Cu-CHA. A number of
phenomenological models treat SCR as a single lumped
reaction with no explicit resolution of active sites.22−25 Olsson
et al.26 proposed a global kinetic model with mechanistic steps
occurring on three distinct but unspecified active site types
distinguished by their ability to adsorb and store ammonia.
Bendrich et al.27 reported a macrokinetic model involving
nitrite-assisted SCR reactions on Cu(II) sites but neglecting
redox cycles involving Cu(I). Feng et al.20 developed a mean-
field, multisite microkinetic SCR model, parameterized against
first-principles calculations, that was able to recover observed
apparent activation energies and orders, but which contained
no composition-dependent information. Daya et al.28,29

incorporated further levels of granularity by advancing a
Cu(I)/Cu(II) site-specific macroscopic redox kinetic model
for SCR that was validated against observations from prior
computational, transient kinetic, and spectroscopic studies.
Despite the predictive utility of these models, they were based
upon mean-field assumptions for all of the elementary steps. In
light of a preponderance of experimental and computational
evidence contradicting these assumptions for the NOx SCR
oxidation half cycle, it is desirable to construct and parameter-
ize a kinetic model that accounts for the microscopic origins of
the nonmean-field behavior and can simultaneously rationalize
kinetic observations.

In this work, we explore the potential of physically based and
microscopically consistent kinetic models that can capture
prior measured isothermal (473 K) SCR kinetics16,17 across a
diverse catalyst compositional space with a minimum set of
adjustable parameters. The reaction system is treated as a 3-
dimensional CHA lattice, with Cu positions randomly assigned
to tetrahedral (T)-site locations to a given catalyst
composition. We compare a series of microkinetic models
with increasing abilities to resolve microscopic details and
examine their ability to capture and rationalize previously
reported kinetic observations. We show that a mean-field
microkinetic model that accounts for the dual-site nature of
Cu(I) oxidation is unable to capture the composition
dependence of NOx SCR rates and Cu-oxidation state. We
subsequently consider a coarse-grained, nonmean-field kinetic
model with lumped Cu(II) reduction and Cu(I) oxidation
steps, the latter incorporating a rate constant dependent on the
proximity of Cu(I) pairs. This spatially resolved model is
solved stochastically using kinetic Monte Carlo (kMC) for
steady-state SCR rates and Cu(II) fractions. Bayesian

Figure 1. Schematic NOx SCR mechanism. Brown, blue, red, yellow,
and white spheres correspond to Cu, N, O, Si, and H atoms,
respectively. Numerals indicate a formal Cu-oxidation state.
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optimization is used to fit the nonanalytical kMC model to
experimentally observed SCR rates and Cu(II) fractions. We
show that a large body of experimental observations can be
rationalized using a model that incorporates compositionally
invariant oxidation and reduction rate constants along with a
composition-dependent Cu(I) volumetric footprint. This
footprint captures the composition-dependent mobility of
Cu(I) and is shown to increase monotonically with Cu or Al
density. These observations are consistent with prior
experimental inferences regarding the influence of Cu and Al
compositions on low-temperature SCR and elucidate the
impact of altering cationic or anionic densities within Cu-CHA
on its low-temperature SCR performance.

■ METHODS
Spatially Resolved Microkinetic Model. We consider a

coarse-grained kinetic model for SCR constructed to be
sensitive to catalyst composition- and O2-pressure depend-
ence.16,17 A schematic of the model setup is shown in Figure 2.
We begin with a CHA superlattice and substitute Al onto the
framework to the desired Si/Al ratio, adhering to Löwenstein’s
rule forbidding first-nearest-neighbor AlO4[ ] . We randomly
assign Cu ions to the framework AlO4[ ] to the desired Cu/Al
ratio (Cu density ρCu). The Cu ions can interconvert between
Cu(I) and Cu(II), as explained later. The residual Cu-free Al
sites are treated as ammonium (NH4

+) as appropriate for SCR
conditions. We assume that the Cu ions occupy a spherical
volumetric footprint of radius D, consistent with the symmetry
around AlO4[ ] sites in the CHA lattice and AIMD evidence
that Cu(I) can move nearly freely between the three equivalent
cages shared by a tethering AlO4[ ] site.21

We decompose the SCR mechanism into lumped and dual-
site Cu(I) oxidation and single-site Cu(II) reduction steps

2Cu(I) 2Cu(II)

Cu(II) Cu(I)

k d P

k

( )

O (g)

NO(g),NH (g)

ox O2

2

red

3

(2)

where kox and kred are effective oxidation and reduction rate
constants, respectively, and the latter includes the lumped
contributions of PNO and PNHd3

