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Abstract In this paper we provide for a first time, to our knowledge, a mathemati-
cal model for imaging an anisotropic, orthotropic medium with polarization-sensitive
optical coherence tomography. The imaging problem is formulated as an inverse scat-
tering problem in three dimensions for reconstructing the electrical susceptibility of
the medium using Maxwell’s equations. Our reconstruction method is based on the
second-order Born-approximation of the electric field.
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1 Introduction

Optical coherence tomography (OCT) is an imaging technique producing high-
resolution images of the inner structure of biological tissues. Standard OCT uses
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broadband, continuous wave light for illumination and the images are obtained by
measuring the time delay and the intensity of the backscattered light from the sample.
For a detailed description of OCT systems we refer to the books (Bouma and Tearney
2002; Drexler and Fujimoto 2015) and for a mathematical modeling we refer to Elbau
et al. (2015).

Apart form standard OCT, there exist also functional OCT techniques such as the
polarization-sensitive OCT (PS-OCT) which considers the differences in the polariza-
tion state of light to determine the optical properties of the sample. PS-OCT is based on
polarization-sensitive low coherence interferometry established by Hee et al. (1992)
and then first applied to produce two-dimensional OCT images (de Boer et al. 1997,
1998). In this work, we consider the basic scheme of a PS-OCT system which consists
of a Michelson interferometer with the addition of polarizers and quarter-wave plates
(QWP).

More precisely, a linear polarizer is added after the source and the linear (horizontal
or vertical) polarized light is split into two identical parts by a polarization-insensitive
beam splitter (BS). In the reference arm the light is reflected by a mirror and in the
sample arm the light is incident on the medium. At the BS, the back-reflected beam
and the backscattered light from the sample, in an arbitrary polarization state, are
recombined. The recombined light passes through a polarizing BS which splits the
output signal into its horizontal and vertical components to be measured at two different
photo detectors. See Fig. 1 for an illustration of this setup.

To describe the change in the polarization state of the light due to its propagation
into the sample we adopt the analysis based on the theory of electromagnetic waves
scattered by anisotropic inhomogeneous media (Colton and Kress 2013; Wolf and
Foley 1989). We assume that the dielectric medium is linear and anisotropic. In addi-
tion, we impose the property that the medium is invariant under reflection by the x; —x»
plane. A medium with this property is called orthotropic in the mathematical com-
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Fig. 1 Schematic representation of the light travelling in a time-domain PS-OCT system. In the reference
and sample arms are placed quarter-wave plates (QWP) at specific orientations
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munity (Cakoni and Colton 2014) or monoclinic in the material science community
(Torquato 2002).

The medium is also considered as weakly scattering and we present the solution
in the accuracy of the second-order Born-approximation. As we are going to see
later, we consider higher-order approximation in order to be able to recover all the
material parameters. We describe the change in the polarization state of the light by
the Jones matrix formalism which is applicable since OCT detects the coherent part
of the electric field of the backscattered light (Jiao and Wang 2002). As in standard
OCT systems, the backscattered light is detected in the far field.

In the medical community, the sample is usually described by a general retarder
and the change in the polarization state of the light returning from the sample can be
modelled by a Jones matrix (Hitzenberger et al. 2001; Jiao and Wang 2002). However,
even though the produced images are satisfactory they are mainly used qualitatively.
The usage of these images comes only secondarily to quantify the optical parameters
by image processing techniques.

In this work we are interested in the quantitative description of PS-OCT. To do so,
we have first to describe mathematically the system properly. Thus, we represent the
polarized scattered field as solution to the full-wave Maxwell’s equations. This has
not yet been applied to PS-OCT, since for isotropic media, the Born-approximation
decouples the effects of the optical properties of the sample from the polarization state
of the scattered field. However, this analysis for anisotropic media provides enough
information to reconstruct the electric susceptibility of the medium. The scattered field
satisfies then an integral equation of Lippmann—Schwinger type. Under the far-field
approximation and the assumption of a homogeneous background medium we obtain
a system of integral equations for the unknown optical parameters.

In the mathematical literature, the scattering problem by anisotropic objects has
been widely considered over the last decades (Beker and Umashankar 1989; Geng
et al. 2003; Graglia and Uslenghi 1984; Papadakis et al. 1990). Recently, the connec-
tion between the inverse problem to reconstruct the refractive index and the interior
transmission problem has been investigated (Cakoni et al. 2010; Cakoni and Had-
dar 2007). For the specific case of an orthotropic medium we refer the reader to
the book (Cakoni and Colton 2014) and to Colton et al. (1997) and Potthast (1999)
for results concerning the uniqueness and existence of solutions of the inverse prob-
lem.

The paper is organized as follows: In Sect. 2, we derive the integral representation of
the scattered field for an orthotropic medium in the accuracy of the second-order Born-
approximation in the far-field zone. In Sect. 3, we describe mathematically the standard
PS-OCT system using the Jones matrix formalism and we derive the expression for
the cross-spectral density. The system of equations for all the components of the
susceptibility is presented in the last section using two incident illuminations.