, which we take as fixed. The
oxidation rate includes a spatial dependence through λ(d),
where (d) is the separation between the two Cu(I) ions. We
take λ(d) to be isotropic and sigmoidal

d( )
1

1 em d D( 2 )
=

+ (3)

consistent with NH3-solvation of Cu(I) and its ability to
migrate between the three cha cages shared by a host Al with a
low barrier. The volumetric footprint of a given Cu(I) is D,
and the slope of the sigmoid at the point of inflection is m. The
oxidation rate thus vanishes for Cu(I) pairs at separations
greater than 2D and decays smoothly to zero as Cu(I)
separations approach 2D. The model becomes a mean field in
the limit of large D (considered in detail in Section S2), and
finite values of D capture the possibility of spatially isolated
Cu(I), which is unable to participate in the SCR cycle. We set
m = 5 to ensure a numerically stable and differentiable
transition between the reactive (λ = 1) and nonreactive (λ = 0)
regimes.

We solve this spatially resolved model using a rejection-free
(Gillespie) kinetic Monte Carlo (kMC) algorithm30,31 to
compute steady-state rates and Cu(I)/Cu(II) fractions vs O2
pressure and catalyst composition. All simulations are
performed on a 26,244 T-site CHA supercell containing
2187 cha cages to facilitate adequate sampling even at dilute
Cu or Al compositions. At a given reaction condition, kinetic
quantities are estimated by averaging across 10 replicate

Figure 2. Spatially resolved kinetic model definition.
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simulations. The model is coded in Python and is available as
an open-source Git repository.32

Bayesian Optimization. To fit kox, kred, and D to
experimental observations,16,17 we define steady-state per Cu
rate (robj) and steady-state Cu(II) fraction ( fobj) objective
functions for a given catalyst composition ρCu as

r k k D

R k k D P R P

( , , )

( ( , , ; , ) ( , ))
N

obj red ox

kMC red ox Cu O expt Cu O
2

r

2 2
=

(4)

f k k D

x k k D P x P

( , , )

( ( , , ; , ) ( , ))
N

obj red ox

II,kMC red ox Cu O II,expt Cu O
2

f
2 2

=

(5)

Here, RkMC and Rexpt are modeled and observed rates,
respectively, and xII,kMC and xII,expt are modeled and observed
Cu(II) fractions, respectively. Nr and Nf correspond to
observations over discrete O2 pressures. Minimization of robj
and fobj is not amenable to conventional least-squares
approaches because the kMC models are nonanalytical and
nondifferentiable. We thus recast it as a Bayesian optimization
problem.

Bayesian optimization is suitable for global optimization of
objective functions that are expensive to evaluate.33 Briefly, a
surrogate model for the objective is constructed, and a separate
acquisition function is used to identify points in the parameter
space predicted to be located near the global optimum. The
objective function is evaluated at the proposed sampling
points, which are then used as additional training data for the
surrogate model and to generate new candidates through the
acquisition function. This iterative sequence is continued,

Figure 3. (a) Steady-state SCR rates vs O2 pressure at Si/Al ratios of 6, 9, 13 (top row, left to right) and 20, 25, 50 (bottom row, left to right).
Symbols and error bars indicate mean and 10% uncertainties in experimental observations. Legends report Cu density in Cu/(1000 Å3). Dashed
lines report D-only kMC model fits. (b) Same experimental and model results for XAS-estimated Cu(II) fractions. Experimental results adapted
from refs 16 and 17.
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typically until a user-defined number of points has been
sampled and the point with the most optimal objective value is
chosen as the putative solution. Here, we treat the surrogate
model as a single-output or multioutput Gaussian process
using a Matern 5/2 kernel, depending on the type of
optimization (single-objective/multiobjective) as will be
discussed further. The Gaussian process prior was first
initialized using Latin Hypercube Sampling34 to generate 200
training points within the region 0 < kred < 0.2 molNO molCu

−1

s−1, 0 < kox < 0.2 mol mol s kPaNO Cu
1 1

O
1
2

(1000 Å3/Cu), and 0
< D < 60 Å. For sampling, we employ an expected
improvement acquisition function for single-objective opti-
mization and an expected hypervolume improvement acquis-
ition function35,36 for multiobjective optimization. For the
latter, the reference point was specified by adding a slight offset
to the nadir point (objective-wise minimum) in the Pareto-
optimal front (as suggested by Daulton et al.35), and sampling
was done using nondominated partitioning along with a
randomized quasi-Monte Carlo sampler. All optimizations
were carried out using in-built implementations in the
BoTorch37 Python library. More than 200 sampling locations
were considered for each optimization, and the objective
functions were evaluated by averaging kinetic outputs from 10
parallel kMC simulations at each sampling location.