Notation

In this paper, we use the following conventions:
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— Let f:R — C be integrable, then the one-dimensional Fourier-transform is
defined by

flw) = / f)e® dr, forall weR.
R

— Let f:R — C be integrable, then the one-dimensional inverse Fourier-transform
is defined by

" 1 .
f(t>=2— / f(w)e " dw, forall teR.
T JR

— Let f: R3 — C be integrable, then the three-dimensional Fourier-transform is
defined by

f(k):/ f(x)e:_i<k”‘> dx, forall x e R3.
R3

2 The direct scattering problem

In absence of external charges and currents, the propagation of electromagnetic waves
in a non-magnetic medium is mathematically described by Maxwell’s equations relat-
ing the electric and magnetic fields E : R x R? — R3 and H : R x R? — R3 and the
electric displacement D : R x R* — R3 by

V.D(t,x) =0, V-H(t,x)=0, t eR, x e R3, "
VxE@tx)=-138G x), VxH@tx)=12801x), 1eR, xeR3,

where c is the speed of light. Maxwell’s equations are not sufficient to uniquely deter-
mine the fields D, E and H. Therefore additional material parameters have to be
specified:

Definition 1 An anisotropic medium is called linear dielectric if there exists a func-
tion, called the electric susceptibility,

X € CPMR x R R with x(r,x)=0 forall 7 <0,x R’

satisfying
D(t,x) = E(t,x) —l—/ x(T, x)E(t —1,x)dr. 2)
R

A linear dielectric medium is called orthotropic (Cakoni and Colton 2014; Colton
et al. 1997) if it admits the special symmetric form

x11 xi2 O
X=1|x2 x2 O0]. 3)
0 0  x33
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Application of the Fourier transform to Maxwell’s equations (1) and taking into
account (2), it follows that the Fourier-transform E of E satisfies the vector Helmholtz
equation

2
VxVxE@x) - 20+ 5@ x))Ew@x) =0, ocR xeR. @
C

Definition 2 We call an electric field E' : R x R3 — R3 a causal initial field (CIF)
with respect to some domain 2 € R3 if

1. Its Fourier transform with respect to time solves Maxwell’s equations (1) with a
susceptibility y = 0, that is,

2
N w2 N
VxVxE'(0,x)-—E'(0,x) =0, and V-E'(0,x)=0, weR, x eR’,
C

)
2. and satisfies supp E' (¢, ) N £2 = ¢ for every t < 0.

The second condition means that E’ does not interact with the medium contained in
$2 until the time ¢ = 0.

Example 1 Let £ C R3 be an open set, such that supp x(¢,-) C §2 for all r € R.
Moreover, let g € R? x {0} (denoting the polarization vector), f € CS°(R) and

0
E°(t,x) =qf (1 + %), (6)
such that
supp E’t,)nQ2 =0 for every t <0.

Then E is a CIF.

Proof To see this note that for arbitrary ¢ € R* we get

1 1
VXVXE°=VX<;f/(t+’§—?) egxq)zc—zf”(wr’%)egx(eg x q)

1 1
= __zf” (f + )%)‘I = __za”EO.
c c
And for the particular choice g € R? x {0} we even have that V - E® = 0. This shows
that E is a solution of Maxwell’s equation. The second assertion is an immediate
consequence of the second assumption. O

Theorem 1 Let E' be a CIF-function and assume that the susceptibility x represents
a dielectric, orthotropic medium. Then,

1. there exists a solution E (together with H) of Maxwell’s equations (1) which
satisfies ‘
Et,x)=E(t,x), 1<0, x eR. (7
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2. For every x € R the function
g:R—>C,

w = (E - Ei)(wa x)7

can be extended to a square integrable, holomorphic function on the upper half
plane

H={weC|3w) > 0}

3. E solves the Lippmann—Schwinger integral equation

: 2 _
E(,x)=E' (0, x)+ <c;)—211 + VV~> /3 G, x — )X (0, y)E(w, y)dy
R-

= Ei(a),x)%-g[f(/E\](w»x)» (8)
where
el lxl
G(w,x) = , X#0, weR
4| x|

is the fundamental solution of the scalar Helmholtz equation.

The integral operator G is strongly singular and we address its properties in the last
section.

Proof From the initial condition (7) it follows for every solution E of Maxwell’s
equations (1) which fulfills (7) that the inverse Fourier-transform of g satisfies

g(t)=0 forall r<0.

Thus, the second assertion is a direct consequence of the Paley—Wiener theorem
(Papoulis 1962).

To prove the first part, note that the electric field E is uniquely defined by (4)
together with the assumption that the function g can be for every x € R> extended to
a square integrable, holomorphic function on the upper half plane.

Finally, the solution of Eq. (4) can be written as the solution of the integral Eq. (8),
see Cakoni and Colton (2014) and Potthast (2000). O

2.1 Born and far-field approximation

We assume that the medium is weakly scattering, meaning that yx is sufficiently small
(Chew 1990; Colton and Kress 2013) such that the incident field E'is significantly
larger than E-E'.
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Definition 3 The first order Born-approximation of the solution E of the Lippmann—
Schwinger equation (8) is defined by

E'=E +G3E'L )

The second order Born-approximation is defined by

o~

E'=E +GIE" (10)
Inserting (9) into (10) gives
B =E' +gIxE'+ 6 191k B, (11)

or in coordinate writing

2
~2 ~i ) n ~
E (w,x) = E'(w,x) + = /R G, x — ) x(, )E (0, y)dy

4
w N R P
+ —4/ / G(,x — )i, 3G,y - )i )E (0 2)dzdy,
C R3 JR3
(12)
where now G is the Green tensor of Maxwell’s equations (Haddar 2004; Hazard and
Lenoir 1996)

2
G, x - y) = G(@,x — )L+ VY- (Gl,x - y1).
(0]

The physical meaning of the second order Born-approximation is that at a point x

the total field E* contains all single and double scattering events.