■ RESULTS AND DISCUSSION
Summary of the Experimental Data Set. We consider

kinetic observations collected on Cu-CHA samples of varying
Cu densities and Si/Al ratios of 6, 9, 13, 20, 25 and 50.16,17

Steady-state SCR rates (per mol Cu, 473 K) were measured on
each sample as a function of the O2 pressure at 0.03 kPa NO,
0.03 kPa NH3, 7 kPa CO2, 1 kPa H2O and balance N2. In
addition, for a subset of those samples, we consider operando
XAS measurements of steady-state Cu(II) fractions at low (1
kPa), standard (10 kPa), and high (60 kPa) O2 pressures.
Figure 3 summarizes steady-state SCR rates (in molNO molCu

−1

s−1) and XAS Cu(II) fractions as a function of O2 pressure, at
all sample compositions. As noted before,16,17 SCR rates are
consistently Langmuirian in O2 pressure, and XAS-estimated
Cu(II) fractions increase with O2 pressure across all samples.
These observations point to the kinetic significance of Cu(I)
oxidation (at low O2 pressures) and Cu(II) reduction half
cycles (at high O2 pressures). In addition, at a given Si/Al
ratio, SCR rates increase with increasing Cu density.

Mean-Field SCR Model Parameterization. We explore
multiple strategies to parameterize the mean-field model

against the experimental data and investigate the prediction
performance of each strategy. The experimental data in Figure
3 have previously been fit to a Langmuirian expression to
extract apparent oxidation and reduction rate constants.16,17,19

The Langmuirian treatment would be exact for truly single-site,
mean-field oxidation and reduction behavior. A mean-field
expression more consistent with the mechanism of Figure 1
can be derived from dual-site oxidation and single-site
reduction steps (Section S2)

R k
k k k P k

k P
1

8

4MF red
red
2

ox red Cu O red

ox Cu O

2

2

i

k

jjjjjjjjj

y

{

zzzzzzzzz
=

+

(6)

x
k k k P k

k P
1

8

4II,MF
red
2

ox red Cu O red

ox Cu O

2

2

=
+

(7)

Here, RMF is the mean-field per Cu rate, and xII,MF is the
corresponding mean-field Cu(II) fraction. Unlike the Lang-
muirian expression (eq S3), eq 6 naturally incorporates a Cu
density dependence. We first explored the ability of this
expression to describe the SCR rate data set (Figure 3a) with
single values of kox and kred, by minimizing the sum of squared
errors between observed and modeled mean-field rates across
all sample compositions and oxygen pressures using the
nonlinear regression capabilities in SciPy

r k k

R k k P R P

( , )

( ( , ; , ) ( , ))
P

obj,MF ox red

samples
MF red ox Cu O expt Cu O

2

O2

2 2
=

(8)

Optimal kox and kred are 0.002 mol mol s kPaNO Cu
1 1

O
1
2

(1000
Å3/Cu) and 0.024 molNO molCu

−1 s−1, respectively. The
corresponding rate fits and predicted Cu(II) fractions are
shown as dashed lines in Figure S1. It is evident that the model
does a poor job of capturing the full data set. To quantify fit
quality and bias, we evaluated root mean squared percentage
error (RMSPE) and mean percentage error (MPE),
respectively. Figure S2 reports both rate and Cu(II) fraction
errors across all of the samples. Rate RMSPE ranges from 10 to
90%, and MPE reports both positive and negative biases.
Cu(II) fraction RMSPE is greater than 50% and uniformly
negatively biased across all samples. We conclude that a single
mean-field model is unable to describe the SCR data set.

Figure 4. Sample compositions (data points) overlaid with contour maps of (a) normalized kox and (b) normalized kred obtained by sample-wise
second-order mean-field model fits against SCR rate data. Normalized to the least value of kox and kred.

ACS Catalysis pubs.acs.org/acscatalysis Research Article

https://doi.org/10.1021/acscatal.4c01856
ACS Catal. 2024, 14, 8376−8388

8380

https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig4&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig4&ref=pdf
pubs.acs.org/acscatalysis?ref=pdf
https://doi.org/10.1021/acscatal.4c01856?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


We next regressed eq 6 against the individual sample SCR
rates. Figure S3 reports the regressed rate fits and
corresponding predicted Cu(II) fractions. The corresponding
sample-wise fit quality and bias metrics are shown in Figure S4.
The RMSPE values for the SCR rates are predictably lower
than the global case due to an increase in the total model
degrees of freedom (two per sample). Model biases are mostly
negative for all samples and smaller in magnitude relative to
the global fit. The predicted Cu(II) fraction exhibits lower
RMSPE relative to the global, although the model consistently
underpredicts observed fractions.