In an OCT setup, the measurements are performed in a distance much bigger com-
pared to the size of the sample. Thus, setting x = p#, p > 0 and ¢ € S?, we can
replace the above expression by its asymptotic behaviour for p — oo, uniformly in
¥, see for instance Elbau et al. (2015, Equation (4.1)), resulting to

B, p9) = E' @, p#) + G¥(FE 10, p9) + G [RGIXE']] (@, p). (13)
Here we have introduced the operator

ol
we'c?

G*f 1w, p?) = —

o [rx o x reme ey ay

defined for functions f:R x R3 — R3.
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3 Polarized-sensitive OCT

We describe the standard PS-OCT system in the context of a Michelson interferometer
first presented by Hee et al. (1992).

The detector array is given by D = R? x {d} withd > Osufficiently large. Moreover,
we specify the CIF function to be E° as defined in Example 1 and we assume that
E°(t,x)=0fort > 0and x € D.

We describe now the change in the polarization state of the light through the PS-OCT
system. The effect of the polarization-insensitive beam splitter (BS) is not considered
in this work since it only reduces the intensity of the beam by a constant factor. For
simplicity, we place the sample and the mirror around the origin and the detector at
the BS, for more details see Elbau et al. (2015, Section 3.3). The BS splits the light
into two identical beams entering both arms of the interferometer.

Reference arm: The light (at some negative time) passes through a zero-order
quarter-wave plate (QWP) oriented at angle ¢ to the incident linear
polarization. It is reflected by a perfect mirror placed in x3 = [ and
then passes through the QWP again, at time ¢+ = 0, see the right
picture in Fig. 2. We formulate this process as a linear operator

TIE°\(t, x) = E*" (151, %), (15)
to be specified later. Then, the reference field E ! takes the form

E%t, x)+ EY (11, x), if t >0, x3 > Ig,

16
E°(t, x), if 1t <0, x3> Iz (16)

El(t,x) = {

Sample arm: The incoming light passes through a QWP (oriented at a different
angle ¢») at some time ¢t < 0, placed in the plane given by the
equation x3 = [p. This process results to a field

JIE®1(t, x) = E®™ (1, x), (17)

that until 1 = 0 does not interact with the medium, see the left
picture in Fig. 2.

Detector: The electric field E which is obtained by illuminating the sample
with the incident field E* is combined with the reference field E’.
We assume here that the backscattered light does not pass through
the QWP again. Atevery point on the detector surface D we measure
the two intensities (Elbau et al. 2015)

Ij(z,g)=/0 Ej(t,E)E (1,6)d, €D, je{l 2}

We assume that we do not measure the incident fields at the detector, meaning
E°t, &) = E%"(t,€) = 0 forr > 0 and £ € D and recalling (16) we obtain
E'—E%=0fort < 0, resulting to
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T3 T3
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r3 =d
xr3 = lQ
z3 =IR =
....................... QWP
@ =1 | e ——
Mirror
1,22 x1,T2

Sample Q

Fig. 2 The two scattering problems in PS-OCT. On the left picture the incoming light in the sample arm
passes through a QWP and is incident on the medium. On the right picture, in the reference arm, the light
is back-reflected by a mirror (passing twice a QWP)

10,8 = /0 (Ej — EY™) ¢, 6)(E! — E%(t, £) dr

- /R(Ej — E9") (1, §)(E} — E9 @, §) dr. (18)

We use Plancherel’s theorem, and since E € R? it follows that E(—a), )= E(a), 2.
Thus, the above formula can be rewritten as

1 A
Ij(l,.g):E/R(Ej £ @0, &) (B — ED) (o, &) dov
1 0 ~ AN n R
_ _77 /_oo(Ej — E?lm:)(_a),’g')(Ei — E?)(_w’s) dw
Lo _
+ E/o (Ej — EP") (., §)(E! — E9)(0, §) do

1 L AQ) i vy
= —m/ (Ej — EP") (o, &)(E} — E9)(, §) do. (19)
T Jo

3.1 Jones calculus

Here we describe the operators J; and J, introduced in (15) and (17), respectively.
We consider the fields in the frequency domain. Then, for positive frequencies we can
apply the Jones matrix method (keeping also the zero third component of the fields) in
order to model the effect of the QWP’s on the polarization state of light. We assume
that the properties of the QWP’s are frequency independent and that the light is totally
transmitted through the plate surface.
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Definition 4 We define

o
i=

T, x) = T2@)v(, x)e ¢ *B3 D for o >0,
Tvl(w, x) = J(p2)v(w, x), for v >0,

(20)

where

cos¢p —sing O 1 0 0 cos¢p sing O
J(@) = |sing cos¢p OJ10 —i O —sing cos¢ O],
0 0 1 0 0 1 0 0 1

is the rotated Jones matrix for a QWP with the fast axis oriented at angle ¢ (Gerrard
and Burch 1975).