Regressed kox and kred normalized to their minimum values
[0.001 mol mol s kPaNO Cu

1 1
O

1
2

(1000 Å3/Cu) and 0.011
molNO molCu

−1 s−1, respectively] are reported as contour plots
vs Cu and Al density in Figure 4. kred varies by about a factor of
2 across compositions and kox by a factor of 12. Variations are
stronger with Al than with Cu density, reflecting the lurking
contribution of Al density not captured in the simple mean-
field model. Variations in rate constants are qualitatively
consistent with those extracted from the Langmuirian
expression (eq S3),16,17 although absolute variations across
composition are significantly larger (factors of 3 and 18 for
reduction and oxidation, respectively) in the Langmuir fits
(Figure S5). Thus, the Cu density dependence in the second-
order model does appear to capture some, but not all, of the
physics of the real system.

kMC-Based SCR Model Parameterization. Here, we
explore multiple methodologies to parameterize the 3
parameter spatially resolved kMC model (kox, kred, D) against
the experimental data and compare their corresponding fitting
performances. We first explored the ability of the model to
capture the experimental rate data set (Figure 3a) across all

samples with a global set of parameters using Bayesian
optimization to minimize eq 4 across all sample compositions
and O2 pressures. Figure 5a reports the cumulative distribution
of sampled solutions ranked by robj. The dashed line
corresponds to robj from the global second-order mean-field
model. The mean-square error from the most optimum
sampled solution is slightly below this objective value,
indicating that the inclusion of the volumetric footprint D
only marginally improves the ability to describe the
experimental data. In addition, the asymptotic behavior near
x = 0 better solutions indicates the existence of multiple
sampled solutions with similar and optimum fit performance.
This observation is further supported by the pair scatter plots
of sampled solutions within 10% of the least sampled objective
shown in Figure 5b−d. Solutions of similar robj are scattered
throughout the parameter space, suggesting that the global
kMC model is overfitting the experimental data set. Figure S6
reports the prediction performance of the kMC model using
the parameter set with the least sampled objective against the
corresponding experimental rate and fraction data, and Figure
S7 reports the corresponding fit performance metrics. SCR rate
RMSPE is up to 100% and nonsystematic, while Cu(II)
fraction RMSPE is similarly large and negatively biased.

These findings show that a unique global kMC parameter set
does not exist. Further, it appears that the rate data set alone is
insufficient to uniquely parameterize the model. To test this
latter point, we regressed the kMC model against the rate data
set of a sample with median Cu and Al density (ρCu = 0.23 Cu/
1000 Å3 and Si/Al = 20). Figure S8a reports the solution
distribution, and Figure S8b−d shows the corresponding
pairwise solution scatter plots. A large number of solutions
have similar and small robj. Further, optimal kox and D appear to
be correlated, reflecting a model that is underdetermined.

Figure 5. (a) Cumulative solution distribution of robj from global. Horizontal dashed line indicates second-order mean-field model robj. (b−d)
Scatter plots of kox vs kred, D vs kox, and D vs kred within 10% of the least sampled objective, respectively. Points color-coded by robj.
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These observations motivate incorporation of the XAS-
estimated Cu(II) fraction data set (Figure 3b) into the kMC
model parameterization. We turn to multiobjective Bayesian
optimization to simultaneously minimize robj (eq 4) and fobj
(eq 5) across samples for which both data sets are available. A
scatter plot of results for a sample of composition Si/Al = 20
and ρCu = 0.23 Cu/1000 Å3 is reported in Figure 6a. robj points
range to near zero, while fobj points are systematically greater
than 0.12. Scatter plots for multiobjective Bayesian optimiza-
tion of other select Cu-CHA samples are reported in Figure S9
and behave similarly.

We chose as representative solutions for each sample the
one with the least normalized Euclidean distance from the
origin

d r r f f( / ) ( / )Euclid obj max
2

obj max
2= + (9)

and estimated parameter uncertainties by considering the
standard deviation in sampled parameter sets with Euclidean
distances within 10% of the representative solution. Figure S10
reports representative solutions and corresponding uncertain-
ties for kox, kred, and D across all samples. The parameter
uncertainties are markedly less than those from the kMC
model regressed against rate data sets only. Figure S11 reports
the representative solution fits against the experimental data,
and Figure S12 reports the corresponding regression metrics.
Both rate and Cu(II) fraction RMSPE are substantially
decreased relative to the global fits. Further, the prediction
biases indicated by MPE are closer to zero, especially for the

Cu(II) fractions, with the model continuing to mostly
underpredict the experimental fractions.