The above definition summarizes what we described before: In the reference arm,
the incoming field passes through the QWP (at angle ¢1) is reflected by the mirror
and then passes through the QWP again. The field travels additionally the distance
2(x3 —I). In the sample arm, the field passes only through the QWP at angle ¢».

We consider the PS-OCT system, presented first by Hee et al. (1992) and then
considered by Hitzenberger et al. (2001) and Schoenenberger et al. (1998), where
¢1 = /8 and ¢ = m /4. Then, we obtain

~ -~ S 12 (ra—
B (5 0,%) = TIE 1@, x) = nf@e e, forw >0,

=0,inc

- ) w 21)
E""™ (0, x) = TE)(w.x) = pf@e c®,  forw>0,

where n = J*(/8)q and p = J(/4) q. We observe that E% s still linearly
polarized at angle 77 /4 with the linear (horizontal or vertical) initial polarization state

and E*™ describes a circularly polarized light.
Now we can define our approximated data. We approximate in (19) the term E; —
E?""C by 12"/2 - E?""C and for the term El/ — 12"(; we consider (16) and (21).

Definition 5 We call
Mg [~ g2 70 2 i2
IHEIEES / (E} = E}") . &) f(~w)e' ¢ do. (22)
T 0
the second order approximated measurement data of OCT.

4 The inverse problem of recovering the susceptibility
The problem we address here, is to recover x from the knowledge of I*(l, &) for

I € R,& € D. First, we show that the measurements provide us with expressions
which depend on ¥ non-linearly.
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Proposition 1 Let E°(z, x) be given by the form (6) with g3 = 0 and let the mea-
surement data Ijz be given by (22). Then, for every v € Ry \{0} with f(w) # O, the
expression

0, [9% [x (pe7® + Gl E21)]] . 00)

1 s
= / 171, pi)e™ @GP g (23)
clf(@)? Jr

holds for all j € {1,2}, and % € S% = {n € §* | u3 > O}.

Proof We consider Eq. (13) where now E'is replaced by E"" forw > 0. Then, we
get

=0,inc

(B~ E"") @, p9) = f@ G 1 (pe™" + Glipe™ 1) (@, p9). 24

We apply the inverse Fourier transform with respect to / in (22), to obtain

2 —i2y cnj [ 0 pOne » —i% -
/W,&)e ¢ dl=—f (E5 — E;") (. &) f(—w)e ¢ P8(w — @) do
. 2 Jy VT

3 / (B3 = E97) @, ) f (~w)e e 08(0 + &) do
0
(25)

which for o > 0, f # 0and n; # 0, using that E and f are real valued, results to

(E7 — EY™)(w. &) =

2 —'%(ZZ—S)
‘ 120, 6)e™ 3 dl.

=
njcf(—w) Jr
This identity together with (24), results asymptotically to (23). O

We observe here that we want to reconstruct four four-dimensional functions from
two three-dimensional measurement data. Thus, we have to consider some additional
assumptions on the medium in order to cancel out the lack of dimensions and handle
the non-linearity of (23) with respect to X.

Assumption 1 Specific illumination: The support of the initial pulse is small enough
such that the optical parameters in this spectrum can be assumed constant with respect
to frequency.

Medium: The susceptibility can be decomposed into two parts, a background sus-
ceptibility which is constant and assumed to be known and a part that counts for the
local variations of the susceptibility and can be seen as deviation from the constant
value.

Then, the expression (3) admits the special form

X(@,x) = xo+€¥(x),
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where
1 1 0 Y Y2 0
Xo=xo|1 1 O0), and ¥ =|v12 Y22 0 |,
0 0 1 0 0 Y33

for some known xo € R, a small parameter € > 0 and v;; € C° (R3: ©).

In the following, we consider this type of media, which is typical for biological
tissues, and we assume in addition that the behavior of the homogeneous medium
(e = 0) is known. Then, as a consequence, also the measured data from PS-OCT are
known, let us call them I, and we can assume the following form for the measurements

1718 =1o+eM;(1.§)., [€R EeD, je{l,2) (26)

for some known functions M.

Proposition 2 Let the assumptions of Proposition 1 and the additional Assumption 1
hold. We define v = 2(# + e3), # € S%_. Then, the spatial Fourier transform of the

matrix-valued function ¥ : R3 — C3*3 satisfies the equations

ni [ (2 (PO + 1K1 + K FI0x0) 2))] =i, jeln.2)
where <

4mpc
@?| f ()2

i (v) = mj(w, #) = /RM,(J,pﬂ)e—i%’<2’—f’(’93—l>) . (28)

The operators IC and ' are defined by

Kif1) := /R3 K*(v: k) f(k)dk, KT[f](v) := /R3 fUOKY (v k)dk, (29)
for functions f:R3 — C3*3, with kernels

2 » _
K*(2@ +e3): k) = c2(az)7t)3 / / G,y —z)e e @t eihel gz gy,
2JR2

fora=1z,y.