The composition-dependence of the representative kox, kred,
and D are shown as contour maps in Figure 6b−d, respectively.
Variations in kred and kox are a factor of about two across
compositions, significantly less than the variations reported by
the second-order mean-field model fits. On the other hand, D
varies more dramatically with composition. The standard
deviation in D is 30% across all compositions, compared to
16% for both kox and kred. Thus, the Cu volumetric footprint D
appears to be capable of capturing most of the composition
dependence in SCR rates and Cu(II) fractions.

These observations suggest that the entire data set may be
captured by a smaller number of adjustable parameters. We
first considered the consequences of varying the model
parameters one at a time between the maximum and minimum
of the regressed values in Figure 6b−d, holding the remaining
parameters fixed at the mean of their regressed values. For each
parameter set, kMC-computed SCR rates vs O2 pressure were
computed at ρCu = 0.23 Cu/1000 Å3 and Si/Al = 20. Figure
S13a−c shows rate sensitivities to each parameter, and Figure
S13d reports the ratio of the SCR rates for the respective
parameter variations as a function of the O2 pressure. Rates are
most sensitive to variations in D, with SCR rate ratios varying
from six at low and low O2 pressures to two at high and low O2
pressures.

We subsequently considered whether a composition-
dependent D alone could describe the entire data set. We

Figure 6. (a) Sampled robj and fobj from multiobjective Bayesian optimization of ρCu = 0.23 Cu/1000 Å3 and Si/Al = 20 Cu-CHA sample. Pareto-
optimal points are colored in red. The star indicates the least normalized Euclidean distance from the origin solution. (b) kred, (c) kox, and (d) D
contour maps vs Cu and Al densities. Experimental sample compositions indicated with triangles.
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fixed kox and kred at their mean values of 0.018
mol mol s kPaNO Cu

1 1
O

1
2

(1000 Å3/Cu) and 0.018 molNO

molCu
−1 s−1, respectively. These rate constants are quantitatively

similar to those extracted from transient kinetic experi-
ments16,17 (±0.02 corresponding units for both). In addition,
they are of the same order of magnitude as the apparent rate
constants estimated by Gao et al.14,15 for SCR on Cu-CHA at
473 K, 10 kPa O2, 0.035 kPa NO, and 0.035 kPa NH3,
conditions consistent with the steady-state kinetic experiments
in Figure 3. Figure 3 shows the regressed model rate fits and
inferred Cu(II) fractions compared with experimental data.
The corresponding fit metrics for both fraction and rate data
sets are shown in Figure S14. The model, in general, is able to
capture the experimental rate observations within 20%
RMSPE. Modeled Cu(II) RMSPE fractions are less than
50% for most samples but again underpredict the experimental
observations.

Figure 7 compares the rate and Cu(II) fraction RMSPE and
MPE for each model, aggregated across samples for which both
data sets are available. Sample-wise models provide signifi-
cantly better rate predictions than global models. Further, a
kMC model with fixed kox and kred and variable D has an
RMSPE comparable to the sample-wise kMC model and nearly
as small as the sample-wise mean-field second-order fit, with
one-third to one-half as-many adjustable parameters. Further,
this model has the smallest rate MPE, indicating the smallest
bias in rate predictions. Cu(II) fraction RMSPE are
considerably larger across all models and have systematically
negative MPE. The sample-wise kMC model, with the largest
number of degrees of freedom [39, considering the 13 samples
for which both rate and Cu(II) fraction data are available], has
the smallest RMSPE, but performs only marginally better than

the variable D-only model. These large and systematic errors in
the Cu(II) fraction could have several origins, including (a)
insufficient fraction observations to regress the kMC models;
(b) physical flaws with the kMC model itself; or (c) systematic
errors in observation or interpretation of the experimentally
measured Cu(II) fractions.

Close inspection of Figure 3a shows that the variable
volumetric footprint model performs particularly poorly at high
O2 pressure (reduction-limited rates) for two Si/Al = 6 and
two Si/Al = 13 samples. Rate RMSPE values for these four
samples exceed 25%, as shown in Figure S14a. We fixed kox to
0.018 mol mol s kPaNO Cu

1 1
O

1
2

(1000 Å3/Cu) and refit kred and
D against the rate data for these four compositions. Including
kred as an additional fit parameter improves the high-pressure
kinetic predictions and overall regression performance.
Comparison of this refit kred to the global fit value shows
that the refit Si/Al = 6 and Si/Al = 13 kred are systematically
less and greater than the global fit, respectively. This sensitivity
of kred to Al density at fixed Cu density reflects a likely
secondary influence of spectator NH4

+ on SCR reduction rate
constants.17 Table S1 summarizes the variable volumetric
footprint parameters for all samples, incorporating the refit
values for these four samples.