Proof We substitute x, considering Assumption 1, and (26) in (23) and we equate the
first order terms ¥ and M to obtain

[~ (re 5 4o pur =) ]|

+1; [9°° [XOQ ['/fp e‘i%“m]_ (@, p?)
|

=—— | M, p)eTE-rP) q;. (30)
clf(w)lZ/R !
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In order to analyse the left hand side of the above equation we consider the definition
(14) and the analytic form (12). Then, we rewrite (30) as

[ f #x (@ x W(yp)e cPreadqy
+—z/ / # x (3 x (XoG(@, y =¥ (2)p)) e ¢ @+ dzdy
cJJe

602 o
+ C—zfgfg" x (# x ($(1G(@, y —2)xop)) e @D dzdy]
=mj(w,?),

J

where m  is given by (28). Taking the Fourier transform of ¥ with respect to space,
we get

ni 2 x (9 (¥2@ +ep))

+%/RS/_Q/90 X (19 X (XOG(w,y —Z)'Z(k)P))

xe 18 @H@GikD) g7 4y dk

a)2 ~ ie
o _ 2 (D)
+62(2n)3 /R3 /Q /Q ¥} x (17 X (w(k)G(a),y z)xop)>e
x k) dzdy dk] = m;(, 9). 31)
J

This equation for m(v) := m(w, #), using the definitions of the integral operators
(29) admits the compact form (27). O

Regarding the integral operators appearing in (29), we prove the following property.

Lemma 2 The integral operators IC, KT (L2(£2))33 > (L2(§8%))3%3, defined by
(29), are compact.

Proof We consider the following decomposition

KLFIL@ +e3)) = 2(2ﬂ)3 fRJ / G(w.y—2)
e @ik (k) dzdy dk

w o)
= —2/ / G,y —2)e ¢ @I f(z)dzdy
c 2J82

‘w 2 o)
:f e ey <w_z]1/ G(w,y —2)e ' c% f(z)dz
2 «“ Je

+VV. / G(w,y— z)e_i%“f(z) dz) dy
2

) 2 W
= / e ey (w—Z]I/ Glw,y —z)e '¢3 f(z)dz
2 c fo)
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+VV. / GO,y — z)e_i%)“f(z) dz
2
+VV. / (G, y—2)—G0,y—2z))e ¢33 f(z) dz) dy.
2
The above expression in compact form reads

KLA1w) = F[@ +Go+Gnle ¥ f1) @),

for the operators

FLA1O) - /Q L) £ (y) dy,

2
GIf1x) == 2 / G(w.x — ) f(y)dy.
¢ Je
Golf1(x) :=VV. /ﬂ G0,x —y)f(y)dy,
GiLf1(x) == VV - /Q (G(@,x —y) = G0, x — ) f(»)dy.

The operator F : L*(2) — L?*(S?) is a modification of the usual far-field oper-
ator with smooth kernel, thus compact. The operators G : L%*(2) — L?*(£2)
and G : (L2(§2))>*3 = (L2(£2))3*3 are also compact due to their weakly sin-
gular kernels, see for instance (Colton and Kress 2013; Potthast 2000), and the
operator Go: (L?(£2))>3 — (L?(£2))**3 is bounded (Colton et al. 2007). Thus
I (L*(2))33 — (L?(S?))3*3 is also compact. The same arguments hold also for
the operator /C'. O

Now, we are in position to formulate the inverse problem: Recover from the expres-
sions

ni [ (2 ((F0) + XK1 + KT 10x0) p))] - < 1.2)

the matrix-valued function ¥ : 2 — €33, assuming that we have measurements for
every incident polarization.

Let us now specify the polarization vectors n and p. We choose two different
incident polarization vectors ¢ = e; and ¢ = e,, and using the formulas (21) we
obtain the vectors

1 1—1i
2 1
0 0 32)
\/5 1 1 1+i
,7(2) — —1 p(2) =—|1-=i
2 ’ 2
0 0
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~ o
Remark I To find, for instance, the form of the incident wave p(l) f(w)e e 3 for
o > 0, in the time domain we have to extend it for negative frequencies and consider
its inverse Fourier transform. Then, we have

1 U (%) pp o i
EV(t, x) = 2—/ PV flwe e Pem do
T Jo
1 (U N NO) .
* 2_f PO f(wye e Pe™ dw
us o0

1 o0 1 A _iQx H
= _/ p( )f(w)e ¢ 3ot g,
2 0

1 [* A e
+ —/ PO f(w)e e Bemiet dw
2w 0
1 o0 A @ .
= —m/ PV fwye " e Pe @ do
T Jo

If the small spectrum is centered around a frequency v, we approximate f (w) ~
8(w — v), for w > 0, to obtain

EV( x) = lgﬁ {p(l)e—iu()%-i-t)}

. cos(V(2 +1)) — sin(v(2 + 1))
=57 [ cosWEE + 1) +sin(wEE +1)
0
cos(g + u(x?3 +1)

B

[\

N sin(§ + \(1)()% +1))

We see that E1 describes also a circularly polarized wave with a phase shift.

If we neglect the zeroth third components, we observe that 77(1), 17(2) € R? and
pV, p» e C? form a basis in R? and C?, respectively. The following result shows
that measurements for additional polarization vectors ¢ do not provide any further
information.

Proposition 3 Lert € Si befixedandq = gV, ¢'® . Then, the Eq. (27) is equivalent
to the system of equations

[P:}Yp(l)] = bil), [PoYp(l)] = bél),
l 2 i 2 (33)
[PaYp(z)]l =b", [P:}Yp(z)]z =—b,",

where ¥ 1= (v) + XoKI¥1(0) + K [¥1@) x. b := =2 k., j = 1.2, and
Py denotes the orthogonal projection in direction ©#. The upper index on the data
counts for the different incident polarizations.
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Proof We consider (g, j) € {(¢gV, 1), (¢g'V,2), (¥, 1), (¢'¥,2)}. Then, the sys-
tem of Eq. (27) is equivalent to the four equations

TP x @ xYp=ml”, P x @ xYp), =ml,

(
1
(34
nP x @ x Yp) =a®, 4P x @ x YpO) = ;.

Indeed, for arbitrary polarization ¢ = C]q(l) + czq(z) c1,c2 € R the expression
n;j[# x (# x Y p)]; can be written as a linear combination of the four expressions

O k. j =12

m® x @ xYp)li = [V + cap®hi? x @ x Y(erpP + c2p® )]
=P8 x @ x Yp )i 4+ creonV[9 x @ x Y p®)1
+ e x @ x YpD)1y + SnP19 x @ x Yp@)
=V x @ x YpO)li 4+ crean® 19 x 9 x Y pO)1
+ crean’ 9 x (@ x Y p))y +czn P x @ x ¥ p?)],

=(cl+ 0162)m1 + (3 + 6162)m1

and similarly

m® x @ x Yp)h = (cf — cwz)nﬁ + (5 — cwz)m( ),

Decomposing Yp = (#, Y p) % + P3Y p, where Py € R3*3 denotes the orthogonal
projection in direction ¢, and using that

PX(@ xYp)=93x @ xPyYp)=(, PyYp) — PyYp=—PyYp,
the system of Eq. (34) considering (32) can be written in the form (33). m]

We see that Proposition 3, for Y (v) = 1/~r(v) + XOIC[J 1(v) + ICT[ll;](v))(o, where
v = ‘”(19 + e3), 9 € S%, shows that the data m (v) for k,j = 1,2 and two
dlfferent polarization vectors ¢ = e; and ¢ = e3 umquely determine the projections
[PYp®]; fork, j € {1,2}.

Moreover, measurements for additional polarizations ¢ do not provide any further
informations so that at every detector point, corresponding to a direction # € S%_, only
the four elements [PyY p®] j.k, j = 1,2, of the projection influence the measure-
ments.

Remark 2 In contrast to standard OCT where three polarization vectors were needed,
see Elbau et al. (2015, Proposition 11), and to first order Born-approximation where
Y = ¢, as we are going to see in the following, the above measurements due to the
special form of Y allow for reconstructing all the unknowns functions ;.
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Proposition 4 Let ¢ € Sﬁ = {p eS| w1 # ua, uz > 0}. For two given incident
polarisation vectors ¢V and q®, the system of equations (33) is equivalent to a
Fredholm type system of integral equations

IZ’H
A+C) | Y2 | =0, (35)
(Up))

for some compact operator C : (L*(§2))> — (L*(S?))3 and known right fzand side b
depending on the OCT data. Given the solution of (35), the component 33 satisfies
a Fredholm integral equation of the first kind

Cir3s = b, (36)

where C: L*(2) — L*(S?) is a compact operator and b depends on the solution of
(39).

Proof In order to reformulate equations (33), first we consider an arbitrary vector p
and we split the expression P3Y p into the sum

PyYp=1—-89")Pp+ 1 —93)xK¥lp+ A —33HK ¥l xop, (37)

omitting for simplicity the v dependence of the unknown 1;
The first term on the right hand side admits the decomposition

. pr1 =9 —piida+ pa(1—03)  —patidy \ (¥
A=90)yp=| —pi1d2  —pi2+pi1 =07 ppd =0 | vz |,
—p1h 3 —p1tht3 — prth 3 —p2th 3 Y

where we observe the independence on V33. To analyse the other two terms, we
consider (29) and define the operators acting now on the components of the matrix-
valued function f:

Kijlf1(v) := [11@3 [K*1kj (v; k) f (k) dk, ’Czj[f](v): /R3[Ky]kj(v;k)f(k)dk,

fork, j = 1,2, 3. Since we are interested only in the first two components of Py3Y p
and the calculations are rather lengthy we are going to omit the third component in
the following expressions. The second term on the right hand side of (37) reads

. pili p1li+p2Lyy paLi 1@11
(I =99 xoKIWlp =xo0 | P1La1 p1laa+ paLor palo | [ vi2].
* * * U

where

Liji=(1—0F — 9102)(K1j + Kaj) — 03K35, k, j=1,2.
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The only term where /33 appears is the last one (as expected), namely

A -9 HK Y] xop = x0(p1 + p2)