Physical Interpretation of D. As shown in Figure 2, D
can be interpreted as the effective diameter visited by solvated
Cu(I) relative to its anchoring Al site. The analysis of kinetic
data indicates that the variable volumetric footprint model
provides the best balance between model performance and
minimization of parameters. We next consider the potential to
extract physical insight from the composition-dependence of
D.

Figure 7. (a) Overall root-mean-square predictive error (RMSPE) and mean percentage error (MPE) against experimental rates and (b) overall
RMSPE and MPE against experimental Cu(II) fractions for all regression and modeling strategies considered. “DOF” reports the degrees of
freedom in each model.
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The D values reported in Table S1 are plotted as filled
contour maps against Cu and Al density in Figure 8a and
against Cu and NH4

+ density [taken as the difference between
Al and Cu density, thus capturing the fraction of Cu-free
Brønsted sites in the limit of complete reduction to Cu(I)] are
shown in Figure 8b. The volumetric footprint increases
systematically with both Cu(I) and Al (or NH4

+) density
with greater sensitivity to the latter. Values range between 14

Å, comparable to the distance between two six-membered rings
within a cha cage, and 36 Å, encompassing the furthest center-
to-center distance between six-membered rings of the first
nearest neighboring cha cages (Figure S17). At its greatest
extent, the Cu(I) footprint thus appears to extend to adjacent
cha cages, consistent with metadynamics simulations10,21 as
well as with statistical analyses of the maximum oxidizable
Cu(I) in transient oxidation experiments.17,18

Figure 8. Filled contour map of volumetric footprint D from Table S1 against (a) Cu and Al density and (b) Cu and NH4
+ density. Data points

correspond to sample compositions. Intermediate points were evaluated using linear interpolation on a 1000 × 1000 triangular grid.

Figure 9. Steady-state snapshots, projected along a lattice vector, of a 3 × 3 × 3 portion of the kMC supercell evaluated at 10 kPa O2 pressure. Top
row: Al density ≈0.25 Al/1000 Å3 and Cu densities of (a) 0.08, (b) 0.23, and (c) 0.31 Cu/1000 Å3. Bottom: Cu density ≈0.17 Cu/1000 Å3 and Al
densities of (d) 0.56, (e) 0.94, and (f) ≈1.52 Al/1000 Å3. Red and blue markers indicate Cu(II) and Al, respectively, with increasing size and
transparency along the a direction. Green markers represent Cu(I) with size proportional to volumetric footprint D and transparency increasing
along the a direction. Background color indicates the ammonium density.
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To illustrate the influence of the finite volumetric footprint
on the fraction of Cu participating in SCR, we compare in
Figure S19 the fraction of Cu(II) predicted from the kMC
model at 60 kPaOd2

with that from the mean-field model at the
same conditions and identical kinetic parameters. While the
mean-field model predicts nearly 100% Cu(II) at high PO2, the
kMC value varies from about 40 to 80% depending on catalyst
composition. Thus, the finite footprint can have a substantial
impact on the fraction of Cu sites utilized (or participating in)
SCR redox cycles.

To illustrate the physical implications of D, Figure 9 shows
snapshots drawn from the steady-state kMC simulations at 10
kPaOd2

. We extract a 3 × 3 × 3 portion of the larger 9 × 9 × 9
CHA supercell (Figure S18) and project along the a lattice
vector. Green spheres represent Cu(I) in sizes proportional to
their volumetric footprint; blue and red sites represent NH4

+

and Cu(II), respectively. Snapshots are drawn from three
samples with low (≈0.08 Al/1000 Å3), medium (≈0.23 Al/
1000 Å3), and high (≈0.31 Al/1000 Å3) Cu densities at fixed
Al density and three samples with low (≈0.56 Al/1000 Å3),
medium (≈0.94 Al/1000 Å3), and high (≈1.52 Al/1000 Å3) Al
densities at fixed Cu. With an increase in either density, the
volumetric footprint of the Cu increases. The ammonium
density appears to control the footprint to a greater extent than
the Cu density. This may be due to a larger increase in the
number of Al cohosted with Cu when Al density is increased at
fixed Cu density, as compared to an increase in the number of
Cu cohosted with Cu when Cu density is increased at fixed Al
density.

To make the connection to cage separation more explicit, we
considered the distribution of framework Al−Al separations
(as a surrogate for Cu travel distance) using a previously
reported titration model.17 Briefly, we distribute Al onto the
CHA framework attending to Löwenstein’s rule up to a target
Si/Al ratio and then randomly populate Al with Cu to the
desired Cu/Al ratio. We then sequentially titrate Cu pairs that
share the same cha cage, followed by Cu pairs that are in
adjacent cha cages separated by one 8-membered ring, and so
on. We record the Al−Al separation during this titration
procedure for low (0.078 Cu/1000 Å3), medium (0.23 Cu/
1000 Å3), and high (0.35 Cu/1000 Å3) Cu compositions at Si/
Al = 20. Statistics were gathered through 10,000 parallel
simulations carried out on a 36 T supercell obtained from the
IZA38 and repeated 9 times along each lattice vector. Figure 10
reports the probability density distribution of pair distances at
each cage separation. The structure observed in the “same
cage” distribution reflects the contribution of the underlying
crystallography, which is reduced at greater cage separations.
Corresponding optimized D values from Table S1 are
indicated as vertical dashed lines. From a comparison of the
two, migration of Cu between neighbor and even second
neighbor cages may contribute to SCR. The picture also
highlights a fundamental limitation of the kMC model, which
assigns equal rates to all Cu pairs, regardless of relative cage
proximity. A more sophisticated model could distinguish the
contributions of these different events to overall rates, although
as we have seen above, the available data are insufficient to
parameterize or validate a finer-grained model.

While this analysis considers the consequences of Cu
separations, it does not account for the consequences of
colocated NH4

+ on the oxidizable Cu fraction. However, as
reported in Figure 8b, the volumetric footprint is sensitive to

both Cu and NH4
+ density. This suggests that the Cu(I)

footprint is linked to its microenvironment, in particular the
amount of colocated Cu(I) and NH4

+ cations located in its
vicinity. To elucidate the relationship between D and the
compositional structure, for every studied composition, we
populate Al, Cu, and NH4 on the CHA lattice using the above
procedure. We subsequently compute the conditional proba-
bilities

P
P

P
(Cu Cu)

(cage containing at least 2 Cu)
(cage containing Cu)

| =
(10)

P
P

P
(NH Cu)

(cage containing Cu and at least 1 NH )
(cage containing Cu)4

4| =

(11)

The dependence of D on these two conditional probabilities is
presented as a contour map in Figure 11. D generally increases
with both probabilities and is more sensitive to P(NH4|Cu),
the conditional probability of coresidence of NH4 and Cu in

Figure 10. Probability density distributions of titrated Al−Al pair
distances across iteration sequences, collected for Cu-CHA samples at
Si/Al = 20 and Cu densities of (a) 0.078 Cu/1000 Å3, (b) 0.23 Cu/
1000 Å3, and (c) 0.31 Cu/1000 Å3. Vertical dashed lines indicate
regressed D for the corresponding sample.

ACS Catalysis pubs.acs.org/acscatalysis Research Article

https://doi.org/10.1021/acscatal.4c01856
ACS Catal. 2024, 14, 8376−8388

8385

https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/suppl/10.1021/acscatal.4c01856/suppl_file/cs4c01856_si_001.pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig10&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig10&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig10&ref=pdf
https://pubs.acs.org/doi/10.1021/acscatal.4c01856?fig=fig10&ref=pdf
pubs.acs.org/acscatalysis?ref=pdf
https://doi.org/10.1021/acscatal.4c01856?urlappend=%3Fref%3DPDF&jav=VoR&rel=cite-as


the same cage. This suggests that the presence of another
cation (in particular, NH4) within the same cage increases the
volumetric footprint of Cu(I) on average. With the increasing
occurrence of colocated cationic species, electrostatic repul-
sions between may enable Cu(I) to travel further on average,
as inferred from umbrella sampling simulations.21 Gao and co-
workers39 used operando electron paramagnetic resonance
(EPR) to estimate Cu ion dynamics as a function of Cu
loading during low-temperature SCR. They found that
increasing the Cu density raises ion mobility, in agreement
with the above findings. This further underscores the
connection between Cu(I) mobility and its local electrostatic
environment. Because each cation is associated with anionic
AlO4[ ] , it appears that higher concentrations of anionic Al

centers within a cage increase the mobility of Cu(I), in
agreement with findings from Krishna et al.17 Recently, Millan
et al.40 performed machine-learned molecular dynamics
simulations studying the motion of Cu(I) species in CHA
across a range of Si/Al ratios and Cu densities. They
demonstrated that the probability of colocated Cu(I) increases
with Cu and Al loading, in agreement with our findings.