(1=9DHM; =M+ (1 =DMy =My =193 M3
x| =M (=DM — My (1 —095)My  —9r93 M3
ES *k % ES

1/:’11
1/f12
1@22 ’
V33

where
gt i s
M; .—IC].1 +1Cj2, j=123.
We can combine now all the above formulas to obtain

PyYp = (Z(p)+ xoL(p) + xo(p1 + p2)M) y,

where
pi(1 =93 —pioidr+pa(1—07) —pai, 0
Zp)=| —phtr —poha+pi(1 =93 pa(1—93) 0],
* * * *

Lp)=|piLa p1lon+p2Ly p2Lrn 0

piliy pilo+p2Ly p2Liz O
k ES * k

(1=9PM; =M+ (A =DMy —1hMy  —h3M3
M= =M (1 =9HM — My (1—=0DHMy —D3M;s |,
* X X *
- (38)
and y = (Y11, Y12, Y2, ¥33) -
Then, the system of Eq. (33), considering (32) reads
[Z (D) + x0L(pD) + xoM)y]; = b{", (39a)
[(Z(pD) + x0L(PD) + xoM)y2 = b5, (39b)
[(Z(P®) + x0L(pP) + oMyl = b, (39¢)
[(Z(PP) + x0L(PP) + xoM)yla = —b5. (39d)

We observe that in all equations the coefficient in front of the operator M is
the same, which is the only operator applying on the fourth component of y. In
addition, from (38), we see that 9o M4 = 111 M4. Thus, in order to eliminate y4 we
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reformulate the above system as follows: we subtract from Eq. (39a) the Eq. (39¢),
from Eq. (39b) the Eq. (39d) and from 9, (39a) the equation - (39b), resulting to

(TP = p®) + x0Lp™ — pP)yh = b — b,

[(Z(p" = pP) + x0L(pV — PPyl = b + b8,
DZ(pD) + x0L(p™) + xoM)y1i

—91LZ(P") + x0L(p") + xoM) ¥l = 926" — 355",

The above system in compact form reads

Z+N)y =b, (40)
where
_i(20F=1 2049192 —9]) —201
IT=-| 20 207 — 9192 — 1) 200-v3) |,
(1 4+1i) "G+ D+0(0-1) —H(d-1)
—L1 Li—Lin L2
N=ixo|—La La—Ln Ln],
N Na N3
1 2
ey L (e
¥3 926" — 9,b)
and

N = %[(1 + 1) (9192L21 — 93L11) — 21 M],

Ny = %[(l — i)(ﬁzz[,“ — ML) — 1+ i)(ﬁzz»clz — 0192L22)
— 210 My + 21 M],

N3 = (1 = D@7 L12 — 9192L2) + 21 My

We compute the determinant of T which is given by

det(Z) = _é (—1‘}? + 9209 — 9195 + 01 + 95 — 1‘/‘2)
= -1 — 9] +9; — 1.

Recall that ¢ € Sﬁ_, meaning ¢3 > 0. Then, if in addition we impose that ©; # ¥, for

all # € S2, the matrix Z is invertible with 77" = det(@)~'adj(@). Then, Eq. (40)
can be written in the form - .
A+Z MNMy=1I b, 1)

~—1
which is the Fredholm integral equation of the second kind (35), for C:=Z W/,
~—1~
and b:=Z b. Once (41) is solved for yi, y» and y3 we can choose one of the four
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equations from the system (39) resulting to a Fredholm integral equation of the first
kind for the unknown y4 now:
M3zys =D,

for some known function b, depending on y and b. This is Eq. (36) for C := M3.
The compactness of the integral operators C and C follows from the compactness

of the operators /C and /C, see Lemma 2, since they are operators that act on the

components of the matrix-valued function. O

Remark 3 Equation (36) reflects the ill-posedness of the inverse problem, due to the
compactness of the integral operator.

5 Conclusions

In this work we have formulated the inverse problem of recovering the electric
susceptibility of a non-magnetic, inhomogeneous orthotropic medium, placed in a
polarized-sensitive optical coherence tomograph (PS-OCT) as a system of Fredholm
integral equations (both of first and second kind). Under the assumptions of a non-
dispersive, weakly scattering medium with small background variations we have
shown that we can reconstruct all the coefficients of the matrix-valued susceptibil-
ity, given the data for two different incident polarization vectors. This paper can be
seen, on one hand, as a first attempt to model mathematically PS-OCT and on the other
hand, as a theoretical basis for an upcoming paper where the numerical validation of
the proposed method will be examined.

Acknowledgements Open access funding provided by Austrian Science Fund (FWF). The work of OS
has been supported by the Austrian Science Fund (FWF), Project P26687-N25 (Interdisciplinary Coupled
Physics Imaging).

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes were made.

References

Beker, B., Umashankar, K.R.: Analysis of electromagnetic scattering by arbitrarily shaped two-dimensional
anisotropic objects: combined field surface integral equation formulation. Electromagnetics 9(2), 215—

229 (1989)

Bouma, B.E., Tearney, G.J.: Handbook of Optical Coherence Tomography. Marcel Dekker, New York
(2002)

Cakoni, F., Colton, D.: A Qualitative Approach to Inverse Scattering Theory, vol. 188. Springer, New York
(2014)

Cakoni, F., Haddar, H.: A variational approach for the solution of the electromagnetic interior transmission
problem for anisotropic media. Inverse Probl. Imaging 1(3), 443-456 (2007)

Cakoni, F., Colton, D., Monk, P., Sun, J.: The inverse electromagnetic scattering problem for anisotropic
media. Inverse Probl. 26(7), 074004 (2010)

Chew, W.: Waves and Fields in Inhomogeneous Media. Van Nostrand Reinhold, New York (1990)

Colton, D., Kress, R.: Inverse Acoustic and Electromagnetic Scattering Theory, 3rd edn. No. 93 in Applied
Mathematical Sciences. Springer, Berlin (2013)

@ Springer


http://creativecommons.org/licenses/by/4.0/

Int J Geomath (2018) 9:145-165 165

Colton, D., Kress, R., Monk, P.: Inverse scattering from an orthotropic medium. J. Comput. Appl. Math.
81(2), 269-298 (1997)

Colton, D., Pdivirinta, L., Sylvester, J.: The interior transmission problem. Inverse Probl. Imaging 1(1),
13-28 (2007)

de Boer, J.F., Milner, T.E., Gemert, M.J.C., Nelson, J.S.: Two-dimensional birefringence imaging in bio-
logical tissue by polarization-sensitive optical coherence tomography. Opt. Lett. 22, 934-936 (1997)

de Boer, J.F,, Srinivas, S.M., Malekafzali, A., Chen, Z., Nelson, J.S.: Imaging thermally damaged tissue by
polarization sensitive optical coherence tomography. Opt. Express 3, 212-218 (1998)

Drexler, W., Fujimoto, J.G.: Optical Coherence Tomography: Technology and Applications, 2nd edn.
Springer, New York (2015)

Elbau, P., Mindrinos, L., Scherzer, O.: Mathematical methods of optical coherence tomography. In: Scherzer,
O. (ed.) Handbook of Mathematical Methods in Imaging, pp. 1169-1204. Springer, New York (2015)

Geng, Y.L., Wu, X.B., Li, L.W.: Analysis of electromagnetic scattering by a plasma anisotropic sphere.
Radio Sci. 38(6), 1104-1116 (2003)

Gerrard, A., Burch, J.M.: Introduction to Matrix Methods in Optics. Dover, New York (1975)

Graglia, R.D., Uslenghi, P.L.E.: Electromagnetic scattering from anisotropic material part i: general theory.
IEEE Trans. Antennas Propag. 32(8), 867-869 (1984)

Haddar, H.: The interior transmission problem for anisotropic Maxwell’s equations and its applications to
the inverse problem. Math. Methods Appl. Sci. 27, 2111-2129 (2004)

Hazard, C., Lenoir, M.: On the solution of time-harmonic scattering problems for Maxwell’s equations.
SIAM J. Math. Anal. 27(6), 1597-1630 (1996)

Hee, M.R., Huang, D., Swanson, E.A., Fujimoto, J.G.: Polarization-sensitive low-coherence reflectometer
for birefringence characterization and ranging. J. Opt. Soc. Am. B 9(6), 903-908 (1992)

Hitzenberger, C.K., Gotzinger, E., Sticker, M., Pircher, M., Fercher, A.F.: Measurement and imaging of
birefringence and optic axis orientation by phase resolved polarization sensitive optical coherence
tomography. Opt. Express 9(13), 780-790 (2001)

Jiao, S., Wang, L.V.: Two-dimensional depth-resolved mueller matrix of biological tissue measured with
double-beam polarization-sensitive optical coherence tomography. Opt. Lett. 27(2), 101-103 (2002)

Papadakis, S.N., Uzunoglou, N.K., Capsalis, C.N.: Scattering of a plane wave by a general anisotropic
dielectric ellipsoid. J. Opt. Soc. Am. A 7(6), 991-997 (1990)

Papoulis, A.: The Fourier Integral and Its Applications. McGraw-Hill, New York (1962)

Potthast, R.: Electromagnetic scattering from an orthotropic medium. J. Integr. Equ. Appl. 11, 197-215
(1999)

Potthast, R.: Integral equation methods in electromagnetic scattering from anisotropic media. Math. Methods
Appl. Sci. 23, 1145-1159 (2000)

Schoenenberger, K., Colston, B.W., Maitland, D.J., Da Silva, L.B., Everett, M.J.: Mapping of birefringence
and thermal damage in tissue by use of polarization-sensitive optical coherence tomography. Appl.
Opt. 37(25), 6026-6036 (1998)

Torquato, S.: Random Heterogeneous Materials. Interdisciplinary Applied Mathematics. Springer, New
York (2002)

Wolf, E., Foley, J.T.: Scattering of electromagnetic fields of any state of coherence from space—time fluctu-
ations. Phys. Rev. A 40, 579-587 (1989)

@ Springer



	The inverse scattering problem for orthotropic media  in polarization-sensitive optical coherence tomography
	Abstract
	1 Introduction
	Notation

	2 The direct scattering problem
	2.1 Born and far-field approximation

	3 Polarized-sensitive OCT
	3.1 Jones calculus

	4 The inverse problem of recovering the susceptibility
	5 Conclusions
	Acknowledgements
	References