■ CONCLUSIONS
The practically significant chemistry of NOx reduction by NH3
on Cu−zeolites presents unique fundamental challenges to
linking microscopic and macroscopic behavior. While consid-
erable experimental and computational effort has been directed
at determining the elementary steps of NOx SCR over Cu-
exchanged zeolites,12,20,27 the dependence of mechanism and
rates on catalyst compositional variables has received less
attention.14 Kinetic inferences have relied on extrapolations of
steady-state SCR rate data to oxidation- and reduction-limited
regimes that do not exploit the complete set of kinetic
information and provide microscopic insights only indi-
rectly.16,17,19 Here, we consider a molecularly consistent
model, which treats oxidation and reduction half-cycles as
single steps and extracts physical insights through comparison
against a full data set of composition-dependent kinetics. While
a mean-field model based on first-order (in Cu) reduction and
second-order (in Cu) oxidation half-reactions is unable to
rationalize observed rates and Cu(II) fractions across a space
of catalyst compositions, the introduction of an explicit and

composition-dependent Cu(I) mobility parameter does allow
both to be captured with good reliability across a large number
of samples. Intrinsic oxidation and reduction rate constants
correspond well with other reports. Further, the inferred
mobility of Cu(I) is of the order of two cha cages, consistent
with statistical and computational predictions, and is an
increasing function of total cation density, including both Cu
and NH4

+ ions. The model rationalizes a large body of
experimental results and provides microscopic insights into the
material and mechanistic factors that control low-temperature
SCR kinetics in Cu-CHA.

While the apparent homogeneous-like nature of active sites
involved in low-temperature, Cu−zeolite-catalyzed NOx SCR
has been highlighted,15 experimental data and computational
models show that the behavior is more nuanced. Solvated
Cu(I) ions are mobile, but their kinetic behavior is sensitive to
framework Al density, indicating that they retain some memory
of their tethering to the anionic zeolite framework, thus
adopting some but not all characteristics of a heterogeneous
catalyst. Because the underlying low-temperature NOx SCR
mechanism cannot be described using mean-field kinetics, a
stochastic kinetic Monte Carlo algorithm is necessary to
parameterize and solve the reaction network. In the context of
heterogeneous catalysis, kinetic Monte Carlo is most often
applied to reaction networks on extended planar surfaces,
which can take advantage of the reduced dimensionality and
long-ranged order of an underlying, typically metal, lattice to
simplify parameterization.41,42 The absence of long-ranged Al
site ordering on the CHA lattice, the existence of multiple,
differentially mobile, charge-compensating ions, and their
collective influence on the reaction mechanism considerably
complicate a first-principles-based parameterization of a
complete kinetic model. This complexity motivates our
approach here, of Bayesian optimization of the reduced
nonmean-field model against the experimental data. We learn
that rate data alone are insufficient to parameterize the model,
and that secondary operando (under reaction conditions)
information about the catalyst state (fractions of reduced and
oxidized Cu ions) is needed to determine even this simplified
model. Further, this approach provides a direct connection
between observed macroscopic kinetics and underlying
physical behavior, in this case, the apparent mobility of
Cu(I) ions. Validation of a more microscopically complete,
even microkinetic, NOx SCR mechanism would thus require
additional operando information, for instance, additional rate
orders or quantifications of other intermediates or kinetic rate
constants obtained through transient oxidation/reduction
experiments. First-principles models could well inform a
more complete model, for instance, providing a more accurate
representation of Cu(I) mobility, although it is revealing that
even the very simple, “muffin-tin” model used here captures
observed behavior satisfactorily.

While the community has recognized dynamic active site
behavior that cannot be described by mean-field heteroge-
neous or homogeneous kinetic models (especially, but not
exclusively, in metal−zeolite systems),43 we currently lack
molecularly consistent models to describe and interpret these
observations as a function of reaction conditions and material
composition. The framework illustrated here is a step forward
in developing physically realistic and interpretable models that
capture the observed kinetic behavior. It highlights the
importance of careful integration of experiments and theory
to arrive at robust molecular insights for dynamic systems.

Figure 11. Regressed D (including corrections for outliers) as a filled
contour map against P(Cu|Cu) and P(NH4|Cu). Data points
correspond to sample conditional probabilities. Intermediate points
were evaluated through linear interpolation within a 1000 × 1000
triangular grid.
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